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Abstract—This paper considers an optimal control problem for a time-invariant linear stochastic
system with discrete time, scalar unbounded control, additive noise, and a probabilistic criterion
for retaining its trajectories in a given neighborhood of zero. We use dynamic programming and
two-sided Bellman function estimates to derive analytical expressions for the optimal control
at two time steps and a suboptimal control on any control horizon. The effectiveness of these
controls is illustrated on a numerical example.
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1. INTRODUCTION

Optimal control problems for stochastic systems with probabilistic criteria have been investigated
since the 1960s for a wide range of applied fields: aerospace [1-5], robotics [6-10], economics [11, 12],
biomedicine [13], and others [14]. The probabilistic criterion is understood as the probability of
realizing some restrictions on the state vector, which often characterize the control system accu-
racy [1]. The interest in such problem statements is motivated by practical requirements for control
systems, formalized through probabilistic constraints [1, 3, 4], and the problems of determining the
sets of stochastic reachability [2, 6-8], stochastic viability [15], and absorptions [16].

Problems with the maximum probability of system retention in a given tube of trajectories as an
optimality criterion were studied in [2, 6-10, 13-15, 19-21]. The papers [6-10, 13-15] were devoted
to the case of discrete time; optimality conditions were obtained in the dynamic programming (DP)
form, and several DP-based algorithms were proposed to solve the stochastic reachability problem in
which the reachability sets were constructed by approximating the isobells of the Bellman function.
The authors [19] considered a linear discrete-time system and established logarithmic concavity
conditions for the Bellman function; in addition, they proposed an approximation algorithm for
the isobells of the Bellman function using “open loop” program control. In [9, 10], for a wide
class of systems, a numerical method was presented to find the optimal control in the class of
polynomials. This method is based on reducing the original problem to the so-called moment
problem; for example, see [21]. In the paper [21], two-sided (bilateral) estimates were derived for
the Bellman function and an algorithm was developed to find a suboptimal control based on the
lower bound. Among its advantages, we mention no need to solve the Bellman equation and an
explicit relation for determining the suboptimal control accuracy [21], which makes this algorithm
practicable.
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OPTIMAL RETENTION OF THE TRAJECTORIES 49

This paper considers an optimal control problem for a time-invariant linear stochastic system
with discrete time, scalar unbounded control, additive noise, and a probabilistic criterion for retain-
ing its trajectories in a given neighborhood of zero. Using the results of [21], we derive explicit ex-
pressions for the isobells of levels 1 and 0 of the Bellman function and its two-sided estimates. Using
the lower bounds, we also obtain an analytical expression for the suboptimal control. As demon-
strated below, this control is optimal for the system trajectories lying on the isobells of levels 1 and
0 of the Bellman function. An illustrative example—control of a second-order system—is provided.
For the second-order system, we show that the isobells of levels 1 and 0 are partially stationary.

2. PROBLEM STATEMENT

Consider an optimal control problem for a linear stochastic discrete-time system with an additive
random noise described by

{xkﬂ JAmr Bt oy 1)

€To = X7
with the following notations: xj € R™ is the state vector; ui € R is a scalar control action; & € R
is a random disturbance; N is the control horizon; A € R™*™ is the system matrix; finally, B =
0,....,0)7, beRand C = (0,...,c)T, c € R.
The optimality criterion is a probabilistic functional of the form

Po(u() =P <kma_XNHAwk+1Hoo < @) : (2)
where a matrix A € R™*™ and a scalar ¢ € R represent the parameters of the retention set F =
{z e R": ||Az||, < ¢}, and ||z|| = max |2’| denotes the [; vector norm, where z = (z,...,2™)T.

i€ln

We introduce the following assumptions for system (1) and the functional (2):
1. There is complete information about the state vector x,. Due to this fact, the control can
be designed in the class of functions uy = v (x), where v : R" — R is some measurable

function.
2. The initial state zog = X is a random vector from R" with a known distribution P x.
3. The control is the set of functions u (-) = (v (), ...,vn5 () €U, and the class of admissible

controls is the set U = Uy X ... x Uy, where U}, is the set of measurable functions 7y (-).
4. The random variables &, k = 0, N, have a distribution with a finite probability density func-
tion fe, (), supp [fe, (t)] = [m¢ — €;mge + €], where m¢g = M [&;] and e > 0; moreover, f, (t)

is symmetric with respect to mg, whereas the components of the vector (X, &,...,§ N)T are
independent.

5. The matrix A = diag [A1,...,\,] € R™*" is diagonal and positive definite, and ¢ > 0.

The optimal control problem has the form

Pp (u() = max (3)
with the following physical meaning: find a positional control maximizing the probability of
retaining the system trajectories (1) in the rectangular parallelepiped F on the time interval
{1,...,N +1}.

In a more general case, optimal control with criteria of the form (2) was considered in [21, 23];
in particular, DP-based optimality conditions were established, and two-sided estimates for the
Bellman function were obtained. The resulting estimates were used to design a suboptimal control.
We present some theoretical considerations from [21, 23] for further application to problem (3).
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3. DYNAMIC PROGRAMMING
AND TWO-SIDED ESTIMATES OF THE BELLMAN FUNCTION

Let us introduce the following notations:
fre (g uk, &) = Azg + Buy + C&, Pk () = Azl -

Consider the Bellman function

Bk (:C) = sup P<ma_X@Z+1 (xi+1 (xka’Yk; ()aa’YZ ()agk‘)agl))gw‘xk:x)
Ve ()€U yN () EUN i=k,N

According to [23], the dynamic programming equations for problem (3) have the form

Vi, (z) = arg filgé(Mgk [Lr () Brta (fr (7,4, &), (4)
Br () = sup M, [I7 (2) Bry1 (fe (7, w,8k))], k=0, N, (5)
By (2) =1F (2), (6)

where Mg, [] is the mathematical expectation under the distribution of the random variable £
and Ir denotes the indicator function of the set F.

As is known [23], the solution u* (-) = (75 (+),...,vx (+)) of problems (4)—(6) (if exists) is the
optimal control in problem (3). Note that solving equations (4)-(6) cause much difficulty even
for relatively simple problems. For the general problem of optimal retaining the trajectories of a
discrete-time stochastic system in a given tube, the isobells of levels 1 and 0 of the Bellman function
were adopted to derive two-sided estimates for the right-hand side of the DP equation, the Bellman
function, and the optimal value of the probabilistic criterion.

Based on these theoretical results, the authors [21] developed an approximate search algorithm
for the optimal control, yielding the exact solution under certain conditions. The algorithm was
described in terms of the isobells of levels 1 and 0 of the Bellman function,

Iy ={x € R": Bip(x)=1}, Op={zxeR": By(z)=0},

and the set By, = R\ {Z; U O} }. For the sake of convenience, we introduce the notation F = R"\ F.
Obviously, by definition,

7, U B, UO, =R", Bk(x)e(O,l), T € By,
B (.%') =0, x € O.

The recurrence relations derived in [21] are independent of the Bellman function. They lead to
an explicit expression for the surfaces 7 and Oy and the set Bi. As a result, control optimality
conditions were established for zp € Z; U O, and two-sided estimates were found for the Bellman
function. The estimates were used to propose an algorithm for calculating a suboptimal control in
problem (3).

Consider the control u (-) = (10 ()5 vy ()), where u;, = v, (7). At each step k, it maxi-
mizes the lower bound on the right-hand side of the dynamic programming equation:

7, (@) = argmax Pe, (fi (x,u,&k) € Lpt1)
u€eR

Iy =FenN{z eR": JueR: Pg (fi(r,u,&) € Tiyr) =1}, k=0,N, (7)
INy1 = F.
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According to [21], this control is optimal for zj € Z U O, k = 0, N, and for any x; € R" at
step k = N. Also, the accuracy of the suboptimal control u (-) was explicitly estimated therein. We
employ the theoretical results of this section to solve problem (3).

4. PROBLEM SOLUTION
4.1. The Analytical Solution at Two Time Steps

Using dynamic programming, we solve problems (4)—(6) for k = N and let x = zy and u = uy.
It follows from (5) and (6) that

By (2) = max M [Ir () L7 (fy (2, u,{n))]

= max {Ir () P (A (Az + Bu + Cén)llo < 9)}-

Recall that the matrix A is diagonal, A = diag[\1,...,\,], and for all i = 1,n — 1 we have el Ab =
el Ac = 0, where ¢; is the unit vector of the coordinate axis. Therefore,

By (z) = maX{I; (7) T(—o0,0) < IIllaX é; AACC‘) (‘e;rLA (A:c+Bu+C’§N)‘ < go) }

u€R

u€R

maxP(|eTA (Az + Bu+ C&n)| <), z€FNF,
o, zd FNF,

where

i=1,n—1

F':{xER": max eAA:c‘\ }

Consider the stochastic programming problem in the first branch of the latter expression. The
objective function can be transformed as follows:

h = sign (egAC) (ap — e’ ANAx — el ABu — eTACm5>

(‘e A(Ax—i—Bu—i—CfN /f5 dt—>max

where féN (t) denotes the probability density function of the centered random variable { N = En—mg.
Since féN (t) is an even function, this stochastic programming problem has [24, p. 244] a determin-

istic equivalent with the analytical solution u* = — (€TAB) " (eZA Az + X AC'my). Substituting it
into the objective function yields the Bellman function at step k = N:
By (2) = Lrnp () P (|l ACEN] < 90) . (8)

Thus, the solution of problem (3) at step k = N is given by
~1
v () = — (e};AB) (e};AAx + e};AC’mg) .
Note that the function (8) equals 1 only in the case |[efACe| < . Hence, the isobell of level 1 of

the Bellman function at step kK = N is non-empty only under this inequality:

FNF if |efACe| <o
IN = )
%) otherwise.
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Considering P (‘eZLAC’f N‘ < go) =# 0, we express the isobell of level 0 by analogy:
Oy = FU 7,.

Now we find the optimal control and the Bellman function for ¥ = N — 1. Using (4) and (8), we
write the chain of equalities

B-1 (#) = max M |Ir (2) By (fy-1 (2. u.Ev-1)) |

= T&?M [I; () Irnz (fn-1(z,u,én-1)) P (‘e};ACEN‘ < @)}

)

= T&%{ {I]:m}-/ (z)P (‘e};ACéN‘ < go) P<max{ ‘e;rLA (Ax + Bu+ C&n_1)

max
i=1,n—1

eTAA (Az + Bu+ Céy 1) } < go) }

Let us introduce the matrix
T
Ay = (e{AA, eTAA, ..., eT_AA, egA) . Ay € R™™,
Then the Bellman function for Kk = N — 1 can be represented as

B-1 (2) = e (2) P (|ehACEN| < ) max P ([ Ay (A2 + Bu + O¢n-1)l < ).

While proving Proposition 1 below, we show the following: the stochastic programming problem
on the right-hand side of this expression had the solution

C
-1 (2) = argfgggp (IAN (Az + Bu+ Cén_1)|loc < ¢) =cn-1(x) — 3

and the Bellman function is given by

By-1(z) =Lz (z)P (‘62/\051\/‘ < 80) p (‘ngl

<rvai (@), (9)

where the functions c¢y_1 : R®™ — R and ry_1 : R™ — R have the form

1

ex 1 (0) = 5 (Prea (1) + 0y, (@) e () = 5 (Bt (0) — gy, (@),

and the functions py_; : R" — R and ¢, : R" — R have the form

sign (e]ANB) ¢ — ef Ay Az

On_1 () = 1mn )
Pn-1(2) i=in eTANB
. T T
—sign (e;, ANB) ¢ — e; AN Ax
fol(x):Aa—X (Z TA)B : :
i=1,n €, AN

Let us find the isobell of level 1 of the Bellman function for k = N — 1:

otherwise,

{fﬂ F'NAIn_y if |efACe| <o
IN-—1=
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where
-1
AZn_1 = {x cR": (eILANB> X ANCe| < ry_1 (x)}
-1 —sign (efANB) ¢ — ef Ay Az
= R™:2|(efAnB TANC ¢ ¢
{xe (enN ) en AN €+Z'H=1i_):z TAND
. sign(e7ANB) p — el Ay Ax
< min -
i=1,n e;ANB
T T
) PR —S|gn(ejANB)g0 —ejANAz
b e}ANB

 sign (eTANB) ¢ — el AN Ax
= G;FANB

, W,je{l,...,n}}

={zeR": [Avaz], <o},
and the matrix Ay_; € R"™W-1%" ny_; =n(n— 1) /2, has the following structure:
T
An_1= (€$AN71, egAN—la---,e;rLN_lANfl) ;

the pth row e;Ax_1, p = 1,ny_1, is given by

. . () ()
P 2+ (sign(bly_,) +sign(bh_y)) @ | Vv v, |’

where

C
z—9|<
9 bE

)

. T
(aly_1) =eFAn4,

ay, L €R", by €R, £€]0,+0),

and the numbers ¢, j, and p are related by

p=Mm-1)i+j5—1
i,j€{l,...,n},
i< j.
The inequality ry_; () > 0 holds for all z € R™. Due to (9), the isobell of level 0 of the Bellman
function at step k = N — 1 has the form
On_1= FuU f

It is difficult to construct the Bellman function and the optimal control at steps k=0, N — 2.
Utilizing the results of Section 3, we find a suboptimal control (10 () Yo ()) and a lower
bound on the Bellman function.
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4.2. Suboptimal Control at Steps k =0, N — 2

Using Theorem 1, we obtain the isobell of level 1 of the Bellman function, its lower bound, and
a suboptimal control at steps k= 0, N — 2.

Proposition 1. Let

max max
k=0,N—2 i€lngi1+n

bh| <207, (10)

where the parameters nyy1, b};, and € are given below. Then:

1. For k= 0,N — 2, the isobells of level 1 of the Bellman function have the form
I, = FNF NAL, (11)
where
AL ={z e R": |[Apz] < o},

the matriz Ay, € R™ ™ with

1 .
e = 5 (ke +0) (g +n—1), k=0,N -2,

1
nN_1 = §n(n - 1),

T
has the form Ay = (e%Ak, eXAg, ... el Ak) , where each pth row, p = 1,ny, is given by

» Sy
N\ T
i\T J
. ’ (@) (o)
epAk - ) : ) : b b ) (12)
£+ (agn(b}c) + ygn(bﬁ.)) @ k by,
E=2 gzs ,

bi; = GZTKkH_lB,

(a})" = A1 4, (13)
A1 = (App1, €TAA, ... el [ AA, eTA)T,

ai €R", bl €R, E€[0,4+00), Ay ROwFRIXR

and the numbers i, j, and p are related by

p=(—1) (k1 +n)+j-1,
i,j€{l,...,ngr1+n}, (14)
1< 7.
2. For k =0,N — 2, the stochastic programming problem (7) has the solutions
c

Y, (@) = e () — B (15)

the lower bound on the Bellman function is given by

B (@) = Ly () P

C o
Efk

<n@).
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where the functions ¢ : R™ — R, r, : R® — R have the form

1 1

e (@) = 5 (@) T2, (@), (@) =3 (P (2) — g, (@)

and the functions @, : R® = R and ¥, R" = R are given by

sign (b}) ¢ — (a})"

Pp(r)= _min b ,
i=1,ng41+n k
. ; iNT
—sign (b)) ¢ — (a}.) =
¥, ()= _max ( k)bl. (ai) .
i=1,ngy1+n k

3. For k=0,N — 2, the isobells of level 0 of the Bellman function have the form
Oy =FUTF. (16)

4. For k= 0,N — 2, the upper bound on the Bellman function is

Bk (z) = Irnp (2) P ( gﬁk

S TN-1 (UC)) . (17)

The proof of Proposition 1 is postponed to the Appendix.

Remark. Ifbi. =0 or bi = 0 (see item 1 of Proposition 1), then the row vector (12) is eliminated
from Ay.

According to item 1 of Proposition 1, condition (25) is necessary for the non-empty isobells of
level 1 of the Bellman function at steps k =0, N — 2. It follows from item 1 that the number n;
of rows in the matrix Ay quadratically grows with each backward time step £ =0, N —2. The
suboptimal control (31) is a piecewise linear function of the state with maximum ny, linear segments.

Note that for all £k =0, N — 2, the upper bound on the Bellman function coincides within the
random variable &, with the Bellman function at step k = N — 1 (23), and the isobells of level 0
are stationary.

5. EXAMPLE 1. CONTROL OF A SECOND-ORDER SYSTEM
5.1. System Description
Consider the discrete-time system (1) with n = 2, which describes the dynamics of a material

point:

Trk+1 = Tk + Vih,
Vg1 = Vg + ugh + &, (18)
ro = X,vg =V,

where 7, and vy, are the coordinate and velocity of the point at step k and &, ~ U[mg — €, m¢ + €]
are random disturbances at step k, k = 0, N. They satisfy the assumptions introduced in Section 2.

The role of the control action wuy is played by acceleration.
According to the notations of Section 2, we have:

) 4 ) =)

Let the system parameters be N =6, h =1, ¢ = 1.2, ¢ = 0.7, m¢ =0, and A = diag|[1,1].
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5.2. The Isobells of Level 1 of the Bellman Function

Prior to passing to the numerical experiment, we emphasize that the stationarity of the iso-
bells of level 1 of the Bellman function in the two-dimensional system can be established for
steps k = 0, N — 2. First, consider step k = N. Using the results of subsection 4.1, we find Ay =
(eTAA, eIAN)T € R2*2,

Next, consider step £k = N — 1. Based on the results of subsection 4.1, we obtain

T
ny—1=n(n—1)/2=1and Ay_; = (e{AN_l) e R*",

where

¢ (o) ()

e+ (sign(b}\,fl) + sign(b%\,fl)> o\ Oyvo b

T
61AN71 =

)

E=2 }(653)71 exCe

bZ]'V_l = e'Z-TANB,
. T
(af,\,fl) = el AN A,

ay L €R", by [ €R, Z€0,+00).

Due to the structure of the matrix Ay and the relations eJAe] = 0 and eJAel = 0, the expressions
for the parameters a%y_; and b%_; can be simplified as follows:

T eTAA eTAA
(a}v_1> =e] ( ;EA ) A=elAAA, by | =€ ( ;EA ) B = ¢]AAB,
5 T g [elAA T 9 r [€1AA T
(aNil) = 62 eT A = CQAA, bN*l == 62 eTA B = CQAB,
2 2

(a}v_l)T CTAAA TAA TAA (a?v_l)T IAA  elA

b, . efAAB  €]AB  efAelB’ %,  elAB  €lB’

(a}vfl)T (a%\hl)T e AA e%A_( el A T) A <e’{Ae’{ 1 ) T4

_ e _ .
T AT 21 TR — TALT LT
e Aes es B ejAe; ey B

bh b%_,  eTAelB  eIB
Finally, we arrive at the formula

Ay_1= ()\N—le{A>T ;

© efAel 1
AN-1 = T AT T g
£+ (sign(b}\,fl) + sign(b%\,fl)) o \e1de; e,B
where A\y_1 € R and Ay_1 # 0. Thus, by Proposition 1, the set AZy_1 is
AIn_q = {SC eR?: |An_1z||,, < gp} = {SC €R?: ‘e'{AN,lx‘ < go}.
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Now consider step £ = N — 2. Utilizing Proposition 1, we find the values of the control param-
eters:

nN_2 = % (nn—1+2)(ny—1+1) =3,
0 (av2)  (ohs)

erAN_o = : » ; - ;
! E+ (sign(bﬁ\,_l) + sign(bﬁv_l)> © by_o bi_o

)

e=2(e3B) " ejCe

b%}VfQ = GEINXNle,
. T ~
(aly_z) =eFAn 14,
KN—l = (AN—17 eF{AA, egA)T,

aly_, €R2 by _,eR, EFe[0,4+00), Ay ;eR¥>*2
where the numbers 4, j, and p are related by

p=i-3+j—4,

’i’j € {17273} 9
1< 7.
Obviously, we have the equalities
2 1 3 2 2 1 3 2
aN_g =an_1, Ay_g =aN_1, Dy_o =by_1, Dy_o =by_1, (19)

T T T
(ak ) _AyoaefAd  cfaa (a3 2) _ (ak1) (20)
bl An_1€eTAB  €lAB b, b,

Due to (19), row p =1 (i = 1, j = 2) of the matrix Ay_o turns out a zero vector because

(a}vf2)T (aﬁf*Q)T — (0’ 0).

b2 b2
By analogy, rows p=2 (i =1, j =3) and p =3 (i = 2, j = 3) of the matrix Ay_o coincide since

(aho)” (aks) (ks) (abn)”

- I

S SO A

moreover, they equal efAy_1 by (19) and (21). Therefore, the matrix Ay_o takes the form
An—z=((0. 0), FAn_1, efAya)
and the set AZy_o is
AIn_o9 = {x eR?: AN—2z| o < <p} = {x eR?: ‘e'{AN_lx‘ < @} = AZn_1.
By induction, we establish
ALy = AIn-1,

for all k=0, N — 2.
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k=0,...N

|

-1.0  -0.

0.5 1.0

S
W
(=]

Fig.1. The isobell of level 1 of the Bellman function for £ =0,..., N.

Hence, for the steps under consideration, the isobells of level 1 of the Bellman function coincide.
According to the above result and item 3 of Proposition 1, the isobells of levels 1 and 0 of the
Bellman function are stationary for steps k = Or, N — 2. As an illustrative example, Fig. 1 presents
the isobell of level 1 of the Bellman function for system (18).

We proceed to the numerical experiment for system (18). The goal is to analyze the solution
based on the results of subsections 4.1 and 4.2.

5.8. A Numerical Experiment

The initial state of the system is not fixed but generated with a uniform distribution. For the
position 7y and velocity vy of the system, the distribution is U[—1.1, 1.1]. Note that the supports
of the random variables rg and vy are chosen to generate points inside and outside the retention set.
Let us simulate M = 100 trajectories (i), vx (i), and uy(i),k = 0, N,i = 1, M, of the stochastic
system.

Figure 2 shows each system trajectory separately. According to the graphs, the system is retained
for cases where the initial state is inside and outside the retention set; starting from step 3, the
system trajectories pass close to the origin. Obviously, some trajectories r(i) and v (i) lie outside
the retention set until step 2, but all trajectories are inside it afterwards.

ri(0) ve(d)
2 A |

1

Fig. 2. The system trajectories 74 (i), vk (%), and k().
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Py(u) J(u(-))
1.0+ ! ! — e 1.0 -
0.8F 08 L
0.6 0.6 F
0.4 04|
0.2F [ ==--- Probabilistic control 02 T~ Probabilistic control
—— LQG control . ——LQG control
(= L L L ! 0 Lt I I 1 1
1.0 1.1 1.2 1.3 -2 -1 0 1 2
¢ Xq

Fig. 3. The value of the criteria P,(u(-)) and J(u(-)) under the probabilistic and LQG controls.

To analyze the control proposed in Section 4 (the probabilistic control), we compare its per-
formance with the Linear Quadratic Gaussian (LQG) control with an identity matrix ¢ and the
criterion J(u(-)) = M[S N4t ol ay).

The left-hand graph in Fig. 3 shows the frequency-based estimate of the probabilistic criterion
depending on the parameter ¢ under the probabilistic (dashed line) and LQG (bold line) controls.
To estimate the criterion, we simulated M = 1000 trajectories r4 (i), vi(i), and uy(i), k=0, N,
i = 1, M, of the stochastic system for a given value . Clearly, for ¢ € [0,1) U (1.35, +o0], the values
of the criteria coincide; on the interval [1, 1.35], however, the estimated probability of retaining the
system trajectories is higher under the probabilistic control for the main part of the points .

The right-hand graph in Fig. 3 shows the frequency-based estimate of the criterion J(u(-))
depending on the first coordinate x} of the initial state under the probabilistic (dashed line) and
LQG (bold line) controls. (Here, the second coordinate has the fixed value 3 = 0.5.) Clearly, the
values of the criteria are very close, but the curve for the LQG criterion always runs slightly below
its counterpart for the probabilistic criterion.

6. CONCLUSIONS

This paper has considered an optimal control problem for a time-invariant linear stochastic
system with discrete time, scalar unbounded control, additive noise, and a probabilistic criterion
for retaining its trajectories in a given neighborhood of zero. The isobells of levels 1 and 0 of the
Bellman function and its two-sided estimates have been analytically expressed. The lower bound
has served to design a suboptimal control, which becomes optimal if the system state lies on the
isobells of levels 1 and 0. The effectiveness of these controls has been illustrated on a numerical
example. The partial stationarity of the isobells of level 1 has been established for a particular case
of a second-order system.

APPENDIX

Proof of Statement 1. At some step k + 1, where kK = 0, N — 2, let the isobell of level 1 of the
Bellman function have the form Z; = F N F' N AZyyq,

Appr ={z € R": Mgzl < o},

where Agq € R™+1%" n;y € N, and ngyq1 > n is some integer. Utilizing item 1 of Theorem 1, we
find the isobell of level 1 at step k:

Iy=FN{zeR" JueR: P([Adz+ Bu+C&| € {(FNF NAL1}) =1}
=FNF N{zxeR": JueR: P([Ax+ Bu+ C&] € {F, N F N ALy 11}) =1},
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where 7, = {z € R" : |efAz| < ¢}. Let us introduce the notations

e; NAx

max

karl ={F, NF NALp 1} = {x eR": max{‘e;rle ,
i=1;n—1

) HAkHwHoo} < w}

and construct a matrix /NXkH € R(k+1tm)X7 of the form
Rior = (Augrs JAA, . €0 A4, e;QA)T.
Then
Ti1 = {x ER"™: H]\kﬂﬂfuoo < 80}
and the isobell of level 1 of the Bellman function at step k is given by
Ik.:}"ﬂ}"’ﬂ{xeR" Ju e R: P(HAkH Az + Bu+ C¢&) H <p): }

=FnFn{zer": mgxxP(HAk+1 (Ax—i—Bu—i—ka)H <) =1}.
Consider the stochastic programming problem
P (“KkJ,,l (Ax 4+ Bu + Cﬁk)Hoo < <p> — max, (A.1)

which serves to find the isobell of level 1, the lower bound on the Bellman function and the
control (3) at step k = 0, N — 2. In view of the notations (12)—(14), the objective function (A.1) is
transformed as follows:

P (|| A1 (A + Bu+Cg)|| <o)

:P< max

1=1,np41+n

¢; Mgy1 (Az + Bu+ Cﬁk)‘ < <P>

=P max %)
i:l,nk+1+n

o (B or — ()T i o (B or — (ni)T
=P<*®“W; W) <y g Chg < SENOS @ﬁx,wztmi¢%) (A2)
k k

(a}%)T x4 bu + chér| <

where ¢}, = e] AkHC Note that i /b} =elC /el B for any i = 1,n+1 +n. Then the objective
function can be written as

P(fk( ) Su+ Tgfkg@c(x)>
=P<—§@um—ggm)+§@um+gg@)<u+zg@
1 1
<5 (7rl@) - ﬂu0+§@mm+ﬂu»>
:P( u+e§g§k_ck(x) grk(x)>
:P(u nC eg (z) grk(x)) (A.3)
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Since the probability density function ffk (t) of the centered random variable fk is an even function,
problem (A.1) has the solution

ut =, (2) = (@) = Sme, (A4)

and the optimal value of the objective function is given by

P (R Az + Bu + 060 <) =P ([7é] < re(@). (A.5)

We write the transformed isobell of level 1 of the Bellman function at step & :

Ik:}"ﬂ}"’ﬂ{xeR”:P(gfk <rk(x)):1}
:fﬂ}"ﬂ{xeR”: g&? érk(x)}
:]—"ﬂ}"’ﬂ{xeR”:Qk(x)—i—Q 28 <@;(x)}

:]-'ﬂ}"’ﬂ{xeR": oy —SEN (L) o= (@)’ T e < min S8 (b@”_(a@%}

i=T,npe1 by, i=Tng1tn by,

. N T
—sign (b)) o — (ai )T sign (b)) p— (al) =
k k
. \NT
—sign (b)) o — (ai )" sign (bl ) p—(al) o
:]—'ﬂf’ﬂ{xEan sign ( k)btp (a}) x+€< (k>bj ( k) , Vi, jed{l,...,ng1+n} ;.
k k
Obviously, 7y # @ if
max  |bi| <20 (8) 7", (A.6)
1€l,ng1+n
Due to (A.4), we obtain
—sign (bL) p — (ai)Tac
Iy=FNF N{zeR": kbi b — e
k
sign (bé) - (ak)Tx
< b] 7VZ7.]€{17"'7nk+1+n}72‘<j
2
T
i\T CLJ
=FNF N{zeR": ,(P . (a,z) —(lj) x| < o,
&+ (sign(b) + sign(b])) o | Ui b

Vi, g e{l,...,ng1+n}t,i<j
=FNF n{z eR": | Az < ¢} =FNF NAL.
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To complete the proof of item 1, we verify that at step k = N — 1, the isobell of level 1 of the
Bellman function has the form (11). This result follows from subsection 4.1.

Item 1 of Proposition 1 is established.

Item 2 of Proposition 1 follows from (A.4) and (A.5).

Assume that at some step & + 1, kK = 0, N — 2, the isobell of level 0 of the Bellman function has
the form Oy = F U 7. Using item 2 of Theorem 1, we find the isobell of level 0 at step & :

Oy =FU{z€R": VueR: P ([Av+ Bu+C& e FUF) =1}
=FUFU{zeR": VucUy: Py ([Az+ Bu+Cgle FUF,) =1}, (A7)

where F/, = R™ \ F, (see the proof of item 1 of Proposition 1). Obviously,
{x eR": VueR: Pg, ([Aw—l—Bu—i—ka] e?uJ_-“;) = 1} =,

which leads to O = FUF’ by (A.7). Since this equality holds for k = N — 2, it will hold for all
k=0,N —2 as well.

Item 3 of Proposition 1 is established.

Item 4 of Proposition 1 follows from (9), (10), and item 3 of Proposition 1.

The proof of Proposition 1 is complete.
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