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LINEAR SYSTEMS
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Abstract—In this paper, interval observers are designed for linear dynamic systems described
by continuous-time models with exogenous disturbances, measurement noises, and parametric
uncertainties. Jordan canonical form-based relations are presented for an interval observer that
estimates the set of admissible values of a given linear function of the system state vector. The
theoretical results are illustrated by a practical example.

Keywords: linear systems, interval observers, Jordan canonical form, estimation

DOI: 10.25728 /arcRAS.2024.11.72.001

1. INTRODUCTION AND PROBLEM STATEMENT

The problem of constructing interval observers has received much attention in recent years.
Solutions for different classes of systems—discrete- and continuous-time, delayed, and singular—
can be found in [1-11], including practical applications of such observers in various fields. The
corresponding results were thoroughly overviewed in [10, 11]. As a rule, the interval observers
considered therein estimate the set of admissible values of the complete state vector. In practice,
however, it may be of interest to get an interval estimate of admissible values only for some linear
function of this vector. The corresponding interval observer may turn out to be much simpler
than the observer for the full state vector, and the interval width may be noticeably smaller due
to the possibility of minimizing the effect of exogenous disturbances. Moreover, when estimating
a given linear function, the dynamics of the observer can be represented in canonical form, which
simplifies the process of solving the problem and expands the class of systems with the possibility
of constructing an interval observer for them.

In recent years, the Jordan canonical form (JCF) [4, 10] has been actively used to design interval
observers. (Previously, it was employed to analyze the self-correction property of faults [12].) Under
an appropriate choice of the eigenvalues, the system dynamics matrix implemented in the JCF
ensures observer stability and is a Metzler matrix, i.e., its off-diagonal elements are nonnegative.
Due to these properties, at each time instant, the interval observer produces an estimate of the set
of admissible values of the system state vector with uncertainties. According to the analysis results,
in addition to stabilization, the JCF simplifies the procedure of ensuring the observer’s insensitivity
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1276 ZHIRABOK et al.

to disturbances and, in some cases, reduces its dimension due to no need for stabilization by special
means.

This paper is a logical continuation of the works [13, 14], devoted to the problem of constructing
interval observers for systems described by linear continuous-time models with exogenous distur-
bances and measurement noises. As was demonstrated in [14], the JCF-based interval observer
design allows reducing the dimension of observers and, in some cases, the interval width as well.
In this paper, for systems described by continuous-time models with exogenous disturbances, mea-
surement noises, and parametric uncertainties, we construct interval observers estimating the set
of admissible values of a given linear function of the state vector.

Consider a class of systems with the linear model

i(t) = (F + AF(u(t)a(t) + Gu(t) + Lp(?), o

y(t) = Ha(t) +v(t), '
where z € R", w € R™, and y € R! denote the state, control, and output vectors, respectively;
F and G are constant matrices describing the linear dynamics; H and L are given constant matri-
ces; p(t) € RP is an unknown bounded time-varying function describing exogenous disturbances of
the system, ||p(t)|| < ps; v(t) € R' is an unknown bounded time-varying function describing mea-
surement noises, |[v(t)|| < vy; finally, p(t) € II C R® is a the bounded vector of variable parameters.
By analogy with [10], the values of the vector () are unmeasurable, the set of admissible values II
is known, and the matrix function AF(u) is bounded for all u(t) € I1, i.e., AF < AF < AF, where
AF and AF are given. As in the paper [2], for arbitrary vectors wy,ws and matrices A1, As, the
relations wi; < w9 and A; < Ay are understood elementwise.

It is required to construct a minimum-dimension interval observer that forms the lower z(¢) and
upper z(t) bounds of the variable z(t) = Mz(t) with a known matrix M such that z(¢) < z(t) < Z(t)
for all ¢t > 0. The problems of considering measurement noises and exogenous disturbances for
continuous-time systems were discussed in detail in [13]. Therefore, this paper focuses on parametric
uncertainties, first assuming that v(t) = 0 and p(t) = 0.

2. MODEL BUILDING

This problem is solved using the minimum-dimension model of system (1.1) that estimates the
variable z(t) and some variable y,(t) determined during the solution process:

24 (t) = (Fi + AF(t) — PH)w(t) + (Jo + J)y(t) + Pys(t) + Geu(t),
yu(t) = Hoxo(t), (2.1)
2(t) = Hoa.(t) + Qy(t),

where z,(t) € RF and k < n denotes the model dimension; Fy, G, Ji, H,, H,, and @Q are the
matrices to be found; the matrices AF, and .J’ are defined below; finally, the choice of the matrix P
is explained in Section 3. In [4], the stable observer designed previously was reduced to the JCF
for the interval estimation of the vector z(t). In contrast, in this paper, the matrix F, will be
immediately found in the JCF. Assuming that the eigenvalues Ai, Ao, ..., A of this matrix are
different and negative, we obtain the diagonal matrix

A0 0 ...00
0 0 0 ... X

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023



INTERVAL OBSERVERS FOR CONTINUOUS-TIME SYSTEMS 1277

Let us show the correctness of this assumption. According to [13], the matrix F can always be
implemented in the identification canonical form

0
o 0 1
0 0 0 ... 0
By introducing the residual signal feedback with the matrix K, it is reduced to the form F, — K H,;
by choosing (different and negative) eigenvalues A1, g, ..., A\x and by determining the correspond-
ing elements of the matrix K, the matrix F, — KH, can be made stable. Since the eigenvalues
are assumed different, the corresponding eigenvectors vy, vo, ..., vy form a linearly independent
system, so the matrix T-! = (v; va ... wvg) will be nonsingular. The matrix T has the form
w1
T=1| ",
W
where the vectors wy, wa, ..., wy satisfy the condition w;v; = 1,7 =1,...,k, w;v; =0, i # j. By

the definition of eigenvalues and eigenvectors, (F, — K H,)v; = A\jv1. Multiplying on the left by the
matrix 7, we transform this equation into T'(Fy, — K H,)T~'Tvy = \Tv;. Due to the form of T,
Tvi = (10 ... 0)7 and, consequently,

T(F,—KH)T 10 ... 07 =\ 0 ... 0)T.

Therefore, the first column of the matrix T(F, — KH,)T~' is (A 0 ... 0)T. Considering the
equation (F, — KH,)v; = \jv;, i = 2,3,...,k, by analogy, we finally arrive at the matrix (2.2).

In the absence of noises, disturbances, and uncertainties, let x,(t) = ®x(t) and y.(t) = R.x(t),
where the matrix ® satisfies the well-known conditions [15]

¢F =Fo+ J.H H.®=R.H oG=0G,, (2.3)

and an auxiliary condition due to the variable z(¢). We derive it below. From z(t) = Mxz(t) and (2.1)
it follows that

M = H.®+ QH — (H. Q)(E). (2.4)

This equation has a solution if

o P
rank ( I ) =rank | H |. (2.5)
M

Note that the condition H,® = R,H can be written as the equation

(H. —R,) < Z ) =0, (2.6)

which has a solution if

P
rank ( Iy ) < rank(®) + rank(H). (2.7)

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023



1278 ZHIRABOK et al.
For the matrix (2.2), the first equation in (2.3) splits into k independent equations:

They can be written as

F—X\I, \ o
((I)z _J*z)< H ) —0, 1 = 1,...,]{, (28)

where ®; and J,; stand for the ith rows of the matrices ® and J,, respectively, and [,, denotes an
identity matrix of dimensions n X n.

When solving equation (2.8), the values A; < 0 must be set so that the resulting matrix ® with
the minimum number of rows satisfies conditions (2.5) and (2.7). After that, the matrices H, and @
are determined from (2.4), the matrices H, and R, from (2.6), and the matrix G, from (2.3). The
uncertainty AF,(t) figuring in (2.1) is determined from AF(u(t)) as follows. By analogy with (2.3),
formulas (1.1) and (2.1) imply

O(F + AF(u(t))) = (F. + AF.(t)® + J.H + J'H.
Since the matrix F, satisfies the condition ®F = F,® + J,H, we obtain

SAF(u(t)) = AF,(t)® + J' H,

or
, )
PAF(n)) = (AF J') < I ) . (2.9)
This equation has a solution if
o i)
rank ( I ) = rank H . (2.10)
DAF()

After calculating the matrix ®, this condition is checked and, if it holds, AF,(t) and J" are de-
termined from equation (2.9). The matrices AF, and AF, are also determined from (2.9). If
condition (2.10) fails, another solution of equation (2.8) is sought. For simplicity, we consider the
case where J' is independent of AF ().

3. INTERVAL OBSERVER DESIGN
3.1. The First Variant

By analogy with [2, 10], we consider two variants of constructing interval observers, namely, a
simple one with constraints on the original system and a more complicated one without them. Let
us begin with the first variant, assuming that AF, > 0 and z.(¢) > 0 for all ¢ > 0. In this case,
the observer based on model (2.1) is designed in the form

L, (t) = (B + AF, — PH, )z, (t) + Pys(t) + (J« + J)y(t) + Guu(t),

Tu(t) = (B + AF — PH)TL(t) + Pys(t) + (Jo + J)y(t) + Giu(t),
2(t) = H.z,(t) + Qy(t), (3.1)
Z(t) = H.T.(t) + Qu(t),

2,(0) = 2.0, T:(0) = Tuo

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023



INTERVAL OBSERVERS FOR CONTINUOUS-TIME SYSTEMS 1279

We introduce the estimation errors

e.(t) = 2.(t) ~ 2.00), ©.(1) =7 (1) — 2.(0) 52
e.(t) = 2(t) —2(t),  e(t) ==(t) — 2(t).
Due to (2.1) and (3.1), these errors satisfy the differential equations
£.(t) = (F. — PH,)e. () + AF,z,(t) - AF,z,(¢), s

€.(t) = (Fy — PH")E,(t) + AF T, (t) — AF,x,(t).

Equations (3.1) and (3.3) lead to the following requirements for the matrices P and P: they
are chosen so that F, + AF, — PH, and F, + AF, — PH, are stable matrices whereas F, — PH,
and F, — PH, are Metzler matrices. Some recommendations on determining these matrices can be
found in [2]. The matrix P in (2.1) is set equal to P for the first equation in (3.1) and to P for the
second one.

Theorem 1. Assume that 0 < AF, < AF, < AF,, H, >0, z.(t) >0 for all t >0, z,(0) <
7,(0) < T, (0), and there exist matrices P and P wi h e properties specified above. Then the
interval observer (3.3) satisfies the relation z(t) < z(t) < Z(t).

Proof. If z.(t) > z,.(t), we obtain AF, (z.(t) — z,(t)) > 0 and AF x.(t) > L, (1)
AF, > 0. Since AF, > AF, and z.(t) > 0, it follows that (AF, — AF,)x.(t) > 0 and AF,x,(t) >
AF, z,(t). Due to the considerations above, we therefore have AF,x.(t) > AF,z.(t), ie.,
AF,x,(t)— AF,z,(t) > 0in (3.3). By the assumptions made, for t =0, z.(0) > z,(0), i.e., g*(O) >0,
and the matrix Fy, — PH, in (3.3) is Metzler; hence, e, (t) > 0 for all ¢ > 0 by induction [2]. Since
z(t) = Hyzy(t) + Qy(t), from (3.2) it follows that

F because

Qz(t) = H.x, (t) + Qy(t) - (Hzl*(t) + Qy(t)) = HzQ*(t)a

which yields e,(t) > 0 due to e,(t) > 0 and the assumption H, > 0. The inequality €,(t) > 0 is
established by analogy. Obviously, the latter inequalities are equivalent to the desired result. The
stable matrices F, + AF, — PH, and F, + AF, — PH, ensure that the bounds z,(¢) and T, (t)

(and hence, z(t) and Z(t)) are finite. The proof of Theorem 1 is complete.

Remark 1. In the case H, < 0, the bounds z(¢) and Z(t) are given by

Z(t) - Hzf*(t) + Qy(t)v E(t) = H.z, (t) + Qy(t)'

Indeed, in this case,

e.(t) = 2(t) — 2(t) = Hoz.(t) + Qy(t) — (H.T.(1) + Qu(t)) = —H.e.(1),

which implies e, () > 0 due toe,(¢) > 0 and H, < 0. The corresponding inequality for the bound Z(t)
is proved by analogy.

If the matrix H, is oscillating, the final result will remain the same but with more complicated
formulas for the upper and lower bounds.

Thus, an interval observer estimating the variable z(t) = Mx(t) is constructed in the following
steps: find solutions of equation (2.8) that give with minimum % a matrix ® satisfying conditions
(2.5) and (2.7); calculate the matrices J., G4, R., and H, and choose matrices P and P with the
properties specified above. Such a choice is not always possible; in this case, the second observer
design variant should be used.

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023



1280 ZHIRABOK et al.

3.2. The Second Variant

Consider a more complex interval observer without constraints on the original system. The
presentation is preceded by an auxiliary result.

Lemma 1. Assume that A < A < A for some matrices A, A, and A of dimensions k x k and
z, < Ty < Ty for some k-dimensional vectors x,, x., and T.. Then

Atgh — ATz, —A T + AT, A <Az - Atm, A zb 4+ A ag,
where AT = max(0, A) and A~ = AT — A, and the analogous relations hold for the vector x.

The proof was given in [1].
The interval observer based on model (2.1) with P = 0 is designed in the form

i,(t) = Fox () + (AES 2l — AF 2, — AF, T, +AF, 7,) + (Jo + T )y(t) + Gau(t),

T.(t) = B3.(t) + (AF T — AF7; — AF, f + AF;27) + (Jo + J)y(t) + Gault),
2(t) = Hoa, (1) + Qu(t), (34)
Z(t) = H.Z.(t) + Qy(),

Here, the equations for the estimation errors take the form
e.(t) = Fue,(t) + AF.x,(t) — (AE 2l — AF z, — AF; 7"+ AF,7,),

. _ - (3.5)
€.(t) = Feu(t) + (AF 7 — AFf7; — AF, zt + AF 27) — AF..(t).

Theorem 2. Assume that AF, < AF, < AF, and z,(0) < 2,(0) < T, (0). Then the interval ob-
server (3.4) satisfies the relation z(t) < z(t) < Z(t).

Proof. Due to (3.2), from z,(0) < x.(0) < Z.(0) it follows that e,(0) > 0 and €,(0) > 0. Since
F, is a Metzler matrix, by (3.5) and the lemma we have e,(¢) > 0 and €,(¢) > 0 for all ¢ > 0 [2].
The relation z(t) < z(t) < Z(t) is established by analogy with the second part of Theorem 1 and
Remark 1. The proof of Theorem 2 is complete.

Remark 2. Direct comparison shows that the first variant imposes noticeably more constraints
on the system than the second one but has a simpler structure. In particular, the second variant
does not need the matrices H, and R,; hence, condition (2.7) can be ignored when implementing
this variant, and the corresponding interval observer can be constructed for a wider class of systems.
When solving a particular problem, one should therefore begin with the first variant, passing to
the second variant only if the former is impossible to implement.

Remark 3. An essential role in Theorems 1 and 2 is played by the condition z, (0) < z.(0) <Z.(0).
Due to the stability of the matrices F, + AF, — PH,, F, + AF, — PH,, and F,, the desired in-
equality z(t) < z(t) < zZ(t) will hold for some ¢ > 0 even without the condition z,(0) < ,(0) < Z.(0):
the effect of the initial conditions almost disappears after some time. Indeed, we demonstrate this
fact for the second variant and the first equation in (3.5). Let us denote

w(t) = AF.a.(t) - (AFfzt — AF 27 — AF 75 + AF, 7).

The lemma implies vy(t) > 0. Clearly, the matrices figuring in the expression above, particularly
AF:, can be always chosen so that vg(t) > vg. for some vg,. > 0.

Since the matrix F} is diagonal, we consider equation (3.5) for the first component of the
error e, (t):
e (t) = Area (t) + vor(t).

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023



INTERVAL OBSERVERS FOR CONTINUOUS-TIME SYSTEMS 1281

It has the solution
t
e, (t) = exp(Ait)e,;(0) + exp(Ait) /001(T)e:vp(—)\17')d7'.
0

Because A1 < 0 and vg(t) > vos > 0, the first term will almost vanish and the error e, (¢) will be
positive after some time T3, despite the possibly negative value e, (0). Similar results can be
obtained for the other components of the vector e, (t) and all components of the vector &,(t).

Remark 4. The concepts of a confidence interval and a confidence probability from mathemat-
ical statistics can be adapted to interval observers: if AF, € (AF,,AF,) with some degree of
belonging p., then z(t) € (z(t),z(t)) with the degree u. as well.

4. CONSIDERATION OF EXOGENOUS DISTURBANCES AND MEASUREMENT NOISES

The case v(t) # 0, p(t) # 0 was studied in detail in [13]. Note that the observer is designed
based on model (2.1) with the term J.y(t) replaced by J.Hz(t). (It is necessary to consider the
measurement noises according to the relation y(t) = Hxz(t) + v(t).) In this case, the first variant of
the interval observer is described by

&.(t) = (Fu + AF, — PH)z, (1) + Py.(t) + (Ju + J)y(t) + Gru(t)
= (el + 1T Evic — | Lo | Egps
Zx(t) = (Fu + AF, — PH)T«(t) + Py.(t) + (J. + J)y(t) + Gault)
+ (|l + ') Exos + | L Egp, (4.1)
2(t) = Hzz,(t) + Qyo (),
Z(t) = Hm.(t) + Quo(t),
2,(0) =,9, T4(0) = Tuo.

Here, the matrix |A| consists of the absolute values of the corresponding elements of the matrix A,
and Ej is a matrix of dimensions k x 1 composed of unities. The variable yo(t) represents the
components of the output vector y(t) that are not affected by the exogenous disturbances, i.e.,
yo(t) = N1y(t) for some matrix N;. We introduce a maximum-rank matrix Lo such that LoL = 0.
Since the vector 2/(t) = Lox(t) is not disturbed, we obtain yo(t) = Noa'(t) for some matrix No.
Then the matrices N1 and Ny satisfy the equation N1H = NsLg, which has a solution if

rank ( 1{{ ) < rank(H) + rank(Lyg).
0

Under this condition, the matrices N7 and No are determined from the equation

(N, —NQ)(f(’)):o.

If this condition fails, it is necessary to replace the variable yo(¢) in (4.1) by y(t), which will extend
the interval (z(t),z(t)).
The equations for the estimation errors take the form
¢,(t) = (Fx — PH.)e,(t) + AF . (t) — AF, (1)
= (o + (&) + ([ J] + [T Epve = Lap(t) + [ Lu| Epps
€x(t) = (Fy — PH,)E.(t) + AF,T.(t) — AF.x.(t)
+ (Ju + JYo(t) + (|| + |J|) Exvs + Lup(t) + | Li| By ps.

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023



1282 ZHIRABOK et al.

The desired result directly follows from the proof of Theorem 1 and the obvious additional inequal-
ities

£(Jx + J)o(t) + (1] + | ) Egve = 0,  £Lup(t) + |Lu| Exps > 0,
valid for all ¢ > 0.

Remark 5. Due to (4.1), the width of the interval (z(t),z(t)) depends on the exogenous distur-
bances and measurement noises. To reduce this width, the matrices ® and .J, should be determined
from the equation

(Si — Ju) < LO(F;IA"I") ) =0, i=1,...,k (4.2)

which is derived from (2.8) for ® = S Ly with some matrix S. (It ensures L, = 0, i.e., the insensitivity
of the model to the exogenous disturbances.) As before, here .S; denotes the ith row of the matrix S.
If equation (4.2) has no solution, robust methods should be used; see below.

The sensitivity of model (2.1) to the exogenous disturbances p(t) is often estimated by the norm
||®L||F of the matrix ®L. To minimize this norm for ¢ = 1,..., k, we choose an eigenvalue \; < 0

for which equation (2.8) has a solution and then find all solutions in the form @gl), . @gn"). These
solutions can be written as

oD 7O

(b*i - e s Jz’ = e
o/ 5

The singular-value decomposition of the matrix product ®,;L is given by
Q. L =ULXLVL,

where Uy, and V, are orthogonal matrices,

2y, = (diag(o1,...,00) 0) or $p = ( dlag(‘”’o' 2 0e) )

depending on the number of rows and columns in the matrix ®.L, ¢; = min(n;,kp), and

0< o1 < ... <o, are the singular values of the matrix ®,;,L arranged in ascending order [16].
The first transposed column of the matrix Uy, is taken as the weight vector w = (w; ... wy,),
and the rows ®; = w®,; and J,; = wJ; are calculated consequently; if n; = 1, then ®; := @gl) and
Jyi 1= Ji(l). The resulting rows ®q,..., P and J,q, ...,y form the matrices
‘1>1 J*l
o= ... |, J.=1| ... 1,
(I)k; J*k;

and the feasibility of estimating the variables z(t) and y.(t) by criteria (2.5) and (2.7) is checked.
If the outcome is positive, the problem is successfully solved; otherwise, for some \; < 0, it is
necessary to find another vector w = (wy ... wy,) for a singular value o > o1 and calculate a new
matrix ;.

Theorem 3. This procedure for constructing the matriz ® yields an optimal solution in terms of
minimizing the norm ||®L| p.

Proof. The conclusion directly follows from the properties of the singular-value decomposition.
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The determination of the matrices H,, Q, AF,, J', H,, R., G, = ®G, and L, = ®L completes
the design of model (2.1) with the minimum sensitivity to the exogenous disturbances.

By analogy with [13, 14], the above results for estimating the variable z(¢) can be applied
to estimate the full state vector z(t). For this purpose, it is necessary to find the solutions of
equation (4.2) with \; < 0 and the maximum possible value k, compile the matrix (1) =: M),
and construct an interval estimate for the vector () (t) = MM z(t) following one of the variants
if criteria (2.5) and (2.7) hold. Note that this estimate will be independent of the exogenous
disturbance p(t). Next, it is necessary to determine a vector 22 (¢) that complements 2™ (¢) to z(t)
and a matrix M® such that 2 (t) = M®x(t). The interval observer estimating the variable
23 (t) is obtained based on equation (2.8). The composition of the two observers yields an interval
(z(t),=(t)) that is narrower compared to the classical one [10].

5. A PRACTICAL EXAMPLE

Consider a three-tank system of the form

&1(t) = baur (t) /91 — (by — 01(¢)) (21(t) — 22(1)),
Za(t) =bsuaz(t) /2 + (b1 — 01(t)) (21 (t) — 2(t)) — (b2 — 62(t)) (w2(t) — ws(1)), (5.1)
23(t) = (b — 62(t)) (w2 (t) — 23(t)) — bs(ws(t) — be) + p(1),
yi(t) =22(t) +v1(t),  y2(t) = 23(t) + va(t),
where the coefficients by, ..., b5 are determined by the geometrical dimensions of the system; z1,

x9, and x3 are the fluid levels in the corresponding tanks (Fig. 1). Fluid flows into the first and
second tanks and flows out of the third tank through a pipe located at a height bg. The parametric
uncertainties 01(¢t) and d2(t) are related to possible clogging of the pipes connecting the tanks
and, consequently, a decrease in their capacity. The exogenous disturbance p(t) reflects possible
leaks in the third tank. For simplicity, we take by = ... = b5 = 1 and bg = 0; 0 < 41(¢) < 0.2,
0 < 02(t) < 0.1; [p(t)] < puy (1 ()] < waa, |v2(t)] < i

Fig.1. Three-tank system.

This system is modeled by the matrices

-1 1 0 10 0
Pl foam o foa= (g0 ) im0
0 1 -2 00 1

Direct comparison of the general model (1.1) and system (5.1) shows that the uncertainties are
described by the matrix functions

51(7f) —51(7f) 0 0 0 0
AF@®) = | —at) ait) 0|, MAF@ =] 0  6t) 6@
0 0 0 —02(t) d2(t) O
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Fig. 2. The graphs of the functions x1(t), z(¢), and Z(¢) under different initial conditions.

We construct an interval observer estimating the variable z(t) = z1(¢). In this case, M = (1 0 0)

and Lo = ( (1) (1) 8 ) Equation (4.2) takes the form

—-1-X\ 1 0

1 —2-)N 0|
(Si — Jui) . e e
0 0 1

Letting A = —1 gives S; = J,; = (1 0), ® = (1 0 0), and G, = (1 0). The uncertainty AF,(¢) and
the matrix J' are determined from equation (2.9); as a result, we obtain Ay F.(t) = §1(t), J; =
(=d1(t) 0), AgF,(t) =0, and J5 = 0. According to physical considerations, x,(t) > 0 and 6;(¢) > 0
for all £ > 0; hence, the first variant can be used to design the observer. In view of 0 < 41 (¢) < 0.2,
we assume that P = 0.

Since the variable x3(t) is affected by the disturbance p(t) and, in addition, y2(t) = x3(t) + va(t),
we take yo(t) = y1(t). Obviously, condition (2.5) holds and H, = 1, @ = 0. The model becomes

Tu(t) = (01(t) — Dwu(t) + (1 — 01()) Hyz(t) + ua (t),
where x, = ®z(t) = x1(t). The interval observer (4.1) take the form
1— 51)y1(t) + ul(t) — Uy,
L —01)y1(t) +ur(t) + vs,

Due to §; —1 < 0 and 61 — 1 < 0, the observer is stable.

Numerical simulation was performed for u;(t) = 2sin(t), ua(t) = 2sin(5t), the noises vy (t), va(t)
and disturbance p(t) described by random independent variables with variances 0.1, and the uncer-
tainty d1(¢) = 0.1(1 + sin(10¢t)) with §; =0 and §; = 0.2. The simulation results are presented in
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Fig. 2: the graphs of the functions z1(¢), z(t), and Z(¢) under the initial conditions x(0) = (0 0 0)7,
2,(0) = —3, and 7.(0) = 3 (Fig. 2a) and z(0) = (0 0 0), 2,(0) = 3, and 7.(0) = —3 (Fig. 2b). As
has been demonstrated in Section 3, the “atypical” initial conditions are rather quickly “forgotten”
and have no effect on the estimation process for t > 2.

6. CONCLUSIONS

In this paper, we have constructed interval observers for linear dynamic systems described by
continuous-time models with exogenous disturbances, measurement noises, and parametric uncer-
tainties. Jordan canonical form-based relations have been presented for a minimum-dimension
interval observer estimating the set of admissible values of a given linear function of the system
state vector. Two observer design variants have been considered and compared. The theoretical
results have been illustrated by a practical example.
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Abstract—This paper considers linear differential-algebraic equations (DAESs) representing a
system of ordinary differential equations with an identically singular matrix at the derivative
in the domain of its definition. The matrix coefficients of DAEs are assumed to depend on
the uncertain parameters belonging to a given admissible set. For the parametric family under
consideration, structural forms with separate differential and algebraic parts are built. As is
demonstrated below, the robust stability of the DAE family is equivalent to the robust stabil-
ity of its differential subsystem. For the structure of perturbations, sufficient conditions are
established under which the separation of DAEs into the algebraic and differential components
preserves the original type of functional dependence on the uncertain parameters. Sufficient
conditions for robust stability are obtained by constructing a quadratic Lyapunov function.

Keywords: differential-algebraic equations, parametric uncertainty, arbitrarily high unsolvabil-
ity index, robust stability
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1. INTRODUCTION

Consider a system of differential-algebraic equations (DAESs) of the form
A()a'(#) + B()a(t) =0, t €T = [0,+0), (1.1)

where v = col (71, ...,7;) denotes an uncertain vector parameter belonging to a given admissible set
r= {fy cR': ||t < a}; A(7) and B(7) are known real matrices of dimensions (n x n); finally,
x(t) is the desired n-dimensional function. By assumption, det A(y) = 0.

A crucial characteristic of DAEs is the unsolvability index, which reflects the complexity of the
internal structure of the system. The higher value this index takes, the more difficult it will be to
divide DAEs into differential and algebraic components. Without such separation, it is impossible
to analyze the stability of nonstationary systems. See Subsection 2.1 for the exact definition of
the index used in this paper. The closest concept to this definition is the differentiation index [1],
introduced for unperturbed nonstationary systems of DAEs. If the unsolvability index exists, it is
equal to the differentiation index.

This paper discusses the issue of asymptotic stability for the parametric family (1.1). Robust
stability analysis is much more complicated for DAEs than for systems of ordinary differential equa-
tions resolvable with respect to the derivative; for example, see [2, pp. 186-225]. The explanation
is that even in the simplest case of index 1, an arbitrarily small perturbation of the coefficients may
violate the internal structure of the system and, consequently, change the properties and type of
the general solution [3, p. 61].
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There are relatively few publications on the robust stability of DAEs; in particular, we refer
to [4-14]. The papers [4, 5] are considered to be the pioneering studies on this subject. Most authors
investigated systems with the perturbed matrix coefficient at z(¢) [5-9]. Only a few works supposed
perturbations of the matrix at the derivative of the desired vector function [4, 10-12]. Separate
research was devoted to robust stability and estimation of the stability radius of nonstationary
DAE:s of index 1; see [6, 7, 13].

Robust stability is also analyzed when studying the admissibility of linear DAEs; for example,
we mention [15-21]. In addition to stability, admissibility implies that the system possesses the
properties of regularity and either causality (for discrete-time systems) or impulse freeness (in the
continuous-time case).

Presently, it is still topical to investigate the robust stability of parametric families of the
form (1.1) of an arbitrarily high unsolvability index with perturbations in all matrix coefficients.

For the family (1.1) with the vector and scalar parameters, we prove below the existence of
structural forms with separated algebraic and differential subsystems as well as propose algorithms
for building these forms. In our previous works (e.g., [22, 23]), the dimension of the solution
space and the structure of the general solution of perturbed DAEs were ensured the same as those
of the nominal system by imposing some finite relations on the perturbations. In this paper,
the structural forms are defined simultaneously for the entire family (1.1), and their existence is
established without additional constraints on the perturbations.

Unfortunately, the reduction of the DAEs (1.1) to a certain structural form generally complicates
the original type of functional dependence on uncertain parameters. Under the sufficient conditions
derived below, the system is separated into algebraic and differential parts while preserving the
original type of this dependence in the differential subsystem.

Under the assumptions accepted here, the stability of system (1.1) is equivalent to the stability
of its differential part, which represents a parametric family as well. Sufficient conditions for
robust stability follow from the required existence of a general quadratic Lyapunov function for the
differential subsystem.

2. SUFFICIENT CONDITIONS FOR ROBUST STABILITY
2.1. The Structural Form for DAFEs with Parametric Uncertainty
For system (1.1) we define the following matrices:

B, [B(’Y)] = col (B(’Y)’O’ cee ’O)’
).B(%),0....,0) (2.1)

Ar [A(), B(7)] = col (A(y
of dimensions (n(r + 1) x n),

@) @) o O

Ay) O o O

B A ... O O

A sey) = | A2 (2.2

@) @) . A(y) O
O 0 ... B> Al

of dimensions (n(r 4+ 1) x nr), and
D, [A(%), B)] = ( B [BO)] | A [A(), BO)] || Ar [A(7), B(7)] ) (2.3)
of dimensions (n(r + 1) x n(r + 2)).
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Assume that
rank A, [A(7y), B(y)] = ¢ =const Vv €T (2.4)

for some 7 (0 < r <n) and the matrix D, [A(7y), B(y)] ¥y € I' has a nonsingular minor of or-
der n(r + 1) containing ¢ columns of the matrix A, [A(y), B(7y)] and all columns of the matrix
A, [A(7), B(7)]. It will be called the resolving minor.

We denote by M, [A(vy), B(7)] a square submatrix of the matrix D, [A(7), B(7)] that has order
n(r + 1) and the resolving minor as its determinant.

Definition 1. The unsolvability indez of the parametric family (1.1) is the smallest value r for
which condition (2.4) holds and there exists the resolving minor in the matrix D, [A(~), B(7)] .

According to Lemma 1 below, the definition of the unsolvability index implies the permanent
internal structure of system (1.1) for all v € T".

Let us introduce the notation

(A1(7) A2(7)) = A(MQ, (Bi(v) B2(v)) = B()Q, (2.5)
where @) is a column permutation matrix such that all columns of the matrix
By.+() = col (Bs(),0, ..., 0) (2.6)

belong to the resolving minor and those of col (B1(7), O, ..., O) do not. The blocks Ba(y) and Aa(7)
from (2.5), (2.6) have dimensions n x d, where d = nr — ¢. The construction of the matrix @) was
described in [22]. Thus, d is the number of columns of the matrix B,[B(v)] that belong to the
resolving minor of the matrix (2.3).

Lemma 1. Assume that:

1) A(v), B(v) € CY(I).

2) Condition (2.4) holds.

3) The matriz D, [A(~y), B(7y)] has the resolving minor.
Then there exists an operator

Ry = Ro) + Rin) e+ o) () (2.7
where R;(y) € CHT') (j = 0,7) are matrices of dimensions (n x n), such that
Ry [AG)QE (1) + B(QE()] = ( a0 ) €(t) + ( PR ) (@8

for allt €T and v €T and any n-dimensional vector function &(t) € C™TY(T). Here, E4 stands for an
identity matriz of order d; Q is the permutation matriz given by (2.5); finally, Ji(v), Jo(y) € CHT)
are some matrices of compatible dimensions.

In addition,

(Ro(v) Ri(7) ... Re(1))=(Ea O ... O) MI'[A(7),B()]. (2.9)
Lemma 2. Consider the DAFEs (1.1) and assume that:
1) All the hypotheses of Lemma 1 are satisfied.

2) The matriz D,1 [A(7), B(7)] has an invertible submatriz M,11 [A(7), B(7)] of order n(r + 2)
for all ve€T' that includes the matriz M, [A(7),B(y)] and also n columns of the matrix

Ari1 [A(), B(7)]-

Then the operator R~ possesses the left inverse operator L. = Lo(7v)+ Ll(’y)%, where
Lo(v), Li(y) € CHT) are matrices of dimensions (n x n).

The proofs of these lemmas are provided in the Appendix.
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2.2. Robust Stability Conditions
Due to Lemma 1, the operator R reduces the family (1.1) to the form

i i (t) - zi(t) \ _
A7) ( (8) ) + B(7) ( (1) ) =0, (2.10)
where
Qcol (z1(t), z2(t)) = x(t), (2.11)
(@ is the row permutation matrix (see (2.5) and (2.6)), and
ity) = (EOd 8) = (Ro()A() + Ri(1)B() @, (2.12)
Bly) = ( R ) = Ro(1)B(1Q. (213)

The component x1(t) of the solution of the DAEs (2.10) satisfies the equation
2y (t) + Jo(y)z1(t) = 0. (2.14)

In turn, x2(t) = —J1(7)z1(t). The matrix Ji(y) is constant for each fixed value vy €T'. Therefore,
the family (2.10), (2.12), (2.13) is asymptotically stable if and only if the same property holds for
system (2.14).

Under the hypotheses of Lemma 2, the operator R, has the left inverse operator. Moreover,
the solutions of systems (1.1) and (2.10), (2.12), (2.13) are related through the row permutation
matrix @ (see (2.11)). Based on these facts, we conclude that the DAE family (1.1) is asymptotically
stable if and only if system (2.14) is asymptotically stable.

Let the entire family (2.14) have a general quadratic Lyapunov function
W(z1) =2 Vay (2.15)

with a positive definite time derivative along the trajectories of system (2.14). Here, the matrix V'
of dimensions (n —d) X (n —d) is symmetric and positive definite. As is known [2, p. 198; 21,
p. 210], the family (2.14) is asymptotically stable if there exists a solution of the system of linear
matrix inequalities (LMIs)

Jo(7) "V +Vila(y) >0, y€T. (2.16)
In this case, the DAE family (1.1) is asymptotically stable as well. Thus, we arrive at the
following result.

Theorem 1. Under the hypotheses of Lemma 2, assume the existence of a symmetric and positive
definite constant matriz 'V satisfying the LMIs (2.16).

Then the parametric DAE family (1.1) is asymptotically stable.
We formulate another useful fact based on a known result from perturbation theory [2, p. 198].

Theorem 2. Under the hypotheses Lemma 2, assume that all eigenvalues \;(0) of the matriz J2(0)
in system (2.10)—(2.13) are different and let oy and B; be the corresponding right and left eigenvec-
tors:

J2(0)a; = Xi(0)as, B; J2(0) = \i(0)37F
aillgn-a¢ = |Billgn-a =1, i=1,n—d.
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Then the eigenvalues of the matriz Jo(y) can be written as

l f.((_)' ;
A7) = M(0) + 30 P00y o),
J

— Bl
where
0. — 0.J2(7)
J = O ‘ A
Vi =0
Ezample. Consider the DAEs
1 -y 1 0 2 0 0 m-—1
0 1 0 0 , 0 2—7% 0 0
' (t) + z(t) =0, 2.17
) 0 0 ) [TOT 0 0T 1 0 |70 (217)
0 0 (v3) 0 -1 0 0 1

where
I = {col (M:72:78) 1 VR +E+93 < 1/2}-

The functions ¢(vy3) and (v3) are infinitely differentiable with respect to the parameter
v3 € [-1/2, 1/2] and given by the rule 1(v3) = 0 if p(v3) # 0. Since ¢(y3) and ¥ (y3) vanish ei-
ther simultaneously or in turn, the matrix at the derivative has variable rank in the domain T'.

The matrix Dy [A(7), B(7)] has the resolving minor indicated by the dashed line:

2 0'0 fil1 = 1 00 0 00[0 0 100
0 f,00[/0 1 000 0 0O0[0 0 100
0 01 0l—¢ 0 0 |lO O 0 O[O0 O 100
-1 0:0 1[0 0 % 0[[0 0 0 0[]0 0 100
0 0'00|2 0 0 fi]ll =1 0[]0 0 !00
0 0:00[0 fo 00O 1 00[0 0 100
0 0:00/0 0 1 O0fl—¢p 0 0 @l0 0 100
0 0'00|-1 0 0 10 0 ¢ 0/0 0 100
0 0:00[/0 O O0O0]2 0 0fi|]1l =910
0 0:00[0 O 0O0|O fo 0O0[0 1 100
0 0:00/0 0 000 0 1 O0l—¢ 0 10¢
0 0'00[/0 O O0O0|-1 0 01[0 0 !¢ 0

Here, the dependence of ¢ and v on the parameter 3 is omitted, f; =~ — 1, and fo =2 — 5.
The matrix Ao[A(7), B(7)] is located to the right of the double vertical line and has rank 6.

We construct the matrix D3 [A(7), B(v)] by supplementing Dy with four zero columns on the
right and four rows at the bottom:

0 ...0[0...0[0...0/2 0 0 fi|[1] =2 1 0
0 ...0/0 ...0[0...0[0 fr 0 0[O0 [1] 00
0 ...0[0 ...0[0 ...0/0 0[] 0= 0 0¢
0 ...0[0 ...0[0...0/=10 0T1]j]o o0 % 0

There is the submatrix M3 [A(7), B(vy)] in D3 : it includes all columns corresponding to the re-
solving minor and four more columns with the framed units. Thus, all the hypotheses of Lemma 2
are satisfied, d = 2, and @ = Fj.
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The operator
d d\?
R, = Ro(0) + R g + R ()

dt
where
001 0 00 0 —o(y3)
0 0 O 1 00 —1(73) 0
R = , R = ,
=1 9 0 1-m |0 FOI= 10 0 (=) =1 0
0 1 0 0 00 0
00O 0
00O 0
R - )
=100 0 el
00O 0
transforms system (2.17) into
00[00 0 0 ‘1 0
00loo], 1 0 01
t t) =
1000 |TWF |1, Y2 (2—)]0 0 z(t) =0
0 1|10 0 0 2— 7 00
In addition, Jy(y (1—'—% 12 2_772) )
2

Let V = ( 0 2 ) in the matrix inequality (2.16). Then

272 (2—72) 4(2—7)

This matrix is positive definite due to the positive definiteness of all its principal minors for
any 1 and 7, from the segment [—1/2,1/2]. In particular, the determinant of this matrix is
4(2 — v2){4(1 + 1) — ¥3(2 — 72)}. Obviously, 2 — 7o > 0 V3 € [~1/2,1/2]. The expression in curly
brackets achieves a minimum of 11/8 > 0 for 3 = —1/2 and v = —1/2.

J2(’Y)TV+VJ2(7):< 4(1+m) 272(2—72))

By Theorem 1, this means that the family (2.17) is asymptotically stable.

3. ROBUST STABILITY CONDITIONS FOR DAES WITH A SCALAR PARAMETER
Consider the DAEs

A(10)a' (1) + B(yo)z(t) =0, LET, (3.1)

where vy € Gy denotes a scalar parameter and Gp = {7y €R : |y0| < a} is a given admissible set.

Theorem 3. Assume that:

1) A(%), B(70) € C*(Go).

2) rank A, [A(70), B(70)] = const Vg € Gy.

3) The matriz D,;[A(y0), B(y0)] has a resolving minor.

Then there exist matrices P(yy), S(v0) € CA(Go) invertible for all o € Gy such that, with mul-
tiplication on the left by P(vyo) and the change of variable

z(t) = S(v0)col (21(t), 22(t))
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system (3.1) is transformed into

E,_ O (¢ J 0] t

‘ Al (/00) a0 o ver, (3.2)
0 Neo )\ ) 0 Ei)\ =0

where N () is an upper triangular matriz with r square zero blocks on the principal diagonal,

N"(v0) = O, and J(vo) is some matriz of dimensions (n—d)x(n—d).

The proof of this theorem is omitted. It involves the step-by-step zeroing of linearly dependent
rows in the matrix at 2/(t) and the differentiation operator applied to the corresponding rows of
the matrix at z(t).

The structural form (3.2) is an analog of the strong standard canonical form introduced in [25]
for the system A(t)z/(t) + B(t)x(t) = f(t) under the analytical solvability assumption.

Under the hypotheses of Theorem 3, the solutions of systems (3.1) and (3.2) are related by the
identity

z(t) = S(yo)col (z1(t), z2(t)) (3.3)

with the matrix S(vg) invertible for all vg € Gy.
Consider the DAEs (3.2). Due to the structure of the matrix N(vp), the subsystem

N(70)23(t) + 22(t) = 0

has only the trivial solution z3(t) = 0 for all vy € Gy.
In turn, the component z;(t) satisfies the subsystem

21 (t) + J(0)z1(t) = 0. (3.4)

Therefore, the DAEs (3.2) are asymptotically stable if and only if the same property holds for
system (3.4).
For each fixed value 7, the matrix S(y9) in (3.3) is constant. Hence, the DAE family (3.1)
possesses asymptotic stability if and only if system (3.4) does so.
Let
Wo(z1) = 2 Vozr

be a general Lyapunov function for system (3.4) with a symmetric and positive definite matrix V}
of dimensions (n — d) x (n — d) that satisfies the matrix inequality

TT(10)Vo + VoT (30) > 0, 70 € Go. (3.5)

In this case, the family (3.4) is asymptotically stable, and hence the parametric family (3.1)
possesses the same property.

Thus, the following result holds.

Theorem 4. Under the hypotheses of Theorem 3, the DAE family (3.1) is asymptotically sta-

ble if there exists a constant, symmetric, and positive definite matriz Vi that satisfies the matrix
inequality (3.5) for all ~y € Gy.

4. CONDITIONS FOR PRESERVING THE TYPE OF FUNCTIONAL DEPENDENCE
ON UNCERTAIN PARAMETERS

In the previous sections, we have considered the reduction of parametric families of DAEs to
some structural forms. As it has been demonstrated above, under certain conditions, the robust
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stability of the original family is equivalent to the robust stability of its differential subsystem.
Unfortunately, in the process of such transformations, the original type of the functional dependence
of the system coefficients on the uncertain parameters generally becomes more complicated.

Consider the family of DAEs with an affine uncertainty:

l l
(A() + Z’yjAj) .%',(t) + (B() + Z’)@‘Bj) x(t) = 0, te T, (4.1)
j=1 J=1

where A; and B; (j = 0,1) are given real matrices of dimensions (n x n); det 49 = 0 and v =
col (y1,...,m) €ETa={veR: |yj| <a, j=1,1}.

This section presents sufficient conditions on the structure of the coefficients A4; and B; (j = 1,1)
under which the robust stability of the family (4.1) is equivalent to the robust stability of a system
of ordinary differential equations resolvable with respect to the derivative, with affine uncertainty.

4.1. Conditions Based on the Canonical Kronecker—Weierstrass Form

Definition 2. A matrix pencil pAg + By is said to be regular if there exists p € R such that
det (uAg + By) # 0.

Lemma 3 [26, p. 313]. Assume that a matriz pencil pAg + By is reqular. Then there exist in-
vertible matrices P and S of dimensions (n x n) such that

[ E.q O e
pas (P 0. rms- (% 2). »

where Jy is some square matrix of order n —d and N is an upper triangular matriz with r square
zero blocks on the principal diagonal such that N™ = O.

The system PAgS2'(t) + PBySz(t) = 0, z(t) = S~'x(t), with property (4.2) is called the canon-
ical Kronecker—Weierstrass form for the DAEs Apa’(t) + Boz(t) = 0.

Let the matrix pencil pAg + By in (4.1) be regular. Then, by Lemma 4, there exist invertible
matrices P and S with property (4.2). Assume that

o O O o_ [ Bjx O .
PA]S_(AJJO)’ PB]S_(B‘%QO)’ J_l)l

where A1, Bj1, and Bj2 are some matrices with possibly nonzero elements. Note that A;; and
B have dimensions d x (n — d), whereas the square block Bj is of order (n — d).

We multiply (4.1) on the left by the matrix P and change the variable: z(t) = Scol(z1(t), z2(t)).
In view of (4.2), (4.3), the resulting system has the form

(4.3)

l

<x3<t> ) | B O <x1(t) ) L w
j=1

E,q O

!
> A N
j=1

Denoting
!
Yi(v) = Jo+ > _iBj1, (4.5)
j=1
!
Ya(y) = Y5 (Bj2 — Aja¥a(7)), (4.6)
j=1
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from the first equation of system (4.4) we find
21 (t) = =Yi(7)a1(t) (4.7)
and consequently,

<%>Zx1(t) = (1Y (y)21(t), i=2,1. 48)

Considering (4.5)—(4.7), the second equation of system (4.4) can be written as
Nzb(t) + z2(t) + Yo(v)z1(t) = 0. (4.9)

Applying the operator
r—1 dNF
Eg+ Y (-1)"N* (%) (4.10)
k=1
to (4.9) and using formulas (4.7) and (4.8), we obtain

wy(t) = <Y2(’Y) + ri: NkY2(’Y)Y1k(’Y)> 1(t). (4.11)

k=1

Obviously, the inverse of the operator (4.10) has the form E; + N %.

Following the same considerations as in the previous sections, we can demonstrate that the DAE
family (4.1) is asymptotically stable for all v €T, if and only if the same property holds for the
family (4.7) or, equivalently, for the DAEs

l
x'l(t) + (J() + Z ’)’ijJ) .%'1(75) =0. (4.12)

j=1

In system (4.12), the affine structure of uncertainty is preserved, being violated in equation (4.11).
Remark. If the dependence on the parameters in the original family were not affine (e.g., mul-
tilinear or polynomial), conditions (4.3) would ensure the same type of uncertainty in an equation
analogous to (4.12).
The family (4.12) is asymptotically stable for all values v € ', if there exists a general Lyapunov
function (2.15) with a positive definite time derivative along the trajectories of system (4.12).

Theorem 5. Consider system (4.1) under the assumptions that the matriz pencil pAy + By is
reqular and equalities (4.3) hold. If there exists a symmetric and positive definite matriz V. of
dimensions (n — d) x (n — d) that satisfies the inequality

V' (7)V +VYi(y) >0 (4.13)
for all v €Ty, then the family (4.1) is asymptotically stable for all v €T,. In this case, the matriz
Yi(7) is calculated by formula (4.5).

Since the affine structure of the dependence on the uncertain parameters is preserved in (4.12),
it suffices to solve inequalities (4.13) only at a finite number of points for which |vy;| = a (j = 1,1)
[2, p. 199].

For the same reason, Theorem 2 can be used to estimate the stability radius of system (4.12).
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Suppose that all eigenvalues A, of the matrix Jy have positive real parts: Re(A\;) >0, k =
1,n — d. We denote by A the eigenvalue of this matrix with the least real part. Let o and 8 be the
corresponding right and left eigenvectors. By Theorem 2, A\ turns into the eigenvalue A(7y) of the

l
matrix J() =+ Z ’Yij,l :
j=1

B*B 10[

N,\+Z

for small . Therefore, for

a/:

,B*B 1&‘

at least one eigenvalue of the matrix (4.5) has zero real part. In other words, the value a provides
an estimate for the stability radius of system (4.12) [2, p. 198].

4.2. Conditions Based on the Differential Operator

Note that for a regular pencil pAy + By, the construction of matrices P and S with the prop-
erty (4.2) is generally a nontrivial problem. Therefore, we will obtain other, more constructive,
conditions for preserving the type of functional dependence on the parameters for the family (4.1).
In this case, some constraints will be imposed on the coeflicients of the system under consideration,
different from those adopted in Section 4.1.

Assume that the matrices Ay and By in system (4.1) satisfy the following conditions:
A1) There is a resolving minor in the matrix D,[Ag, By].

A2) rank A, 41[Ag, By] = rank A,.[Ag, By] + n.

Then, by Lemma 2, there exist an operator

d d\"
G ()

/ . O O xh (t) Jl Ed T1 (t)
where Qcol (z1(t),x2(t)) = z(t) and @ is the corresponding row permutation matrix (see (2.5)

and (2.6)). In addition, R has the left inverse operator £ = Lo + L2 and
(RoRy ... R,)=(FE,O ... O)M, '[Ag, Bo),

R =Ry+ Ry

such that

where the determinant of the matrix M,[Ag, By] is the resolving minor.
Applying the operator R to (4.1) yields the system

O 0] x’l(t) Jl Ed 1‘1(75)
(End 0)(@@))*(& O)(m(t))
r+1 % 1
Z’Y] i,j ( ) (@Z; ) =0, (4.14)

+>
=0 [j=1

RO,j = ROBjQ; Rm’ = (Rl',lAj + RiBj) Q, i=1,r;

Ry =R.A;Q, j=11

where

(4.15)
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Suppose that the matrix coefficients (4.15) have the structure

B, O Al o
Ry — Js . R= J , j=11i=1r+1, 4.16
" (ng 0) ! < O O ’ Z ' 10

(2]

where Bj 1, Bj2, and Ag-i] are some matrices: Bj and Aji
square block Bj s is of order (n — d).
Due to (4.16), system (4.14) takes the form

have dimensions d x (n — d), and the

l

Ji+ 'Zlfijj’l Ey
]:
l

J2 + Zl ’Yij,2 O
]:

|G) =0 o),

O @)

r+1 l [i]
> ViA;
+ | =t |j=1

Following the same considerations as in the previous case, under Assumptions Al and A2, we
can demonstrate that system (4.1) is asymptotically stable for each v €T, if and only if the same
property holds for the subsystem

!
'y (t) + (JQ + Z’Yij,2> x1(t) =0.

=1

Thus, the following analog of Theorem 5 is true.

Theorem 6. Consider system (4.1) under Assumptions Al and A2 and equalities (4.16). If there
exists a symmetric and positive definite matriz V' of dimensions (n — d) x (n — d) that satisfies the
mnequality

-
! !
(J2 + Z ’Yij,z) V+V (Jg + Z ’ijjQ) >0

Jj=1 J=1

for all v €Ty, then the family (4.1) is asymptotically stable for all v €T .

5. CONCLUSIONS

In this paper, the robust stability of differential-algebraic equations (DAEs) with norm-bounded
vector and scalar uncertain parameters has been analyzed by proposing algorithms for building
structural forms with separated differential and algebraic subsystems (Lemma 1 and Theorem 3,
respectively).

The approach based on a linear differential operator has a constructive nature: the coefficients
of this operator are determined by inverting the matrix whose determinant is the resolving minor.
Moreover, the system obtained by such a transformation is equivalent to the original system in the
sense of solutions (Lemma 2).

When investigating the stability of DAEs, the main difficulty is that even in the simplest cases,
the internal structure of the system (and, consequently, the form of the general solution) may
change under an arbitrarily small perturbation of the coefficients. As a result, the structure and
properties of the unperturbed system may lose any significance for analysis.
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A distinctive feature of the results presented above is that the stability analysis involves no
information about the internal structure of the nominal system. The structural forms are built for
the entire family (Subsections 2.1 and 3.1). For this reason, there is no need to introduce additional
structural constraints on the perturbations that would ensure the coinciding internal structures of
the nominal and perturbed DAEs.

It has been demonstrated that the stability of the parametric family (1.1) is equivalent to the
robust stability of its differential subsystem, which also depends on the uncertain parameters. The
sufficient condition for robust stability follows from the existence of a general quadratic Lyapunov
function (2.15) for the differential subsystem (Theorems 1 and 4).

On the other hand, reducing the system to one or another structural form may appreciably
complicate the type of functional dependence on the uncertain parameters of this subsystem com-
pared to system (1.1). In this regard, for DAEs with affine uncertainty, sufficient conditions have
been established under which the differential subsystem is also an affine family (Section 4). This
approach is also applicable to systems with other types of parametric uncertainty.

APPENDIX

Proof of Lemma 1. Let Qp be a column permutation matrix such that

A [A(7), B(Y)] QA = (A1 (7) Ar2(7)),

where the block A, 1(7) belongs to the resolving minor and consists of ¢ columns, rank A, 1(v) = ¢
Vyel.

Consider the matrix D, [A(7), B(y)] . Multiplying it on the right by the column permutation
matrix Q, = diag {Q, Q,Qa} ! and on the left by M, 1 [A(y), B(v)] yields

Ji(v) Eq| O O H O ®i(v)
M AG), BO) D 1A0), BO) Q= |2 -G Pt 02200 |
Ja(v) 0‘ O O | E:. ®4(v)

where J;(y) and ®;(v) (i = {1,2,3,4}) are some matrices of compatible dimensions. Due to (2.4),
P1(7) =0, (7)) =0, P3(7) =0, €T
In this case,
(En O ... 0) M7 [A(7), B D, [A(7), B(7)] Queol (£(1),...,£D (1))

Ji(y) Eq| O OJ]O ... O )
:<J2(v) ole . olo . O>col(g(t),...,§< (1)), (A1)

which obviously implies formulas (2.9) and (2.8).

Proof of Lemma 2. Note that identity (A.1) remains in force for

Qr:dlag{QaaQ}

! The matrix Q, is quasi-diagonal: the blocks listed in curly brackets stand on the principal diagonal and all other
elements are zero.
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Let £(t) € C™2(T) be an arbitrary n-dimensional vector function. In view of the representa-
tion (2.9), differentiating (A.1) with respect to the variable ¢ gives

(0 Ro(1) Ri(3) - Re()) Dps [A(), B()] Qryacol (€(0), ... £0 (1)

(O O|Ah(y) Ba| O O|O ... O o)
_<0 O‘sz 0| Fua O‘o o)“’l@(”"“’f ). (A-2)

From (A.1) and (A.2) it follows that

Ro(y) Ri(y) ... R:(7) O )
Dry1 A -
< O  Ro(y) ... Rioi(y) Ro(7) +1[A(), B(Y)] Qra
Jl(")/) Ed 0] 0] ‘ @) (@)
J: O|E,—.q O] O O
_ 2(7) d . (A.3)
O O |JLh(y) Eq) O O
0 O JQ("}/) O En,d O
According to assumption 2 of Lemma 2, the matrix
Dy1 [A(), BO) = ( Beyt [BO)] | A [A(), BO)] || Avi1 [A(), B()] )

has an invertible submatrix M, 1 [A(7), B(7)] of order n(r + 2) on I'. In addition, d columns of
the matrix B,11 [B(7)] are included in M, [A(7), B(7)] , namely, those of the matrix

827r+1(’)/) = col (BQ(’Y), O, PN ,O)

(see (2.5) and (2.6)); (¢ +n) columns of the matrix A, 41 [A( ), B(7y)] are included in M, ;1.

Consider a matrix that eliminates in D,y [A(7), B(7)] Qr+1 the columns not included in
M1 [A(7), B(7)] . Multiplying both sides of equality (A.3) on the right by this matrix yields
Ro(y) Ri(y) ... R.(7) O )
M1 [A(y), B(V)] = (€(v) O), (A4)
( O Ro(7) - Rea(y) Re() 7"
where
E;| O O O
£ O|E,q4 O O (A5)
= )
YTl olam B o
O J2(’Y) O || En-y
In addition, the block column
col (0,0,0,E,_4) (A.6)

of the matrix on the right-hand side of identity (A.3) completely enters the matrix (7). Indeed,
D,41[A(7), B(7y)] and the matrix on the right-hand side of (A.3) have full row rank for all y €T’
therefore, due to (A.3), the same property holds for the matrix

<Ro(7) Ri(v) ... R(y) O )

0 Ro() ... Rea(y) R(3) (A7)
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Assume on the contrary that the transformation of (A.3) into (A.4) eliminates some columns of
the matrix (A.6). In this case, the matrix £(y) will no longer be invertible, which contradicts the
full row rank of the matrix (A.7).

From (A.4) it follows that

<Ro(’y) Ri(y) ... Ri(v) O

— -1
O Ro(v) ... Ry—1(v) Rr('Y)) = (€(7) O)Mr+1 [A(7), B(7)] - (A.8)

The desired result of this lemma will be established by demonstrating that the system

Ro(y) Ri(y) ... R.(y) O )
O  Ro(y) ... Rea(y) Re(v)

has a solution ( Lo(y) Li(y)) € CY(I).
Considering the representation (A.8), a necessary and sufficient condition for the point-wise
solvability of equation (A.9) can be written as

rank £(y) = rank < (£(v) O) ) . (A.10)

(Lo(v) Ll(v))< =(E,0 ...0) (A.9)

(En 0...0 ) Mr+1 [A(’Y)’ B(’Y)]
Obviously, see (A.5), rank £(y) = 2n. By construction,

(B, O ...0) M1 [A(), BO)] = ( B2 [ 41(3) Ax() [ O ). (A.11)

In view of (A.5) and (A.11), it is straightforward to verify (A.10) for all yeT.
The solution Lo(v), Li(v) € CH(T) of system (A.9) is given by the formula

(Lo) L)) = (Bn O +..0) Mysn [A(3), B(3) ( £40) ) |

The proof of Lemma 2 is complete.
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Abstract—This paper considers a periodic boundary value problem for a nonlinear partial
differential equation with a deviating spatial variable. It is called the nonlocal erosion equation
and was proposed as a model for the formation of dynamic patterns on the semiconductor
surface. As is demonstrated below, the formation of a spatially inhomogeneous relief is a
self-organization process. An inhomogeneous relief appears due to local bifurcations in the
neighborhood of homogeneous equilibria when they change their stability. The analysis of this
problem is based on modern methods of the theory of infinite-dimensional dynamic systems,
including such branches as the theory of invariant manifolds, the apparatus of normal forms,
and asymptotic methods for studying dynamic systems.

Keywords: nonlocal erosion equation, attractors, stability, bifurcations, normal forms, asymp-
totics

DOI: 10.25728 /arcRAS.2024.83.34.001

1. INTRODUCTION

Since the 1980s, describing the formation of an inhomogeneous (e.g., wavelike) relief on the
surface of semiconductor materials bombarded by an ion flow has always been a topical problem
of micro- and nanoelectronics. The nature of a wavelike relief continues to cause much discussion;
for example, see [1-6]. According to experimental evidence, a wavelike nanorelief is formed on the
surface of semiconductors and dielectrics in a certain range of ion incidence angles. Of course, it
depends on the beam intensity, ion type, and the material of the sample subjected to ion bom-
bardment. The process of nanostructure formation on the silicon surface has been most intensively
investigated at the experimental level.

Almost immediately, mathematical models were proposed to explain the phenomenon of inhomo-
geneous micro- and nano-relief formation. Two approaches were used: stochastic and deterministic.

In terms of applications, a more attractive approach is to treat such a process as dynamic. The
best-known model was introduced by Bradley and Harper [7]. This model involves one version of
the well-known Kuramoto—Sivashinsky equation supplemented with boundary conditions, natural
from a physical point of view. In principle, different variations and modifications of this model gave
a sufficiently convincing description of the process of inhomogeneous (wavelike) relief formation.
At the same time, this model suffers from several drawbacks in its initial formulation. One of them
is that in many cases, the corresponding boundary value problem revealed the possible formation
of an inhomogeneous relief with the leading role of the first possible mode; for example, see [8—11].
In many cases, such a conclusion contradicts the results of experiments.

A possible informal modification is a model known as the nonlocal erosion equation [8-11]. It
covers several nonlocal effects, first of all, the fact that the points of ion penetration (entry) into
the semiconductor material and its exit do not necessarily coincide. This led to the emergence of a
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mathematical model with a partial differential equation in which some terms contain an unknown
function with a deviating spatial variable.

This paper considers a nonlocal erosion equation augmented with periodic boundary conditions.
Other problem statements for the nonlocal erosion equation can be found in [11-16].

Below, we study a periodic boundary value problem (BVP) for the nonlocal erosion equation

v 1)
2)

Ur = duyy — crwy + Csz + csw? (1.
u(t,y +21) = u(r,y), (1.

where u = u(7,y), w = u(t,y — hy), and hg is a positive constant to consider nonlocal effects (this
constant is set proportional to the average distance between the entry and exit points of the ion from
the incident beam); d > 0, ¢; > 0, ¢o, and c3 € R are constants characterizing the bombardment
conditions. For example, d is the diffusion coefficient of the target material, and the coefficient
¢y specifies the intensity (energy) of the ion beam. The deviation hg > 0 is the main parameter
distinguishing this model from others (e.g., from the Bradley—Harper model). The constant hg is
proportional to the inclination angle between the beam direction and the normal to the surface,
which is considered flat before the bombardment. From the very beginning, let us emphasize the
following aspect. In principle, the relief deviation from an equilibrium, u(7,y), must depend on
the second spatial coordinate y1: u = u(7,y,y1). But in most experiments, the dependence on y;
is rather weak and, therefore, the approximation u = u(7,y) is considered acceptable.

With the changes of variables

T:—t7 y=—-u,
™C1 s

the BVP (1.1), (1.2) can be written as

Up = QUgpy — Wy + bgwi + bgwi, (1.3)
u(t,z + 2m) = u(t, ),

where u = u(t,z), w = u(t,z — h), and

hom dm CoT c3m?
h _ — = — b = — b = —_—_.
T P el T P

Note that the BVP (1.3), (1.4) has the solution u(t,z) = a, where o € R. If the BVP (1.3),
(1.4) is supplemented by the boundary conditions

u(0,2) = f(z) (w(0,2) = f(z —h)), (1.5)

where f(z) € H}, the resulting initial boundary value problem will be locally well-posed. This
outcome follows from the results obtained in [17, 18]. Moreover, the initial boundary value prob-
lem (1.3)—(1.5) generates a local smooth semiflow T : f(z) — u(t,z), t € (0,4),5 > 0.

Recall that f(z) € H3 if:

1) f(z+27m) = f(x).

2) For = € [0,27], the inclusion f(z) € W3[0,27] holds, where W1[0,27] is the space of func-
tions f(x) such that f(z) € Lo(0,27) and their generalized derivative f’(z) € L2(0, 27) (for example,
see [19]).

The BVP (1.3), (1.4) has one peculiarity as follows. Let u(t,z) be any solution of this problem;
then a + u(t, z) is also its solution. Below, we will investigate the structure of the neighborhood of
all solutions wu(t,x) = « (spatially homogeneous equilibria). In particular, it is supposed to study
the formation mechanism of local attractors containing spatially inhomogeneous solutions.
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2. SOME PRELIMINARIES
Consider the nonlinear BVP (1.3), (1.4). We denote by

2w

1
M(u) = —/u(t,x)dx
2m
0
the space mean of the function u(t,z). Representing the solution u(t,x) as a Fourier series with

respect to the spatial variable x gives

u(t,x) = uo(t) + Z un(t) exp(inx),
n#0
where
1 27
up(t) = M(u), wun(t) = o /u(t,x) exp(—inzx)dz.
T
0

Hence, any solution solution of the nonlinear BVP (1.3), (1.4) can be written as

u(t,z) = uo(t) +v(t, ) Z un(t) exp(inx), M(v) = 0.
n#0

Therefore, the BVP (1.3), (1.4) takes the form

uor(t) = ba M (w3) + b3 M (w3), (2.1)
= Av + Fy(w;) + F3(wy),
v(t,x 4+ 2m) = v(t,x), M(v) = 0.

Equations (2.1) and (2.2) employ the following notations:

Av = avgy — wz, w=v(t,x — h),

Fy(wg) = byw? — boM(w?),  F3(wy) = bsw? — bgM (w?).

When forming the right-hand side of the differential equation (2.2), we take into account that
Aug = 0 and the right-hand side of the original partial differential equation (1.3) is independent
of uo (t)

The BVP (1.3), (1.4) can be analyzed in two stages. The first stage consists in studying the
BVP (2.2), (2.3). After that, the second stage is to reconstruct uo(t) using equation (2.1). Note
that the function wug(t) is reconstructed within an arbitrary constant without additional conditions
from equation (2.1).

Thus, the main point in investigating the BVP (1.3), (1.4) is to study the auxiliary nonlin-
ear BVP (2.2), (2.3). We emphasize that it has the unique spatially homogeneous equilibrium

v(t,x) = 0.

3. STABILITY OF THE TRIVIAL SOLUTION OF THE AUXILIARY NONLINEAR BVP

To analyze the stability of the trivial equilibrium of the nonlinear BVP (2.2), (2.3), we first
examine its linearized version, i.e., the linear BVP

v = Av, Av = augy — Wy, (3.1)
v(t,x 4 2m) = v(t,x), M(v) =0, w=v(t,x — h).
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Consider the linear differential operator (LDO)

Ap = A(a, h)p = apz(x) — pz(z — h),

where a sufficiently smooth function p(x) satisfies the periodic boundary conditions p(z+27) = p(z)
and has the zero mean. This operator possesses a countable set of eigenvalues

Ao = Ao(a, h) = —an? —inexp(—inh), n = +1,4£2,...;

the corresponding eigenfunctions {exp(inx)} form a complete orthogonal system of functions in the
space Lo (0, 27), i.e., f(x)€Lag(0,2m) if f(z)€La(0,27) and M(f) = 0.
The following result is true.

Lemma 1. If
ReA,(a,h) <0

for given values a and h, then all solutions of the linear BVP (3.1), (3.2) are asymptotically stable
in the metric of the initial condition space of the BVP (3.1), (3.2).

A natural choice of the initial condition space is the functional space Hj o: f(z) € Hj  if f(x) € Hj
and M(f) = 0. Indeed, let us consider the initial boundary value problem (3.1), (3.2), (1.5) for
flx)e H%,o- Its explicit-form solution is given by

v(t,x) = Z frnexp(Ant) exp(inz), (3.3)
n#0

where \,, denote the eigenvalues of the LDO A and {f,} are the Fourier coefficients of the func-
tion f(x) (fo =0 since M(f) =0).

It is straightforward to verify that:

1) v(t,z) — f(x) in the metric of Hi as t — +0.

2) For t > tp > 0, the solution (3.3) is an infinitely differentiable function.

Property 2) is immediate from the following result, which can be checked in a fairly standard
way: for ¢ > tg > 0 the series on the right-hand side of (3.3) converges uniformly together with its
partial derivatives of any order. This result is proved using the fact that

An(a, h)

lim 5

|n|—o0 n

= —a.

Note also that lim,|_o(Im(An(a, h)))/n? = 0. Hence, |ImM,(a,h)| < K|Re\,(a,h)| if |n| > ng
(np €N, the set of natural numbers) and K is some positive constant.

In particular, these results allow stating that the LDO A is the generator of the analytic semi-
group of linear bounded operators, and the linear BVP (3.1), (3.2) can be included in the class of
abstract parabolic equations in the sense of the definitions from [17, 18, 20].

If ReAp(a,h) >0 for some n = m, the solutions of the linear BVP (3.1), (3.2) are, of course,
unstable.

The considerations presented above lead to another result as follows.

Lemma 2. Assume that
Rel, < = <0

for alln € Z, (the set of integers n # 0). Then the trivial solution of the nonlinear BVP (2.2), (2.3)
18 asymptotically stable. At the same time, if there exists an integer m € Z, such that Re)\,, > 0,
then this solution is unstable.
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Note that the conditions Re), <0, Re),, =0 for some m € Z, select a critical case in the
stability problem of the trivial solution of the BVP (2.2), (2.3).

The remainder of this section focuses on the following question: under what conditions is the
critical case implemented in the stability problem of the trivial solution of the BVP (2.2), (2.3).
Let us emphasize that, for h = 0,

An(a,0) = —an? —in
and, consequently, Re\,(a,0) < 0 for all n € Z, (Z,. = Z\{0}). Therefore, the critical case is possible
only if A > 0 (h > 0 by the problem statement). For all a > 0 we will determine the least positive
value h = h,(a) implementing the critical case.

First, it is necessary to find h,, satisfying

ReXy,(a, hy) = 0.

2

Such values h,, should be obtained as the solutions of the equation —an® — nsinnh = 0 or

sinnh = —an. (3.4)

Equation (3.4) has solutions if |an| < 1. Without loss of generality, assume that n €N (the set of
natural numbers) since replacing n with —n does not change equation (3.4).

Thus, an < 1. Then equation (3.4) possesses two groups of solutions:

1) hyp(m) = L(2rm — arcsin(an)), m € Z,

2) hn(k) = (7 + arcsin(an) + 27k), k € Z.

In the first group of solutions of the trigonometric equation, the least positive root is h,(1) =
(2m — arcsin(na))/n; in the second group of solutions, h,(0) = (7 + arcsin(na))/n. Furthermore,
we have the inequality

%(7{' + arcsin(na)) < %(QW — arcsin(na)) (3.5)

for any natural number n (of course, if na < 1). Inequality (3.5) is equivalent to

2arcsin(na) < m or arcsin(na) < g

The resulting conclusion is that h, should be determined as the least element of the sequence

dp =dy(a) = %(7‘(‘ + arcsin(an)) if n < %.

We underline that d,, = h,(0). Clearly, in principle, the least value d,, can be chosen by linear
search. For example, if a = 1, this sequence contains one element d; = 37/2 and h, = 37/2. In
the case a = 1/2, we obtain dy = 7w/6 and dy = 37/4; hence, h, = 37/4. At the same time, the
number of elements in the sequence d,,(a) grows when decreasing a. Therefore, linear search should
be improved to select h, faster.

For example, suppose that for all a > ag, di(a) < di_1(a); in other words, the sequence di(a)
decreases with increasing k. (An appropriate positive constant ag will be specified below.) This
property of the sequence di(a) can be checked by analyzing the inequalities

gr(a) = (k — 1) arcsin(ka) — k arcsin((k — 1)a) < m;
for k = 1,2, 3, they are trivial and hold for all admissible a. As is easily established,

dgr(a) 1 1
S = k(k - 1) (\/1_ — e 1)2> >0, akelo,1).
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Hence, di(a) < dg—1(a) for all admissible a if this inequality is valid for the maximum possible
value a (a = 1/k). The issue under consideration is thereby reduced to checking the inequalities

1
m (7'(' =+ arcsin

k—1>>3_7r k=1 w(k—3)
k Z o or arcsin P o

As it turns out, the latter inequalities hold for £k =1,...,10.

Well, let a>1/11. Then the minimum value h, is h(a) = (7 + arcsin(ka))/k, where k = [1/a],
since this choice of a makes the sequence dj decreasing. For the other numbers k, ie., k> 11
(a < 1/11), the choice procedure of h, can be alternatively simplified as follows. Consider the
auxiliary function

B(z) = é(w + arcsin(z)),

which is defined for z € (0, 1]. It is straightforward to verify that this function decreases for z € (0, z)
and increases for z € (z4,1); naturally, z, is its minimum point, i.e., B'(z,) =0. We determine
the corresponding value z, as the least positive root of the equation B’(z) = 0. As it turns out,
z =z, 09761 and d,,(a) = aB(na). Therefore, h, = min{d,,(a), dm+1(a)}, where ma < z, and
(m+1)a > z.

The possibility d,,, = dy,+1 will be eliminated from consideration as a special (exceptional) case
not discussed here. This case leads to another bifurcation problem with a codimension of 2. Further
analysis will be restricted to the general case d,,, # dp,y1-

Consider now the LDO depending on a small parameter, i.e.,

Ae)y = ay” — 9/ (x — h(e)),

where h(e) = hy (1 +ve), v==£1 or 0,e€(0,ep), hs = (7 + arcsin(ma))/m. The definitional do-
main of this operator consists of sufficiently smooth functions satisfying the condition y(z + 27) =
y(x), M(y) = 0. For such h = h(e), the LDO has a countable set of eigenvalues

Me(e) = —ak? — ik exp(—ikh(e)), k=41,+2,....

In addition, given k # +m,
ReX,. < - < 0,

A (€) = —am? F imexp(—i(m + pm)(1 + ve)), where p,, = arcsin(ma), and consequently,

Aim(0) = tiop, opm =mcos(im) = my/1 — (ma)?.

In other words, for (ma)? # 1, the LDO A has a pair of simple pure imaginary eigenvalues; for
(ma)? = 1, it has double zero eigenvalue. Therefore, the case (ma)? =1 needs deeper analysis.
The next section will be restricted to the general case o, # 0.

Note also that
A (E)le=0 = 75, + 0,
where 7/, = vm(r + arcsin(ma))/1 — (ma)? # 0 and o/, = —v(7 + arcsin(ma))m?a # 0. For v = 1,
we obtain the inequality 7;, > 0, i.e., stability is lost when exceeding the critical value h = hy; if

v = —1, then 7}, < 0 and the trivial solution of the BVP (2.2), (2.3) remains stable. Finally, v =0
corresponds to the critical case of a pair of pure imaginary eigenvalues.
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4. LOCAL BIFURCATIONS

This section is devoted to the nonlinear BVP (2.2), (2.3) for h = h(e) = h.(1 + ve). With such
a choice of h, the BVP (2.2), (2.3) can be written as

v = A(e)v + Fy(wy, €) + F3(wy, €), (4.1)
v(t,x +27) = v(x), M(v) =0,

where

w=v(t,x — h(e)), A(e)v = avy(t,x) —vy(t,z — h(e)),
Fj(wg,e) = Fj(wg), j=2,3.

The functions Fj(w,) have been introduced above. Recall that the deviation value h, has been
chosen in Section 3. As a result, an almost critical case is implemented for the stability spectrum of
the trivial solution of the BVP (4.1), (4.2) (the spectrum of the LDO A(e)). The BVP (4.1), (4.2)
has a two-dimensional invariant manifold Ma(e) attracting all solutions from a sufficiently small
neighborhood Q(rp) of the trivial solution of this BVP. In addition, the radius 7y of the ball in
the space H is sufficiently small but independent of &; for example, see [21-23]. As is well known
(e.g., see [23]), bifurcations can be analyzed by studying a system of two differential equations,
commonly called the normal form (NF) according to the terminology originally proposed by A.
Poincaré [23]. In the general case, such an equation can be written in the complex-valued form

2= (!, +iol )z + (I +ily)z|z)%, (4.3)

where z = z(s), s = et denotes “slow” time, the prime indicates the derivative with respect to s, and
l1,l2 € R. By an a priori assumption, 1 # 0 : the first Lyapunov value is nonzero. In equation (4.3),
all vanishing terms as ¢ — 0 are discarded. Equation (4.3) represents the principal part of the NF
or the truncated NF. Under [; # 0, equation (4.3) plays a determinative role in the analysis of the
BVP (2.2), (2.3), (4.1), (4.2).

The solutions of the BVP (4.1), (4.2) belonging to M(e) will be found as the sum

v(t,x,z,Z,e) = 51/2vl(t, x,2,Z) +eva(t,z,2,Z) + 53/21)3(75, z,2,%) + O(e?). (4.4)

In addition, of course,

w(t,x,z,Z,6) = 51/2w1(t, x,2,Z) + ews(t,x,2,Z) + 53/2w3(t, x,2,Z) + 0(62), (4.5)
where
w(t,z,2,Z,e) =v(t,r — h(e),2,Z,€),
wi(t,x,2,zZ) = vj(t,x — hy, 2,%Z), j=1,2,3.
Finally,

vi(t,z) = zq +Zq, q = q(t,x) = exp(iont)exp(imx).
The functions ve and vs are vo(t, z, 2,%),v3(t, z, 2,Z) € ®. The symbol & denotes the class of func-
tions defined above.
We have ¢ = ¢(t,x,2z,Z) € @ if this function satisfies the following conditions:

1) It smoothly depends on the variables for all ¢, x € R, and |z| < d, where J is some positive
constant.

2) p(t,z,0,0) = 0.
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3) It has periods of 27 /0, and 27 in the variables ¢ and z, respectively.
4) a) M(yp) = 0 for all ¢, z,Z under consideration.

O o [ 27 /om B
b) My (p) = 22 “of ( bf <Pq:th> dr =0, ¢ =q, - =7.

To analyze the BVP (4.1), (4.2), we formulate an auxiliary statement, often called the solvability
conditions in branches of differential equations. Let Ay = A(0).
Remark 1. Consider the linear inhomogeneous BVP
Agv = g(t,x), v=v(t,x),
v(t,x 4 2m) = v(t,x), M(v) =0.
Here, g(t,x) is a sufficiently smooth function with periods of 27 /0, and 27 in the variables ¢ and =z,
respectively. In addition, suppose that M(g(t,z)) = 0. Then this BVP has periodic solutions in

the variable ¢ if

The conditions My (v) = 0 highlight one suitable solution of the linear inhomogeneous BVP con-
sidered in Remark 1.

Substituting the sum (4.4) and the related sum (4.5) into the nonlinear BVP (4.1), (4.2) yields
linear inhomogeneous BVPs for determining vo and vs.
Extracting the terms at e, we obtain the inhomogeneous BVP

vop — Agug = (I)Q(t, x, Z,?), (4.6)
va(t,x + 2m) = va(t,x), M(ve) = My (ve) = 0.
When extracting the terms proportional to £3/2, a similar BVP has the form

vy — Agusz = (I)g(t, x, Z,?), (4.8)
vs(t,x + 2m) = vs(t,x), M(vs) = My(vs) =0, (4.9)

where Agvj = aVjze — Wjg, wj = vj(t,x — hy), j = 2,3,

Dyt x,2,Z) = byw?, — by M (w?,),
D3(t,2,2,%) = bgw}, — bsM (w},) + 2ba(wigWae — M (wizwas)) + Atur — (2'q + 7'7),
wiz = 1m(Qzq — QZq), Q = exp(—imh.).

Note that A; = A’(¢)|.—0 and

Q=01 +iQ2, Q1=—/1—(ma)?, Q2 =ma.
The solutions va(t, x, z,Z) € ® of the BVP (4.6), (4.7) can (and should) be found in the form
va(t, x,2,%2) = 2@ + T, 220

In our case,
s (t,w,2,%) = bom*(Q*2%¢* — Q F7),

and quite easy calculations give

b m2 2_m
Nm, = —%7 Pmy = 4mQ2(1 — Q1), pmy = 2m(QF — Q3 — Q).
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Now, we pass to the BVP (4.8), (4.9). It has a solution vs(t,z,z,Z) € ® under the solvability
conditions (see Remark 1), i.e

My (®3) = 0. (4.10)
Conditions (4.10) serve to determine the coefficients of the NF (4.3). As it turns out,
=12 +1® =1 1,
where

I = —3bsm®Qs, 1§ = 3bym®Q,

(2 _ _ 4bzm* 2 92 2 A2
ll - p72n1 —Hﬁm (pm1 Ql(Ql 3@2) +pm2Q2(3Q1 QQ)))
(2 _ _ 4b3m* 2 12y 2 92
l2 - p%nl +p%n2 (pm1Q2(3Q1 QQ) meQl(Ql 3@2)>7
7' =vm(m + pm)r/1 — (ma)?, o), = —v(7 4 pm)m2a, py, = arcsin(ma).

Note that 7/, > 0 if v =1, and 7, < 0 if v = —1. Thus, the coefficients of the NF (4.3) have been
calculated explicitly.
Let us emphasize that, after clear transformations,

8b2mSa
1B = 22 (ma)2(1 + 4(ma)?) +1).
1 pm1+pm2< (ma)(1 + 4(ma)?) +1)
Hence,
8b2mba
I; = —3bsm?*a — —2—— (/1 — (ma)2(1 + 4(ma)?) + 1).
1= —Bbyma = 2 (/1= (ma)(1+ 4(ma)’) + 1)

According to this formula, I; < 0 for b3 > 0. Obviously, the case [y < 0 is implemented “more
frequently” compared to the one [y > 0.
To proceed, we investigate the NF (4.3) by letting

z(s) = p(s) exp(ip(s)).
Transition to the trigonometric form leads to the two real-valued differential equations
p =1 p+0p (4.11)
¢ = ol +1p”. (4.12)

Besides the trivial equilibrium p = 0, equation (4.11) may also have the nonzero one

=&=/-
which exists if 77, /1; < 0.

The standard analysis using Lyapunov’s theorem on the first (linear) approximation shows that
the nonzero equilibrium p(s) = £ is asymptotically stable if i < 0 (7/, > 0 or, equivalently, v = 1)
and unstable if [; > 0 (77, < 0 or, equivalently, » = —1). The trivial equilibrium of the differential
equation (4.11) is asymptotically stable if 7/, < 0 and unstable if 7/, > 0.

As is easily observed, for p(s) =&, equation (4.12) has the solution
o(s) = (o, + 12%)s + @9, o €ER.
The considerations presented above establish the following result.
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Lemma 3. The differential equation (4.3) has the limit cycle Cy generated by the one-parameter
family of periodic solutions

2(s) = Eexp(i(al, + 12€%)s + i), (4.13)
where & = \/—7!,/l1. These periodic solutions are stable (orbitally asymptotically stable) if l; <0
(1], > 0) and unstable if I; > 0 (7}, < 0).

Lemma 3 was proved in many publications. According to [11-16], we arrive at the following
fact.
Theorem 1. There exists a value €9 > 0 such that, for all € € (0,e0), the BVP (2.2), (2.3) with

h = h(e) = h«(1 +ve) has a limit cycle C(e) corresponding to Cy that inherits the stability of Cp.
The solutions forming C(e) satisfy the asymptotic representation

v(t,x,e,y) = 51/2§(exp(imx +i(om + €0m)t + i) + exp(—ima — i(om, + €6m)t — z'y))
+ 2 (nm exp(2imax + 2i(oy, + €0m)t + 2i7y) + 7, exp(—2imax — 2i(op, + £06m)t — 22‘7)) + 0(%/?),

where £ = \/—7]. /11, Bm = ob, — Tila/l1, v is an arbitrary real constant, and the constant 1, is
chosen when constructing the NF (see the algorithm above).

5. A SPECIAL CASE OF THE BIFURCATION PROBLEM
As has been mentioned in Section 3, the eigenvalues A;(¢) of the LDO A(e) are given by

Me(e) = —ak? — ik exp(—ikh(e)), k=41,42,....

In the special case a = 1/m, it is easy to verify Reli(e) < —vy < 0 for k # +m and ¢ € (—eg, £¢),
where 0 < g << 1.

For a = 1/m, where m < 11 is some natural number, the following assertions are true:

1) hy = 37w/(2m).

2) If h(e) = hy + €, e € (—¢0,€0), then A\, (e) = T (€) + iom(e), where 7,,(¢) = —m(1 — cos me)
and o, (g) = —msinme.

3) The analytical function 7,,,(¢) is an even function of the variable .

4) The analytical function o,,(¢) is an odd function of the variable .

5) Am(0) = A, (0) = 0. For ¢ = 0, the LDO Ay has the double zero eigenvalue. The corre-
sponding eigenfunctions are exp(+imz).

Hence, in the BVP (4.1), (4.2) with ¢ € (—eg, €0), there exists a two-dimensional invariant man-
ifold Mj(e) in the neighborhood of the trivial equilibrium (as before, see Section 4). This manifold
will be a local attractor for the solutions of the BVP (4.1), (4.2) with sufficiently small initial con-
ditions. By analogy with the previous section, the dynamics of the solutions of the BVP (4.1), (4.2)
can be analyzed by investigating the complex-valued differential equation (NF)

2 = (1(e) +io(e))z + (2,7, ¢) (5.1)
with a sufficiently smooth function ¢(z,Zz,¢) such that

_o oy,
¢(07075) - % z=0 — %’210 =0.

Once again, when analyzing the behavior of the solutions of the BVP (4.1), (4.2), we emphasize
the determinative role of both equation (5.1) and its truncated version

2= (1(e) +io(e))z + o(z,2), (5.2)
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where 1y(z,Z) = ¥(2,%,0) and a sufficiently smooth function 1¢(z,Z) has an infinitesimal order
above 1 at the zero point.

To find the principal part of the function y(z,%), it suffices to consider the BVP (4.1), (4.2)
with € = 0 and construct the NF for it. The solutions of the BVP (4.1), (4.2) with ¢ = 0 will be
obtained in the form

v(t, x,2,%) = (qz + T2) + p2(2)2® + po(2)2Z + Py ()7 53
+r3(2)2> 4+ 71 (2)2°Z + Ty (2)222 + T3 (2)Z2 + ..., '

where the ellipsis indicates the terms of a higher infinitesimal order in the variables z,Z. Finally,
q(x) = exp(imx), the functions ps(x), po(x),r1(x), and r3(x) have a period of 27 in the variable z
and the zero means:

M(p;) =0, Myi(pj) =0, M(rr) =0, My(ry) =0,

where j = 0,2, k = 1,3, ¢+ = exp(imx), g— = exp(—imzx), ¢ = ¢4+, § = q—, and

27 27
1 1
M(p) = o /@d% My (p) = o /Sﬂﬁd% o = p(x).
0 0

Substituting the sum (5.3) into the BVP (4.1), (4.2) with e = 0 and sequentially extracting the
terms proportional to 22, 27z, 22, 23, 227, 2Z%, and Z°, we get a system of linear inhomogeneous
equations. This system will be analyzed to determine the principal part of the complex-valued
function 1y(z,Z). When forming the BVP, it is necessary to consider the formula

Yo(2,2) = 22° + Y027 + PoZ° +32° + 1272+ 122" + P37 + .,

where the ellipsis indicates the terms of a higher infinitesimal order in the variables z and Z.

As a result, we arrive at the following inhomogeneous BVPs for determining the periodic func-
tions with the zero means. For example, pa(z) and po(x) are obtained from the two linear inhomo-
geneous BVPs

Agpa(z) = —bam?q® + 1ag, (5.4)

po(x +2m) = po(z), M(p2) = My (p2) =0, (5.5)
Aopo(z) = o, (5.6)

po(z + 2m) = po(z), M(pg) = My (po) = 0. (5.7)

In the required class of functions, the solutions of the auxiliary linear inhomogeneous BVPs (5.4),
(5.5) and (5.6), (5.7) should be found with 12 = 0 and ¥y = 0, and consequently,

_ _ ~2_
po(fI,') - 07 pQ(x) = 772Q2q27 p2(fI,') - 7]2@ q27
where (in this case) Q = exp(—ih.m), i.e., Q = exp(—i37/2) =i and Q*? = —1. Finally,

(2+19).

bgm

"=y

At the third step of the algorithm, we have two BVPs for determining r;(x) and r3(z):

Agrs(x) = h3q + bsm®q® — dbanaim®q®, (5.8)
ra(z +2m) = r3(z), M(rs) = My(r3) =0, (5.9)
Agri(x) = h1q + 3bgm®q — dbonaim?q, (5.10)
ri(z +27) =ri(x), M(r1) = My(r1) = 0. (5.11)
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From the solvability conditions of the BVPs (5.8), (5.9) and (5.10), (5.11) it follows that 13 = 0
and 1y = —3bgm> + 2b3m>3(—1 + 2i).
Thus, the principal part of the NF (5.1) is

2
Z/ = <—%m3 — Z‘m2€> z+ (ll + ’L.ZQ)Z’Z‘Q, (512)

where [; = —3bzm? — %bgmB’ and [y = %b%mB’.
For analysis, we write this differential equation in the trigonometric form and let

2(t) = plt) expli(1)). (5.13)
Then the complex-valued equation (5.12) is replaced by the two real-valued differential equations
o = —5—22m3p + 11p?, (5.14)
¢ = —em? + Iyp?. (5.15)

By analogy with the previous section, we start the analysis of system (5.14), (5.15) with the
differential equation (5.14) for the amplitude p(t).

Lemma 4. In addition to the trivial equilibrium So: p = 0, the differential equation (5.14) may
have the equilibrium Sy: px = \/e?m3/(2ly). The equilibrium p, of the differential equation (5.14)
exists if Iy > 0. This equilibrium is unstable. The asymptotically stable equilibrium is p = 0.

The stability of these equilibria is analyzed using Lyapunov’s theorem on the first (linear)
approximation. Note that the equilibrium S, is associated with the solution of the differential
equation (5.15) of the form

l 2,3
ox(t) = <—€m2 + QZlm >t+<po,
1

where g is an arbitrary real constant. Equality (5.13) allows finding the periodic solution of the
NF (5.12) in the variable ¢:

e2m?

2l

2(t) = 2(t,e) = exp(ip. (1)).

According to [11-16], we obtain the following result.

Theorem 2. Let am =1 (h, = 37/(2m)), wherem = 1,...,10. There exists a positive constant €
such that, for all € € (—eg,€0), h = he + ¢, and € # 0, the BVP (4.1), (4.2) has the one-parameter
family of unstable periodic solutions in the variable t :

’U*(tw%.’g’ 900) = Px (qm(tvxv QOO) + qm(tw%.’ ()OO))

o (5.16)
+ p2 (122, (t, T, 00) + Mol (t, T, 00)) + 0(€?),

where qu(t, ,00) = exp(iw(e)t +imx +ipg) and w(e) = —em? + lom3e?/(2l1) + o(2). The con-
stants Iy and ly have been specified above. The family of solutions (5.16) exists if the first Lyapunov
value is Iy >0 (see Lemma 4).

In the case Iy < 0, the trivial solution of the BVP (4.1), (4.2) is asymptotically stable.

Remark 2. The existence of periodic solutions in the special case of the BVP (4.1), (4.2) occurs
rather rarely; if it does, they are unstable. Obviously, the case [; > 0 is rare as well. The dominating
situation is when /; > 0. Then the differential equation (5.14), and hence the BVP (4.1), (4.2), has
no small periodic solutions in the variable ¢.
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6. THE MAIN RESULT

We revert to the analysis of the primary nonlinear BVP (1.3), (1.4) with h = h(e) = hy(1 + ve)
provided that am # 1.

Let v(t, z,e,7) be a periodic solution obtained for the BVP (2.2), (2.3). Then ug(t) is determined
from equation (2.1): v(t,z,e,7) is substituted into its right-hand side and the resulting equation is
integrated. In this case, we have

UO(t, £, ’YO) = (2()252771,25 + 0(6))t + Y0,

where 7p is an arbitrary real constant and &2 = —(7/ /l1) > 0.

Theorem 3. There exists a positive constant €y such that, for all € € (0,e9) and h = h.(1 + ve),
the nonlinear BVP (1.3), (1.4) has the two-parameter family Va(e,v0,7) of solutions

U(t,$,€) = UO(t,€,’)/0) + U(t,$,6,’}/)

if the BVP (2.2), (2.3) possesses the limit cycle C(g). This family forms the integral manifold of
the nonlinear BVP (1.3), (1.4).

The family Va(g,70,7) is a local attractor if the limit cycle C(g) of the auziliary BVP (2.2), (2.3)
is a local attractor. This family is unstable (saddle) if the same property holds for C(e).

Assume that the special case is implemented: am =1 and h, = 37/(2m). Of course, the main
result needs an appropriate correction. In this case, Theorem 2 implies the following result.

Theorem 4. There exists a positive constant €y such that, fore € (—ep,0) U (0,£0) and h = hy + ¢,
the nonlinear BVP (1.3), (1.4) has the two-parameter family Vi (g, 70, 0) of solutions

u(t,x,s) — uO(taea’YO) + U*(t,$,€, 900)5
where v (t,x,€,¢0) is the solution (5.16) of the auxiliary BVP (4.1), (4.2) (see Theorem 2) and

52m2
uO(tvgvpyO) = <b2 I

+ 0(52)> t + 70,
1,0

where o s an arbitrary constant and 1y o = —3b3 — 202 /5. Recall that in this case, the solution
exists if 10 > 0.
Note that the solution family Vi(e,v0,¢0) is always unstable.

7. CONCLUSIONS

In this paper, we have studied local bifurcations in a periodic boundary value problem for
a nonlocal erosion equation. It represents a partial differential equation with a deviating spatial
variable. It has been demonstrated that proper consideration of the deviating variable is an essential
factor in bifurcation analysis. For the deviation value h = 0, an inhomogeneous relief is not formed.
Increasing h to some threshold values causes nanorelief formation.

In most cases, such a relief is formed as the result of Andronov-Hopf bifurcations with an
appropriate choice of h ~ h, and a. The special case ak ~ 1 leads to another type of bifurcations
and unstable patterns.

The above analysis of nanorelief formation, a topical physical problem, has turned out quite
effective due to applying modern methods of the theory of dynamic systems, namely, the methods
of invariant manifolds and the theory of normal Poincaré forms, extended to the class of problems
with an infinite-dimensional phase space. We emphasize that the use and development of the
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method of integral (invariant) manifolds is quite productive in the analysis of many problems of
mathematical physics: in many cases, this method reduces an original infinite-dimensional problem
to the analysis of a finite-dimensional dynamic system. Another approach to the analysis of infinite-
dimensional dynamic systems was shown in [24, 25].

Note that the inclusion (consideration) of nonlocal terms in a partial differential equation often

significantly changes the dynamics of its solution towards higher complexity and richness. For ex-
ample, bifurcations may arise on higher modes, which has been repeatedly observed in experiments.

Moreover, considering nonlocal terms in mathematical models reveals new effects in nanoelec-

tronics and in other nonlinear models of physics (for example, see [26-29]).
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Abstract—This paper considers a class of systems called density systems. For such systems, the
derivative of a quadratic function depends on some function termed the density function. The
latter function is used to define the properties of the space affecting the behavior of the systems
under consideration. The role of density systems in control law design is shown. Control systems
are constructed for plants with known and unknown parameters. The theoretical results are
illustrated by numerical simulation.
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1. INTRODUCTION

We study a class of dynamic normal-from systems whose right-hand side depends on some
function defining the properties of the space and affecting the system behavior. This function will
be called the density function. All relevant definitions will be provided in the main part of the
paper.

A particular class of such systems was considered in [1-8]. The (in)stability of a system & = f(x)
in the plane was first analyzed by introducing a new system & = p(z) f(z) with an auxiliary function
p(x) > 0 for all z in the pioneering book [1]. Then, the (in)stability of such systems was studied us-
ing the properties of the divergence and phase velocity vector flow; see [2-8]. The function p(x) was
called the density function [4]. In [5-8], a connection was established between the obtained results
and the continuity equation [9], which arises in electromagnetism, wave theory, fluid dynamics,
mechanics of deformable solids, and quantum mechanics.

Several control methods proposed in [10-14] ensure that controlled signals are in given sets. This
goal is achieved by introducing an auxiliary function through an appropriate control law; the form
of this function determines the corresponding properties in the closed loop system. For example,
funnel control and control with prescribed performance were presented in [10, 12] and in [11],
respectively; under these control laws, transients belong to a pipe converging to the neighborhood
of zero. The method proposed in [13, 14| generalizes the results of [10-12], ensuring that the output
variables will be in a given pipe (possibly asymmetric with respect to the equilibrium and without
convergence to a given constant).

This paper is devoted to a class of systems depending, explicitly or implicitly, on a density
function. This function will be used to define the density of the space in the sense of distinguishing
(in)stability domains and forbidden domains (where the system has no solutions). The behavior of
the system under consideration will depend on the value of the density function.
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The presentation has the following distinctive features:

(1) In contrast to [1-8], the density function is not necessarily multiplied by the entire right-hand
side of the system.

(2) In contrast to [10-14], the density function may be present implicitly on the right-hand side
of the system.

(3) In contrast to [10-14], the density function can ensure system solutions in an unbounded set
with forbidden domains and the boundaries of these sets can be defined by continuous (under
some assumptions, even discontinuous) functions in all arguments.

The remainder of this paper is organized as follows. Section 2 presents motivating examples as
well as the definitions of a density function and a density system. Some properties of these systems
are also demonstrated. In Section 3, the theoretical results are applied to design control laws for
plants with known and unknown parameters. In addition, the control schemes are numerically
simulated to confirm theoretical conclusions.

We adopt the following notations: R™ is the n-dimensional Euclidean space with the norm | - |;
Ry (R_) is the set of positive (negative, respectively) real numbers; p = d/dt indicates the differ-
entiation operator; finally, A stands for the complex variable.

2. MOTIVATING EXAMPLES. DEFINITIONS

Prior to introducing the main definitions, we consider two examples as follows.

Example 1. As is well known, the solutions of the system
T=-—-x, z€R, (1)

asymptotically vanish. Multiplying the right-hand side of this system by a function p(z,t):
R x [0, 4+00) — R that is continuous in ¢ and locally Lipschitz in =, we write (1) as

T = —p(x,t)x. (2)

Obviously, the behavior of system (2) depends on the properties of p(x,t). The function p(z,t) can
be used to define some properties and constraints in the space (z,t), thereby affecting the quality
of transients of the original system (1) and changing them qualitatively. In this context, p(zx,t)
will be called a density function. Here are several examples of this function and the corresponding
behavior of the new system (2).

1. The density function p(z,t) = a > 0 allows preserving the single equilibrium = = 0, takes the
same positive value for any x and ¢, and hence has no qualitative effect on the exponential stability
of the trajectories of the original system (1) (see Fig. 1 on the left) except the rate of convergence
of the solution of (2) to the equilibrium depending on the value . Indeed, choosing the Lyapunov
function V = 0.5z yields V = —ax? < 0 in the domain Dg = R\ {0}.

2. Consider the density function p(z,t) = =y With a continuous function w(t) > 0. The
function p(z,t) takes positive values in the domain Dg = {z € R: —w < x < w}, and p(z,t) — 400
as |[x —w| — 0 in Dg. These properties ensure the uniform asymptotic stability of the equilibrium
x = 0 under the initial conditions x(0) € (—w(0),w(0)). In addition, the system trajectories will
never leave this domain (see Fig. 1 on the right). Choosing the quadratic function V = 0.5z yields

V= —wf“x‘xQ < 0 in the domain = € Dg \ {0}, which confirms the conclusions drawn.

3. Consider the density function p(z,t) = afz(t) — w(t)]arctan (x/€) with a continuous function
w(t) and a sufficiently large positive number e. The function p(z,t) takes positive values in the do-
main Dg={zx€R:z¢€(—00,0) U (w,+00) for w >0 and x € (—oo,w) U (0,400) for w < 0} and
negative values in the domain Dy = {z € R: z € (0,w) for w > 0 and = € (w,0) for w < 0}, which
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XA X A
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Ds x(0) M

Dy

0 \/ 70 ___—
M

Fig.1. Transients in system (2) with the density functions p(z,t) = « (left) and p(z,t) = m
(right).

1

Fig.2. Transients in system (2) with the density functions p(z,t) = afz(t) — w(t)]arctan(x/e) (left)

and p(z,t) = aln f((tt)):igg (right).

Fig. 3. Transients in system (2) with the density function p(x,t) = aln(z(t) — g(t)).

ensures tracking of the trajectory w(t) by z(t) (see Fig. 2 on the left). Choosing the quadratic func-

tion V = 0.52% yields V = af[r — w]arctan (z/€) 22 < 0 for z € Dg and V > 0 for = € Dy.

4. Consider the density function p(z,t) = —aln% with continuous functions w(t) >

w(t) > 0. Let us denote w = 0.5[w + w], where p(z,t) = 0 for x = w and any ¢. The function p(z,t)
takes positive values in the domain Dg = {z € R: w < x < w} and negative values in the domain
Dy ={r € R: w <z < w}, which ensures tracking of the trajectory w(t) by z(¢). In the shaded
domain, system (2) has no solutions (see Fig. 2 on the right). In addition, the system trajectories
will never leave the domain Dg U Dy since |p(x,t)| — 400 as z approaches the boundaries w and .
Choosing the quadratic function V = 0.522 yields V = aln %xQ <0 for z € Dg and V > 0 for
x € Dy, which confirms tracking of the trajectory w(t) by z(t)
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5. Consider now p(z,t) = aln(xz(t) — g(t)) with a continuous function g(¢) > 0. Let us denote
w =1+ g, where p(x,t) = 0 for x = w and any ¢. The function p(z,t) takes positive values in the
domain Dg = {z € Ri:w <z < 4 0o} and negative values in the domain Dy = {x e R} g <z <w},
which ensures tracking of the trajectory w(t) by z(t) (see Fig. 3). In addition, the system trajectories
will never enter the shaded domain: when approaching the boundary ¢(t), we have p(z,t) — —o0
and, consequently, z(¢) moves along the surface (see Fig. 3). Choosing the quadratic function
V = 0.522 yields V = —aln(z — g)z? < 0 for 2 € Dg and V >0 for x € Dy.

Remark 1. Here, we study the possibility of analyzing dynamic systems with a discontinuous
right-hand side in ¢ and z, including the density function p(x,t).

Consider first a nonautonomous system of the general form & = f(z,¢) with x € R™. Let the
function f(x,t) be defined in some open domain D of the variables (z,t¢). The function f(z,t) is
said to satisfy the Carathéodory condition [15] if it is continuous in z for almost all ¢ and piecewise
continuous in ¢ for all z (assuming measurability in ¢ is sufficient) and, for any compact set G C D,
there exists a nonnegative integrable function m(t) such that |f(x,t)| < m(t) for all (z,t) € G.

If the function f(x,t) satisfies the Carathéodory condition, then by Theorems 1.1.1.1 and 1.1.4
of [15], for any initial conditions from the domain D, there exists a locally absolutely continuous
solution z(t) of the system & = f(x,t). The equation @(t) = f(x(t),¢) holds for almost all ¢. The
derivative of x(t) may not exist for those ¢ at which the function f(x,t) suffers a jump in t.
Furthermore, either the solution x(t) is defined on [0,400), or for some finite ¢, the solution x(t)
tends to the boundary of the domain D as t — to. If the function f(z,t) is locally Lipschitz in z,
then by Theorem 1.1.2 of [15] the solution is unique.

Consider now system (2) from Example 1. If the function p(z,t) satisfies the Carathéodory
condition, then this system has a locally absolutely continuous solution; if the function p(z,t) is
also locally Lipschitz in z, then this solution is unique.

We proceed to case 2 of Example 1. As the domain D, we define the set of all those (x,¢) not
belonging to the closures of the graphs of the functions w(t) and —w(t). For example, let w(t) = 2
for t € [0,1] and w(t) =1 for ¢ > 1; in this case, then not only the graph of w(t¢) but also the
point (1,1) must be excluded from the domain D. The function p(z,t) satisfies the Carathéodory
condition and is locally Lipschitz in z. Therefore, the equation & = —p(x,t)x has a unique locally
absolutely continuous solution that is either defined on the entire axis or, for some finite gy, the
distance from (x(t),t) to the boundary of D will vanish as t — .

Consider the Lyapunov function V(x) = 0.522. We take the solution x(t) and examine the
function V' (z(t)) that is locally absolutely continuous. By the differentiability theorem of a complex
function, V = —p(x(t),t)z(t)2 < 0 for almost all £. Due to absolute continuity, V(t) — V(0) =
fg V(s)ds < 0 for any ¢. (An absolutely continuous function can be reconstructed through the
integral over its derivative; see the proof of this result in [16].) The inequality V' (¢) < V(0) implies
that the equilibrium is stable. Its asymptotic stability can be established using LaSalle’s theorem for
nonautonomous systems (Theorem 1 of [17]) if the set {z : |z| < w(t)} contains a pipe of constant
nonzero width and the function w(t) is not infinitely increasing. If w(t) — 0 as t — oo, then

asymptotic stability simply follows from the fact that the solution remains in the domain Dg.

Here, however, a reserve concerning the piecewise continuity of w(t) is required. It may happen
that the solutions from the domain Dg will leave this domain. For example, let w(t) =2 for
t €10,t0] and w(t) =1 for t > to. If ¢y is small enough and the initial condition x(0) is close to 2
or —2, as t — tg, the trajectory x(t) will simply smash into the wall formed by the jump of the
function w(t). The existence theorem guarantees that this solution is continuable further, but the
stability analysis is not applicable in this case. Such a solution will jump out of the domain Dg
and increase infinitely.
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Under a continuous function w(t), it is easy to show that the solutions with initial conditions
from Dg will not leave the domain Dg. However, for a piecewise continuous function w(t), this
property generally fails. If the function w(¢) has many jumps, it may turn out that some solutions
starting in Dg will jump out of this domain when smashing into the walls formed by jumps of the
function w(t). If the solution remains in the domain Dg, it will tend to the equilibrium.

When considering differential equations with a discontinuous right-hand side in x (or in t as
well [18, 19]), it is necessary to understand the solutions of such systems in the Filippov sense [15].
In case 2 of Example 1, we can then consider the function p(z,t) = afz(t)—w(t)|sgn(x), where sgn(-)
is the sign function. The stability of discontinuous nonautonomous systems was studied in detail,
e.g., in [18-21].

Thus, it is possible to examine below dynamic systems with a discontinuous right-hand side,
including discontinuous functions p(x,t). However, such systems complicate the analysis due to
justifying the choice of initial conditions, the frequency and magnitude of jumps of the function, etc.
Recall that this paper is devoted to studying the behavior of dynamic systems depending on the
properties of the density function. For the sake of simplicity, all theoretical results will be therefore
formulated for dynamic systems with a right-hand side continuous in ¢ and locally Lipschitz in x.
Still, for illustration purposes, some examples may contain discontinuous right-hand sides.

Well then, Example 1 has demonstrated how a density function p(z,t) defined in the space (z, )
can qualitatively affect the transients of the original system (1). The next example shows that the
density function need not be multiplied by the entire right-hand side, as in Example 1 (see (1)
and (2)) but can be explicitly or implicitly present on the right-hand side of the system.

Ezample 2. Consider the system

& =29 — p1(x, )z,

&y = —x1 — pa(, )T,

(3)

where pi(z,t) and ps(z,t) are continuous functions in ¢ and x on R? x [0,4+00). We choose the
quadratic function
V =0.5(2% + 23). (4)

Taking the total time derivative of this function along the solutions of (3) yields

V= —plx% — pgx%. (5)

1. Let py=p2=p=1In %, where >0 (for 0 < f < 1, see Remark 1) and g(t) >

g(t) > 0 are continuous functions. We have p = 0 for |21|% + |z2|” = g, where g = 0.5(g + g). Then
V <0 for p(z,t) >0, ie., in the domain Dg = {z € R?: g < |z1]% 4 |22|? <7}, and V > 0 for
p(x,t) <0, ie., in the domain Dy = {z € R?: g < |21|® 4 |22|® < g}. In this case, the density
function p(z,t) is explicitly present in system (3) but is not multiplied by the entire right-hand
side, as in Example 1. Figure 4 shows the simulation results for § = 1, g = 3, g = 2 (left) and
B=0.6,g=23", g=1 (right) under z(0) = col{0, 2,5}. -

Hereinafter:

e The gray domains in the figures mean that the density function is chosen so that there are
no solutions of the system in these domains. (At the boundary of such a domain, the density
value increases to infinity.)

e The point curve corresponds to the zero value of the density function and, accordingly, this
curve is the boundary separating the stable Dg and unstable Dy domains.

2. Let py =1—2} and po = —2z}. Then V = —p(x,t)z? <0 for p(z,t) =23 +23 —1>0 in

the domain Dg={z € R?:2?+ 23 >1and z; #0}, and V >0 for p(z,t) <0 in the domain
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Fig. 4. The phase trajectory of system (3) with the density functions p(x,t) = In

0:6 |11 [0-6 _|g,|0-6

and p(z,t) = In 2

[21]06+[z2[06—1

(right).

1.5

1.0

0.5

-1.0

15 I I I I
-1.0 -0.5 0 0.5 1.0 1.5 1.0

X1

Sfeil—fea] (jefy)

[z1[+|z2]—2

Fig. 5. The phase trajectory of system (3) with the density function p(z,t) = 22 + 23 — 1.

Fig. 6. The phase trajectory of system (3) with the density functions p(z,t) = 20 In(Jx1| + |z2| — 1) (left) and

p(x,t) = 20In(|21]%° 4 |22|°® — 1) (right).
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Dy ={r € R?:2? + 23 <1 and 21 # 0}. In this case, unlike the previous one, the density func-
tion p(x,t) is implicitly present in (3). However, in contrast to the previous case, the value of
the density function does not affect system (3) everywhere (i.e., V =0 for 21 = 0 regardless of the
value of p). Figure 5 demonstrates the simulation results under z(0) = col{2,1}.

3. Let p1 = aln(|zg|® +|22]® — 1), @ >0, >0 (for 0 < B < 1, see Remark 1), and py = 0.
Then V = —p(z,t)z3 < 0 for p(z,t) = aln(|z1]|? + |22/’ — 1) > 0 in the domain Dg = {z € R?:
21|% + |22]® > 2 and x1 # 0}, and V > 0 for p(z,t) < 0 in the domain Dy = {z € R?: 1 < |z’ +
|zo|? < 2 and 21 # 0}. In this case, the density function p(x,t) is present in just one of equa-
tions (3), in contrast to cases 1 and 2. However, as in case 2, the density function has no effect on
system (3) everywhere. Figure 6 demonstrates the simulation results for § =1 (left) and 5 = 0.5
(right) under o = 20 and z(0) = col{2, 2}.

Consider now the dynamic system

j::f(x’t)’ (6)

where t > 0, z € D C R™ denotes the state vector, and f : D x [0,400) — R™ is a function contin-
uous in ¢t and locally Lipschitz in  on D x [0, 4+00). The possibility of studying systems (6) with
a discontinuous right-hand side has been discussed in Remark 1.

Definition 1. System (6) is called a density system with a density function p(x,t) : Dx[0,4+00) —
R if there exists a continuously differentiable function V(x,t) : D x [0, +00) — R such that:

(a) wi(z) < V(2,t) < wa(z),

(b) V < pla, )Wy (z) <0 or V = pla, t)Wa(x) =0
for any t > 0 and « € D. Here, p(z,t) is a function continuous in ¢ and locally Lipschitz in z, w;(x)
and wq(x) are positive definite functions, and Wi (z) and W(z) are continuous nonzero (except
the equilibrium) functions in D.

Definition 2. If the functions Wi (z) and Wa(z) in Definition 1 are continuous in D, then sys-
tem (6) is called a weak density system.

Definition 3. If V < p(z,t)Wy(z) < or V > p(x,t)Wa(x) > 0 in condition (b) of Definition 1,
then system (6) is called a strict density system.

Definition 4. If V < p(z,t)W;(z) <0 in the domain Dg x [0, +00), then the density function
p(z,t) and the domain Dg are said to be stable. If V' > p(x,t)Wa(z) > 0 in the domain Dy x [0, +00),
then the density function p(x,t) and the domain Dy are said to be unstable.

Proposition 1. Assume that system (6) is a strict density system in the domains Dg and Dy.
If for each t, V(zg,t) — V(xy,t) > 0, where x5 € Dg and x,, € Dy, then the system trajectories are
attracted to the separation boundary of the domains Dg and Dyr. If system (6) satisfies the condi-
tion V(xg,t) — V(xy,t) <0 for each t, then the system trajectories move away from the separation
boundary of the domains Dg and Dy .

Proof. Let V(xg,t) — V(xy,t) > 0 for each t > 0, where x5 € Dg and z,, € Dy. Since the system
is a strict density system, by Definition 3 we have V < p(z,t)Wi(z) < 0 in the domain Dg and
V > p(z,t)Wa(z) > 0 in the domain Dy. Hence, the separation boundary of the domains Dg and
Dy is a set attracting the system trajectories.

Now let V(xs,t) — V(xy,t) <0 for each t >0, where x5, € Dg and x, € Dy. According to
Definition 3, we have V < p(x,t)Wi(x) < 0 in the domain Dg and V > —p(z,t)Wa(z) > 0 in the
domain Dyr. Hence, the separation boundary of the domains Dg and Dy is a set left by the system
trajectories.

Remark 2. In Proposition 1 and its proof, the attraction of trajectories to some set covers the
cases where trajectories approach this set over time or belong to some neighborhood of this set.
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Fig.8. z(t) tracks the unbounded signals w(t) = e' (left) and w(t) = e (right).

Note that the neighborhood size can remain constant or increase with time. It depends on the
value of the space density. Here are some limiting cases:

e If in the neighborhood of the boundary separating the domains Dg and Dy the value of the
density function decreases to zero, the system trajectories will not approach this boundary.
Therefore, they can be in the neighborhood of this boundary or move far from it.

e If in the neighborhood of the boundary separating the domains Dg and Dy the value of the
density function increases infinitely, the system trajectories will approach this boundary.

To illustrate Proposition 1 and Remark 2, we give another example as follows.

Ezample 3. Consider system (2) again but with z € R..

Choosing the quadratic function V = 0.522 yields V = —p(x, t)z2. Hence, V < 0 in the domain

Dg = {x,t € Ry : p(x,t) > 0} and V > 0 in the domain Dy = {z,t € R, : p(z,t) < 0}.

By Definition 3, system (2) is a strict density system for x € R;. Analyzing Proposition 1, we fix
an arbitrary time instant ¢t = t;. Then V(z5(t1)) — V(24 (¢t1)) > 0, and this inequality is obviously
valid for any fixed ¢t. According to Proposition 1, the system trajectories will be attracted to the
separation boundary of the domains Dg and Dy .

Let the density function be p(z,t) = x — w, where w(t) = e’. In this case, lim;_, (w(t) —z(t)) =
const (see Fig. 7 on the left). If w(t) = e, the difference between w(t) and z(t) increases with time
(see Fig. 7 on the right). This fact can be explained as follows: w(t) is an unbounded function,
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Fig.9. The phase portrait of system (3) with the density functions p(z) = eleitas -1~ (left)
and p(z) = —In(2? + 23 — 1) (right).
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Fig.10. The phase portrait of system (3) with the density functions p(z) = A (left)
and p(z) = In(2? + 23 — 1) (right).

whereas the density |p(z,t)| decreases for x approaching w. As a result, z(t) “tries to approach”
w(t) but fails due to the low density of the space in the neighborhood of w(t) and a high rate of
change of w(t).

Let the density function be p = w arctan®=% (or p = wsgn(z — w) due to Remark 1), ¢ > 0 be a

€
sufficiently large number, and w(t) = ! or w(t) = e . In this case, the density of the space in the
neighborhood of w(t) grows with increasing w(t), which ensures the approach of z to w as t — oo
(see Fig. 8).
When studying density systems, we will also distinguish special domains. They have been
considered earlier as gray domains in the figures. Here is a rigorous definition.

Definition 5. If V < p(z,t)W;(x) < 0 in the neighborhood of a domain Dy, x [0, +00), there
are no solutions of (6) in this domain, and the value of the density function grows infinitely when
approaching it, then the domain Dy, is said to be absolutely stable.

Definition 6. If V > p(x,t)Wa(z) > 0 in the neighborhood of a domain D,y x [0, +00), there
are no solutions of (6) in this domain, and the value of the density function grows infinitely when
approaching it, then the domain D, is said to be absolutely unstable.
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Ezample 4. Consider system (3) with py(z,t) = pa(x,t) = p(z). Choosing the quadratic func-
tion (4) yields V = —p(z)(z? + 23).

If p(x) = e@it22-D""" then all trajectories tend to the domain Dy, = {z € R? : 22 + 22 < 1}
(see Fig. 9 on the left). That is, from any initial conditions, the system trajectories will be attracted
to Dpp, where the value of the density function grows to infinity when approaching the boundary of
this domain. If p(x) = —In(z? + 23 — 1), the trajectories with initial conditions from the domain
x% + x% > /2 will remain in this domain, but all trajectories with initial conditions from the domain
1 < 22 + 22 < /2 cannot leave this region and will be attracted to the domain Dy, = {z € R? :
22 +13 < 1} (see Fig. 9 on the right), where the density function grows to infinity when approaching
the boundary of Dyy,.

If p(z) = R R R | trajectories will move away from the domain D, = {x € R? : 22 +
23 < 1} (see Fig. 10 on the left) without approaching its boundary, where the density function will
grow to minus infinity when approaching the boundary of Dy. If p(z) = In(z} + 23 — 1), the
trajectories with initial conditions from the domain 27 + 23 > /2 will remain in this domain, but
all trajectories with initial conditions from the domain 1 < 22 + 23 < /2 will move away from the
domain D, = {x € R? : 22 + 23 < 1} (see Fig. 10 on the right).

—0.9

Remark 3. Let us explain the physical meaning of the systems under consideration. If the
density function is explicitly present on the right-hand side of the system equation, e.g., in the
form & = p(x,t)f(z,t), then the value of the space density directly affects the phase flow velocity.
For example, for p(x,t) = 1, we have the original system & = f(x,t). If p(z,t) > 0, the presence
of the density function possibly does not qualitatively affect the equilibria, but it may affect the
phase portrait. Under 0 < p(x,t) < 1, the value of the phase velocity vector decreases because the
space density does so. In the case p(z,t) > 1, on the contrary, the value of the phase velocity vector
increases because the space density does so. When the density function changes its sign, the phase
portrait varies qualitatively.

Condition (b) of Definition 1 can be interpreted as the rate of change of the phase volume given
by the function V' (z,t) considering the space density.

We now provide some models of real processes:

e The pendulum equation has the form &7 = xo, T9 = —% sinxy — %.%’2, where 7 is the devia-

tion angle of the pendulum from the vertical axis, xo is the angular velocity of the pendulum,
g is the acceleration of gravity, [ is the pendulum length, and k is the friction coefficient [22].
Choosing the Lyapunov function V' = (1 — cosx1) + 0.523 (the total energy of the system)
yields V= —%x% Introducing the density function p(z,t) = k, we obtain persistent oscilla-

tions in the case of no friction (p(x,t) = 0) and damped oscillations otherwise (p(z,t) # 0).

e The types of reproduction models in [25] can be written as @ = p(z)x, where x denotes the
biological population size. For p(x) =k > 0, we have the normal reproduction model; for
p(z) = kx, the explosion model; for p(x) = 1 — z, the logistic curve model.

e Absolutely stable and absolutely unstable domains from Definitions 5 and 6 can be found
as the simplest models of black holes and white holes, respectively, [26], which possess high
density and gravity. Therefore, density systems can also be treated as gravitational systems,
where p(z,t) is a gravity function. In other words, the behavior of systems can be affected not
by the density of the space but by the gravitational field produced by a dense body. In this
regard, the control design principles based on the density function in the following sections
can be considered control using the gravity function. All the mathematical descriptions and
conclusions remain valid regardless of the name of the function p(z,t¢) and the corresponding
systems.
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Remark 4. As has been noted in the Introduction, the concepts of density functions and density
systems proposed in Section 2 and their properties generalize the results of [1-8, 10-14]. Let us
discuss these issues in detail.

e In [1-8], the stability of an original system & = f(x) was analyzed by introducing a new
system of the form & = p(z)f(z), which was (in turn) investigated using either divergent
methods or the method of Lyapunov functions. In this section, we analyze systems of the form
i = f(z) using the dependencies V < p(z,t)Wi(z) or V = p(z,t)W(z) (see Definition 1 and
Example 2), which does not require multiplying the entire right-hand side of the system by
the density function.

e In [10-14], the stability of systems @ = f(z, p(x,t)) with the density function explicitly ap-
pearing on the right-hand side was analyzed. The results proposed in this paper allow for the
implicit presence of the density function on the right-hand side of the system (see case 2 in
Example 2).

e In [10-14], the solutions of a system were placed into a given bounded set without forbidden
domains by a special choice of the density function. Note that the boundaries of such sets
were specified by functions continuously differentiable in ¢t and x. In this paper, we allow for
unbounded sets (see case 5 in Example 1 and case 3 in Example 2) with forbidden domains (see
cases 4 and 5 in Example 1 as well as cases 1 and 3 in Example 2). Moreover, the boundaries
of these sets can be specified by functions continuous in ¢ and locally Lipschitz in x. If the
solutions of systems are understood in the Filippov sense, then we can consider systems even
with discontinuous right-hand sides; see Remark 1.

Thus, the new concepts of a density function and a density system introduced above provide a
novel look at a certain class of dynamic systems, which is broader than those considered in [1-8,
10-14]. Also, the evolution of dynamic systems can now be considered and influenced by the density
of the space.

The results obtained in this section can be used to analyze dynamic systems and, moreover, to
design control laws. The next section will be devoted to this issue.

3. DENSITY CONTROL

We present several examples of designing control laws to obtain closed loop systems described
by density systems.

3.1. Plants with Known Parameters

Consider a plant of the form
Qp)y(t) = R(p)u(?), (7)
where y € R and u € R denote the output and control signals, respectively, Q(p) and R(p) are
linear differential operators with known constant coefficients, and R(\) is a Hurwitz polynomial.
If the relative degree of the plant (7) is 1 (i.e., deg Q(p) — deg R(p) = 1), then the control law

ult) = =28 (1) ©)
transforms system (7) into
y(t) = _p(yvt)y(t)v (9)

which is structurally a density system. In particular, some density functions p(y,t) have been
defined in Example 1.
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If the relative degree of the plant (7) exceeds 1 (i.e., deg Q(p) — deg R(p) = v > 1), we write the
control law (8) as
Q(p)

pR(p)(up + 1717

where > 0 is a sufficiently small number. The resulting system takes the form

u(t) = - (y, 1)y(t) (10)

1
() = ——0(y, )y (). 11
y(t) e 1)7_1p(y )y(t) (11)
For i = 0, system (11) has the density system structure (9). If the solutions of the density system (9)
with an appropriately chosen density function p(y,t) are asymptotically stable, then [22, 24] there
exists a sufficiently small number f > 0 such that, for 0 < p < 7, the solutions of system (11) are
sufficiently close to the solution of system (9).

3.2. Plants with Unknown Parameters

Consider the plant (7) with the unknown parameters of the operators Q(p) and R(p) but a
known value k. Assume that the relative degree of this plant is 1. All the results obtained can
be extended to the plants with a relative degree above 1, e.g., using the schemes of [23]. In this
paper, we focus on the plants with a relative degree of 1 only to avoid cumbersome considerations
for overcoming the high relative degree problem.

Let the operators Q(p) and R(p) be written as Q(p) = Qm(p) + AQ(p) and R(p) = Rpn(p) +
AR(p), where @, () and R,,(\) are arbitrary Hurwitz polynomials of degrees n and n — 1, respec-
tively, and the polynomials AQ(p) and AR(p) have degrees n — 1 and n — 2, respectively. Choos-
ing Qm(A)/Rm(X) = A+ a with a known value @ > 0 and taking the integer part of 200 Koy +

> QmV)
AG(Y)
Rm (M)

, we transform (7) into

i) = -auto) () + 00— 290, ). 12)

We introduce ¢ = col{coy, cou,koy} as the vector of unknown parameters, where AQ(p) =
coTy[l p ... p"?land AR(p) = ¢ [l p ... p" %], and the regression vector w = col{V,, Vi, y} con-
structed using the filters

V, = FV, + by,
V,, = FV, + bu.

Here, F' is the Frobenius matrix with the characteristic polynomial R,,()\) and b = col{0,...,0,1}.

With these notations, equation (12) can be written as

§(t) = —ay(t) + k[u(t) — cgw(?)]. (14)
Let the control law be given by

u(t) = <" (w(t) + 2y () + ply. D). (15)
Substituting (15) into (14) yields the closed loop system

§(t) = ply, 1) + k(c(t) — co) Tw(t). (16)
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Theorem 1. The control law (15) with the adaptation algorithm
¢ = —ayw (17)

transforms the plant (7) into a density system. If we have a stable density p(y,t) with a stable limit
set in the neighborhood of zero as t — oo, then all signals in the closed loop system are bounded.

Proof. Let us choose the quadratic function

1 k
V= 5%+ o (e(t) = o) (e(t) = co)- (18)
Calculating the total time derivative of (18) along the solutions of (16), (17), we write the result
as

V= p(y,t)y. (19)
This is a density system.

If we have a stable density p(y,t) with a stable limit set in the neighborhood of zero as t — oo,
then p(y,t) is chosen so that p(y,t)y < 0. Hence, tlim y(t) = 0. From (16) it then follows that
—00

tllm (c(t) — co)T(t)w(t) = 0. The ultimate boundedness of V,,(t) is immediate from the first equa-

tion of (13), the ultimate boundedness of y(t¢), and the Hurwitz property of the matrix F. Substi-
tuting (15) into the second equation of (13) yields

Vi = FVy + begw + blc — co)Tw + b%y(t) +bp(y, t)

= (F + beou)Vau + b [ g, Vy + koyy + b(c — co) Tw + %y(t) +ply,t)] .

The matrix F' + bcg,, has a Hurwitz characteristic polynomial R(A) by the problem statement.

So, under bounded terms in square brackets, the function V,(¢) is ultimately bounded. Then

the regression vector w(t) is also ultimately bounded. The condition tlim y(t) = 0, the ultimate
—00

boundedness of w(t), and (17) imply tli}m ¢(t) = 0. Hence, ¢(t) is an ultimately bounded function.
o0

From (15) it then follows that the control law is bounded. As a result, all signals in the closed loop
system are bounded.

Example 5. Consider the plant (7) with unknown parameters of the operators Q(p) = (p — 1)3

and R(p) = (p+1)%, k=1 (known value), and the unknown initial conditions p?y(0) =1,
py(0) = 1, and y(0) = 4.

We define F' = _01 _12 for the filters (13). Also, we choose o = 0.1 in the adaptation algo-
rithm (17) and @ = 1 in the control law (15).

Consider different density functions p(y,t) in (15).

1. For p(y,t) = —ay, the closed loop system (16) has the equilibrium y = 0. Substituting p(y, t)
into (19) yields V = —agy? < 0 in the domain Dg = R. This is an active stabilization problem,
described in detail in [23]. Figure 11 shows the transient for a = 1, p?y(0) = py(0) = 0, and y(0) = 4
(see the curve intersecting the grey domain).

2. For p(y,t) = aln &4, where g(t) > 0, the closed loop system (16) has the equilibrium y = 0.

Substituting p(y,t) into (19) yields V = aIn ﬁy < 0 in the domain Dg={yeR: —g <y < g}.
Moreover, p(y,t) — —oo as y — g and p(y,t) — 400 as y — —g. This is a stabilization prob-
lem with the symmetric constraints —¢g and ¢g. Figure 11 demonstrates the transients for o = 1

(the curve inside the pipe with dashed boundaries), p?y(0) = py(0) =0, y(0) =4, and g(t) =
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—— y(7): classical AC
— — y(#): proposed AC
——2(0)

Fig.11. Transients in the adaptive control system with the density functions p(y,t) = —ay [23] (the
curve intersecting the grey domain) and p(y,t) = aln £ (the curve inside the pipe with dashed

9ty
boundaries).
— 0]
)
R
| T =1
0 20 40 60 80 100
t
Fig.12. Transients in the adaptive control system with the density function p(y,t) = —aln z%g

—4.6t+5, t<1 . . .
{ Clearly, in contrast to the classical adaptive control scheme [23] (the curve

0.4, t>1
corresponding to p(y,t) = —ay), the density function p(y,t) = aln ﬁ ensures a transient inside
the pipe at any time instant.

3. Consider p(y,t) = aln ;L:g, where g(t) > g(t) for all t. Let us denote y = w = %. Then

p(y,t) = 0 for y = w and any . Substituting p(y, ¢) into (19) yields V = «/In Z_Tgy < 0 in the domain
DS:{y€R+:w<y<§}U{y€R_:g<y<w} and V >0 in the domain DU:{y€R+:

g<y< w} U{y e R_:w <y <7} In addition, p(y,t) = —oco as y — g and p(y,t) — 400 as
y— gify € Ry; p(y,t) — 400 as y — g and p(y,t) - —o0 as y — g if y € R_. This is a sta-
bilization problem with asymmetric constraints g and g. Figure 12 shows the transient for o = 5,
G=4e O 101, g= 3e 01t — 0.1, p?y(0) = py(0) = 0, and y(0) = 4.

4. Let p(y,t) = —a(y —ym). Then p(y,t) =0 for y =y,, and any t. Substituting p(y,t)
into (19) yields V = —a(y — ym)y < 0in the domain Dg = {y € Ry 1y > ym} U {y € R_ : y <y}
and V > 0 in the domain Dy = {y € Ry : 4y < ym} U{y € R_ : y > y,}. This is a tracking prob-
lem of y,, by y. Figure 13 demonstrates the transient for a = 50, y,,, = e~ %! sin(t) P(t), where
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Fig.13. Transients in the adaptive control system with the density function p(y,t) = —a(y — ym).

— ()
4t == g |

e

40 50

Fig.14. Transients in the adaptive control system with the density function p(y,t) = —aln(y — g).

( ) €10,1.25] is a generator of triangular pulses (with isosceles triangles) with a period of 5 s,
2y(0) = py(0) =0, and y(0) = 1.

5. Consider p(y,t) = —aln(y — g), where g(t) > —1. Then p(y,t) =0 for y = g + 1 and any ¢.
Substituting p(y,t) into (19) yields V = —a/In(y — g)y < 0 in the domain Dg = {y € Ry : y > g+1}
and V > 0 in the domain Dy = {y € Ry : y > g + 1}. In addition, p(y,t) — —oo as y — g. This is
a descent problem of z(¢) long a surface with the boundary g(¢). Figure 14 shows the transient for
a =10, g =2e"%% — 1, p%y(0) = py(0) = 0, and y(0) = 4.

3.8. Comparing the Control Laws Proposed with Some Fxisting Ones

In this subsection, we compare the control laws (8), (10) and (13), (15), (17) with the control
laws obtained using the method of barrier Lyapunov functions [27, 28], the method of funnel
control [10, 12], and control methods with prescribed performance [11, 13, 14, 29].

e By the method and type of defining the target (admissible) set (a desired domain for the
transients of the output signal in a closed loop system), the methods of [10-14, 27-29] and the
proposed approach differ as follows:

— In [27, 28], the boundaries of the admissible set were constant whereas the reference
signal was required to be smooth enough.
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— In [10-12], the boundaries of the target set were defined by continuously differentiable
functions symmetric with respect to the time axis. Only bounded target sets were
considered therein.

— 1In [13, 14, 29], the boundaries of the target set were defined by continuously differentiable
asymmetric functions. Only bounded target sets were considered therein.

— Within the approach proposed in this paper, target sets can be defined by continuous
(or discontinuous, see Remark 1), asymmetric functions (see case 5 in Example 5). The
target set may be unbounded (see cases 2, 3, and 5 in Example 5). The reference signal
may be defined by continuous (see case 4 in Example 5) or piecewise continuous (see
Remark 1) functions.

e By the control law design and stability analysis of the closed loop system, the methods of [10—
14, 27-29] and the proposed approach differ as follows:

— The methods [27, 28] involve special-form Lyapunov functions existing on a certain subset
of the definitional domain of the system (an admissible set).

— The methods [10-12] involve special-form density functions.

— The approaches [11, 13, 14, 29] consider a nonlinear coordinate transformation reducing
the original problem with constraints to an unconstrained problem. However, this trans-
formation leads to the analysis of an extended system containing the variables of the
original and new systems, which complicates the control law structure and the stability
analysis of the closed loop system. Moreover, the nonlinear coordinate transformation
leads to the study of the system &(t) = p(e,t)f(e,t), where € is a new variable and
p(e,t) > 0 is a density function depending on the derivative of the coordinate replace-
ment function with respect to the variable . Hence, this system is a particular case of
the systems considered in Section 2.

— The approach proposed in the paper involves no coordinate transformation, which elim-
inates the need to consider additional variables and additional dynamic systems. The
sign of the density function can be arbitrary. The Lyapunov function may exist in the
entire definitional domain of the system.

4. CONCLUSIONS

This paper has considered a class of dynamic systems called density systems. Such systems
contain on the right-hand side a density function defining the properties of the space. It is possible
to affect the behavior of the system under study by determining the properties of the density
function. This conclusion has been used to design control laws. As has been demonstrated above,
different definitions of the density function lead to classical control laws and new ones with new
target requirements for the system. In particular, an adaptive control law ensuring transients in a
given set has been constructed as one example; classical adaptive control provides only the ultimate
boundedness of system trajectories. In this case, the parameters of the set are specified using the
density function, which defines the density of the space under consideration. The simulation results
have confirmed the theoretical outcomes.

Also, it has been demonstrated how some existing control algorithms can be modified using the
density function to obtain new transient quality. In the future, the properties of density systems
can also be employed to design more complex control algorithms, e.g., output-feedback control with
any relative degree of the plant, control using observers, sliding mode control, etc.
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Abstract—A mathematical model of joint servicing of priority real-time traffic and elastic data
traffic in multiservice access nodes has been constructed and studied. Definitions of quality
indicators for joint servicing of incoming requests for information services are provided. A sys-
tem of statistical equilibrium equations is formed and its use for calculating the exact values of
the introduced characteristics is considered. A method for approximate calculation of charac-
teristics is proposed, based on the construction of a system of simplified equilibrium equations.
It has been established that the obtained estimates of customer service indicators are asymp-
totically accurate in the region of large and small losses. The use of the developed method is
shown to solve the problem of estimating the volume of traffic ofloaded in an overload situation
to other access nodes or to other frequency ranges in order to achieve values of specified QoS
indicators and to solve the problem of planning the volume of required transmission resource
of a multiservice access node.

Keywords: multiservice traflic, real-time traffic, elastic traffic, recursive algorithms, asymptoti-
cally exact characteristics, offloading of excess traffic, transmission resource planning
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1. INTRODUCTION

The development of communication networks is moving towards expanding the number of ser-
vices. The range of services received by the subscriber and their quality should not depend on where
the subscriber is, how and at what speed he moves, and what access and information transfer tech-
nologies are used. This provision follows from the development trends of the telecommunications
market and is enshrined in the recommendations of the International Telecommunication Union
[1-6]. It is clear that each type of service, be it voice, video or data, has its own characteristics
that should be taken into account when studying the conditions for their joint provision. In the
simplest case, services differ only in the size of the required information transmission resource.
In more complex situations, it is necessary to take into account the details of the formation of
input streams of requests, the conditions of access to the network, the presence of priority and the
possibility of resource redistribution during the service process, etc. The considered features of the
functioning of current and future communication systems are analyzed in the family of so-called
multiservice models. They are of great importance for practical applications and are the subject
of intensive research by specialists in the field of communications [4-10].

The most important segment of a multiservice network of both fixed and mobile communications
is the access node, which performs the function of concentrating subscriber traffic. Information flows
entering access nodes can be divided into two categories: traffic of real-time services and traffic of
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Guaranteed resource for data transfer

Additional resource Additional resource

used for data transfer ] Rore dbi (s

Resource used by priority real-time traffic

Fig.1. Allocation of access node capacity during joint transmission of priority traffic of real-time services and
elastic data.

elastic data transfer services. The transmission of real-time service traffic occurs with a preliminary
reservation of a resource, which is retained for the entire duration of servicing the request [1-3, 6].
The quality of service is characterized by the proportion of lost requests and the average volume of
occupied resources. To forward elastic traffic, a minimum guaranteed resource is allocated, as well
as all or part of the resource that remains free from passing traffic from real-time services [8-11].
The quality of service of elastic data is measured by the average file transfer time and the average
received throughput of the access node.

It is generally assumed that real-time traffic has resource occupancy advantage over elastic data.
It is expressed in reducing the elastic data transmission rate to a predetermined minimum value
if performing this procedure facilitates the acceptance of a request for a real-time service. When
a free resource becomes available, the data transfer rate increases. Resource redistribution occurs
at times determined by the mechanism used to adapt the speed of information transfer to the
conditions of servicing requests. Usually these are the moments of receipt of requests and the end
of their servicing. Let us call such a distribution procedure dynamic [7, 8, 10]. An example of its
implementation is shown in Fig. 1.

The analyzed method of resource division allows to significantly increase its occupancy. This
effect is especially important for cellular mobile communication networks due to the limited range
of radio frequencies allocated for the formation of radio channels. According to experts, the gain
can amount to several tens of percent of the total volume of the resource used. The noted effect is
obtained as a result of the use of traffic control procedures that speed up the transmission of elastic
data in situations where the number of telecommunications service users being served is decreasing.
In mobile communication networks, dynamic resource allocation is performed by a packet scheduler
and occurs under the control of the RRM (Radio Resource Management) software and hardware
complex. Control decisions of the complex are made based on information about the state of the
channel, the number and types of requests being serviced, the level of interference, etc. [12-15].

The relevance of the problem has attracted the attention of specialists of various professional
backgrounds, which range from engineers involved in the design and operation of communication
systems to mathematicians. Giving a general description of the published works, it should be noted
that most of the studies are engineering developments based on the results of simulation modeling
and full-scale experiments [1-3]. Theoretical analysis of the features of joint servicing of real-time
traffic and elastic data usually ends with the construction of a mathematic model, determination of
the characteristics of the quality of service of coming requests and the implementation of numerical
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algorithms for their assessment, based on solving a system of equilibrium equations using any
standard linear algebra method [4, 5, 7-10, 13, 15, 16].

For practical applications, in particular for setting up procedures for dynamic resource allocation,
it is necessary to construct approximate procedures that are easy to implement and have acceptable
accuracy. Unfortunately, few such methods are presented in published works. We can only mention
the studies [11, 14]. Of particular importance are approximate algorithms that

e are based on general principles and can be easily generalized to other models for the formation
of input flows of requests and resource allocation procedures;

e have good accuracy for values of input parameters that correspond to practical applications, in
particular for values of small losses, where the problem of planning the volume of information
transmission resource required by the load is solved, and for values of large losses, where the
problem is solved estimating the volume of traffic offloaded to other access nodes or to other
frequency bands in order to achieve specified QoS indicators;

e are constructed using easy-to-implement analytical expressions and recursive procedures.

This work is devoted to solving these problems. Section 2 discusses the mathematical description

of the analyzed access node model, using the example of which the principles of approximate
assessment of the characteristics of the quality of joint service of real-time service traffic and elastic
data traffic will be formulated. In Section 3, a system of equilibrium equations is constructed
and an algorithm for its numerical solution is proposed. The results obtained are further used to
estimate the error of approximate methods. In Sections 4 and 5, the principles of constructing
approximate methods for estimating the characteristics of the considered access node model are
formulated and their error is numerically studied, in particular, it is shown that the estimates are
asymptotically accurate in the region of large and small losses. Section 6 discusses the possibility of
using the model to solve the problem of determining the volume of offloaded traffic and the problem
of estimating the required amount of resource. The last section formulates conclusions based on
the results of the study.

The novelty of the results obtained is as follows:

e Methods are formulated for constructing approximate procedures for estimating the charac-
teristics of joint servicing of priority traffic of real-time services and elastic data traffic. The
proposed calculation procedures are based on the use of a system of simplified equilibrium
equations.

e [t is established that the obtained characteristics estimates are asymptotically accurate in the
region of large and small losses.

e It is shown that the ideas underlying the approximate methods are of a general nature and can
easily be generalized to other models for the formation of input flows of requests and resource
allocation procedures.

2. MATHEMATICAL DESCRIPTION OF THE MODEL

Let us denote by C' the capacity of a multiservice access node created by the fixed or wireless
communication standard used and expressed in bits/s. The access node services n Poisson flows
of requests for the transmission of real-time service traffic and one Poisson flow of requests for
the transmission of elastic data. Requests of the kth flow for the transmission of real-time traffic
arrive with an intensity of A\; and require a capacity reservation of ¢ bit/s for the entire service
time, which has an exponential distribution with the parameter ug, £ = 1,...,n. Requests for the
transfer of elastic data (files) are received with an intensity of A\;j. The file size has an exponential
distribution with mean I’ expressed in bits.

Let us introduce the concept of a virtual channel, which is applicable to numerically estimate the
size of the information transmission resource provided to users. Let us denote by ¢ the information
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transmission rate of one channel, expressed in bits/s. The transition to virtual channels simplifies
the modeling of the process of resource occupation by requests. The smaller the value of ¢, the
more accurate the approximation of transmission rates. However, in this situation the number of
model states increases. The choice of the value ¢ depends on the formulation of the problem, for
example, you can use the following expressions: ¢ = min(cy,...,c,) or ¢ = GCD(cy, ..., ¢,), where
abbreviation GCD means greatest common divisor. In the first case, the approximation of the bit
rate requirements is rougher than in the second. The total number v of available virtual channels
and the number b, of virtual channels required to service the request of the kth flow are found from

the relations:
(2], we2]
c c

FElastic data is maintained in accordance with the provisions of the Processor Sharing discipline.
Let’s consider the implementation of this procedure. For simplicity, let’s assume that the minimum
amount of bandwidth that can be used to transfer a file is one virtual channel. Let us denote
by ug the parameter of the exponential distribution of file transmission time by one channel. Let ¢
be the number of virtual channels used to service real-time traffic, and let d > 0—be the number
of files being transmitted. According to the model description (v — i) channels are used to serve
them. Let s = {%J Free channels are divided between d files according to the following rule. To
serve each of the (v —i — sd) files, (s + 1) channels are used, and to serve each of the remaining
((s +1)d — (v — 1)) files, s channels. As a result of this procedure, all (v — i) channels are occupied.
It is easy to show that in the situation under consideration, the time until the end of the transfer
of one of the d files has an exponential distribution with the parameter (v — 7)ug.

An incoming request for real-time traffic transmission has priority in resource occupation, re-
ducing, if necessary, the bandwidth used by one file to one channel. Let ix(t), k= 1,...,n—the
number of requests of the kth flow for the transmission of traffic of real-time services at time t,
and d(t)—the number of files being serviced at time t. The dynamics of changes in the number of
serviced requests is described by the Markov process r(t) = (i1(¢),. .. ,i,(t),d(t)), defined on finite

state space S, which includes states (i1, ..., i,,d), with components
—d1b1 — ... —ip_1by_
i1:0,1,...,FJ; in:O,l,...,V k! ’”““J;
dZO,l,...,U—’ilbl—...—inbn.

The quality of service for requests from the kth flow for the transmission of real-time traffic
is determined by the values of the share of lost requests m; and the average number of occupied
virtual channels mg. The value of the last characteristic makes it possible to calculate the average
number of requests of the kth flow being serviced, yr = my /b, and the average capacity of the
access node they occupy zp = mpc. Let us denote by z. the average amount of node capacity
occupied by real-time traffic z, = >°)'_; zx. The quality of service for requests for the transfer of
elastic files is determined by the values of the share of lost files 74, the average number of occupied
virtual channels mg, the average number of files being serviced y,4, the average value of used node
bandwidth z4 = myc, average file transfer time hg4, average bitrate used for file transfer ¢y, average
number of virtual channels b used for file transfer.

The introduced indicators can be determined and calculated using the values of stationary
probabilities p(i1, ..., in,d) of states (i1,...,i,,d) € S. For the state (i1,...,i,,d), let i denote the
number of virtual channels used to service real-time traffic i = i161 + - - - + i,,b,. Let us present the
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calculated expressions

Tk = Z p(’Ll’vlTZ’d)a

{(i1,0vnsin,d)ES | i+d+by>v}

(%1 5eeeyin,d)ES
{(i1,.mmsin.d)ES | i+d+1>0} (2)

mg = Z p(i1y ... in, d)(v —1);
{(i1,enin,d)es | d>0}
ya= >, plit,... in,d)d;
(i1...yin,d)ES
Yd F md
hg = ~—F—; =—; b=—".
d )\d(l _7Td)7 Cd

3. SYSTEM OF STATISTICAL EQUILIBRIUM EQUATIONS

To evaluate the characteristics specified by expressions (2), it is necessary find the values of
p(i1,...,in,d) € S*. To do this, it is enough to construct and solve a system of statistical equilib-
rium equations, connecting the unnormalized probabilities of the model. It looks like this:

P(z’l,...,in,d){Z()\kl(i+d+bk gv)ﬂ'kuk) A l(i+d+1 <U)+(v—i)udl(d>0)} (3)
k=1

=Y Plir,...yig =1, in, d) A I(ig > 0) + Pi1, ... ,in,d — 1) Ag I(d > 0)
k=1

+ > Piv, i+ 1o in,d) (i + 1) e (i + d + b < v)
k=1
+ P(i1y .. yin,d+ 1) (v —d) pg I(i +d+ 1 < v), (i1, in,d) € S.

Here and below I(-)—indicator function defined by relation
() = 1, if the condition is met, formulated in brackets, (@)
~ 10, if this condition is not met.

Resulting solutions of (3) P(i1,...,in,d) needs to be normalized.

The system of equations (3) does not have any special properties that provide a recursive estimate
of stationary probabilities. For this reason, standard linear algebra methods are used to solve (3).
Based on the experience of solving similar systems, it is recommended to use the iterative Gauss—
Seidel algorithm to estimate the probabilities of states. The use of this approach makes it possible
to calculate stationary probabilities for models of communication systems with a number of states of
up to several million. The standard implementation of Gauss—Seidel recursion for the solution (3) is
not guaranteed to converge, but in most cases it does. Convergence is studied by indirect methods
based on the analysis of the proximity of successive approximations and the fulfillment of known
theoretical relationships connecting the values of the characteristics of the studied model of the

L 'We will use lowercase letters to denote the normalized values of the probabilities of states and characteristics and
uppercase letters to denote their non-normalized values.
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communication system. Such relations include Little’s formula. Details of the implementation
of this approach can be found in [10, 17-19]. To ensure convergence, it is enough to set one
of the unknowns equal to unity, remove the corresponding equation (3) and proceed to solving
an inhomogeneous system of linear equations. After the transformations performed, the Gauss—
Seidel recursion always converges (due to the presence of weak diagonal dominance), but requires
a significantly larger number of iterations for its implementation.

The Gauss—Seidel algorithm will be further used to estimate the error of the approximate method
constructed in Section 4 for calculating the quality characteristics of joint servicing of incoming
requests for the node model under study. Sufficiently substantiated approximate methods play a
major role in the development of engineering techniques aimed at solving the problems of estimating
the maximum sufficient load and the minimum required volume of information transmission resource
of a multiservice access node. Subsequent sections of the work will be devoted to the formulation,
analysis and examples of the use of approximate methods for calculating the characteristics of the
constructed access node model.

4. ESTIMATION OF CHARACTERISTICS USING SIMPLIFIED EQUILIBRIUM EQUATIONS

The principle of simplified equilibrium equations was first formulated and used in constructing
the boundaries of truncated state spaces, providing a given error in calculating the characteristics
of models, taking into account the effect of repeated calls [20, 21]. The idea of the method is to
form a system of relationships for the approximate calculation of stationary probabilities of model
states based on the requirement that they comply with local conservation laws, which for the model
under study are satisfied in individual macrostates, selected in accordance with the structure of the
state space used and the physical meaning of individual state components.

For the constructed model, we refer to such macrostates as (i), where all states of the model are
combined with the number of occupied virtual channels equal to i, i = 0,1,...,v, and (d), where
all states of the model are combined with the number of transferred files equal to d, d =0,1,...,v.
Proceeding in a similar way, we also introduce the macrostate (i,d) and determine the stationary
probability of this state from the expression

p(’L,d) = Z p(il)"'ain)d))
{(i1,ensin, )ES | irbr+...4inbn=i}
1=0,1,...,v; d=0,1,...,v —1.

If the values of p(i,d) are known, then the values of the characteristics specified by the expres-
sions (2) can be calculated. To do this, it is enough to use the relations

v ov—i )
=SS Pl )G+ d+be>v); g = =5 (1 — ) by 5
i=0 d=0 L
ﬂ'dzzzp(i,d)l(i+d+l>v); md:ZZp(i,d)(v—i);
=0d=0 i=0 d=1
yai=Y_> p(i,d)d.
i=0 d=1

The remaining elastic traffic service characteristics are determined from expressions (2).

Let us obtain the form of local conservation laws for the macrostates (i), (d), which will be
further used for an approximate estimate of p(i,d). Let’s start with the macrostate (d). Equating
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the intensity of the exit r(¢) from (d) to the intensity of the transition to the macrostate (d), we
obtain a system of relations of the following form:

(P(O,d)+ P(1,d) + ...+ P(v—d —1,d)) g (6)
+ (P(0,d)v + P(1,d)(v = 1) + ... + P(v — d,d)d) pal(d > 0)
= (P(0,d = 1)+ P(l,d = 1) + ...+ P(v —d,d = 1)) \gI (d > 0)

+ (PO, d+ v+ P(Ld+ ) =1)+...+ Plo—d—1,d+1)(d+1)) pa,
d=0,1,...,v—1.

Having considered (6) sequentially for d = 0,1,...,v — 1 and performing simple algebraic trans-
formations, we reduce (6) to the following form:

(P(O,d) + P(,d)+ ...+ P(v—d—1,d))Aq (7)

= (P(0,d+ )+ P(L,d+1)(v = 1)+ ...+ Po—d—1L,d+1)(d +1)) ua,
d=0,1,...,0—1.

Now we obtain the form of local conservation laws for the macrostate (7). Equating the intensity
of the exit r(t) from (i) to the intensity of the transition to the macrostate (i), we obtain a system
of relations of the following form:

n

3 Z(P(z’l,...,z’k—1,...,in,d))\k1(z’k > 0) (8)

{(i1,0vnsin,d)ES | i1br+.. Finbn=i } K0

Pty ip+ 1, d) (i + DI (i + by + d < v))
— 3 Z(P(z’l,...,z’n,d))\kl(z’+bk+dgv)
{(i1,0ensin,d)ES | i1b1+.. Finbn=i } F=0

+ Plin,. . in, d)igpd (i, > 0)), i=0,1,...,0.

Let’s move on to constructing a system of simplified equilibrium equations, which we will further
use to approximately calculate the characteristics of the access node model under study. Let us
denote by ]5(1'1, ceyin,d), (i1, ... ,in,d) € S the resulting estimates of the probabilities of stationary
states of the considered model. Let us save for estimates of the introduced characteristics (2),
probabilities P(i,d), etc., obtained using ]5(2'1, ..., in,d), previously introduced notations, just add
the symbol " to their notation. The quantities p(il,...,in,d) are found from the fulfillment
requirement for P(i1,...,i,,d) local conservation law (7)

(P(0,d) + P(1,d) + - + P(v—d—1,d)) A (9)

= P(0,d+ Dopa+ P(L,d+1)(v = Vpa+ ... + P(v —d — 1,d + 1)(d + 1) g,
d=0,1,...,v—1,

and relations

P(Zl,,ln,d)’tk :P(’Ll,,lk—l,,ln,d)l(’tk > 1)ak., (10)
A
(i1,... in,d) €S,  ax=2E k=1,...,n.
Pk
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The expressions (10) coincide in form with the detailed balance relations in the formation and
servicing of requests for the transmission of real-time traffic in the Erlang multiservice model
[7, 10, 22, 23]. They determine the approximate nature of the resulting estimates, since they are
not satisfied for the original model.

Using equalities (10), we can show that for 15(1'1, ...... ,in,d) the local conservation law (8) is
satisfied, i.e. the following relations are valid

> ST P, ... yik— 1, in, NI (i, > 0) (11)

{(i1seensin,d)ES | i1b1 . Arinbp=i} *=

+P(i1,...,ik+1...,z'n,d)(ik+1)ukl(i+bk+d<v)

= Z Zle,.. yin, A I(1 4+ by +d < v)

{(i1,0ensin, d)ES | i1br.. Finby=i } =1

+ P(iy, .. in, d)ippel (i > v), i=0,1,...,0.

Next, we will show that the relations (9), (10) allow us to uniquely determine the values of
15(2'1, coiyin,d), (i1,...,in,d) € S, and with them the introduced estimates of the characteristics
of joint servicing of requests in the studied model of the access node. Thus, estimates of station-
ary probabilities ]5(2'1, coyin,d), (i1,...,0n,d) € S, as well as their exact values P(i1,...,1i,,d),
(i1,...,4n,d) € S satisfy local conservation laws of the same form (7), (8) and (9), (11), which
allows us to expect good estimation accuracy. Based on the probabilistic interpretation (9), (10),
let’s call these relations as system of simplified equilibrium equations.

Let us construct a recursive algorithm for calculating the values of 15(1, d) for a fixed d. Let us
introduce an auxiliary characteristic

V(i d) = > P(iy, ... ip,d)ig, i=0,1,...,0; d=0,1,...,0—4.
{(i1,sin, )ES | irbr+...4inbp=i}

Summing (10) over all (i1,...,i,,d) € S satisfying the condition i1by + ... + i,b, = i, we obtain
the equality

(Z d) (Z — bk, d)akf(i Z bk) (12)

Let’s multiply (12) by by and sum over k = 1,2,...,n. Rearranging the order of summation on the
left, we obtain a recursive relation connecting successive values P(i,d),

> P(iy, ... ip,d zn: )i (13)

{(i1eensin, )ES | i1b1+...4inbn=i}

Z Pli—by,d)I(i =by), d=01,...,0—1; i=1,...,0—d.

Relations (7) and (13) allow us to construct a recursive algorithm for estimating the values of
P(z’, d),d=0,1,...,v;i=1,...,v —d. Let us list the sequence of actions for its implementation.

(1) Let’s set d = 0, and the value P(0,0) = 1

(2) Let’s express values P(i,0), i = 1, ..., v, through P(0,0), using the relation (13) with d = 0

&|y—t

Z Z—bk, ’LZbk)
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and successively increasing ¢ from 1 to v. For fixed i values of estimates P(i — bk, 0),
k = 1,...,n, or already expressed through P(0,0) (for i — b > 0), or equal to 0 (for
i—bp < 0).

(3) Let’s put d = 1 and the value P(0,1) = z.

(4) Let us express values P(i,1), i =1,...,v — 1, through z, using the relation (13) with d = 1

Z (i — b, 1)I(i > by)
—1

&|,_|

and successively increasing i from 1 to v — 1.
(5) Set in (9) d = 0. We get the ratio

(P(0,0) + P(1,0) + -+ + P(v = 1,0) ) Ag (14)
= p(ov 1)Uﬂd + P(lv 1)(” - 1)Md .o+ p(v -1 1)Md7
which allows us to express the value of  in terms of P (0,0). Using the obtained relation and
the results of step 4, we obtain expressions for P(i,1), i =0,1,...,v — 1, through P(0,0).
(6) Next, we set d =2,3,...,v and, having implemented the sequence of actions formulated in
the above stages of the proposed algorithm, we find expressions for P(i,d), d = 0,1,...,v;
i=1,...,v—dvia P(0,0).
(7) We find an expression in terms of P(0,0) for the normalization constant

v v—d

N=>"%"P(i,d).

d=0i=0

(8) We determine the normalized values of probability estimates p(i, d):

P(i,d
p(z‘,d):%, d=0,1,...,0; i=1,...,v—d.

(9) Using p(i,d) and expressions (5), we find the values of estimates of the characteristics of
joint servicing of requests in the studied model of a multiservice access node.
In Fig. 2, arrows indicate the sequence of calculating p(i, d) using the constructed algorithm for
v = 0.
From a computational point of view, the implementation of the constructed algorithm does not
cause any difficulties. The complexity of the procedure is comparable to the repeated use of a
recursive algorithm for assessing the characteristics of a multiservice Erlang model [7, 10, 22, 23].

; d 0 1 2 3 4 5
0 -—— - — - —
| | | | |
¥ ¥ ¥ ¥ v
1
NEEERRERE
AEEE R
| |
NERE;
|
s | Y

Fig. 2. Sequence of implementation of the algorithm for v = 5.
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Let’s compare the amount of calculations when estimating the characteristics of the model using
the Gauss—Seidel method and the constructed approximate algorithm. At each step of the iter-
ative solution method (3), the approximate values of the probabilities of all states of the model
(i1,...,1n,d) € S belonging to the space S are determined, given by the relations (1). As a result
of applying the approximate method, probability estimates P(i,d) are found for states (i,d) € S,
where i =0,1,...,v;d =0,1,...,v—1i (see Fig. 2) and calculations are performed only once. From
this follows an approximate assessment of the effectiveness of the developed method. The volume
of calculations in comparison with the iterative method is reduced by a number of times equal to
the number of iterations in the implementation of the Gauss—Seidel method, multiplied by the ratio
of the number of states in the space S to the number of states in the space S. Depending on the
model parameters and calculation conditions, this value can significantly exceed several thousand
times.

5. ERROR IN ESTIMATING THE CHARACTERISTICS OF AN ACCESS NODE

Let us conduct a numerical study of the accuracy of the approximate method for estimating the
characteristics of an access node, constructed in the previous section. Let’s choose the following
values of the input parameters: C'= 100 Mbit/s; n = 2; ¢; = 2 Mbit/s; co = 5 Mbit/s. Based on
the accepted assumptions, we obtain the structural parameters of the model: ¢ = 1 Mbit/s; v = 100
virtual channels (v.c.); by =2 v.c.; b =5 v.c. Let’s assume that F' = 80 Mbit. The average file
transfer time using one channel is 80 s. When performing calculations, this time will be taken
as time unit. Hence pug = 1. For real-time services, we select service time parameters from the
expressions 1 = 0.5 and pg = 0.5.

Let’s introduce the p parameter, which we will use to estimate the potential load of one virtual
channel. Let us determine p from the expression

arby + azbs + %

p= . . (15)

For elastic data, we calculate the potential resource load from the condition of using one channel
for file transfer?. We will assume that all three flows create the same potential resource load. From
here follow the expressions for estimating the intensities of incoming requests:

VP VP2 VP4
Al = ;A= A=
1 3b1 ) 2 3b2 ) d 3

. (16)

For selected values of input parameters, Figs. 3-8 shows the dependence of the exact and ap-
proximate calculation of the main characteristics of the model from changes in p potential load of
the virtual channel. The exact values of the characteristics are obtained from solving the system of
equilibrium equations (3) using the iterative Gauss—Seidel method and using definitions (2). Ap-
proximate values were found from the relations (5) after substituting into them instead of p(i, d) the
estimates p(i, d) obtained as a result of implementing a recursive algorithm based on the use of sim-
plified equilibrium equations (9), (10) (see Section 4). The corresponding curves are indicated by
dotted lines. The number next to the curve indicates the number of the flow for real-time services.
In Figs. 3—4 the error in calculating the share of lost requests for servicing real-time service traffic
(Fig. 3) and the share of lost requests for servicing elastic data (Fig. 4) was estimated. In Figs. 5-6,
the error in calculating the average value of the bitrate used for servicing traffic of real-time services
(Fig. 5) and the average value of the bitrate used for servicing elastic data (Fig. 6) was estimated.
In Figs. 7-8 the error in calculating the average file transfer time (Fig. 7) and the average number
of channels used to transfer one file (Fig. 8) was estimated.

2 . .. .
Worst case scenario for servicing elastic data.
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From the analysis of numerical data it follows that the obtained estimates have the following
properties.

(1) They have good accuracy, which increases in the area with low and high loads. These results
will be examined in more detail below.

(2) As the load on the channel increases, the values of the analyzed characteristics increase
with the exception of the average value of the bitrate used to service the traffic of real-time
services (see Fig. 5). This property is explained by the fact that as p increases, elastic data
increasingly uses one channel to transfer a file, thereby displacing real-time traffic, which
requires more channels for servicing.

(3) As a rule, the obtained approximate values of the characteristics at low loads give a lower
estimate for the characteristics of the access node model under study, and at a heavy load
they provide an upper estimate.

As noted earlier, the accuracy of estimates increases in the region of large and small losses. Let
us present numerical data that confirm this conclusion. Tables 1 and 2 show the values of the
quality of service characteristics of real-time traffic and elastic data for the access node model with
the values of the input parameters used in calculating the curves shown in Figs. 3-8 and listed at
the beginning of this Section. The presented numerical data confirm the asymptotic properties of
the estimates. The error in estimates quickly decreases with an increase in p (Table 1) and with its
decrease (Table 2). In the region of large losses, asymptotic properties manifest themselves for all
characteristics listed in (2). In the low loss region—only for elastic data transmission characteristics.

The presented numerical data showed that the developed method has good accuracy for values of
input parameters that correspond to practical applications, in particular for values of small losses,
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Table 1. Accurate and approximate estimation of the characteristics of the access node model
under heavy load conditions

T2 T4 ha 2 Zq

p
Exact | Approx. | Exact | Approx. | Exact | Approx. | Exact | Approx. | Exact | Approx.

1.00 | 0.1051 | 0.0496 |0.0264| 0.0085 |0.3270| 0.2546 | 61.58 | 64.42 | 10.61 8.41
1.2510.3484 | 0.3624 | 0.0930| 0.0806 |0.6972| 0.7713 | 61.81 | 61.68 | 26.34 | 29.54
1.50 1 0.5538 | 0.5716 | 0.1600| 0.1493 | 0.8594 | 0.8811 | 57.99 | 57.46 | 36.09 | 37.47
1.7510.6877| 0.7021 | 0.2173| 0.2081 | 0.9157 | 0.9233 | 54.33 | 53.80 | 41.81 | 42.65
2.00{0.7760 | 0.7873 |0.2668| 0.2591 |0.9414| 0.9449 | 51.12 | 50.60 | 46.01 | 46.67
2,50 0.8778 | 0.8848 |0.3493| 0.3437 |0.9649 | 0.9661 | 45.77 | 45.30 | 52.32 | 52.84
3.0010.9290 | 0.9334 | 0.4154| 0.4112 |0.9756 | 0.9762 | 41.53 | 41.12 | 57.03 | 57.47
4.00 |1 0.9723 | 0.9742 | 0.5147| 0.5122 | 0.9853 | 0.9855 | 35.28 | 34.96 | 63.76 | 64.09
5.00{0.9875 | 0.9884 | 0.5853| 0.5838 |0.9897 | 0.9898 | 30.88 | 30.63 | 68.39 | 68.66
7.50(0.9974 | 0.9975 | 0.6956 | 0.6951 |0.9942| 0.9943 | 23.90 | 23.76 | 75.65 | 75.80

Table 2. Accurate and approximate estimation of service characteristics of elastic traffic under
light load conditions

hd Zr Zd b

p
Exact Approx. | Exact | Approx. Exact Approx. | Exact Approx.

0.500 | 0.02124 | 0.02000 | 33.33 33.33 0.35401 | 0.33333 | 47.078 50.000
0.400 | 0.01717 | 0.01666 | 26.66 26.66 0.22899 | 0.22222 | 58.225 60.000
0.300 | 0.01451 | 0.01428 | 20.00 20.00 0.14512 | 0.14285 | 68.908 70.000
0.200 | 0.01259 | 0.01250 | 13.33 13.33 0.08398 | 0.08333 | 79.378 80.000
0.150 | 0.01182 | 0.01176 10.00 10.00 0.05912 | 0.05882 | 84.565 85.000
0.100 | 0.01114 | 0.01111 | 6.666 6.666 0.03714 | 0.03703 | 89.728 90.000
0.075 | 0.01083 | 0.01081 5.000 5.000 0.02708 | 0.02702 | 92.302 92.500
0.050 | 0.01054 | 0.01052 | 3.333 3.333 0.01756 | 0.01754 | 94.871 95.000
0.025 | 0.01026 | 0.01025 1.666 1.666 0.00855 | 0.00854 | 97.437 97.500

where the problem of planning the volume of information transmission resource required by the
load is solved, and for values of large losses, where the problem is solved estimating the volume of
traffic ofloaded to other access nodes or to other frequency bands in order to achieve specified QoS
indicators. Let us give examples of solving the formulated problems.

6. THE USAGE OF THE OBTAINED RESULTS IN PRACTICAL APPLICATIONS

Estimating the required resource of an access node for a given load and the maximum permissible
load for a given resource value are similar problems and are solved by brute force. In the first case,
starting from a certain initial value, the throughput of the access node increases until the required
result in terms of quality of service is achieved; in the second case, in a situation of overload, the
input flow of requests is reduced for the same purpose. Let’s start by solving the second problem.

Let us change the description of the procedure for generating an input stream in the model of
a multiservice access node under study. Let us assume that the access node services represent a
Poisson flow of requests of intensity A, divided into n + 1 service categories. The first n categories
represent requests for the transmission of real-time traffic. The last (n 4+ 1)th category is requests for
the transmission of elastic data traffic. Let us assume that A = Ay + ...+ A, + A\g. With probability
Pr = %\&, k =1,...,n the request belongs to the kth category, requires ¢ bit/s, k =1,...,n and
the resource occupies a random time, which has an exponential distribution with the parameter py.
With probability pg = % the request belongs to the category of elastic traffic and is served according
to the corresponding rules introduced when describing the original node model (see Section 2). It is

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023



1348 S.N. STEPANOV, M.S. STEPANOV

0.9 0.4
SN \
N \
0.8 \\ S \
\ \
\ \
\
0.7 v \
\ 0.3
\ ) \
206 \‘ £ \
=} \ — \
9 ! 8 ]
& | 2 1
g 0.5 - § \
5 \ o 0.2
L =
= 04 ‘; \
(] en \
% 0.3 '.I\ E \\\‘
\ 0.1 :
0.2 T .
\ \\
\ N
\ N
0.1 \
" TS
AN 0.0(2)
0 0.1020304050.60.70809 0.3 0.4 0.5 0.6 0.7
The probability of request offload, p¢r The probability of request offload, p
Fig.9. Dependence of the average file transfer Fig.10. Estimation of the share of offloaded
time estimate on pog. traffic to ensure specified QoS indicators.

clear that the considered change in the procedure for generating the input stream did not change
the mathematical description of the access node model under study.

Assume that existing or scheduled traffic is causing the access node’s transmission capacity to
become overloaded. This situation can be tracked with good accuracy using a method for assessing
the characteristics of the quality of service for requests, based on the use of simplified equilibrium
equations (see Section 4 and Table 1). Let’s assume that in the current situation it is impossible
to simply increase the throughput of the access node. The difficulties that arise can be dealt with
by redirecting (they also say offloading) some part of the input flow to other access nodes so that
the quality of service characteristics of the remaining part of the traffic on the available resource
do not exceed standard values [24]. Let us denote by pog the probability of offloading an incoming
request.

The formal formulation of the problem is as follows. It is necessary to determine the value pog,

which provides a given level of quality of service for the remaining requests in the form of fulfilling
the inequalities

T =max(my, ..., Ty, Tq) < 70, hg < hg®™. (17)

Here 7™ and hJ°"™ —are the values required under the terms of the service agreement, respec-
tively, of the maximum loss of requests and the average time of elastic data transmission.

Let us consider the access node model for the values of the input parameters used in calculating
the contents of Table 1. The values of the characteristics of servicing requests for p = 1.5 indicate
that the node is in a state of overload and it is necessary to reduce the incoming flow of requests.
Let’s take the following values of normative indicators: 7"°"™ = 0.01, A7*"™ = 0.2.

We solve the problem of estimating the probability of offloading in two stages. First, let’s find
the value pog, which ensures the fulfillment of the inequality (17) for the average file transfer time.
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Note that the choice of hj°™ = 0.2 means that the average file transfer time is chosen 50 times less
than the average file transfer time by one channel, and is 1.6 s. Figire 9 shows the change in hy
with increasing pog in the range from 0 to 0.9. The exact value of the characteristic found as a
result of solving the system of equilibrium equations (3) using the Gauss—Seidel iterative method,
and its estimate found using simplified equilibrium equations (the curve is marked with a dotted
line) are given. Note that the initial and final values of the range of changes pog belong to the
region where the characteristics estimates used are asymptotically accurate. This determines the
high accuracy of calculating the characteristics of the original model, as evidenced by the curves
shown in Fig. 9. A more detailed solution to the problem of determining pog is shown in Fig. 10,
where it is established that p.g ~ 0.7.

The second part of calculating the share of offloaded traffic is the need to satisfy the inequality
7 < 0.01. To establish this fact, we construct an upper bound for 7, assuming that elastic files are
transmitted using only one channel. This means that all requests arriving at the access node are
serviced according to the traffic rules of real-time services. In this situation, the values of the char-
acteristics can be calculated using recursion built for the multi-service Erlang model [7, 10, 22, 23].
The results obtained confirm the fulfillment of the inequality 7 < 0.01. Thus, the solution to the
problem has been achieved for the offloading probability pog =~ 0.7. The problem is solved in a
similar way in a situation where only real-time service traffic or only elastic traffic is offloaded.

Estimation of the required resource of an access node for a given load is solved in the same
sequence, so we will omit this part of the study.

7. CONCLUSION

A mathematical model of joint servicing of real-time traffic and elastic data traffic in a multi-
service access node has been developed and studied. The arriving of requests for all service cat-
egories obeys the Poisson law; the duration of servicing requests for the transmission of real-time
traffic has an exponential distribution, as do the volumes of transmitted elastic data. Elastic data
is maintained in accordance with the provisions of the Processor Sharing discipline. An incoming
request for real-time traffic transmission has priority in resource occupation, reducing, if necessary,
the value of resource used by one file to a predetermined minimum value. A Markov process is
constructed that describes the change in model states. Definitions of quality indicators for joint
servicing of incoming requests for information services are provided. A system of statistical equi-
librium equations is formed and its use for estimating the introduced characteristics is considered.
A method for approximate calculation of characteristics is proposed, based on the construction of a
system of simplified equilibrium equations. The use of the developed methods is shown to solve the
problem of estimating the volume of traffic offloaded in an overload situation to other access nodes
or to other frequency ranges in order to achieve specified QoS indicators and to solve the problem
of planning the volume of required transmission resource of a multiservice access node. The results
obtained are also applicable to the estimation of the required volume of resource of access nodes in
satellite communication systems [25], data centers [26], and information centers [21].

Let us note the positive characteristics of the developed approximate method.

e The formation of simplified equilibrium equations is based on the use of local conservation
laws that are fulfilled in individual macrostates of the model, selected in accordance with the
structure of the state space used and the physical meaning of individual state components.
Thus, it can be argued that this approach is based on the general principles of the functioning
of communication system models described by Markov processes, which makes it possible to
generalize the results obtained to other models of the formation of input flows of requests
and resource allocation procedures, in particular to models with group arrival of requests and
waiting.
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14.

15.

16.

17.

e The obtained estimates of the quality of service characteristics of incoming requests have good

accuracy for values of input parameters that correspond to practical applications, in particular,
for values of small losses, where the problem of planning the volume of information transmission
resource required by the load is solved, and for values of large losses, where the problem of
estimating the volume of traffic offloaded to other access nodes or to other frequency ranges
is solved in order to achieve specified QoS indicators.

The computational algorithms used in the process of implementing the method are based on
the use of simple recursive procedures.
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Abstract—The problem of state reconstruction is considered for a class of linear systems with
time-invariant unknown parameters and overparameterization that are affected by external
perturbations generated by a known exosystem with unknown initial conditions. An extended
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1. INTRODUCTION

One of the problems of automatic control theory is the reconstruction of unmeasured state of
completely observable linear systems:

&(t) = Az(t) + Bu(t),
y(t) = CTa(t)
with unknown matrices A € R"*", B € R", C € R".

To solve it, various observers based on the invariant ellipsoid technique [1], high-gain methods
[2, 3], sliding mode approach [3, 4], and parametric identification theory [5, 6] have been proposed.

(1.1)

In contrast to other approaches, observers based on the methods of identification theory [5, 6] use
parameter adaptation algorithms and, therefore, usually require less a priori information about the
system parameters. However, since the baseline solutions [7-10], the class of systems, for which the
adaptive observers can be designed, is traditionally restricted to models in the observer canonical
form:

§(t) = Ao&(t) + Yay(t) + Yoult) = Ad&(t) + Ppu(t),
y(t) = Co &),

Infl Infl
AO = |0p T s Aa: Q;Z)a OT )

(1.2)

n—1 n—1
—0p—1 bn—l 1
—0an—2 bn—2 0
¢a = : ) ¢b = : ) CO = -
—a bo 0
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where 1, and 1 are parameters of the characteristic polynomials of the following linear operator

bn_lsnfl + bn_28n72 + ...+ by

W pu—
uy (5) S+ ap_18" 1+ ...+ ag

and they are related to the matrices of the model (1.1) via a transformation matrix 7'

Yy =TAT'Cy, o, =TB, Cq =CTT7,
T
On - O{le(n—l) 1} 5 (13)
-1 T ~1\T T -1 n—1 n—2
ol =[c ATC ... (a)Tc], TV = [0, A0, - 0,

The point is that the measurable control u(t) and output y(t) signals allow one to uniquely
identify the parameters of such canonical state space form only [5, p. 269]. The states {(t) € R"
of the model (1.2) are virtual and related to the plant physical states z(¢) € R™ via a non-singular
transformation §(t) = Tx(t).

Therefore, the estimates £(t) obtained by classical adaptive state observers [5, 6] of the following
form (14 (t),1s(t) are estimates of the parameters (1.3), L stands for the correction matrix, and
the specific structures of functions f, (.), f (.), fv (.) are defined in [5, 6]):

E(t) = Aof(t) + Du(B)y(t) + dy(t)ult) + L (§(t) — y(1)) + v(2),
§(t) = CoTe (1),
at) = fo (w9, 9.400)
ib( fo (u7y7g7¢b> ,
Re {)\i (AO n LCT)} <0,
o) = (1.0 ) o w(t) =0,

not only do not coincide with z(¢), but also turn out to be useless, for example, to solve the
problems of failure diagnostics, monitoring and storage of unmeasured variables of technological
processes, design and online adjustment of digital twins and other practical scenarios.

t) =
b= (1.4)

The solution to this problem is to identify the linear transformation matrix 7" together with
the parameters 1, and 1. For one specific class of linear systems, an algorithm is proposed in [7]
that forms an estimate of T'(¢) on the basis of the ones of 9, (t) and t(t). In the general case, the
mapping 1T'(t) = fr (@a(t), ib(t)) can be singular for certain values of the estimates ¥, (t), 1y (t)
(see Section VIII of [7]). In more recent papers [10-12] devoted to the development of methods
to design adaptive observers (and even in the fundamental books on adaptive observers for linear
systems [5, 6]), to the best of the authors’ knowledge, the problem of the physical state x(t)
reconstruction and the estimation of the linear transformation matrix 7" with the help of adaptive
observers was no longer touched upon.

In a recent paper [13] a new approach of adaptive reconstruction of the linear system physical
state is presented instead of identification of the linear transformation matrix. It is proposed to
overparameterize the matrices of the system (1.1) with respect to some physical parameters 6 € R™?
(such overparameterization is always possible if the model is obtained directly on the basis of the
laws of mathematical physics—Kirchhoff, Euler-Lagrange, etc.):

i(t) = A(0)x(t) + B (0)u(t) = " (2, u) ©a5 (0),

y(t) = C () 9

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023



1354 GLUSHCHENKO, LASTOCHKIN

and, using the following change of notation v, := 1, (0), ¥y := 1y (), to take into account the
dependence of the model (1.1) parameters from 6.

The fact that the overparameterization is considered allows one to link the matrices of the models
(1.1) and (1.2) not via the above-mentioned transformation, but by means of some new functional
transformations of the following form (6 = F (1b43) is an inverse function, L4, € R™*2" stands for
a matrix that defines some linear transformation, which ensures dim{vy;} = dim{6})

O4B(0) = (OapoF) (Yap) ,

Vab (9) =L lzz Ez;‘| :R™ — R"™,

which provides much room to design the adaptive observers of physical states z(t).
In [13] it is shown that, if the condition

Uy (0)

of existence of the inverse function F : R™ — R™ holds and ¢, (#) and ©4p (0) depend from 6
in a polynomial fashion, then, using only the measurable signals y(t),u(t) and known vector C,
the following regression equations can be obtained without identification of the parameters v, (0)
and 6 (where Yap(t), Vi(t), Map(t), Mr(t) stand for the measurable signals):

dWMm@b&mwb%wmwwﬁw (16

Vap(t) = Map(t)©an (0),
Yi(t) = Mp(t)L (0)

and, as a consequence, an adaptive observer of the system (1.5) state can be implemented in the
following form:

#(t) = @7 (&,u) ©ap(t) — L(t) (§(t) — y(t)) ,
AB(t) = fo,p (yAB,MAB,éAB) ; (1.7)
L) = fu (Yo, My, L),

o2

where L(t) is an estimate of the matrix L (8) such that A (6) — L (6) CT is a Hurwitz one.

In other words, owing to the fact that © 45 (6) and 14, (6) are related to each other via the
physical parameters 6, if the condition (1.6) is met, then, in accordance with [13], © 45 (0) and L (0)
can be identified without direct estimation of § or v, (f). In contrast to (1.4), the (1.7) observer
allows one to obtain estimates of the physical state z(t), and, contrary to [7], it is applicable to a
wider class of systems and does not require direct identification of parameters ¥, (0).

The aim of this paper is to extend the results of [13] to the class of linear systems with over-
parameterization that are affected by the external perturbations generated by a known exosystem
with unknown initial conditions.

Main definitions

The definition of a heterogeneous mapping, the regressor persistent excitation condition, and
the property of the Kreisselmeyer filtering [10] given below will be used throughout this paper!.

L For the sake of brevity, hereafter the arguments 6 and ¢t will be omitted except the cases in which it is necessary
for understanding.
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Definition 1. A mapping F : R™ — R"7*™F ig heterogeneous of degree £ > 1, if there exists
Ir (W) € RMX"F Zx (w) = E7 (w) w(t) € RA7X™  and mapping TF : RAF — R™*™F such that
for all w(t) € R and § € R™ the following functional equation has a solution

My (w) F(0) = Tr (27 () 0) (L8)
where

det {TLr (w)} > W' (1),
Erij (W) = cjw'i(t), Exj (w) = cwH(1),
Cij € {0, 1}, gij > 1.
For example, F(6) = col{#10,6;} with ITx(w) = diag{w? w}, Ex(w) = diag{w,w} is heteroge-
neous of degree {r = 3.
Using a known function YVy(t) = w(t), the main property Zr (w)0 = ZEx (w)w(t)f from Def-
inition 1 allows one to obtain a linear regression equation with respect to F () in the following
way:

7 () F (0) = Tr (EF () V) ,

2t o0 t t
(1) 0] 2 [Pemie)]
0 w(t) Vio(t)
The elements of a mapping F () satisfy Definition 1 if they are polynomials or monomials of 6,
as well as some of the irrational functions.

Definition 2. A regressor p(t) € R" is persistently exciting (@(t) € PE) if 37 >0 and a > 0
such that Vt >ty > 0 the following inequality holds

t+T
/ % (17" () dr > al,, (1.9)

where o > 0 is an excitation level, [, stands for an identity matrix.

For a determinant of state of a stable (I > 0) dynamical filter

G(t) = —lp(t) + PP (), @ (to) = Opxn

it holds that
Proposition 1. (a) If §(t) € PE, then for allt > tg+ T the following inequality holds

A(t) = det {p(t)} = a”e™ ™" = Apin > 0. (1.10)
(b) If there exists te € [tg,00) such that for all t > t. equation (1.10) holds, then B(t) € PE.

Proof of Proposition 1 is given in [14].

2. PROBLEM STATEMENT

We consider the following class of SISO-systems with overparameterization affected by a bounded
external perturbation:

#(t) = A(0) z(t) + B (0)u(t) + D (0) 5(t) = 7 (2,u,8) O 45 (0),

y(t) = CTx(t), x(to) = o, (2.1)
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where
O (2,u,6) = [, 2 2T(t) Lo uT(t) I, 0T (t)]De € R,
0.1 (6) = La[vec™ (AT(6)) BT (6) DT(6)] e R,

x(t) € R™ are physical states of the system with unknown initial conditions xg, 0(¢) stands for
a bounded external perturbation, © 4 € R™, § € R™ denote unknown vectors such that ng > ny,
Dy € RO F20)xne £ o c Rrex(n+2n) 416 unknown matrices, the vector C' € R™ and mapping © 45 :
R™ — R™® are known. Only the control u(t) € R and output y(t) € R signals are measurable.
The following assumptions are adopted for the control and disturbance signals.
Assumption 1. For all ¢ > ty the control signal u(t) ensures existence and boundedness of all
trajectories of the system (2.1).

Assumption 2. The disturbance §(¢) is continuous and generated by a stable exosystem with
time-invariant parameters:

i5(t) = Aszs(t), s (to) = xso,

(1) = Klas(t), 22

where x5(t) € R™ are states of the exosystem with unknown initial conditions zs9, hs € R™,
As(t) € R™*™ are known vector and matrix, which form an observable pair (hg, .A(;).

Taking into account the duality of the observation and control problems and following the results
of the generalized pole placement theory [15, 16], we adopt an assumption that there exists a vector

L (#) € R™, which transforms an algebraic spectrum o{.} of the matrix AT (§) — CLT (9) into a
desired one.

Assumption 3. A pair (AT @), C) is controllable, there exists a known state matrix I' € R"*"
of an exosystem

Ix(t),
BT (6) x(t)

such that the pair (BT 0), I‘) is observable and o {A (0)} No {T'} = 0.

If Assumptions 1-3 are met, then the following observer of the state and perturbation can be
introduced:

(2.3)

z(t) = o7T (oﬁ,u, 3) ©ap(t) — L(t) (9(t) — y(t))
5(t) = hi Bs(t)s0(t), (24)
b5(t) = As®s(t), s (to) = In,.

The aim is to augment the observer (2.4) with the estimation laws, which ensure that the
following equalities hold

Jim [[#(8)]| = 0 (exp), lim [3t)|[ =0 (exp), lim [|&(£)] =0 (exp).

. (2.5)
R(t) = 3% () O%p() LT(1)]

where Z(t) = &(t) — x(t) is the state (2.1) observation error, 6(¢) = §(t) — 6(t) stands for the dis-
turbance observation error, (:)AB(t) = @AB(t) — ©4p (0) denotes the error of the system (2.1) pa-
rameters estimation, Zso(t) = &50(t) — xso is the observation error of the exosystem (2.2) initial
conditions, L(t) = L(t) — L () stands for the error of L () estimation.
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Remark 1. Assumptions 1 and 3 are conventional for the adaptive observation [10-12] and pole
placement design [15, 16] problems, respectively. Assumption 2 restricts the class of permissible
external perturbations.

3. PREREQUISITES AND PRELIMINARY TRANSFORMATIONS

Before presenting the solution of the problem (2.5), the identifiability of the unknown parame-
ters k from the measurements of y(¢) and wu(t) is investigated. For this purpose, using the trans-
formations (1.3), the system (2.1) is represented in the form (1.2):

E(t) = Ao&(t) + va (0) y(t) + by (0) ult) + va (6) 5(t), (3.1)
y(t) = CTa(t) = CHE(t), &(to) = Tao = &, (3.2)

where 14(0) = TD(0), £(t) € R™ are unmeasurable virtual state of the observer canonical form, the
vector Cy € R™ and mappings ¥,, ¥, ¥g: R™ — R™ are known.

The following parametrization can be obtained for the unknown parameters 7(0) =
col{1a(0),¥s(0)} of equation (3.1) in case Assumptions 1 and 2 are met.

Lemma 1. The unknown parameters 1 (0) satisfy the following linear regression model >

Y(t) = At)n (0) + €(t),
V() = k(t) x adj{e(t)} q(t), A(t) = k(t) x det {p(t)},

where

q(t) = —kaq(t) + 2,(1)@(t) — ks (t) — BT (Fy(t) + lys(1))), qlto) = Ozn,
G(t) = —kap(t) + B (1)B £ (1), ¢ (to) = Oznxan,

45 () = —k1gs(t) +3(t), g
(b)) = =k (t) + (¢
Ey(t) = —k1 Fy(t) + F(1),
yr(t) = —kays(t) +y(0), yy (to

(3.4)

(3.5)

-
—
~
S—
Il

GF(t) + Gly( ) - lCo (1), F (to) = Ons,
) = GH(t) —ICy P(t), H (
N(t) = GN(t) — 1G5 (1), N (

tO) - 0n5 X709

tO) - 0n5><n7

and, if p(t) € PE, then for all t >ty + T it holds that Apmax = A(t) = Apin > 0.

Here €(t) is an exponentially decaying term, k(t) = kmin > 0 stands for an amplitude modulator
(can be time-varying), k1 > 0, ke > 0 denote filters constants, Ax = Ay — KCE, G are stable ma-
trices of respective dimension, the vector | € R™ is such that the pair (G, 1) is controllable, and

2 Without loss of generality, further the exponentially decaying term ¢(t) is omitted.
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G is chosen considering o {As} N o {G} =0, the parameter § € R™ is a solution of the following
set of equations

MsAs — GMs = lﬁg, E;T = h5TA5,
—T.
B=nhsM;'

Proof of Lemma 1 is postponed to Appendizx.

In the general case, the goal (2.5) cannot be achieved because only the parameters .,
of the characteristic polynomials of the transfer function Wi, (s) = CT (s, — A ()" B (6) are
identifiable on the basis of measurable signals u(t), y(t) via parameterization (3.3) if p(¢) € PE.
However, in the case that is important for practical scenarios, according to the problem statement,
the parameters © 45, 14, L depend nonlinearly from the physical parameters 6 in a known way. In
their turn, the parameters v,, 1, of the characteristic polynomials of the transfer function Wy, (s)
also depend nonlinearly from 6. Therefore, if the following condition is met

det2 {v9¢ab (9)} >0, ¢ab (9) = 'Cabn (‘9) € Rnea (37)

then, owing to the inverse function theorem [17], there exists an inverse mapping 6 = F (14), and
therefore, it becomes possible to: i) calculate the parameters of the system ©4p and observer L
using 14, %) obtain estimates Z50(t) of the initial conditions of the exosystem (2.2), #4) implement
the adaptive observer (2.4), from which the estimates #(t) and §(t) are obtained.

In this paper, to solve the problem of reconstruction of unmeasurable state z(t) and external
perturbation 6(¢) when the condition (3.7) is satisfied, the following hypotheses are additionally
adopted with respect to ¥y (0), ©Oap (0), and ¥, (0).

Hypothesis 1. There exist the heterogeneous in the sense of (1.8) mappings G: R — R™0*"0,
S: R™ — R™ such that:

(Q;Z)ab) g (¢ ) (Q;Z)ab) = (Q;Z)ab)

Iy (w) G (Yab) = Tg (Eg (@) Yab) , (3.8)
6’( ) (¢ab) = (E ( )¢ab)’

where Zg (w) € RAXM  Eg(w) € R4 det {Tly (w)} =w’(t), rank{G (Yup)} = ne, fop =1
T : RAG — R™>™0 Ts : RAS — R™ and all mappings are known.

Hypothesis 2. There exist the heterogeneous in the sense of (1.8) mappings X': R™" — R"e*"e
Z: R™ — R™® gsuch that:

(0) =X (0 )@AB QF
)X (0) = Tx (Ex (w) 0), (3.9)
Ie (w) 2 (0) =Tz (Ez (w) ),

where Zy(w) € R4 Zz(w)eRA2XM det{Ilg(w)} = w’(t), rank{X(0)} =ne, Lo =1,
Tx: RAY — Rrexne  T: RA2 — R™ and all mappings are known.

Z(
Ie (w

Hypothesis 3. There exist the heterogeneous in the sense of (1.8) mappings W: R™ — R", R :
R™ — R™ "™ such that:

W (0) =R (0)va(0),
Iy, (W) R(0) = Tr (Er (w) ), (3.10)
My, (W)W (0) = Tw (Ew (w) ),

where Syy(w) €RAWXM0 Zp(w) € RARX ™ det{Il,, (w)} = w™a(t), rank{R(0)} =n, Ly, =1,
Tr : RAR 5 R™™ Ty 0 RAW — R” and all mappings are known.
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0

Hypotheses 1-3 are met if the corresponding mappings are defined using elementary algebraic
0

functions in a polynomial form. For example, for vectors © 45 (6) = col {9%9% + (02 +61), 92} and
Mg

Tx (Ex (My)0) = [

My

Vap (0) = col {0102 + 03, 05 + 61} the mappings from (3.9) and (3.8) are written as follows

MGO36% + M(02 + 61)°
,Tz(Ez(Me)H)zl 00261 g(02 +01)
¢1ab
5(%1)):{

w%ab - wlab

Myt ’

Yo 0

3 g (¢ab) - 2o B
0 wQab

AwQab 0

» Ts (Bs (B) Yap) =

T (Eg (A) Yap) =

0

A2¢2ab

tively.

(3.11)

wlabA

gression equations with respect to the unknown parameters 6, © 45 (0)

For instance, equation (3.11) can be rewritten as:

Azwgab - A2'¢1ab
The essence of Hypotheses 1-3 is that, owing to the property = (w) = E(.) (w)w(t), the linear re-
on the basis of the measurable signals V,;(t) = Lp V(1) = A(t) e (0) and Vy(t) = My(t)0, respec-

14 (0) can be parametrized

Tz (EZ (Me)ya) = [

VLV2 4 Mo(Vag + Vig)?
_ y2ab
75 (S0 (8) V) = [

Yoo } ’
AyQab

0 — ylab
s (Bs (8) V) =
and therefore, we directly have the following measurable linear regression equations

0

V3~ Aylab] ’

3

Ve

Tz (Ez (Mp) y@) =Tx (EX (M) y@) ©ap (0),
’73 =

Es () Ya) = 75 (Z6 (A) V) 6,

where the signals Vy(t) and My(t) are calculated in the following way using the second equation:

YVi(t) = adj { T (Zg () Yar) } Ts (Es (A) V)

Miy(t) = det {75 (Zg (8) Vur) }

The requirement (3.7) and Hypotheses 1-3, despite being seemed as mathematically restrictive,
are practice-oriented and met for a large number of models of real technical systems.
while its parameters are unknown.

3 A measurable regression equation means that its regressor and regressand are measurable or can be computed,
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4. MAIN RESULT

The solvability conditions (3.7)(3.
differences between (2.4) and (2.1), (¢

0) are assumed to be met and the error equations for the
and d(t) are written:

1
)
i(t) =0T (:cu 5) Oap(t) — L()i(t) — T (z,u,0) Oup

)
= " (&,1,6) ©ap(t) - L)) — " (z,u,0)045 + 0" (2,1,6) O.ap
:<I>T(§c,u,5>éAB(t)—f/(t)gj(t) O (2,u,6)045 + @ (#,u,0) Oap
= AO)(t) + D (0)3(t) + BT (2,u.8) Oap(t) — L)1) = L (6) (1) (4.1)
= A (1) + D (6) b B5(t >x50<>+<1> (#,4,6) ©a(t) — L) (1)
= An(t) + ¢  (DR(),

o(t) = hy ®s(t)as0 — h;srq’zs( t)zso = hy ©s(t)Es0(t),

where
0" (t) = [D(0) hf®s(t) @T (&, u, §) —g(t)L]

and A, = A(0) — L () C" is a Hurwitz matrix in accordance with Assumption 3.

In order to achieve the goal (2.5), using equations (4.1), an estimation law is required to be
designed that ensures exponential convergence to zero of the error %(¢) and exponential stability
of the equilibrium point of the state observation error Z(¢). Thus, the problem of reconstruction of
the perturbation d(¢) and unmeasurable state z(t) of the system (2.1) is reduced to the problem of
parametric identification. Such problem, in its turn, can be solved if the assumptions (3.7)—(3.10)
are met. To design an estimation law that is based on Hypotheses 1-3 and the results of Lemma 1,
and ensures achievement of (2.5), we first parameterize the static regression equation with respect
to K.

Lemma 2. The vector of unknown parameters r satisfies the linear regression equation

Vi(t) = My(t)k,
y]}go(t)
V() = adj {blkdiag { My () Tng, Map(t)g, Mr(0)I1}} yABm , (4.2)
Yr(t)
M (t) = det {blkdiag { M, (t)Ins, Map(t)lng, Mr(t)I,}},

where:

1) the regressand and regressor of the regression Yap(t) = Map(t)© (0), using the auzilary
calculations

Vo(t) = adj { Tg (Zg () Yar) } Ts (Zs () Vi)
Mo(t) = det {T5 (S (2) Var) | .

are defined as:

Vap(t) = adj{T (ux (Ma)ye)}T ( Z(Me)ye)
Map(t) = det {TX (EX )}
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2) the regressand and regressor of the regression Vi, (t) = My (t)L (0) are calculated as:
Vi (t) = adj {7% (EP (Map) yAB) } To (EQ (Map) yAB) ,
M, (t) = det {7% (EP (Map) yAB)} ;

Tp (Ep (Map) Yap) = vec™! {MAB ad] {In ®vec ' (L41DoYaB)
- MasT™ @ I bvee (C(LsDaYar)T)}
To (Eg (Map) Yag) = det{-[n ®vec ' (LarDoYap) — Mapl'" ® In}ﬁchbyAB-

3) the regression Yy, (t) = M, (t)x50, considering the equations
p(t) = A(t)g(t) — Cy QLY () — Cy P(t)LpY(2),
V() = adi { T (Zr (Mo) Vo) } Tov (B (Mo) ) ,
My, (t) = det { T (Er (Mg) V) }

and filtering

V(t) = AxV() + (hi 0s(t) @ L), V (o) = Onscrns,
By(t) = —kap(t) + A(t)(Iny @ Yy, (1) TV ()CoMy, (H)p(t), ps(to) = Ony, (4.3)
Vi(t) = =kaVi(t) + A (t)(Ing @ Y, (1) VT () CoCG V(1) (Tns © Yy (8)), Vi (t0) = Ongixns:

is defined as follows:
Veso (t) = Mibao (t)x&)’ Veso (t) = adj {Vf(t)}pf(t)’ Mzéo (t) = det {Vf(t)} )

and, if the conditions p(t) € PE, (h(;T(I)(;(t) ® In) € PE are met, then for allt >ty + T it holds that
IMy(t)] = M, > 0.
Proof of Lemma 2 and definitions of the matrices L g, Lp, Lq, Ly are given in Appendiz.

Having at hand the regression equation (4.2) with a scalar regressor M (t), which is bounded
away from zero for all ¢ > tg + T, and using the results from [13, 18], the estimation law is derived,
which ensures that the goal (2.5) is achieved.

Theorem 1. Let the vector Dyax € R™ be known such that | D (0)|| < || Dmax||, then, if (t) € PE,
(h5T<I>5(t) ® In) € PE and v > 0, 71 > 0, then the estimation law

R(t) = R(t) = = (M (t) (M) = Vu(t)) = =1 (OM(DR(D),

0,ifA(t) <pe [Amm, Apax)

’Y(t) max (¢max maX ) N
ME(H)

¢Elax(t) = {Dmaxh(sTcI)zS(t) ‘I’T (i', u, 8) —:l](t)[n}

(4.4)

otherwise ,

ensures the following properties:
T
1) Ve >ty [37() FT(0)] € Loo;

T
2) Vt = to+ T the error [icT(t) /%T(t)} converges exponentially to zero with the rate, which
minimum value is directly proportional to v1 > 0.
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Proof of the first part of theorem is similar to the proof of the second part of Theorem 1 from [18],
proof of the second part of theorem coincides up to the notation with the proof of Theorem 1
from [13].

Owing to the boundedness of h}®;s(t), the exponential convergence of the error 4(t) follows

from the above-given theorem, which together with the exponential convergence of [icT(t) /%T(t)} !
means that the goal (2.5) is achieved.

Remark 2. The results of Lemma 2 describe the procedure to transform the regression equa-
tion (3.3) with a scalar regressor with respect to the numerator and denominator parameters of the
transfer function Wy, (s) into a new equation (4.2) with respect to the observer parameters (2.4).
Considering such recalculation, the division operations by time-dependent signals are not used, the
parameters 1n(0), Vq(0) or 0 are not identified, and Y, (t) and M (t) are calculated solely using
the signals Y(t) and A(t) that are measurable according to the results of Lemma 1.

Remark 3. The exponential stability conditions from the theorem are conservative. In prac-
tice, the knowledge of Dmax € R™ and p, as well as the implementation of the procedure to com-
pute the eigenvalue Amax (¢max(t)¢£ax(t)) are not required, and the goal (2.5) can be achieved

using any sufficiently large constant coefficient v = (’ymin ~ M+(t)) > 0, which is a majorant for

Ama (@max(£) 9 (1))

5. DISCUSSION

In this section, four additional technical comments on the obtained results are given.

Comment 1. In accordance with the lower bound from (A.48), the regressor M,(t) is propor-
tional to a power function Afofene+lolen(n®+n)tng (260ts4+2) (t). Therefore, if A(t) < 1or A(t) > 1,
then the computational elimination of the regressor excitation may occur inside a software imple-
mentation of the proposed approach:

A(t) < 1= My(t) = 0or A(t) > 1= M, (t) — oo,

i.e. My(t) can become so small or so large that it can not be processed by a computer as its CPU
has a limited registers length (for example, in Matlab/Simulink the numbers that are smaller than
1073% or larger than 103" are considered equal to zero and infinity, respectively).

This problem does not concern the theoretical results of the paper, but is related solely to the
shortcomings of the existing computational devices. To prevent computational elimination of the
regressor excitation, a time-varying amplitude modulator k(¢) should be used in accordance with
the method of regressor excitation normalization:

1’ lfA(t) < p < [AmeAmax)v

k(t) ~ k(t): =
®) A(t) or k(t) . otherwise,
A(t)
(5.1)
1, if t < te € [to;00),
or k(t): =

otherwise.

1
A(t)

Moreover, implementing the parameterization (4.2) in practice, it is advisable to apply a mul-
tiplication by an amplitude modulator similar to (5.1) after each multiplication by the adjoint
matrix adj{.}. The problem of computational elimination of the regressor excitation was discussed
in more detail in Section 3.3 of [18].
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Comment 2. The existing identification methods with the relaxed regressor excitation require-
ments do not allow one to ensure parametric convergence if the parameterized regression equation
is affected even by an exponentially decaying perturbation [19].

To solve this problem, in [20] it is proposed to use integral filtering with periodic resetting after a
given time interval. The method from [20] allows one to reduce the upper bound of the steady-state
parametric error iteratively.

An alternative approach is to extend the identification problem via parameterization of the ex-
ponentially decaying perturbation as a linear regression with measurable regressor and unknown
parameters—unmeasurable initial conditions [11-13]. This approach allows one to ensure the ex-
ponential convergence of the parametric error to zero when the relaxed regressor excitation require-
ments are met, but it is applicable only to perturbations that can be reduced to a linear regression
model. The exponentially decaying perturbation €(¢) of (3.3) cannot be represented in such a way.

Therefore, in contrast to the results of [11-13], in this paper, to achieve the goal (2.5), instead of
the relaxed conditions, a stricter one of the regressor persistent excitation (1.9) is required. If this
condition is met, then the filters with memory from [11-13] are not required, and the exponential
convergence of the parametric error is guaranteed even in case of existence of an exponentially
decaying perturbation in the parameterization in use.

It is possible to relax the requirement of the regressor persistent excitation by application of the
following filter instead of (3.4):

)= [ (m)a(r) ~ kigp(r) - BT (Fy(r) + Ly (1) g (t) = O,

B (5.2)
¢(0) = [ 5 (FF () dr, ¢ (t) = Oancn

where t. > tg is a known time instant when the filtering is started.

If the time instant t. is chosen so that to satisfy the condition e(t) = o (¢(t)n(f)) from (A.26)
for all ¢ > t., and the regressor is finitely exciting over [t, t.], then the goal (2.5) is achieved under
the relaxed regressor excitation requirement. More detailed properties of the extended observer on
the basis of the parameterization with filtering (5.2) are studied in [21].

Comment 3. According to theorem 1, the proposed observer (2.4) + (4.4) ensures convergence
of the state observation error to zero only if the persistent excitation requirements $(t) € PE and

(h(;T(I)(g(t) ® In) € PE are met. As the signal h] ®5(t) @ I,, is known for all t € [ty, € fty), then the

condition (h(;T(I)(;(t) ® In> € PE can be validated offline—before the observer implementation. The
condition p(t) € PE is, strictly speaking, unverifiable both offline and online, since it depends on all
previous and future values of the regressor $(¢). Usually, to meet the regressor persistent excitation
condition in linear systems parametrizations of the form (A.25), the control signal is formed so as
to belong to a class of functions that are sufficiently rich of some order [5, 6], i.e., the functions
that include a sufficient number of spectral lines (harmonics), as far as their Fourier expansion is
considered. Considering the parametrization (A.25), (3.4) from this paper, unfortunately, at this
stage, it is difficult to define the exact number of spectral lines that the control signal is to include
in order to meet the condition $(¢) € PE. This is one of the main disadvantages of the proposed
solution, which significantly reduces its practical value.

However, owing to the implication from Proposition 1

?(t) e PE < 3t >t € [tg,00) A(t) = Arp >0,
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the proposed observer can be augmented with the following heuristic procedure to obtain the control
signal that ensures p(t) € PE.

Initialization. Set &k =1 and m = 1.
Step 1. Choose

u(t) = up(t) + Z a;sin (w;t), (5.3)
i=1

where uy, () is a stabilizing component of the control signal, for example, a P-controller, a; stands
for an arbitrary amplitude of the i'" harmonic, and the frequencies w; (t) are such that w; # wj for
all i # j.

Step 2. Apply the control signal u(t) to the system and calculate the value of A (t) over [ti_1, k],
where t, — tp_1 18 a sufficiently large value.

Step 3. If there exists App > 0 such that A(t) > Arp for all t € [tx_1,t], then, according to
Proposition 1, it holds that

t+T

/ ?(n)@" (1)dr > al, (5.4)

for allt € [tp_1,tx].

Assume that the result obtained at [tp_1,tx] can be interpolated to the entire time azis [tg, o0),
then, based on Proposition 1, a control signal is found that satisfies the condition B(t) € PE.

If there is no App >0 such that A(t) > App for all t € [ty_1,tx|, then set m =m+1 and
k=k+1, and go to Step 1.

The essence of the above-given algorithm is to increase iteratively the number of harmonics
in the control signal until the scalar regressor A (¢) becomes to be bounded away from zero over
a sufficiently large time interval. Assuming that there exists muyax such that, when m = mpyay,
then the control signal (5.3) ensures that the condition $(¢) € PE is met, then it can be claimed
that this algorithm, in a finite number of iterations mmy .y, allows one to generate a control signal
that ensures that the condition @(t) € PE is met. It should be noted that the above procedure is
not mathematically rigorous because it is designed under the strict assumption that the fact that
the condition (5.4) is met over a sufficiently large time interval means that the condition (5.4) is
satisfied over the entire time axis. Generally speaking, such a conclusion cannot be made. However,
as far as practical scenarios are concerned, the above-mentioned simplification is acceptable, and
the described procedure can be efficient.

Comment 4. If, in addition to Hypotheses 1-3, in the extended system

Fe(t) = (Ae (0) + Ag) ze(t) + Bou(t) = ®T (2o, u) O a5 (0) + Asze(t),

y(t) = CTae(t), e (t0) = [0 7o) -

4, (6) = [A(H) D(G)h}]’ Aazlo’“" onxnﬂ’

0n5 Xn 0n5 XN 0n5 Xn AzS

Be (‘9) = [%if)]a xe(t) = ljé(fg)la Ce= [0251’

T (xe, u) = [In+n5 ® xg(t) In—i—n(; ® uT(t)} Do € R(n-}—n(;)xn@7

0.1 (6) = La[vec™ (AT (0)) B (9)] e R
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the pair (C’;F , Ae) is observable, then the extended observer

Ze(t) = O (&, u) Oan(t) + Asds(t) — Le(t) (9(t) — y(t)) (5.6)

which is augmented only with the estimation laws for © 45 (f) and L. (6), (i) does not require to
parametrize (4.3) the regression equation YV, (t) = My, (t)zs0, () does not require to identify the
initial conditions x5 of the exosystem (2.2), and, (44i) if the condition (1.9) is met in case (3.4) is
used or the regressor finite excitation condition is met in case (5.2) is used, ensures the exponential
convergence to zero of the errors Z(t), 6(t). In (5.5) Le(t) is an estimate of the vector L, (§) € R""s,
which ensures that the matrix A.(0) + As has the desired algebraic spectrum. The linear regression
equation with respect to L, (0) is parameterised in the same way as Y (t) = My (t)L (6), but in
the space n + ng. More detailed properties of the alternative version of the extended observer are
given in [21].

6. MATHEMATICAL MODELLING

In Matlab/Simulink the numerical experiments with the proposed adaptive observer have been
conducted. The simulation was done using numerical integration by the explicit Euler method with
a constant discretization step of 7, = 107 s.

A two-mass elastic mechanical system shown in Fig. 1 was chosen as a plant.

Z

é — —

/ () U

é d 1 d 1

Z [T
T

% c my c ma

/ 0 1

%—'\/\/\/‘— —VV\—
T 000 Z

Fig.1. Two-mass elastic mechanical system.

Here ¢y > 0, ¢; > 0 denote spring stiffness, d > 0 is a damping coefficient, my > 0, mo > 0 are
reduced masses of the bodies.

The mathematical model of the system under consideration was written as the following system
of differential equations:

0 1 0 0 1 0 0
i = -0 ((92 + 93) —20104 6105 0104 X9 I 0 ut 04 .
9593 9594 —93(95 —29495 T4 95 0 '

y = [0 01 o}x,
where

0:col{mf1, co, €1, d, m;l},

@(0) = col {1, 01 (02 +03), 0104, 0103, 0305, (9405, (91, (95}
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In the observer canonical form (3.1) the parameters of the system (6.1) were defined as follows:

—2(94 (01 + (95) 0
—61 (30507 + 05 + 63) — 050 0
ga(0) = | O BT 0 1 09) <l ) .
—2010405 (02 + 03) 2010405 (6.2)
—91929395 91‘95 (‘92 + 93)

T
va(0) = [0 0 010405 0:0305]
from which it followed that the condition (3.7) was met for

—204 (01 + 05)
—64 (39502 + 05 + (93) — 0505
Yab (0) = 0105 (02 + 03)
2010405
05

The regression equation (4.2) was parameterised using the transformations introduced in Hy-
potheses 1-3 and Lemma 2.

Step 1. The derivation of the parametrization Vy(t) = My(t)d. The following set of the nonlinear
algebraic equations were solved with respect to 6

—204 (01 + 05) V1ab
—01 (30507 + 02 + 03) — 0305 V2ab
Yab (0) = 0105 (02 + 03) = |¥3ab | s
2010405 Yaab
05 Ysab

and, using such solution, the mappings S (¢45) and G (¢4p) from (3.8) were obtained:

[ VYaabPsab ]
VY3ab¥sab (—Vaab — V1ab¥sab)
+ Yaab ((%ab%ab + ©3ab) Vsab + $Vaab (—Vaab — ¢1ab¢5ab)>
(V2ab¥5ab + Vsab) Ysab + 3%aab (—aab — P1ap¥sab)
—Vaab — Y1ab¥5ab

2
L w5ab -

[—Yaab — V1abP5ab |
¢4ab¢§ab
G (Yap) = diag — 3.
298,
Y5ab

S (wab) -
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Then the mappings Ts (Es (A) yab) , Tg (Eg (A) yab) were defined as follows:

[ ViabVsab

y3aby5ab (_Ay4ab - ylabySab)

- + y4ab ((y2aby5ab + Ay?,ab) y5ab + %Ay&zb (_Ay4ab - ylabySab))

T = A ya - ;

s ( s (&) b) (V2avYsab + AV3ab) Vsab + 2 Vaab (—AVsab — YiabYsab)
—AViap — ViabVsab

2
i Vsab i

[~ AVsab — ViavVsab |

75 (6 (A) Vap) = ding ~Yip :

which allowed one to compute Vy(t) and Mpy(t).

Step 2. Using the above-obtained equation Yy(t) = Mjy(t)0, the following mappings were ob-
tained

T= (Ez (Me)ya) = col {Myg, Vig (Va0 + V30), VeV, Vi6V30, V3050, Vao Vs, Vie, Vse},
T (Ex (M) Vp) = blkdiag { My, M3l5, My, My},

therefore, we could calculate V4p(t) and Myp(t).

Step 3. Having equation Yap(t) = Map(t)©ap (0) at hand and using equations from the second
statement of lemma 2, the values of Yy (t) and M (t) were computed.

Step 4. Applying equation Vy(t) =My(t)f from the first step, the following mappings were ob-
tained:

Tw (EW (Mp) y(;) = col{0, 0, V1gV1sVs0, V16V30V50}
TR (ER (MQ) y@) = dlag {M97 M97 Mgv Mg} 5

which allowed one to calculate Yy, (t), My, (t) and Yy, (t), My, (t) on the basis of equations from
the third statement of Lemma 2.

At this point, having Yap(t), Vr(t), Ve, (t) at hand, equation (4.2) with measurable regres-
sand Y (t) and regressor M (t) could be obtained, and the observer (2.4) with estimation law (4.4)
was going to be implemented.

The unknown parameters of the system (6.1), the disturbance exosystem (2.2) and exosys-
tem (2.3) parameters were picked as:

0=[105075025 05", 2= [0 0 —1 O}T, Ty = |4 1}T,

As = l_05 (1)] hy =110, ot} =[-1 -1 -1 —1}T.
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Fig. 2. Behavior of Z(t) and 6(t).
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Fig. 3. Behaviour of © ap(t), L(t), &50(t).

The control signal u(t) was obtained from a P-controller with the reference signal that was
chosen by trial and error so as to ensure p(t) € PE:

u(t) =50 (r(t) —y(t)),

6.4
r(t) = 25sin (10t) + 25 sin (20¢) 4 100 cos (0.1¢) . (6.4)

The parameters of the filters (3.4)—(3.6), (4.3) and estimation law (4.4) were set as follows

_ T
det {sly — Ax} = (s+1)*, G= [_;1 (1)], l:[l 2} ,

B T B 1, if t<5 B B (6.5)
8= [15 —5.5} . k(t) = { AT, i to5, =25 k=01,

p=10"" =107 4 =1
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Figure 2 shows the behavior of the state Z(¢) and the external perturbation S(t) observation
errors.

The peaking in Z(t) over [5, 15] was caused primarily the fact that the error equation (4.1)
with non-zero initial conditions [22] was included in the closed loop with L(t) (§(t) — y(t)). The
peaking in () could be explained by the fact that the behavior of Zs(t) was affected by the
perturbation €(t).

Figure 3 depicts the behavior of the parametric errors © 45(t), L(t), and Zso(t).

The oscillations of the obtained transients of the parametric errors ©45(t), L(t), Zso(t) were
caused by the influence of the exponentially decaying perturbation €(t) from the parameteriza-
tion (3.3). In general, the simulation results validated that the goal (2.5) was achieved.

7. CONCLUSION

An adaptive observer of state and perturbations for linear systems with overparameterization
is developed. If the condition of the regressor persistent excitation (sufficient richness of the con-
trol/reference signal) is met, the solution provides exponential convergence to zero of the observa-
tion errors of the system state and the external perturbation generated by a known exosystem with
unknown initial conditions. Unlike the closest analogues [10-12], the proposed observer allows one
to reconstruct not virtual but physical state of the system represented in an arbitrary state space
form.

The scopes of the further research can be:

— an application of the proposed observer to solve control problems with dynamic feedback;

— the relaxation of (1.9) by substituting (3.3) with a parametrization, which does not include €(t)
(a preliminary result for this problem has been obtained in comment 2 and [21]);

— the extension of the obtained results to systems with new, possibly nonlinear, models of the
external perturbations;

— taking into consideration the additive disturbances, which affect the measurable output sig-
nal y(t) directly;

— following [12], to reduce the transients peaking amplitude by estimation of the state z(t) with
the help of an algebraic equation instead of the differential one (a preliminary result for this
problem has been obtained in [23]).
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APPENDIX

Proof of Lemma 1. The parameterization (3.3) is obtained as a combination of the results
from [12, 24] with the dynamic regressor extension and mixing procedure from [14, 19]. The proof
of lemma 1 is derived on the basis of Lemma 1 and Theorem 2 from [24]. To make it easier to
understand the adopted notation and ensure that the results of the paper are self-contained, we next
present the proof of this lemma in accordance with the one in [24]. In contrast to the results [24], in
this paper, owing to Assumption 2, 8 is known, which allows one not to avoid overparameterization
in (3.3) (see (A.23)).

Step 1. The following error is considered:

§(t) = &(t) — 2(t) — Qt)a (0) = P(£)¢hy (0) - (A.1)
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The time derivative of (A.1) is written:

E(1) = Ao (1) +a(0)y(t) + Yy(O)u(t) +ba(O)5(t) — Az(t)
—Ky(t) — (AR + Ly (0)a(0) — (Ax P(H) + Luu(®)s(6) )
= Aog(t) — Ar2(t) = Ky(t) — Ak Q(t)Pa(0) — Ax P()¢6(0) + 1a(0)5(t)
= Aw&(t) + ¢a(0)5(2).
The solution of equation (A.2) is obtained as
£(t) = e UT0E () + 3(8), (A-3)

where the external perturbation 6(¢) is described as a set of equations
{&w:m§@+wum&m (A4
vp(t) = Co o(t).
Having substituted (A.3) into (A.1), it is written:
AR (1) + 3(t) = £(1) - 2(2) — D) (0) — PO ),
T (A.5)
§(t) = e (t) +8(t) + 2(8) + Q)b (0) + P(t) (6).
Equation (A.5) is multiplied by C{ to obtain:
y(t) = CTE(t) = Cg 2(t) + CTQUYa (0) + CTP (1) (0) + vp(t) + CFe e (tg) . (A.6)
Considering (A.6), the function § = y(t) — Cy 2(t) is differentiated:
i(t) = CEQ)ba (0) + CTPWDy (0) + 05 () + COF Arce )¢ (1) (A7)

Step 2. The next aim is to parametrize the term ©¢(t) of equation (A.7) as a linear regression
equation with a measurable regressor. For this purpose, the system (A.4) is rewritten as a transfer
function:

vp(t) = CF (T — Ar) ™" (6) 6(2) = W [(2)]. (A.8)
The derivative of the perturbation 6(¢) is represented as:
0(t) = hg Asws(t) + 8 (to) Ds(t), (A.9)

where Ds(t) is a Dirac delta function.

A virtual signal d,4(t) = hf Aszs(t) is introduced into consideration. Then the following equalities

hold
5(t) = Asxs(t),
s(t) _Tis 5()_T ) (A.10)
0a(t) = hsxs(t), hs = hs As.

Equation (A.8) is differentiated, and then (A.9), (A.10) are substituted into the obtained result
to write:

oy = sWy [0(1)] = Wy [5(1)]
= Wy [ Aszs(t) + 6 (to) Ds(t)] = W [0a(8)] + Wy [6 (to) Ds(t)] (A.11)

vy(t)
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Thus, owing to the fact that the matrix Ag is a Hurwitz one, it is sufficient to parametrize v¢(t)
to parameterize v¢(t). For this purpose, an auxiliary signal ((t) = Msxs(t) is considered, where the
transformation matrix M; is a solution of the Sylvester equation

MsAs — GMs = ZEJT, (A.12)

which has a unique solution [15, 16, 24] as, owing to Assumption 2, the pair (h(;T, Ag) is observable
and, following the premises of this lemma, (G, ) is controllable and o {As} N o {G} = 0.
We differentiate ((t) to obtain:

C(t) = My Ass(t) = GMyms(t) + [y w5(t) = GC(1) + 164(t), (A.13)
form which, considering xs(t) = M; *((t), it follows that
7T, r—1 T 7T, r—1
Salt) = Fa My ¢ = 67¢, B =y M. (A.14)

Taking into account (A.14), equation (A.11) is rewritten as:

07(t) = Wy [BTC(0)] + Wy 5 (to) Ds(1)]

(A.15)
= BTW [C(6)] + W [0 (to) Ds(t)] = BT Cu(t) + Wy [0 (to) Ds(t)]-

The signal v¢(t) is filtered via (A.13) instead of dg(t):
() = (sT = G) M vy ()] + eCU0)¢s (1) (A.16)
then, owing to ((t) = (sI — G) ™ 1[04(t)] + eEE10)¢ (tg), the following equality holds:

Cult) = Wy [CO) = Wy [(sT = &)1 [8a()] + €1 (1))
= (sT = G) " IWy [8a(t)] + Wy [eCU0)C (8]
(A.17)
= (s — Q) LIy + Wy [eG<t—to>g (to)}

= (y(t) — eFU1I¢s (t0) + Wy [GG(t_tO)C (to)} :
Having substituted (A.17) into (A.15), it is written:
0p(t) = BTCs (1) — BTeCUT1y (k) + BTWy [eU)¢ (t9)] + Wy [6 (to) Ds(2)] . (A.18)

The following observer of state (f(t) is introduced:

~

Cr(t) = F(t) + H(t)yy (0) + N(t)ha (0) + ly(2). (A.19)
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Considering equations (A.7), (A.11), (A.16), (A.19), the error is differentiated Ef(t):
Cr(t) — ff(t) to obtain:

Cp = GCr(t) + log(t) — GF(t) — Gly(t) + ICT 2(1)
— (GH(t) = ICT (1)) ¥ (0) — (GN () = ICT QD)) 0 (0)
—ICq 2(t) — ICG QUt)a () — 1O P(t)4hy (0)
— L (vg(t) + Wy [6 (to) Dzs(t)]) ICy AKeAK“ )¢ (to)
= G(y(t) = GF(t) — Gly(t) — GH(t)yy (0) = GN(t)3a (0)
Gy (1)
—IW; 6 (tg) Ds(t)] — ICT AgeAx(t=0)¢ (1)
= GCy — ICT Age s UT10)E (1g) — IW} [6 (to) Ds(t)] -

(A.20)

The set of equations (A.20) is solved:

Cr(t) = Co() = Cp(t) = eFUTC (tg) — 9 | CF Are 7€ (t0) + W [6 (t0) Ds()]],  (A.21)
which allows one to rewrite (A.18) as follows:
bp(t) = BTEf(t) + BTy (o)
) {COTAKGAK(tftO)g(tO) + Wy [6 (to) Ds(t }
— BT (to) + BTW [e901¢ (to) | + W [6 (t0) Ds(8)]
= BT (F(t) +1ly(t) + BT H(t)y (0) + BTN ()1 (6)
+8T G010y (1) — 879 |Cf Arce s 1€ (1) + Wy 3 (to) Ds(1)]]
—3T ST (to) + BTW [e9UT¢ (1) + W [6 (t0) Ds(8)]
where ) [.] = (sI,, — G)'1[].
Equation (A.22) is substituted into (A.7) to obtain:
q(t) = Co Q(t)va () + Cg P(t)thy (9)
+ BT (F(t) + ly(t) + BTH () (0) + BTN () (0)
+ BTGt (tg) — B9 |CF Arce< U1 (1) + Wy [6 (to) Ds(#)]]
— BTeCUCs (1) + BT [C0¢ (1)
+ Wy [0 (to) Ds(t)] + Cf AgcetxEt)¢ (1)
=% (t)n(0) + BT (F(t) +1y(t)) + (1),

where (1) are aggregated exponentially vanishing functions.

Step 3. The next aim is to transform the regression equation (A.23) into the form of (3.3) via
application of the dynamic regressor extension and mixing procedure. For this purpose, considering
(A.23), (3.5), the signal x(t) = q(t) — k1q,(?) is differentiated to obtain:

X(t) =B (O (0) + B (F(t) +1y(t)) +E(t) — k1 (ki@ () +7(0))
= —kix(t) + %" ()0 (0) + B (F(t) +ly(t)) +E(t).

(A.22)

(A.23)

(A.24)
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The solution of the differential equation (A.24) allows one to write:
q(t) = kg (t) = BT (Fy(t) + lys (1)) = e 1 00g (o) + B (1) (0) +4(0), (A.25)

where £¢(t) = —k1Z£(t) + k12(t), Ef (to) = 0.
Owing to (A.25), the solution of the first differential equation from (3.4) satisfies the following
equation

q(t) = o(t)n () + (1), (A.26)

where &(t) = —kae(t) + (1) (24() + e 1 E=0)g (t) ), & (t0) = On.
Having multiplied equation (A.26) by k(t)adj {¢(t)} and applied the property

adj{p(t)} o(t) = det {o(t) } Ion,

equation (3.3) is obtained with e(t) = k(t)adj {¢(t)} e(t).

In accordance with Lemma 6.8 from [6], when $(t) € PE, it also holds that % (t) € PE. Fol-
lowing Proposition 1, when $,(¢) € PE, then it holds that A(t) > Api, >0. Since the signals
y(t), u(t) are bounded by Assumption 1, owing to the stability of the filters (3.4)—(3.6), the inequal-

ity Amax =A(t) holds for all ¢ > ty. Then for all ¢t > to + T it holds that Ayax = A(t) = Amin > 0,
which completes the proof of lemma.

Proof of Lemma 2. According to definition 1 and hypothesis 1 and owing to

<
=
[I]|||
O)l*:
b s
NS
b=
\:’;\_/
< |l
S
=
o
g
3
o=
=
I

[1]]
Q
b

>
-
<

g
=

I
[1]]
Q
b
&
=

it follows from (3.9) that
Ts (55 (8) V) = To (B¢ (8) V) 0 (A.27)

Then, having multiplied (A.27) by adj {Tg (Eg (A) ya,,) }, the following regression equation is
obtained

Yo(t) = Mp(t)0, (A.28)

which is used together with (3.8) to write:
Tz (EZ (Mo) y@) =Tx (EX (Mo) y@) ©ap (0), (A.29a)
Tw (Ew (Mp) ye) =Tr (ER (M) ye) Ya (0) - (A.29D)

Having multiplied (A.29a) by adj {TX (EX (My) y(;)}, the regression equation Yap(t) =
Map(t)O©ap (0) is obtained.
The next aim it to parametrize equation with respect to L (#). If Assumption 2 is met, then,

following the generalized pole placement theory [15, 16|, the vector L (6) can be obtained as a
solution of the following set of equations

{ AT(9)M — MT = CB™(0), (A.30)

BT(0) = LY (0)M,

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023



1374 GLUSHCHENKO, LASTOCHKIN

which has a unique solution [15, 16], as, following Assumption 3, the pair (AT(H), C) is controllable,
the pair (BT(H), I‘) is observable and o {AT(H)} No{l'} =0.

Having vectorized the first equation from (A.30) and considered the property vec(AB) =
(I ® A)vec(B) = (BT ® I) vec (A), it is obtained that:

(1. ® AT(0) =TT @ L,) vec (M) = vee (CBT(0)) (A.31)
As equations (A.30), (A.31) have unique solutions, then
det {In 2 AT(0)-TT ® In} £0,

and therefore, having multiplied (A.31) by an adjoint matrix adj {In 2 AT -TT® In}, it is
written:
det {I, @ A™(0) — " @ I, } vec (M)

= adj {1, ® AT(6) =TT @ I, } vec (CBT(9)) . (A.32)

The obtained result is devectorized (vec™! {.}) and substituted into the second equation of (A.30):

det {I, ® AT(0) ~T" @ I,,} B(0)

Q(O4B)
— vee™ {adj {1, ® A™(6) - T" @ 1, } vee (CB™(9))} L(9),

P(©aB)

(A.33)

where det {P (©4p)} # 0.
The following equalities are introduced:

Map(t)AT(0) = vec™ (L rDaYan(1)),
Mas(t)BT(0) = [LeDasYan(t)]*, (A.34)
MAB(t)B(H) = EBDq)yAB(t).

Having multiplied (A.33) by I (Mag) = MZQB“IR, used the properties ¢"det {A} = det {cA},
™ ladj {A} = adj{cA}, A€R™ " and substituted (A.34), it is obtained:

Tp (Ep (Map) ©ap) = I, (Map) P (O.45) = M P (©an)
= Mg vee {adj {1, © AT(0) - T © I} vee (CBT(0))}
— vee™ { Mapadi{T, ® vee™ (L1 DaVan) ~MapT™ © I} vee (C(LsDaYan)")}
To (B0 (Map) ©ap) =TI, (Map) Q(Oap) = MUF'Q(O45)
= M7 det {In 2 AT(0)-TT @ In} B(6)
— det {In @ vec t (LyrDoYap(t) — Mapt)ITT ® In} (LsDoYap(t)),

(A.35)

where =p (MAB) = EQ (MAB) = MAB(t)-
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The following regression equation is written on the basis of equations (A.33) and (A.35):
To (EQ (Map) yAB) =Tp (EP (Mag) yAB) L(#0), (A.36)

where Zp (Maup) = EQ (Mup) = 1.

Having multiplied (A.36) by ad] {779 (Ep (Muap) yAB) }, the regression equation Y (t) =
M (t)L(0) is obtained.

The next aim is to derive the regression equation with respect to xs9. Using the properties of
the vectorization operation

vee (1a(0)h3 5(t)aso ) = (wdy @ 10a(6)) vee () @s).

vee ( (w30 @ va(9)) vee (h3 @5(1)) ) = (hf 2s(t) © L) vee (5 © u() ).

equation (3.1) is rewritten as follows:

§(t) = Ao(t) + Ya(0)y(t) + u(0)u(t)

A.37
+ <h5T<I>5(t) ® In) vec (:c(;TO ® ¢d(¢9)) . (4.37)

The following error is introduced:
e(t) = &(t) = 2(t) — Q(E)1a(6) — PO)(0) = V(tvee (25 @ va(0)) - (A.38)

Having differentiated (A.38), equation é(t) = Axe(t) is obtained in a similar way as (A.2). Then,
having multiplied (A.38) by Cg, it is written:
g(t) = Cg e 0e (to) + CFAYa(0)

A.
PO + OV Dee (v ©0(0)) )

Using the properties

250 ® Ya(0) = va(0)zs0,
vec (Ya(0)zs0) = (Ins @ Ya(0)) Ts0,

nnsxXngsg

equation (A.39) is transformed into

q(t) = Cf e =10)e (t5) + CF Q) (9)

A.40
+ Cy P(t)yu(0) + Cy V (t)vee (w}o ® wd(ﬁ)) . ( )

To compensate for the unknown terms CgQ(t)1,(0) + CF P(t)1y(0), the following auxiliary
signal is introduced

Pe(t) = A(t)Co Qt)va(8) + A(t)Cq P(t)¢n(6)

= CEQ) L) + CIPH)LyY(L), (A.41)
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= A(t)Lan(0) = A(t)¢a(0),

LaY(t) = LaA(t)n(0) =
LpY(t) = A(t)Lyn(0) = A(t)Ye(0).

At)g(t) = Pe(t)

= A()CGV () (Iny ® a(0)) 50 + A)CG e 0)e (1)
A®)CGV (1) (Ing @ va(B)) 250 + A()Cg e e (1) .
indirectly, equation (A.29b) is

p(t) =

Having multiplied (A.40) by A(t) and subtracted (A.41) from the obtained result, it is written
(A.42)

multiplied by

the multiplier 4(0)

implement
(A.43)

M1/Jd )wd 0)
My) ye),

Yy, (1) = ad] {TR (HR (Mo) ye)} w (
(1) = det {Tr (Zr (Mo) ¥, )}

The multiplication of (A.42) by M, (t) and substitution of (A.43) into the obtained result allow
My, (OADCTV () (I,,. ® T
e DAOCTV (1) (ny © val6) w39 o

one to write:
My, (D)p(t) =
A)CGV (t) (Ing @ Vs, (1)) ws0-

Having filtered (A.44) via (4.3) and multiplied the obtained result by adj {V/(t)}, the regression

M, (t)x 50 is obtained, which completes proof of statement that equations (4.2)

equation Yy, (t) =
can be formed on the basis of the measurable signals.
Following Lemma 1, if (t) € PE, then for all ¢ > ¢ty + T it holds that A(¢) > Apin > 0, and
owing to Hypotheses 1-3 and proved inequalities:
det? {X(0)} > 0, det? {R()} >0
det® {G (Yap)} > 0, det’ {P(©ap)} >0

det {TIy (A)} = AL (1), det {Tlo (Mg)} = ML (1),
Mn +n( )’

et {TL,,, (Mp)} > My (t), det {Tl (Map)} >
we have that, if B(¢) € PE, then for all t > to + T the following holds:
[(Mo()] = |det {Tg (Zg (A) Vas) }| = det {TTy (A)} det {G (ap)}
> |det {G (va) } A%, = Mg > 0,
(Map()] = [det { T (Ex (Mg) V) }| = |det {Tlo (Mo)} det {X(0)}]
Muap >0,

> |det® {G (Yr)} | Idet {X(0)}| Ayt =
R (Mo) Vp) | = [det {I1,, (Mo)} det {R(0)}]

My, ()] = det { T (
( foluy =My, >0,

> det'ss (G (v} det (R(O)}] &

(M ()] = |det {Tp (Sp (Map) Yap) }| = [det {11, (Map)} det {P (©4p)}]
> |det {P (O.45) | My 5" = My > 0.

min

> |det {P (Oap)}| M >
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To obtain the lower bound for the regressor My, (), first of all, such bound needs to be derived
for the solution of the differential equation for V¢(t) in case %(t) € PE and (h}@g(t) ® In) € PE:

Vi) = [ DA ) Ly © V(M) TVIRICCTV(7) (s @ Vi () dr

to
t

— (Ins ® 0a®)" [ DM, (A DV T ()COCTV (7)dr (1 © 4a(6))

to
t

> M3, Abin(Ins ® $a(0))" / e RNV CoCTV (T)dr (Iny @ a(0))
to
t—kT
> M3 AL (T © @) | [ VTRV ()
to
% t—kT+T
+3 / e RNV (D COTV (1)dr | (Tny @ $a(0))
k=14 kr
% t—kT+T
> M A Iy 00O Y [ STVIEICCEY (i (I, ©0)
k=14 k1
t—kT+T
T [ VTGOV ()T (T © a(6)
k=1 t—kT

Mkl

de mln( ns ® wd

where k > k > 1 are integers.
In accordance with Lemma 6.8 from [6], if (h}@(;(t) ® In) € PE, then the following inequality

holds
t+1T
| VIOV (i > al,, (A45)
t

and, using the properties of the Kronecker product, it is obtained that:

(Iny @ $a(0))" (In, @ $a(9)) = (17, @ ¥ (0)) (In, @ $a(0))
N———

nn;xné . (A.46)
= Ipn; @Y (0)a(0) =g (0)va(0) I,
>0

Then for all ¢t > tg + T it holds that:
k
( ) de min® Z eikang(e)wd(e) Iné 2 "</Mm50[n5, (A47)

k=1

>0
from which for all ¢ > tg + T we have M, > Mj;, > 0, which allows one to obtain:

V>t + T [Mi(t)] = [MOG(OME (M

50

(0] > MIGMEME = M, > 0. (A.48)

s Tso

This completes proof of Lemma 2.
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Abstract—A state-feedback adaptive control system is proposed for a class of linear systems
in the controllable canonical form with time-varying unknown parameters described by known
nonstationary exosystems with unknown initial conditions. The solution ensures global expo-
nential stability of the closed-loop system in case a regressor is finitely exciting, and also does
not require a priori information about the sign of the high-frequency gain (control direction).
The obtained theoretical results are validated via mathematical modeling.

Keywords: adaptive control, time-varying parameters, parametric error, finite excitation, iden-
tification, exponential stability
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1. INTRODUCTION

Considering plants with time-invariant parameters, classical algorithms of the model reference
adaptive control guarantee asymptotic stability of the tracking error (the difference between the
plant and reference model state vectors) [1]. However, as far as practical scenarios are concerned,
real physical systems are often described by models with time-varying parameters. Under these
conditions, conventional solutions face difficulties caused by the need to compensate for a term in
the derivative of the Lyapunov function that is proportional to the unknown parameters change
rate [1, p. 552].

If the unknown time-varying parameters converge exponentially to a constant value, then asymp-
totic stability of the tracking error is still ensured [2, p. 339]. In case the unknown parameters
change their values arbitrarily, and the restrictive condition of the regressor persistent excitation
is met, then the baseline solutions guarantee the boundedness of all signals and the convergence
of the tracking error to a compact set. If the above-mentioned condition is not satisfied, then the
application of robust modifications of the basic adaptive laws allows one to ensure similar properties
for the closed-loop system [1, 2].

Further the existing methods to improve the properties of the baseline solutions are reviewed.

In [3, 4] the method of congelation of variables is proposed that is capable of reduction of the time-
varying parameters estimation problem to the one of their mean identification. The upper bound
of the parameters variance is assumed to be known, and the control law is designed using static
nonlinear damping. In this scheme, the adaptive law compensates for the unknown parameters
mean, whereas the nonlinear damping is responsible for their variance rejection. Such a solution
guarantees asymptotic stability of the tracking error and boundedness of all signals of the closed-
loop system. The disadvantage of the above-described method is that the power functions from the
plant state (regressor) are used to form the control signal [5, pp. 222-223]. As it is highlighted in [6],
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another disadvantage of such method is that the parametric uncertainty represented as 0(t)y (x(t))
with ¢ (0) # 0 can not be compensated.

In [7-9] an approach based on the application of the composite adaptive laws is proposed, in
which the parameters are adjusted using both tracking and prediction errors. Compared to the
basic solutions [1, 2], under the same assumptions (the regressor is persistently exciting and the
robust modifications are used) the composite laws ensure convergence of the tracking error to a
compact set of a smaller size. In contrast to the method of congelation of variables [3, 4], the
asymptotic stability is not guaranteed. A detailed review of some composite laws for the case of
the time-varying parameters is given in the introduction of [10].

In [11] a simple scheme to adjust the geometric mean pole of a closed-loop system is proposed,
which guarantees asymptotic stability of the tracking error. The disadvantage of the solution is
the need to know the plant input matrix. In [12] the adaptive law with astatism of the first order
is developed, which extends the applicability of the basic adaptive laws to a class of systems with
linearly varying unknown parameters. In [13-15] a scheme of robust control of nonstationary linear
systems represented as transfer functions is proposed. A disadvantage of the approach is the need
to know the plant control direction and upper bounds for all unknown time-varying parameters of
the system.

The above discussed approaches [3-15] do not consider a priori information about the structure
of a function according to which the system changes its parameters. However, as is known [16],
taking such information into account can significantly improve the properties of a closed-loop
system. Recently, in [17, 18] a state observer of time-varying systems based on a parametric
identification has been proposed. The system parameters are described by known nonstationary
exosystems with unknown initial conditions. The problem of the system state reconstruction is
reduced to the identification of the initial conditions of both plant and exosystems. If the regressor
finite excitation condition (observability of the system over a finite time interval) is satisfied, then
exponential or finite-time convergence of the parametric and state observation errors is ensured.

Based on the results of [17, 18], in this study it is proposed to reduce the control problem to the
estimation of the initial conditions of the exosystems used to generate the system parameters.

A class of linear completely controllable systems with time-varying parameters described by
known nonstationary exosystems with unknown initial conditions is considered. The difference be-
tween ideal and actual control signals is represented as a linear regression equation with an unknown
regressor with respect to the unknown initial conditions of the exosystems. Then, in accordance
with the results from [18] and using the measurable state and control signal, a measurable regression
equation,’ which scalar regressor is bounded away from zero, is derived with respect to the initial
conditions of the exosystems. Using the results of the first part [19] of this paper series, an adaptive
law is derived on the basis of such regression, which, in contrast to [3-15], guarantees exponential
convergence of the tracking error to zero if the regressor finite excitation (FE) requirement is met.

In addition to FE, the proposed extension of the results from [19] to a class of systems with
time-varying parameters also requires:

— the lower and upper bounds of the absolute value of the high-frequency gain to be known;
— the sign of the high-frequency gain to be constant;

— application of the projection operator, which prevents division by zero in the control law.

Compared to [3—-11, 13-15], the proposed approach requires knowledge of the state and output
matrices of the nonstationary exosystems, and hence, of the physical nature of the processes that
cause the system parameters variation.

L A measurable regression equation means that its regressor and regressand are measurable or can be computed,
while its parameters are unknown.

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023
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Main definitions

To prove theorem and propositions, the regressor finite excitation definition and corollary of the
Kalman—Yakubovich-Popov (KYP) lemma [1, 2] are used further .

Definition 1. A regressor w(t) is finitely exciting w(t) € FE over [t;}]; t.] if there exists ¢, > 0,
te >t and « such that the following inequality holds

/w (Nw" (1) dr = alyxn, (1.1)

6

where a > 0 is an excitation level, I,,«, stands for an identity matrix.

Corollary 1. For any matriz D > 0, a controllable pair (A, B) with B € R"*™  a Hurwitz matriz
AER™™ there exist matrices P = PT > 0, Qe R™™, K cR™™ and a number i > 0 such that

ATP+ PA=-QQT —uP, PB=QK,

1.2
K'K =D+ D" (12
2. PROBLEM STATEMENT
A class of continuous linear time-varying systems is considered?:
V>t @) = A®)a(t) + Bu(t), = (t]) =,
A) = Ao +exd™ (1), B() = exB(1), o)

_ O(n—1)><1 In . 0(n_1)><1
AO — [ len ; €1 = 1 )

where z(t) € R" is a system state with unknown initial conditions zg, u(t) € R stands for a con-
trol signal, Ag € R™*" denotes a known state matrix, B(t) € R™, ¥(t) € R™ are unknown vectors,
td stands for a known initial time instant. The pair (A(t), B(t)) is completely controllable for all
t > tJ in a sense of criterion from [20].

The following assumptions are adopted for the unknown parameters of the system (2.1).

Assumption 1. The vectors J(t), B(t) are bounded, continuous and formed by time-varying
exosystems3 :

{ Bo(t) = Ag()zo(t), w9 (1) = a0,

V(t) = hyxy(t),

{ () = Ap(t)zs(t), w5 (1)) = 25,
B(t) = hpzp(t),

(2.2)

where xy(t) e R™, xp(t) € R"B are exosystems state with unknown initial conditions xy (tg‘ ),

TR (tg), hg €R™ ™ hp e R""B; Ay(t) e R™*"™ = Ap(t) € R"B*"E denote known vectors and
matrices.

Assumption 2. Lower Bpin > 0 and upper Spax > Bmin bounds are known for |5(¢)|.

2 The obtained results can be generalized to MIMO systems in case if the structures of matrices A(t) € R™*™ and
B(t) e R™*™ are known.
3 In general case, the matrices Ag(t), Ap(t) can depend on the system state () in a nonlinear fashion.
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Assumption 3. The sign of the high-frequency gain () is constant but unknown (sgn(g(t)) =
const).

The required control quality for a closed-loop system with the control signal u(t) and plant (2.1)
is defined using the time-invariant reference model:

V2 4] g (t) = Aves@res(t) + Bregr(t), Trer (K]) = Tores, (2.3)

where 2,.¢(t) €R" is a reference model state with known initial conditions zg,er, r(t) € R stands
for a reference signal, A,y € R"*™ denotes a Hurwitz state matrix of the reference model, B,y € R"
is a reference model control input vector.

Having the plant (2.1), reference model (2.3) and a controllable pair (A(t), B(t)), if Assumption 3
is met, then it is assumed that the matching conditions are satisfied.

Assumption 4. There exists a matrix K, (t) = A,ep — A(t) eR™™™ and a vector K,(t) =
-1
{BT(t)B(t)] BT (t) € RY™™ such that the following holds

A(t) + BUOK (DK (1) = Aves, B () Byey = Brey. (2.4)

Considering Assumption 2, the error equation between the plant (2.1) and the reference
model (2.3) is written as

breg (t) = Aregere(t) + BO)u(t) — (Ares — A(t)) () — Bregr(t)

(2.5)
= Areferef(t) + B(t) (u(t) - U*(t)) )
where eref(t) = ‘T(t) - xref(t)’ U*(t) = Kr(t) (Kx(t)x(t) + Bref'r(t)) :
The aim is to derive a control law wu(t) that ensures achievement of the following goal:
®(t)eFE = lim |leycr(t)]| =0 (exp), (2.6)
t—o00

where ®(t) is some generalized vector of measurable signals.

Remark 1. Assumption 1 is to single out a group of systems, for which the problem of exponen-
tially stable control (2.6) is stated and solved in this paper, from the general class of linear sys-
tems with time-varying parameters. The proposed solution uses information about Bmax > Pmin > 0,
which is required by Assumption 2. Mathematical modeling indicates that one can choose Pmax — 00,
Bmin — 0, which somewhat relaxes the strictness of this condition. Assumption 8 guarantees the
continuity of the coefficients K,(t), K(t) of the control law u*(t). Assumption 4 implies that the
respective matrices of the reference model (2.3) and the plant (2.1) have the same structure.

Remark 2. Systems (2.1) with matched parametric uncertainty (2.4) are quite widespread, as far
as practical scenarios are concerned. For example, the Euler angles dynamics equations of a solid
body under the assumption of its symmetry are represented as a second-order system with matched
uncertainty. Another good example of a control problem with matched uncertainty is the control of
manipulator coordinates using the Euler—Lagrange formalism.

3. MAIN RESULT

In Subsection 3.1 the stated problem of exponentially stable control (2.6) is reduced to the one of
identification of the initial conditions xp,, xy,. In subsection 3.2 a regression equation with respect
to xp,, Ty, is derived on the basis of the measurable signals, and an adaptive law is introduced
that allows one to achieve the goal (2.6).

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023
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3.1. Control Law Parametrization

The control law u*(t) is to be written via the plant measurable state (2.1), (2.2) and unknown
parameters xp,, Ty,. For this equation (2.2) is solved:

V(t) = hy®Py(t)zy,,

3.1.1
B(t) ZhB‘I’B(t).%'BO, ( )
where, if Assumptions 2 and 3 are met, the following inequality holds
0< B2, <25 Gz, < Amax (G()) ||z5, %,
Bin < TR, G5, < A (G(O) 2| 1)

G(t) = PL(t)hhp®p(t),

and the fundamental matrices ®y(t) and ®p(t) are measurable and defined as

by(t) = Ap(t)®s(t), Py (tj) = In,,

bp(t) = Ap)@p(t), Op (1) = L.
Considering (2.4) and (3.1.1), the ideal control law w*(¢) is rewritten in the required form

u*(t) = K (t) (Kz(t)z(t) + Bresr(t))
iP5 ()

oL TE O a(Dam,

2, P ()G T T & T\, T T
BTN (61 (Arey — Ao)x(t) — 29, Py (H)hy2(t) + €1 Brefr(t))a
where F(t) = 2 G(t)zp, > 0.
As according to (2.5) the parameters z g, and zy, are unknown, then equation (3.1.3) motivates

to introduce the control law with the adjustable parameters:

.TAJT (I)T hT
u(t) = %61 (eir (Arep — Ao) z(t) =2, ()P (t)hgx(t) + e?Brefr(t)), (3.1.4)

((Ares = A0)z(t) — 19" (B)2(t) + Breyr(t)) (3.1.3)

where F(t) = &5 (t)G(t)ip, (t).

Proposition 1. The error u(t) — u*(t) between the actual (3.1.4) and ideal (3.1.3) control signals
18 written as

u(t) —u*(t) = 0T (t)w(?), (3.1.5)

_ T
where O(t) = [3330 (t) Ecgo (t)} € R™t"B s g parametric error, w(t) € R™T"E stands for an un-
measurable regressor.

Proof of Proposition 1 and functional definition of the regressor w(t) are given in Appendix.
Having substituted (3.1.5) into (2.5), it is obtained that:

brer(t) = Avegeres(t) + BO)IT (0w (2). (3.L.6)

Then, according to the first paper [19] in this series, the following transformations are to be
defined

(I)(t) =/ (tvx(t)v’l'j’(t)v (I)g(t), (I)B(t)) ; z(t) =F (.%'(t)) 5
0(t) = G (D(1), 2(1)),

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023
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which together ensure that the goal of exponentially stable control in the augmented tracking error
space is achieved:

®(t) e FE = lim [|{(¢)]| =0 (exp), (3.1.7)
t—ro0
- T
where £(t) = {e?e #(t) HT(t)} is the augmented tracking error.

3.2. Adaptive Law Design

The next aim is to derive the regression equation with respect to the unknown time-invariant
parameters xp, and xyg, of the ideal control law (3.1.3). The result of such parametrization is
represented as the following proposition.

Proposition 2. Using (i) the states of the set of filters (Ax € R™™ is a Hurwitz matriz)
i(t) = Agi(t) — Aga(l), (tg) —0,,

P(t) = Axp(t) +erx’ (H)hg@y(t), e(t]) = Onxny»

D) = Ap(t) + hp®p(E)u(t), ¥ () = Onxny,

In—l n—1
; A = lKeR” (n=1)x( )], (3.2.1)
0(t) = Agcvo(t) + Agz(t), v (t§ ) = On,

O1x(n—1)

(i) normalization procedures

_ef (e(t) — 2(t) — v(t) o'
Z(t). _ 1 1+<1>T(t)<I> t) \IJT(t)- = 1+(I)T(t)q)(t)’ (322)
" (1): = [T (1) Tty elut)),

(iii) dynamic extension

. —c o +
Aty = e )OI (E), A (1) = 0yt n) () (3.2.3a)
g(t) = e ()W ()2(8), y (t6) = Ony ) (3.2.3b)
(iv) and mizing
Y(t): =adj{A@)}y(t), Qt): =det{A(t)}, (3.2.3¢)
the following regression equation with respect to the parameters xp, and xy, is obtained:
T(t) = LY () = Q(@1)) 0, €= [0y snpyxn Lngsnp)x(nons)] (3.2.4)

where, if ®(t) e FE, then YVt > t. it holds that Qup(t) = Q(t) = Qe > 0.
Proof of Proposition 2 is postponed to Appendix.

If w(t) is measurable, then, using equation (3.2.4) and the results of Theorem 1 from [19], the
adaptive law can be derived, which ensures that the goal (3.1.7) is achieved. The following theorem
is to obtain the adaptive law, which ensures (3.1.7) in case w(t) is unmeasurable.

Theorem 1. Let Assumptions 1-4 be met and ®(t) € FE, then the adaptive law

(1) = —v(O2() (2ADBW) —~ T(1) = —1OLOFD). 0 (t5) = o,

0, if Q) <pe (0;Q15], (3.2.5)
() = ¢ Y0Amax (ST (1) +m
otherwise
Q2(t)

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023
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in case yp > 0, v1 = 0 ensures the following:

1) |6; ()

<

0 (tb)‘ Vtg > ty;
sgn (VlT(t)cho (tar)) = sgn (y/lT(t)xBO) N F(t) -0
"GT(t)fCBo (tBL )‘ > ’V1T(t)$Bo

3) Vt > tg boundedness of £(t) € Leo;
4) exponential convergence of £(t) to zero for all t > t..

Proof of theorem and definitions of V;(¢), w(t) are presented in Appendix.

In case the conditions of the second statement of theorem are not met, then a division by zero
may occur in the control law (3.1.4). That is why, considering a practical scenario, the law (3.1.4)
should be augmented with the projection operator:

AT T hT
u(t) = %el (elT (Ayes — Ao) x(t) — 25 (1) @5 ()hT 2 (t) + €] By fr(t)> ,
prj
3.2.6
Fo B, ()G ()2 B, (1), if 25, ()G (1)2 B, (1) > Brin > 0, 520
i) =
o (2. otherwise.

The proposed transformations Fj (.) and F3 (.) are described by (3.2.1), (3.2.2), and G (.) — by
(3.2.3)—(3.2.5), respectively. In general, the designed adaptive control system includes the control
law (3.1.4), procedures of the measurable signals processing (3.2.1)—(3.2.4) and the adaptive law
(3.2.5). The filtering (3.2.1) allows one, using the measurable signals xz(t), u(t), ®y(t), P5(t), to
obtain the static regression equation with respect to the unknown parameters xpg,, zy,, zo. The
normalization (3.2.2) guarantees that the regressor ¥(¢) is bounded, which, owing to Proposition 1
from [19], is sufficient to state that () is upper bounded. The procedures of extension and mixing
(3.2.3) are used to transform the vector regressor W(t), first, into a matrix one A(¢), and then —
into a scalar one Q(t). The division by 22(¢) used in the adaptive law (3.2.5) is a safe operation as
Q(t) = Qup > 0, and in case of proper choice of p it allows one to ensure the convergence of é(t) to
zero with the rate defined as ypAmax (dj(t)dJT(t)> + 1.

According to the results of theorem, unlike most known approaches [3—15] to control linear sys-
tems with time-varying parameters, the proposed system ensures exponentially stable control (2.6).

Remark 3. The application of the projection operator (3.2.6) is a classical and well-known tool
to avoid singularity in adaptive control schemes (see, for example, [1, p. 400]). In case conditions
from the second statement of theorem are met, the choice Bmin — 0 guarantees that there are no
switches in (3.2.6). Otherwise, the choice Byin — 0 ensures that the number of switches is finite.

Remark 4. Over [tar;te} or when ®(t) ¢ FE, the loop of adjustment (3.2.5) of the control law

(3.1.4) parameters is open, and in case of arbitrary choice of the initial conditions 0 (tar) the control

quality can be arbitrarily poor up to loss of stability. Therefore, in practice, for the proposed adaptive
system:

i) the choice of the initial conditions é(tar) should be made using robust control techniques to

ensure that the following system is asymptotically stable

A

i(t) = (At) + BOK, ()K.(0)) 2(t) when 0(t) =0 for all t> 1,
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ii) the control law (3.1.4) should be augmented with some robust term, which guarantees the
boundedness of the error {(t) and acceptable control quality.

For example, a) in case sgn (5(t)) and bounds Bmin, Bmax are known, the following control law
can be applied

u(t) = {(3.14), (3.2.6)} — 3580 (B(t)) erer () Perd(t)o™ (1), 73 >0

(see Lemma 2.2 from [5]), b) if sgn (5(t)) is unknown, but Bmin, Pmax are known, then the law with
the damping and Nussbaum function [21] can be used:
u(t) ={(3.14),(3.2.6)} — 3N (w(t)) e?ef(t)PeldJ(t)d;T(t), 73 > 0,
N (w(t)) = w?(t)cos (w(t)),

W(t) = y3vuem ;(t) Pere] Peep ()o@ (), 71 > 0.

4. NUMERICAL EXPERIMENTS

In Matlab/Simulink the numerical experiments with the proposed adaptive control system have
been conducted for cases when the conditions of the second statement of theorem are met and
violated. The simulation was done using numerical integration by the explicit Euler method with
a constant discretization step of 7, = 107 s.

4.1. sgn (VIT(t):EBO (tar)) = sgn (VlT(t):cBO) and ‘VlT(t)cho (tar)‘ > ‘VlT(t)CCBO

The matrices of the plant (2.1) were defined as follows for all t > 0 :

A(t):l ! ! ]

aisin (agt) age®’ + ap (1 — e®?)
—1
+) _
C()=]7)

where as =1, ag = by = —0.25, by = /12 are known constants, a1 = —10, a4 =1, a5 = 7, by = 0.25,
by = —2, b5 = —4 denotes unknown constants.

(4.1.1)
0

B(t) =
( ) [blcos (bzt) + b46b3t + b5

Then the matrices and exosystem (2.2) initial conditions took the form:

0 1 0 0 —a1a2
2
—a3 0 0 0 0 1000
t p— h g
Ay (?) 0 0 az 0" 97 |ay—ag g lo 01 1]’
0 000 as ( )
4.1.2
0 100 0
-2 00 0 b 0000
Az (?) 0 00 o BT |t "Tl01 11
0 0 0 bs by
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@) (b)
VI 21, VI'(0) xp, F(), F@)

— V(1) Zp(15)
-=-Vi(1) xg,

4

t,s

Fig. 1. Behavior of (a) V{¥(t)igp, (t§) and Vi¥(t)zp,, (b) F(t) and F(t).

(a) (b)
X(1), Xyer (1) u(?), u* (1)
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] e L —wo
| l ---x(?) Qs -z A T S
o S T R R () 1 1 1
I | ) SR A 1o Ao __ d
I I I I 1 1 | ]
0 1 2 3 4 5 0 1 2 3 4 5
1,s t,s

Fig. 2. Behavior of (a) x(t) and x,es(¢), (b) uw*(¢t) and u(t).

The matrices of the reference model (2.3), filters parameters (3.2.1), (3.2.3) and some parameters
of the adaptive law (3.2.5) were picked as:

0 1 0 =20 1
Aref = [_8 _4‘|7 Bref = l8‘|7 AK = [_100 0‘|7 0 = 57

p= 10*62’ Bmin = 0.1, Bmax = 10, 9 = 10*87 v =0, (413)
~ T
«90:[000001—81}.

First of all, it was checked whether the requirements of the second statement of theorem were
met for such an experiment. Figure 1 depicts comparison of the functions Vi (¢)# g, (téF ) with
Vi¥ (t)zp, and F(t) with F(t).

The discontinuities in Fig. 1 were caused by the change of the direction of the eigenvector Vi (t)
(the elements of the matrix G(t) crossed zero). It follows from Fig. la that the chosen initial

conditions (4.1.3) guaranteed that the conditions of the second statement of theorem were met.
Together Figs. 1a and 1b confirm the implication

sgn (VlT(t)iBO (tg)) = sgn (VlT(t)xBO)

Vi Wiz, (47)] > [V (s,

~

= F(t) > 0.

Having validated that F(t) > 0, the modelling was continued. Figure 2a presents comparison
of states of the reference model x,.¢(t) (when xg..;f = xo) and the plant x(t), and in Fig. 2b the
ideal u*(t) and actual u(t) control signals are compared.
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(@ (®)

xSU’ ﬁS()(t) xBos )230(1‘)

of7 — ==

| | i'fcso(t) -6 . N . ‘_)’C\Bu(t)
I WS SRS N e 1 e
-8 , |

t,s t,s

Fig. 3. Behaviour of (a) zy, and &y, (t), (b) xp, and &g, (t).

(@) (b)
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Fig. 4. Behavior of (a) K,(t) and K,(t), (b) K,(t) and K,.(t).

In Fig. 3a the parameters zy, and Zy,(t) are compared, while in Fig. 3b — zp, and Zp,(t).

Figure 4 demonstrates the comparison of the parameters K, (t), K,(t) and their estimates K, (),
K, (t) calculated with the help of Zy,(t), Zp,(t).

The simulation results confirm the theoretical conclusions of Theorem 1. Indeed, when ~g >0,
~v1 = 0 the proposed adaptive system guaranteed that the goal (2.6) was achieved.

The transients shown in Figs. 2—4 confirm the shortcoming of the proposed system noted in
Remark 3. Over the time interval [0; 1] the control system functioned with an open adaptive
loop (3.2.5), which resulted in oscillations of x().

4.2. sgn (%T(t)icBo (tar)) # sgn (VlT(t)xBo>

The same plant was considered (4.1.1), (4.1.2) and the same parameters (4.1.3) of the reference
model (2.3), filters (3.2.1), (3.2.3), adaptive law (3.2.5) were used, but under more realistic sce-

nario for practice sgn (VlT(t)chO (tar)) # sgn (VlT(t)xBO). The modified control law (3.2.6) was
chosen and, according to the first set of experiments, we picked vy = 10719, v; = 10 and Buin = 1,
p=10"51, §y = [0 8 -2 -2 01 -8 1}T.

Figure 5 depicts the comparison of the function V; (t)Zp, (téF ) with V¥ (t)x gy, and F(t), F,;(t)
with F(t).

The discontinuities in Fig. 5 were caused by the change of the direction of the eigenvector Vi (t)
(the elements of the matrix G(t) crossed zero). It follows from Fig. 5a that the chosen initial con-
ditions guaranteed that the condition sgn (VlT(t)i“ Bo (tar)) # sgn (VlT(t)x Bo) was met. Figure 5b
demonstrates the effect of the projection operator (3.2.6) application. Together Figs. 5a and 5b
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Fig. 5. Behavior of (a) O} (t) and O},
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Fig. 6. Comparison of: (a) z(t) and ..z (t), (b) K. (t) and K,(t), (c) K,(t) and K, (t).

confirm the implication

sgn (V' ()i, (1)) #sen (V5 (zn,) = F(t) > 0.

Figure 6 depicts the comparison of the states of the reference model x,¢¢(t) (when zorer = o)
and the plant z(t), as well as the parameters K, (t), K,(t) and their estimates K, (t), K,(t).
The experimental results confirm the capability of the adjustable control law (3.2.6) to effectively

avoid possible division by zero when sgn (VlT(t)i“ Bo (taL )) # sgn (VlT(t)x Bo)-

Conducted experiments fully confirmed all theoretical conclusions of Theorem 1, Remarks 3

and 4.

5. CONCLUSION

The results of the first paper of this series were extended to the class of linear systems with
time-varying unknown parameters described by known nonstationary exosystems with unknown

initial conditions.
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For this class of systems, the control system was proposed that solved the problem of tracking
the trajectories of a time-invariant reference model by a time-varying plant. The control signal was
computed using measurable signals and unknown initial conditions of the exosystems that generated
the system parameters. To identify such initial conditions, an adaptive law was proposed that
ensured exponential stability of the tracking error e,.r(t) if the regressor was finitely exciting. The
solution did not require to know the sign of the high-frequency gain, but requires known bounds of
its absolute value.

The result had a drawback in common with [19, 22], namely it required the condition of the
regressor finite excitation to be met to ensure boundedness of the tracking error. In Remark 4,
some ways of dealing with this problem for single-input systems were given. For systems with
multiple inputs, the problem to ensure tracking error boundedness without knowing the sign of the
control allocation matrix is an open one.

The scope of further research could be to extend the results to (a) output-feedback control
problems for systems with time-varying parameters, (b) control problems when matching conditions
are violated, and (c) systems with multiple inputs.
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APPENDIX

Proof of Proposition 1. The following estimates are defined:

D(t) = hy®y(t)ig, (1),
B(t) = hp®p(t)ip,(t), (A1)
o(t) = 6”1[‘ (Aref — Ao) z(t) + G?Brefr(t)'

Considering (A.1), the subtraction u(t) — u*(t) is written as follows (for the sake of brevity, time
dependencies are omitted for a while):

BT . BT
o _ar\_ b T
u u—Fq(v 1930) Fel(v 19:6)
BT BTe BTe BTe (4.2)
aT _ 13T 1 1 4T
i?el(v—ﬂ x)— I 1990+< 7 i )(v 1990).
The subtraction B;el — B;el is transformed into a linear regression with respect to B and F":
ETel BT€1 . ETelFiBTelﬁ— BT61F
E F FF
_ AT e AT _ T 7
BT (F F)A+ (BT - BT)erF (A.3)
Fr
—BY\F + B —B%¢; - -
_ €1 A+ €1 _ 0 61F+BT6—1.
FF FF F
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The error F is considered separately:

F=BTb BB+ BTG - B'B

. . . o ~ (A4)
— (BT—BT>B+BT (B—B) — BB+ BTB.
The substitution of (A.4), (A.3) into (A.2) allows one to obtain:
BTe - ETel ~ BTel ~ ~ e A
—ut = — I — BTB + = - BT—= — 9T
uow = Eagr, ( - - L) (o - i)
BT61 T3 B 61 T BT61 T e’}‘ AT ~
= — 99— | =——B —B — = -9 B A5
F FF FF 2 (4.5)
BT61 T ETel AT ETel T erlr AT =
= — hy @9y, — —B ———B" — = — 9 hp®pip, = 0" w,
ja T Ny Pyxy, o =+ o o (U x) BPBIp, w
where
_ T _
BT
i — ( Fel xThmI’ﬂ)
0= [5030 x};o} , W= ,
R T
BTe; BTe, el N
—pThkL BT+ = BT _ L) (v—9T%
PP [( FF FF F ( ) |

which completes proof of Proposition 1.

Proof of Proposition 2. The error x(t) = x(t) — z(¢) is introduced. Differentiating x(¢) with
respect to time, it is obtained that:

KZ(t) + Arx(t)
= Ak (x(t) — (1)) + AQ@)z(t) + B(t)u(t) (A.6)
= Arx(t) + Aox(t) + erz™ (H)0(t) + B(t)u(t)

() + era” ()hy®y(t)zg, + hp®p(t)u(t)zs,.

The solution of the differential equation (A.6), which is multiplied by e], takes the following
form:

er [x(t) —v(t)] = ef [z(t) — () — v(t)]

= fe )z () + el p(t)ag, + el v(B)as,

= erlreAK(t*tar)xo + erlrap(t)xgo + erlrw(t)xgo (A.7)
T
= [eTerx () Ty eTw()] (2o, |- = 2" (0.
T By

Having applied to the regression equation (A.7) the procedures of normalization (3.2.2), dy-
namic extension (3.2.3a), (3.2.3b) and mixing (3.2.3c), and using the property adj {A(¢)} A(t) =
det {A()} L(ny-tnp-+n)x(ny+np+n), the measurable regression equation (3.2.4) is obtained.
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Proof of the fact that for all ¢ > t. the inequality Qugp(t)> Q(t) > Qrp > 0 holds if ®(t) e FE
has been obtain in Proposition 4 of [23].

Proof of Theorem 1. Proof of the first part of theorem coincides with the one of the first part
of the theorem from [19].

To prove the second part of theorem, the eigenvalue decomposition is applied to the matrix G(t):
vt > td F(t) =2, VIOAR)VT (g, = 25, Vi) A (VT )z, = OT(H)A1(H)O(1),

Aq(2) OrG(t)XTG(t)]

V()= [V v, Al = lo Wxra®  Ora@

Ax(t) = diag { (1), Ao (), e ] > Amin (A1(1)) >0,

where V; (t) € R"5*7¢() Vy(t) e RP X6 A(t) e R"BX"B rg(t) = rank {G(t)}, 7o (t) = np—ra(t).
Using the above-introduced decomposition, the lower bound of F'(t) is written:

Vi >t F(t) = BT (0)B(t) = &5, () Vi () A1 () ()25, (1)
. ) ) A8
= OT(H)AL(D)O(L) = Amin (A1(1)) H@(t)H2 > 0. (4.8)

Based on (A.8), it is necessary and sufficient to satisfy the following inequality to ensure that
F(t)>0

vt > tf ||

Viel, ra(t)

éi(t)‘ # 0,

where ©7(t) denotes the i*" element of the vector O(t) e R"¢®).

The next aim is to obtain the functional definition of the estimate ©;(t) for all ¢ > tJ. For this
the differential equation (3.2.5) is solved

21§ an(t) = o (1 1) 3, (1) (A.10)

then equation (A.10) is multiplied by V;'(¢) and ©(t) is added to both left- and right-hand sides
of the obtained multiplication:

ViTan, (1) + O(t) = O(t) = 6 (t, 1) V' ()35, (7 ) + O(2),
i (A.11)

Lo, if t<te, d
—Bmax 3/; {,YO)\maX(@(T)@T(T))Jrfyl otherwise 7

where ¢ (1, 1) =e L 00(t) = O0(t) — ©;(t), ©9(¢) is the ith

element of the vector V;'3p, (tar )
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Then (A.9) is met, if it holds that

Oi(t) = ¢ (t, ) OY(t) + ©i(t) # 0= o (1, 1) O0(t) # ~Oi(t)

—0i(t)\ _ —0;(1)
éM**“( 0) ) o (é?(t) —@ms))

(A.12)

sen (V1" (0)25, (1)) = sen (V" (D)5, )

)

which completes proof of the second part of theorem.

The next step is to prove the third part of theorem. According to the Kalman—Yakubovich—
Popov lemma, for the pair (Aef, Inxn) and any constant matrix D > 0 one can find matrices
QeR™™ K cR"™™ and a constant p > 0 such that there exists a solution of the following set of
equations

ATTefP+PATef = _QQT - MP, PIan = QK,

A.13
KK =D+ D", (A.13)

or a solution of the following Riccati equation, which is an equivalent of the above-given set of
equations in a particular case D = 0.5k%I,xn, K = k*Iyxn, k = 1

Al P+ PAcp+ PPT + P =0. (A.14)

The following quadratic form is introduced to analyze the stability:

2 o~ ~
V =¢THE = ey ;Peres + %HTH,

: Bina
H = blockdiag {'YOP’ Taf(anB)x(nﬁnB) ; (A.15)
Amin (H) [IE17 < V (€] < Amax (H) [[€]]*,
—_——— ————
A AM

where the matrix P is a solution of the set (A.13) when K = k?I,,x, D = 0.5k*I,,xpn, k=1 or
equivalent Riccati equation (A.14).

Owing to equations (3.1.6) and (3.2.5), the derivative of the quadratic form (A.15) is written as

V = {eg‘ef (Ag‘efp + PATef) Eref + 2§Twe?efPB} - fnaxéT’yﬁzé

=% [—ueg‘efPeref — eg‘efQQTeref + 29~Tweg‘efPIanB} —32,.0T0%0 (A.16)

- {_Meﬁfperef B eg‘efQQTeTef + 2§TWBTQTeTef} - I%laxéT’YQ2(§.
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Completing the square in (A.16), it is obtained:

2 a0 Q20

V= Y0 [ — ueg;fPeref — e?efQQTeref + Qeg‘efQBwTé + 2§TwBTBwT§} —

~\ 2 ~ ~ ~ ~
— [—ue;re fPeres — (e1Q = BW0) +0TwBTBW0| — 32,0702 (A.17)

< {—,ue?efPeref + éTwaTé} — 6T~020.

max

Two situations need to be considered: t <t. and t > t.. As for the first one, according to
proposition 1, in the most conservative case it holds that Q(¢) = 0 and HH(t)H = HH (téF ) H

Then for all ¢t < t. equation (A.17) is rewritten as
: T ;T Tj iTg
V < —pyoepepPeref + 700 (to ) wFw6 (to ) + ﬁmaXH 0

—1170€ref Peres = Binax ' 0 + 700" (to ) wFwTo (taL) + B2 g7 (tBL) F (tJ) . (A.18)

The notion of the maximum eigenvalue of the matrix w(t)BT (¢)B(t)wT (t) over the time range
[0; te) is introduced:

0 = sup max Apax (w(t)F(t)wT(t)) . (A.19)

Vi<te

The function F(t) is bounded according to Assumption 2, the rate of the regressor w(t) change
is no grater than exponential when Assumption 1 is met, therefore, it holds that § € L,

Considering (A.19), equation (A.18) is rewritten as follows for ¢ < ¢,

0"+ (08 + 820) [0 (i) < —mV +7m (A20)

3 Amin (P . — 0 2
where 71 = mln{lf\Tx((P)), 2}, 5 = (700 + Bax) ‘9 (t(J)r)H :
Having solved the differential equation (A.20), we have:

V < _M’YO)‘min (P) HeT'GfHQ - max

V<t V(H) < eV (1F) + 22, (A.21)
m

2

Taking into consideration A,,||€(t)]|* < V(t) and V (tar) < )\MH§ (tar) , the following upper

bound of the augmented tracking error is obtained for all ¢ < ¢, from (A.21)

€@l < \///\\Ze"l =) e (¢ )H yw \/i—mg (tJ)HQ + /\:9771’ (A.22)

from which it follows that £(t) is bounded for all ¢ < ¢..

As for the second situation, considering the definition of the adaptive gain v and the fact that,
owing to Proposition 1, for all ¢ > t. the inequality 0 < Qrp < Q(t) < Qup holds, it is obtained
from (A.18) for ¢ > t. that:

(’YO)‘max (d}d}T) + ’Yl) QQ ~
02 o (A.23)
= —pr0ese s Peres + 100 wFW 0 — 82,07 [yoAmax (€67 + 1 0.

V< u’yOeTefPeref + 'YOQTwaTH ﬁmax
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The regressor w(t) is defined as follows:

T
(i)

. R T
T T T
Bte; AT Bte; T eq Gt
2 T t o g Pmaxer — | (v P
ﬁminFel €1 ﬁminFel €1 Bminel €1

It also holds for any w(t) that

o}

Yol TwFwTo — éT'yOBrQnax)\maX (JJ@T) 0

gfﬂl(

nyg+np)x(nyg+np)
so equation(A.23) is rewritten as
V< —fyo,ue?efPeref — 47 (/’i + 61211“71) 0

. (A.25)
0 min (P) leres|* = (5 + Bhaxm) HHHZ < -V,

where 75 = min {’f\’?z;((]j)) 2 ( Tt fyl) }
Having solved the inequality (A.25), it is obtained that V (t) < e ™=tV (t,) for t > t,

Taking into account Ay, ||E(#)]|* < V(£), V (te) < A€ (te)||* and equation (A.22), the upper
bound of the augmented tracking error is obtained for ¢ > t.:

&) V—e mt-t|l (2] < wM(AMHs( O+ 52). (4.26)

TTL

from which together with (A.22) it follows that {(t) € Lo, as well as exponential convergence of
the error £(t) to zero for all t > t, with the rate, which is directly proportional to the parame-

ters v, 71, Q.E.D.
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