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Abstract—In this paper, interval observers are designed for linear dynamic systems described
by continuous-time models with exogenous disturbances, measurement noises, and parametric
uncertainties. Jordan canonical form-based relations are presented for an interval observer that
estimates the set of admissible values of a given linear function of the system state vector. The
theoretical results are illustrated by a practical example.

Keywords : linear systems, interval observers, Jordan canonical form, estimation

DOI: 10.25728/arcRAS.2024.11.72.001

1. INTRODUCTION AND PROBLEM STATEMENT

The problem of constructing interval observers has received much attention in recent years.
Solutions for different classes of systems—discrete- and continuous-time, delayed, and singular—
can be found in [1–11], including practical applications of such observers in various fields. The
corresponding results were thoroughly overviewed in [10, 11]. As a rule, the interval observers
considered therein estimate the set of admissible values of the complete state vector. In practice,
however, it may be of interest to get an interval estimate of admissible values only for some linear
function of this vector. The corresponding interval observer may turn out to be much simpler
than the observer for the full state vector, and the interval width may be noticeably smaller due
to the possibility of minimizing the effect of exogenous disturbances. Moreover, when estimating
a given linear function, the dynamics of the observer can be represented in canonical form, which
simplifies the process of solving the problem and expands the class of systems with the possibility
of constructing an interval observer for them.

In recent years, the Jordan canonical form (JCF) [4, 10] has been actively used to design interval
observers. (Previously, it was employed to analyze the self-correction property of faults [12].) Under
an appropriate choice of the eigenvalues, the system dynamics matrix implemented in the JCF
ensures observer stability and is a Metzler matrix, i.e., its off-diagonal elements are nonnegative.
Due to these properties, at each time instant, the interval observer produces an estimate of the set
of admissible values of the system state vector with uncertainties. According to the analysis results,
in addition to stabilization, the JCF simplifies the procedure of ensuring the observer’s insensitivity
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1276 ZHIRABOK et al.

to disturbances and, in some cases, reduces its dimension due to no need for stabilization by special
means.

This paper is a logical continuation of the works [13, 14], devoted to the problem of constructing
interval observers for systems described by linear continuous-time models with exogenous distur-
bances and measurement noises. As was demonstrated in [14], the JCF-based interval observer
design allows reducing the dimension of observers and, in some cases, the interval width as well.
In this paper, for systems described by continuous-time models with exogenous disturbances, mea-
surement noises, and parametric uncertainties, we construct interval observers estimating the set
of admissible values of a given linear function of the state vector.

Consider a class of systems with the linear model

ẋ(t) = (F +∆F (µ(t)))x(t) +Gu(t) + Lρ(t),

y(t) = Hx(t) + v(t),
(1.1)

where x ∈ R
n, u ∈ R

m, and y ∈ R
l denote the state, control, and output vectors, respectively;

F and G are constant matrices describing the linear dynamics; H and L are given constant matri-
ces; ρ(t) ∈ R

p is an unknown bounded time-varying function describing exogenous disturbances of
the system, ‖ρ(t)‖ 6 ρ∗; v(t) ∈ R

l is an unknown bounded time-varying function describing mea-
surement noises, ‖v(t)‖ 6 v∗; finally, µ(t) ∈ Π ⊂ R

s is a the bounded vector of variable parameters.
By analogy with [10], the values of the vector µ(t) are unmeasurable, the set of admissible values Π
is known, and the matrix function ∆F (µ) is bounded for all µ(t) ∈ Π, i.e., ∆F 6 ∆F 6 ∆F, where
∆F and ∆F are given. As in the paper [2], for arbitrary vectors w1, w2 and matrices A1, A2, the
relations w1 6 w2 and A1 6 A2 are understood elementwise.

It is required to construct a minimum-dimension interval observer that forms the lower z(t) and
upper z(t) bounds of the variable z(t) =Mx(t) with a known matrixM such that z(t) 6 z(t) 6 z(t)
for all t > 0. The problems of considering measurement noises and exogenous disturbances for
continuous-time systems were discussed in detail in [13]. Therefore, this paper focuses on parametric
uncertainties, first assuming that v(t) = 0 and ρ(t) = 0.

2. MODEL BUILDING

This problem is solved using the minimum-dimension model of system (1.1) that estimates the
variable z(t) and some variable y∗(t) determined during the solution process:

ẋ∗(t) = (F∗ +∆F∗(t)− PH∗)x∗(t) + (J∗ + J ′)y(t) + Py∗(t) +G∗u(t),

y∗(t) = H∗x∗(t),

z(t) = Hzx∗(t) +Qy(t),

(2.1)

where x∗(t) ∈ R
k and k < n denotes the model dimension; F∗, G∗, J∗, H∗, Hz, and Q are the

matrices to be found; the matrices ∆F∗ and J
′ are defined below; finally, the choice of the matrix P

is explained in Section 3. In [4], the stable observer designed previously was reduced to the JCF
for the interval estimation of the vector x(t). In contrast, in this paper, the matrix F∗ will be
immediately found in the JCF. Assuming that the eigenvalues λ1, λ2, . . . , λk of this matrix are
different and negative, we obtain the diagonal matrix

F∗ =








λ1 0 0 . . . 0

0 λ2 0 . . . 0
. . . . . . . . . . . .
0 0 0 . . . λk







. (2.2)
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INTERVAL OBSERVERS FOR CONTINUOUS-TIME SYSTEMS 1277

Let us show the correctness of this assumption. According to [13], the matrix F∗ can always be
implemented in the identification canonical form

F∗ =








0 1 0 . . . 0

0 0 1 . . . 0
. . . . . . . . . . . .
0 0 0 . . . 0







.

By introducing the residual signal feedback with the matrix K, it is reduced to the form F∗ −KH∗;
by choosing (different and negative) eigenvalues λ1, λ2, . . . , λk and by determining the correspond-
ing elements of the matrix K, the matrix F∗ −KH∗ can be made stable. Since the eigenvalues
are assumed different, the corresponding eigenvectors v1, v2, . . . , vk form a linearly independent
system, so the matrix T−1 = (v1 v2 . . . vk) will be nonsingular. The matrix T has the form

T =








w1

w2

. . .
wk







,

where the vectors w1, w2, . . . , wk satisfy the condition wivi = 1, i = 1, . . . , k, wivj = 0, i 6= j. By
the definition of eigenvalues and eigenvectors, (F∗ −KH∗)v1 = λ1v1. Multiplying on the left by the
matrix T, we transform this equation into T (F∗ −KH∗)T

−1Tv1 = λ1Tv1. Due to the form of T,
Tv1 = (1 0 . . . 0)T and, consequently,

T (F∗ −KH∗)T
−1(1 0 . . . 0)T = (λ1 0 . . . 0)T .

Therefore, the first column of the matrix T (F∗ − KH∗)T
−1 is (λ1 0 . . . 0)T . Considering the

equation (F∗ −KH∗)vi = λivi, i = 2, 3, . . . , k, by analogy, we finally arrive at the matrix (2.2).

In the absence of noises, disturbances, and uncertainties, let x∗(t) = Φx(t) and y∗(t) = R∗x(t),
where the matrix Φ satisfies the well-known conditions [15]

ΦF = F∗Φ+ J∗H, H∗Φ = R∗H, ΦG = G∗, (2.3)

and an auxiliary condition due to the variable z(t).We derive it below. From z(t) =Mx(t) and (2.1)
it follows that

M = HzΦ+QH = (Hz Q)

(

Φ
H

)

. (2.4)

This equation has a solution if

rank

(

Φ
H

)

= rank






Φ
H
M




 . (2.5)

Note that the condition H∗Φ = R∗H can be written as the equation

(H∗ −R∗)

(

Φ
H

)

= 0, (2.6)

which has a solution if

rank

(

Φ
H

)

< rank(Φ) + rank(H). (2.7)

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023



1278 ZHIRABOK et al.

For the matrix (2.2), the first equation in (2.3) splits into k independent equations:

ΦiF = λiΦi + J∗iH, i = 1, . . . , k.

They can be written as

(Φi − J∗i)

(

F − λiIn
H

)

= 0, i = 1, . . . , k, (2.8)

where Φi and J∗i stand for the ith rows of the matrices Φ and J∗, respectively, and In denotes an
identity matrix of dimensions n× n.

When solving equation (2.8), the values λi < 0 must be set so that the resulting matrix Φ with
the minimum number of rows satisfies conditions (2.5) and (2.7). After that, the matrices Hz and Q
are determined from (2.4), the matrices H∗ and R∗ from (2.6), and the matrix G∗ from (2.3). The
uncertainty ∆F∗(t) figuring in (2.1) is determined from ∆F (µ(t)) as follows. By analogy with (2.3),
formulas (1.1) and (2.1) imply

Φ(F +∆F (µ(t))) = (F∗ +∆F∗(t))Φ + J∗H + J ′H.

Since the matrix F∗ satisfies the condition ΦF = F∗Φ+ J∗H, we obtain

Φ∆F (µ(t)) = ∆F∗(t)Φ + J ′H,

or

Φ∆F (µ)) = (∆F∗ J ′)

(

Φ
H

)

. (2.9)

This equation has a solution if

rank

(

Φ
H

)

= rank






Φ
H

Φ∆F (µ))




 . (2.10)

After calculating the matrix Φ, this condition is checked and, if it holds, ∆F∗(t) and J ′ are de-
termined from equation (2.9). The matrices ∆F ∗ and ∆F ∗ are also determined from (2.9). If
condition (2.10) fails, another solution of equation (2.8) is sought. For simplicity, we consider the
case where J ′ is independent of ∆F (µ).

3. INTERVAL OBSERVER DESIGN

3.1. The First Variant

By analogy with [2, 10], we consider two variants of constructing interval observers, namely, a
simple one with constraints on the original system and a more complicated one without them. Let
us begin with the first variant, assuming that ∆F ∗ > 0 and x∗(t) > 0 for all t > 0. In this case,
the observer based on model (2.1) is designed in the form

ẋ∗(t) = (F∗ +∆F ∗ − PH∗)x∗(t) + Py∗(t) + (J∗ + J ′)y(t) +G∗u(t),

ẋ∗(t) = (F∗ +∆F ∗ − PH∗)x∗(t) + Py∗(t) + (J∗ + J ′)y(t) +G∗u(t),

z(t) = Hzx∗(t) +Qy(t),

z(t) = Hzx∗(t) +Qy(t),

x∗(0) = x∗0, x∗(0) = x∗0.

(3.1)
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We introduce the estimation errors

e∗(t) = x∗(t)− x∗(t), e∗(t) = x∗(t)− x∗(t),

ez(t) = z(t)− z(t), ez(t) = z(t)− z(t).
(3.2)

Due to (2.1) and (3.1), these errors satisfy the differential equations

ė∗(t) = (F∗ − PH∗)e∗(t) + ∆F∗x∗(t)−∆F ∗x∗(t),

ė∗(t) = (F∗ − PH∗)e∗(t) + ∆F ∗x∗(t)−∆F∗x∗(t).
(3.3)

Equations (3.1) and (3.3) lead to the following requirements for the matrices P and P : they
are chosen so that F∗ +∆F ∗ − PH∗ and F∗ +∆F ∗ − PH∗ are stable matrices whereas F∗ − PH∗

and F∗ − PH∗ are Metzler matrices. Some recommendations on determining these matrices can be
found in [2]. The matrix P in (2.1) is set equal to P for the first equation in (3.1) and to P for the
second one.

Theorem 1. Assume that 0 6 ∆F ∗ 6 ∆F∗ 6 ∆F ∗, Hz > 0, x∗(t) > 0 for all t > 0, x∗(0) 6
x∗(0) 6 x∗(0), and there exist matrices P and P with the properties specified above. Then the
interval observer (3.3) satisfies the relation z(t) 6 z(t) 6 z(t).

Proof. If x∗(t) > x∗(t), we obtain ∆F ∗(x∗(t) − x∗(t)) > 0 and ∆F ∗x∗(t) > ∆F ∗x∗(t) because
∆F ∗ > 0. Since ∆F∗ > ∆F ∗ and x∗(t) > 0, it follows that (∆F∗ −∆F ∗)x∗(t) > 0 and ∆F∗x∗(t) >
∆F ∗x∗(t). Due to the considerations above, we therefore have ∆F∗x∗(t) > ∆F ∗x∗(t), i.e.,
∆F∗x∗(t)−∆F ∗x∗(t)> 0 in (3.3). By the assumptions made, for t= 0, x∗(0) > x∗(0), i.e., e∗(0)> 0,
and the matrix F∗ − PH∗ in (3.3) is Metzler; hence, e∗(t) > 0 for all t > 0 by induction [2]. Since
z(t) = Hzx∗(t) +Qy(t), from (3.2) it follows that

ez(t) = Hzx∗(t) +Qy(t)− (Hzx∗(t) +Qy(t)) = Hze∗(t),

which yields ez(t) > 0 due to e∗(t) > 0 and the assumption Hz > 0. The inequality ez(t) > 0 is
established by analogy. Obviously, the latter inequalities are equivalent to the desired result. The
stable matrices F∗ + ∆F ∗ − PH∗ and F∗ + ∆F ∗ − PH∗ ensure that the bounds x∗(t) and x∗(t)
(and hence, z(t) and z(t)) are finite. The proof of Theorem 1 is complete.

Remark 1. In the case Hz 6 0, the bounds z(t) and z(t) are given by

z(t) = Hzx∗(t) +Qy(t), z(t) = Hzx∗(t) +Qy(t).

Indeed, in this case,

ez(t) = z(t)− z(t) = Hzx∗(t) +Qy(t)− (Hzx∗(t) +Qy(t)) = −Hze∗(t),

which implies ez(t)> 0 due to e∗(t)> 0 andHz 6 0. The corresponding inequality for the bound z(t)
is proved by analogy.

If the matrix Hz is oscillating, the final result will remain the same but with more complicated
formulas for the upper and lower bounds.

Thus, an interval observer estimating the variable z(t) =Mx(t) is constructed in the following
steps: find solutions of equation (2.8) that give with minimum k a matrix Φ satisfying conditions
(2.5) and (2.7); calculate the matrices J∗, G∗, R∗, and H∗ and choose matrices P and P with the
properties specified above. Such a choice is not always possible; in this case, the second observer
design variant should be used.

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023



1280 ZHIRABOK et al.

3.2. The Second Variant

Consider a more complex interval observer without constraints on the original system. The
presentation is preceded by an auxiliary result.

Lemma 1. Assume that A 6 A 6 A for some matrices A, A, and A of dimensions k × k and
x∗ 6 x∗ 6 x∗ for some k-dimensional vectors x∗, x∗, and x∗. Then

A+x+∗ −A
+
x−∗ −A−x+∗ +A

−
x−∗ 6 Ax 6 A

+
x+∗ −A+x−∗ −A

−
x+∗ +A−x−∗ ,

where A+ = max(0, A) and A− = A+ −A, and the analogous relations hold for the vector x∗.

The proof was given in [1].

The interval observer based on model (2.1) with P = 0 is designed in the form

ẋ∗(t) =F∗x∗(t) + (∆F+
∗ x

+
∗ −∆F

+
∗ x

−
∗ −∆F−

∗ x
+
∗ +∆F

−
∗ x

−
∗ ) + (J∗ + J ′)y(t) +G∗u(t),

ẋ∗(t) =F∗x∗(t) + (∆F
+
∗ x

+
∗ −∆F+

∗ x
−
∗ −∆F

−
∗ x

+
∗ +∆F−

∗ x
−
∗ ) + (J∗ + J ′)y(t) +G∗u(t),

z(t) =Hzx∗(t) +Qy(t),

z(t) =Hzx∗(t) +Qy(t),

x∗(0) =x∗0, x∗(0) = x∗0.

(3.4)

Here, the equations for the estimation errors take the form

ė∗(t) = F∗e∗(t) + ∆F∗x∗(t)− (∆F+
∗ x

+
∗ −∆F

+
∗ x

−
∗ −∆F−

∗ x
+ +∆F

−
∗ x

−
∗ ),

ė∗(t) = F∗e∗(t) + (∆F
+
∗ x

+
∗ −∆F+

∗ x
−
∗ −∆F

−
∗ x

+
∗ +∆F−

∗ x
−
∗ )−∆F∗x∗(t).

(3.5)

Theorem 2. Assume that ∆F ∗ 6 ∆F∗ 6 ∆F ∗ and x∗(0) 6 x∗(0) 6 x∗(0). Then the interval ob-
server (3.4) satisfies the relation z(t) 6 z(t) 6 z(t).

Proof. Due to (3.2), from x∗(0) 6 x∗(0) 6 x∗(0) it follows that e∗(0) > 0 and e∗(0) > 0. Since
F∗ is a Metzler matrix, by (3.5) and the lemma we have e∗(t) > 0 and e∗(t) > 0 for all t > 0 [2].
The relation z(t) 6 z(t) 6 z(t) is established by analogy with the second part of Theorem 1 and
Remark 1. The proof of Theorem 2 is complete.

Remark 2. Direct comparison shows that the first variant imposes noticeably more constraints
on the system than the second one but has a simpler structure. In particular, the second variant
does not need the matrices H∗ and R∗; hence, condition (2.7) can be ignored when implementing
this variant, and the corresponding interval observer can be constructed for a wider class of systems.
When solving a particular problem, one should therefore begin with the first variant, passing to
the second variant only if the former is impossible to implement.

Remark 3. An essential role in Theorems 1 and 2 is played by the condition x∗(0)6x∗(0)6x∗(0).
Due to the stability of the matrices F∗ +∆F ∗ − PH∗, F∗ +∆F ∗ − PH∗, and F∗, the desired in-
equality z(t) 6 z(t) 6 z(t) will hold for some t > 0 even without the condition x∗(0) 6 x∗(0) 6 x∗(0):
the effect of the initial conditions almost disappears after some time. Indeed, we demonstrate this
fact for the second variant and the first equation in (3.5). Let us denote

v0(t) = ∆F∗x∗(t)− (∆F+
∗ x

+
∗ −∆F

+
∗ x

−
∗ −∆F−

∗ x
+ +∆F

−
∗ x

−
∗ ).

The lemma implies v0(t) > 0. Clearly, the matrices figuring in the expression above, particularly

∆F
+
∗ , can be always chosen so that v0(t) > v0∗ for some v0∗ > 0.

Since the matrix F∗ is diagonal, we consider equation (3.5) for the first component of the
error e∗(t):

ė∗1(t) = λ1e∗1(t) + v01(t).

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023
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It has the solution

e∗1(t) = exp(λ1t)e∗1(0) + exp(λ1t)

t∫

0

v01(τ)exp(−λ1τ)dτ.

Because λ1 < 0 and v0(t) > v0∗ > 0, the first term will almost vanish and the error e∗1(t) will be
positive after some time T1, despite the possibly negative value e∗1(0). Similar results can be
obtained for the other components of the vector e∗(t) and all components of the vector e∗(t).

Remark 4. The concepts of a confidence interval and a confidence probability from mathemat-
ical statistics can be adapted to interval observers: if ∆F∗ ∈ (∆F ∗,∆F ∗) with some degree of
belonging µ∗, then z(t) ∈ (z(t), z(t)) with the degree µ∗ as well.

4. CONSIDERATION OF EXOGENOUS DISTURBANCES AND MEASUREMENT NOISES

The case v(t) 6= 0, ρ(t) 6= 0 was studied in detail in [13]. Note that the observer is designed
based on model (2.1) with the term J∗y(t) replaced by J∗Hx(t). (It is necessary to consider the
measurement noises according to the relation y(t) = Hx(t) + v(t).) In this case, the first variant of
the interval observer is described by

ẋ∗(t) = (F∗ +∆F∗ − PH∗)x∗(t) + Py∗(t) + (J∗ + J ′)y(t) +G∗u(t)

− (|J∗|+ |J ′|)Ekv∗ − |L∗|Ekρ∗,
ẋ∗(t) = (F∗ +∆F∗ − PH∗)x∗(t) + Py∗(t) + (J∗ + J ′)y(t) +G∗u(t)

+ (|J∗|+ |J ′|)Ekv∗ + |L∗|Ekρ∗,
z(t) =Hzx∗(t) +Qy0(t),

z(t) =Hzx∗(t) +Qy0(t),

x∗(0) =x∗0, x∗(0) = x∗0.

(4.1)

Here, the matrix |A| consists of the absolute values of the corresponding elements of the matrix A,
and Ek is a matrix of dimensions k × 1 composed of unities. The variable y0(t) represents the
components of the output vector y(t) that are not affected by the exogenous disturbances, i.e.,
y0(t) = N1y(t) for some matrix N1. We introduce a maximum-rank matrix L0 such that L0L = 0.
Since the vector x′(t) = L0x(t) is not disturbed, we obtain y0(t) = N2x

′(t) for some matrix N2.
Then the matrices N1 and N2 satisfy the equation N1H = N2L0, which has a solution if

rank

(

H
L0

)

< rank(H) + rank(L0).

Under this condition, the matrices N1 and N2 are determined from the equation

(N1 −N2)

(

H
L0

)

= 0.

If this condition fails, it is necessary to replace the variable y0(t) in (4.1) by y(t), which will extend
the interval (z(t), z(t)).

The equations for the estimation errors take the form

ė∗(t) = (F∗ − PH∗)e∗(t) + ∆F∗x∗(t)−∆F ∗x∗(t)

− (J∗ + J ′)v(t) + (|J∗|+ |J ′|)Ekv∗ − L∗ρ(t) + |L∗|Ekρ∗,
ė∗(t) = (F∗ − PH∗)e∗(t) + ∆F ∗x∗(t)−∆F∗x∗(t)

+ (J∗ + J ′)v(t) + (|J∗|+ |J ′|)Ekv∗ + L∗ρ(t) + |L∗|Ekρ∗.

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023
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The desired result directly follows from the proof of Theorem 1 and the obvious additional inequal-
ities

±(J∗ + J ′)v(t) + (|J∗|+ |J ′|)Ekv∗ > 0, ±L∗ρ(t) + |L∗|Ekρ∗ > 0,

valid for all t > 0.

Remark 5. Due to (4.1), the width of the interval (z(t), z(t)) depends on the exogenous distur-
bances and measurement noises. To reduce this width, the matrices Φ and J∗ should be determined
from the equation

(Si − J∗i)

(

L0(F − λiIn)
H

)

= 0, i = 1, . . . , k, (4.2)

which is derived from (2.8) for Φ = SL0 with some matrix S. (It ensures L∗ = 0, i.e., the insensitivity
of the model to the exogenous disturbances.) As before, here Si denotes the ith row of the matrix S.
If equation (4.2) has no solution, robust methods should be used; see below.

The sensitivity of model (2.1) to the exogenous disturbances ρ(t) is often estimated by the norm
‖ΦL‖F of the matrix ΦL. To minimize this norm for i = 1, . . . , k, we choose an eigenvalue λi < 0

for which equation (2.8) has a solution and then find all solutions in the form Φ
(1)
i , . . . ,Φ

(ni)
i . These

solutions can be written as

Φ∗i =






Φ
(1)
i

. . .

Φ
(ni)
i




 , Ji =






J
(1)
∗i

. . .

J
(ni)
∗i




 .

The singular-value decomposition of the matrix product Φ∗iL is given by

Φ∗iL = ULΣLVL,

where UL and VL are orthogonal matrices,

ΣL = (diag(σ1, . . . , σci) 0) or ΣL =

(

diag(σ1, . . . , σci)
0

)

depending on the number of rows and columns in the matrix Φ∗iL, ci = min(ni, kp), and
0 6 σ1 6 . . . 6 σci are the singular values of the matrix Φ∗iL arranged in ascending order [16].
The first transposed column of the matrix UL is taken as the weight vector w = (w1 . . . wni),

and the rows Φi = wΦ∗i and J∗i = wJi are calculated consequently; if ni = 1, then Φi := Φ
(1)
i and

J∗i := J
(1)
i . The resulting rows Φ1, . . . ,Φk and J∗1, . . . , J∗k form the matrices

Φ =






Φ1

. . .
Φk




 , J∗ =






J∗1
. . .
J∗k




 ,

and the feasibility of estimating the variables z(t) and y∗(t) by criteria (2.5) and (2.7) is checked.
If the outcome is positive, the problem is successfully solved; otherwise, for some λi < 0, it is
necessary to find another vector w = (w1 . . . wni) for a singular value σ > σ1 and calculate a new
matrix Φi.

Theorem 3. This procedure for constructing the matrix Φ yields an optimal solution in terms of
minimizing the norm ‖ΦL‖F .

Proof. The conclusion directly follows from the properties of the singular-value decomposition.
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The determination of the matrices Hz, Q, ∆F∗, J
′, H∗, R∗, G∗ = ΦG, and L∗ = ΦL completes

the design of model (2.1) with the minimum sensitivity to the exogenous disturbances.

By analogy with [13, 14], the above results for estimating the variable z(t) can be applied
to estimate the full state vector x(t). For this purpose, it is necessary to find the solutions of
equation (4.2) with λi < 0 and the maximum possible value k, compile the matrix Φ(1) =:M (1),
and construct an interval estimate for the vector x(1)(t) =M (1)x(t) following one of the variants
if criteria (2.5) and (2.7) hold. Note that this estimate will be independent of the exogenous
disturbance ρ(t). Next, it is necessary to determine a vector x(2)(t) that complements x(1)(t) to x(t)
and a matrix M (2) such that x(2)(t) =M (2)x(t). The interval observer estimating the variable
x(2)(t) is obtained based on equation (2.8). The composition of the two observers yields an interval
(x(t), x(t)) that is narrower compared to the classical one [10].

5. A PRACTICAL EXAMPLE

Consider a three-tank system of the form

ẋ1(t) = b4u1(t)/ϑ1 − (b1 − δ1(t))(x1(t)− x2(t)),

ẋ2(t) = b5u2(t)/ϑ2 + (b1 − δ1(t))(x1(t)− x2(t))− (b2 − δ2(t))(x2(t)− x3(t)),

ẋ3(t) = (b2 − δ2(t))(x2(t)− x3(t))− b3(x3(t)− b6) + ρ(t),

y1(t) =x2(t) + v1(t), y2(t) = x3(t) + v2(t),

(5.1)

where the coefficients b1, . . . , b5 are determined by the geometrical dimensions of the system; x1,
x2, and x3 are the fluid levels in the corresponding tanks (Fig. 1). Fluid flows into the first and
second tanks and flows out of the third tank through a pipe located at a height b6. The parametric
uncertainties δ1(t) and δ2(t) are related to possible clogging of the pipes connecting the tanks
and, consequently, a decrease in their capacity. The exogenous disturbance ρ(t) reflects possible
leaks in the third tank. For simplicity, we take b1 = . . . = b5 = 1 and b6 = 0; 0 6 δ1(t) 6 0.2,
0 6 δ2(t) 6 0.1; |ρ(t)| 6 ρ∗, |v1(t)| 6 v∗1, |v2(t)| 6 v∗2.

u1 u2

Fig. 1. Three-tank system.

This system is modeled by the matrices

F =






−1 1 0
1 −2 1
0 1 −2




 , G =






1 0
0 1
0 0




 , H =

(

0 1 0
0 0 1

)

, L =






0
0
1




 .

Direct comparison of the general model (1.1) and system (5.1) shows that the uncertainties are
described by the matrix functions

∆1F (t) =






δ1(t) −δ1(t) 0
−δ1(t) δ1(t) 0

0 0 0




 , ∆2F (t) =






0 0 0
0 δ2(t) −δ2(t)

−δ2(t) δ2(t) 0




 .
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Fig. 2. The graphs of the functions x1(t), z(t), and z(t) under different initial conditions.

We construct an interval observer estimating the variable z(t) = x1(t). In this case,M = (1 0 0)

and L0 =

(

1 0 0
0 1 0

)

. Equation (4.2) takes the form

(Si − J∗i)








−1− λi 1 0
1 −2− λi 0
0 1 0
0 0 1








= 0.

Letting λ = −1 gives Si = J∗i = (1 0), Φ = (1 0 0), and G∗ = (1 0). The uncertainty ∆F∗(t) and
the matrix J ′ are determined from equation (2.9); as a result, we obtain ∆1F∗(t) = δ1(t), J

′
1 =

(−δ1(t) 0), ∆2F∗(t) = 0, and J ′
2 = 0. According to physical considerations, x∗(t) > 0 and δ1(t) > 0

for all t > 0; hence, the first variant can be used to design the observer. In view of 0 6 δ1(t) 6 0.2,
we assume that P = 0.

Since the variable x3(t) is affected by the disturbance ρ(t) and, in addition, y2(t) = x3(t) + v2(t),
we take y0(t) = y1(t). Obviously, condition (2.5) holds and Hz = 1, Q = 0. The model becomes

ẋ∗(t) = (δ1(t)− 1)x∗(t) + (1− δ1(t))H1x(t) + u1(t),

z(t) = x∗(t),

where x∗ = Φx(t) = x1(t). The interval observer (4.1) take the form

ẋ∗(t) = (δ1 − 1)x∗(t) + (1− δ1)y1(t) + u1(t)− v∗,

ẋ∗(t) = (δ1 − 1)x∗(t) + (1− δ1)y1(t) + u1(t) + v∗,

z(t) = x∗(t), z(t) = x∗(t).

Due to δ1 − 1 < 0 and δ1 − 1 < 0, the observer is stable.

Numerical simulation was performed for u1(t) = 2sin(t), u2(t) = 2sin(5t), the noises v1(t), v2(t)
and disturbance ρ(t) described by random independent variables with variances 0.1, and the uncer-
tainty δ1(t) = 0.1(1 + sin(10t)) with δ1 = 0 and δ1 = 0.2. The simulation results are presented in
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Fig. 2: the graphs of the functions x1(t), z(t), and z(t) under the initial conditions x(0) = (0 0 0)T ,
x∗(0) =−3, and x∗(0) = 3 (Fig. 2a) and x(0) = (0 0 0)T , x∗(0) = 3, and x∗(0) = −3 (Fig. 2b). As
has been demonstrated in Section 3, the “atypical” initial conditions are rather quickly “forgotten”
and have no effect on the estimation process for t > 2.

6. CONCLUSIONS

In this paper, we have constructed interval observers for linear dynamic systems described by
continuous-time models with exogenous disturbances, measurement noises, and parametric uncer-
tainties. Jordan canonical form-based relations have been presented for a minimum-dimension
interval observer estimating the set of admissible values of a given linear function of the system
state vector. Two observer design variants have been considered and compared. The theoretical
results have been illustrated by a practical example.
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Abstract—This paper considers linear differential-algebraic equations (DAEs) representing a
system of ordinary differential equations with an identically singular matrix at the derivative
in the domain of its definition. The matrix coefficients of DAEs are assumed to depend on
the uncertain parameters belonging to a given admissible set. For the parametric family under
consideration, structural forms with separate differential and algebraic parts are built. As is
demonstrated below, the robust stability of the DAE family is equivalent to the robust stabil-
ity of its differential subsystem. For the structure of perturbations, sufficient conditions are
established under which the separation of DAEs into the algebraic and differential components
preserves the original type of functional dependence on the uncertain parameters. Sufficient
conditions for robust stability are obtained by constructing a quadratic Lyapunov function.

Keywords : differential-algebraic equations, parametric uncertainty, arbitrarily high unsolvabil-
ity index, robust stability
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1. INTRODUCTION

Consider a system of differential-algebraic equations (DAEs) of the form

A(γ)x′(t) +B(γ)x(t) = 0, t ∈ T = [0,+∞), (1.1)

where γ = col (γ1, . . . , γl) denotes an uncertain vector parameter belonging to a given admissible set

Γ =
{

γ ∈ R
l : ‖γ‖Rl 6 a

}

; A(γ) and B(γ) are known real matrices of dimensions (n× n); finally,

x(t) is the desired n-dimensional function. By assumption, detA(γ) ≡ 0.

A crucial characteristic of DAEs is the unsolvability index, which reflects the complexity of the
internal structure of the system. The higher value this index takes, the more difficult it will be to
divide DAEs into differential and algebraic components. Without such separation, it is impossible
to analyze the stability of nonstationary systems. See Subsection 2.1 for the exact definition of
the index used in this paper. The closest concept to this definition is the differentiation index [1],
introduced for unperturbed nonstationary systems of DAEs. If the unsolvability index exists, it is
equal to the differentiation index.

This paper discusses the issue of asymptotic stability for the parametric family (1.1). Robust
stability analysis is much more complicated for DAEs than for systems of ordinary differential equa-
tions resolvable with respect to the derivative; for example, see [2, pp. 186–225]. The explanation
is that even in the simplest case of index 1, an arbitrarily small perturbation of the coefficients may
violate the internal structure of the system and, consequently, change the properties and type of
the general solution [3, p. 61].
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There are relatively few publications on the robust stability of DAEs; in particular, we refer
to [4–14]. The papers [4, 5] are considered to be the pioneering studies on this subject. Most authors
investigated systems with the perturbed matrix coefficient at x(t) [5–9]. Only a few works supposed
perturbations of the matrix at the derivative of the desired vector function [4, 10–12]. Separate
research was devoted to robust stability and estimation of the stability radius of nonstationary
DAEs of index 1; see [6, 7, 13].

Robust stability is also analyzed when studying the admissibility of linear DAEs; for example,
we mention [15–21]. In addition to stability, admissibility implies that the system possesses the
properties of regularity and either causality (for discrete-time systems) or impulse freeness (in the
continuous-time case).

Presently, it is still topical to investigate the robust stability of parametric families of the
form (1.1) of an arbitrarily high unsolvability index with perturbations in all matrix coefficients.

For the family (1.1) with the vector and scalar parameters, we prove below the existence of
structural forms with separated algebraic and differential subsystems as well as propose algorithms
for building these forms. In our previous works (e.g., [22, 23]), the dimension of the solution
space and the structure of the general solution of perturbed DAEs were ensured the same as those
of the nominal system by imposing some finite relations on the perturbations. In this paper,
the structural forms are defined simultaneously for the entire family (1.1), and their existence is
established without additional constraints on the perturbations.

Unfortunately, the reduction of the DAEs (1.1) to a certain structural form generally complicates
the original type of functional dependence on uncertain parameters. Under the sufficient conditions
derived below, the system is separated into algebraic and differential parts while preserving the
original type of this dependence in the differential subsystem.

Under the assumptions accepted here, the stability of system (1.1) is equivalent to the stability
of its differential part, which represents a parametric family as well. Sufficient conditions for
robust stability follow from the required existence of a general quadratic Lyapunov function for the
differential subsystem.

2. SUFFICIENT CONDITIONS FOR ROBUST STABILITY

2.1. The Structural Form for DAEs with Parametric Uncertainty

For system (1.1) we define the following matrices:

Br [B(γ)] = col (B(γ), O, . . . , O) ,

Ar [A(γ), B(γ)] = col (A(γ), B(γ), O, . . . , O) (2.1)

of dimensions (n(r + 1)× n),

Λr [A(γ), B(γ)] =













O O . . . O O
A(γ) O . . . O O
B(γ) A(γ) . . . O O
...

...
. . .

...
...

O O . . . A(γ) O
O O . . . B(γ) A(γ)













(2.2)

of dimensions (n(r + 1)× nr), and

Dr [A(γ), B(γ)] =
(

Br [B(γ)] Ar [A(γ), B(γ)] Λr [A(γ), B(γ)]
)

(2.3)

of dimensions (n(r + 1)× n(r + 2)).
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Assume that

rankΛr [A(γ), B(γ)] = c = const ∀γ ∈ Γ (2.4)

for some r (0 6 r 6 n) and the matrix Dr [A(γ), B(γ)] ∀γ ∈ Γ has a nonsingular minor of or-
der n(r + 1) containing c columns of the matrix Λr [A(γ), B(γ)] and all columns of the matrix
Ar [A(γ), B(γ)]. It will be called the resolving minor .

We denote by Mr [A(γ), B(γ)] a square submatrix of the matrix Dr [A(γ), B(γ)] that has order
n(r + 1) and the resolving minor as its determinant.

Definition 1. The unsolvability index of the parametric family (1.1) is the smallest value r for
which condition (2.4) holds and there exists the resolving minor in the matrix Dr [A(γ), B(γ)] .

According to Lemma 1 below, the definition of the unsolvability index implies the permanent
internal structure of system (1.1) for all γ ∈ Γ.

Let us introduce the notation

(A1(γ) A2(γ) ) = A(γ)Q, (B1(γ) B2(γ) ) = B(γ)Q, (2.5)

where Q is a column permutation matrix such that all columns of the matrix

B2,r(γ) = col (B2(γ), O, . . . , O) (2.6)

belong to the resolving minor and those of col (B1(γ), O, . . . , O) do not. The blocks B2(γ) and A2(γ)
from (2.5), (2.6) have dimensions n× d, where d = nr − c. The construction of the matrix Q was
described in [22]. Thus, d is the number of columns of the matrix Br[B(γ)] that belong to the
resolving minor of the matrix (2.3).

Lemma 1. Assume that:

1) A(γ), B(γ) ∈ C
1(Γ).

2) Condition (2.4) holds.

3) The matrix Dr [A(γ), B(γ)] has the resolving minor.

Then there exists an operator

Rγ = R0(γ) +R1(γ)
d

dt
+ . . .+Rr(γ)

(
d

dt

)r

, (2.7)

where Rj(γ) ∈ C
1(Γ) (j = 0, r) are matrices of dimensions (n× n), such that

Rγ
[
A(γ)Qξ′(t) +B(γ)Qξ(t)

]
=

(

O O
En−d O

)

ξ′(t) +

(

J1(γ) Ed
J2(γ) O

)

ξ(t) (2.8)

for all t∈T and γ ∈Γ and any n-dimensional vector function ξ(t)∈C
r+1(T ). Here, Ed stands for an

identity matrix of order d; Q is the permutation matrix given by (2.5); finally, J1(γ), J2(γ)∈C
1(Γ)

are some matrices of compatible dimensions.

In addition,

(R0(γ) R1(γ) . . . Rr(γ) ) = (En O . . . O ) M−1
r [A(γ), B(γ)] . (2.9)

Lemma 2. Consider the DAEs (1.1) and assume that:

1) All the hypotheses of Lemma 1 are satisfied.

2) The matrix Dr+1 [A(γ), B(γ)] has an invertible submatrix Mr+1 [A(γ), B(γ)] of order n(r + 2)
for all γ ∈Γ that includes the matrix Mr [A(γ), B(γ)] and also n columns of the matrix
Λr+1 [A(γ), B(γ)].

Then the operator Rγ possesses the left inverse operator Lγ = L0(γ) + L1(γ)
d
dt , where

L0(γ), L1(γ)∈C1(Γ) are matrices of dimensions (n× n).

The proofs of these lemmas are provided in the Appendix.
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2.2. Robust Stability Conditions

Due to Lemma 1, the operator Rγ reduces the family (1.1) to the form

Ã(γ)

(

x′1(t)

x′2(t)

)

+ B̃(γ)

(

x1(t)

x2(t)

)

= 0, (2.10)

where

Qcol (x1(t), x2(t)) = x(t), (2.11)

Q is the row permutation matrix (see (2.5) and (2.6)), and

Ã(γ) =

(

O O
En−d O

)

= (R0(γ)A(γ) +R1(γ)B(γ))Q, (2.12)

B̃(γ) =

(

J1(γ) Ed
J2(γ) O

)

= R0(γ)B(γ)Q. (2.13)

The component x1(t) of the solution of the DAEs (2.10) satisfies the equation

x′1(t) + J2(γ)x1(t) = 0. (2.14)

In turn, x2(t) = −J1(γ)x1(t). The matrix J1(γ) is constant for each fixed value γ ∈Γ. Therefore,
the family (2.10), (2.12), (2.13) is asymptotically stable if and only if the same property holds for
system (2.14).

Under the hypotheses of Lemma 2, the operator Rγ has the left inverse operator. Moreover,
the solutions of systems (1.1) and (2.10), (2.12), (2.13) are related through the row permutation
matrix Q (see (2.11)). Based on these facts, we conclude that the DAE family (1.1) is asymptotically
stable if and only if system (2.14) is asymptotically stable.

Let the entire family (2.14) have a general quadratic Lyapunov function

W (x1) = x⊤1 V x1 (2.15)

with a positive definite time derivative along the trajectories of system (2.14). Here, the matrix V
of dimensions (n− d)× (n − d) is symmetric and positive definite. As is known [2, p. 198; 21,
p. 210], the family (2.14) is asymptotically stable if there exists a solution of the system of linear
matrix inequalities (LMIs)

J2(γ)
⊤V + V J2(γ) > 0, γ ∈Γ. (2.16)

In this case, the DAE family (1.1) is asymptotically stable as well. Thus, we arrive at the
following result.

Theorem 1. Under the hypotheses of Lemma 2, assume the existence of a symmetric and positive
definite constant matrix V satisfying the LMIs (2.16).

Then the parametric DAE family (1.1) is asymptotically stable.

We formulate another useful fact based on a known result from perturbation theory [2, p. 198].

Theorem 2. Under the hypotheses Lemma 2, assume that all eigenvalues λi(0) of the matrix J2(0)
in system (2.10)–(2.13) are different and let αi and βi be the corresponding right and left eigenvec-
tors:

J2(0)αi = λi(0)αi, β∗i J2(0) = λi(0)β
∗
i ,

‖αi‖Rn−d = ‖βi‖Rn−d = 1, i = 1, n − d.
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Then the eigenvalues of the matrix J2(γ) can be written as

λi(γ) = λi(0) +
l∑

j=1

β∗iΘjαi
β∗i αi

γj + o(γ),

where

Θj =
∂J2(γ)

∂γj

∣
∣
∣
γ=0

.

Example. Consider the DAEs








1 −γ2 1 0
0 1 0 0

−ϕ(γ3) 0 0 ϕ(γ3)
0 0 ψ(γ3) 0







x′(t) +








2 0 0 γ1 − 1
0 2− γ2 0 0
0 0 1 0
−1 0 0 1







x(t) = 0, (2.17)

where

Γ =

{

col (γ1, γ2, γ3) :
√

γ21 + γ22 + γ23 6 1/2

}

.

The functions ϕ(γ3) and ψ(γ3) are infinitely differentiable with respect to the parameter
γ3 ∈ [−1/2, 1/2] and given by the rule ψ(γ3) = 0 if ϕ(γ3) 6= 0. Since φ(γ3) and ψ(γ3) vanish ei-
ther simultaneously or in turn, the matrix at the derivative has variable rank in the domain Γ.

The matrix D2 [A(γ), B(γ)] has the resolving minor indicated by the dashed line:




























2 0
0 f2
0 0
−1 0

0 0
0 0
0 0
0 0

0 0
0 0
0 0
0 0

0 f1 1 −γ2 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
1 0 −ϕ 0 0 ϕ 0 0 0 0 0 0
0 1 0 0 ψ 0 0 0 0 0 0 0

0 0 2 0 0 f1 1 −γ2 1 0 0 0
0 0 0 f2 0 0 0 1 0 0 0 0
0 0 0 0 1 0 −ϕ 0 0 ϕ 0 0
0 0 −1 0 0 1 0 0 ψ 0 0 0

0 0 0 0 0 0 2 0 0 f1 1 −γ2
0 0 0 0 0 0 0 f2 0 0 0 1
0 0 0 0 0 0 0 0 1 0 −ϕ 0
0 0 0 0 0 0 −1 0 0 1 0 0

0 0
0 0
0 0
0 0

0 0
0 0
0 0
0 0

1 0
0 0
0 ϕ
ψ 0




























.

Here, the dependence of ϕ and ψ on the parameter γ3 is omitted, f1 = γ1 − 1, and f2 = 2− γ2.
The matrix Λ2[A(γ), B(γ)] is located to the right of the double vertical line and has rank 6.

We construct the matrix D3 [A(γ), B(γ)] by supplementing D2 with four zero columns on the
right and four rows at the bottom:








0 . . . 0 0 . . . 0 0 . . . 0 2 0 0 f1 1 −γ2 1 0

0 . . . 0 0 . . . 0 0 . . . 0 0 f2 0 0 0 1 0 0

0 . . . 0 0 . . . 0 0 . . . 0 0 0 1 0 −ϕ 0 0 ϕ

0 . . . 0 0 . . . 0 0 . . . 0 −1 0 0 1 0 0 ψ 0







.

There is the submatrix M3 [A(γ), B(γ)] in D3 : it includes all columns corresponding to the re-
solving minor and four more columns with the framed units. Thus, all the hypotheses of Lemma 2
are satisfied, d = 2, and Q = E4.
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The operator

Rγ = R0(γ) +R1(γ)
d

dt
+R2(γ)

(
d

dt

)2

,

where

R0(γ) =








0 0 1 0
0 0 0 1
1 γ2 0 1− γ1
0 1 0 0







, R1(γ) =








0 0 0 −ϕ(γ3)
0 0 −ψ(γ3) 0
0 0 (γ1 − 1)ψ(γ3)− 1 0
0 0 0 0







,

R2(γ) =








0 0 0 0
0 0 0 0
0 0 0 ϕ(γ3)
0 0 0 0







,

transforms system (2.17) into








0 0 0 0
0 0 0 0

1 0 0 0
0 1 0 0







x′(t) +








0 0 1 0
−1 0 0 1

1 + γ1 γ2 (2− γ2) 0 0
0 2− γ2 0 0







x(t) = 0.

In addition, J2(γ) =

(

1 + γ1 γ2 (2− γ2)
0 2− γ2

)

.

Let V =

(

2 0
0 2

)

in the matrix inequality (2.16). Then

J2(γ)
⊤V + V J2(γ) =

(

4 (1 + γ1) 2γ2 (2− γ2)
2γ2 (2− γ2) 4 (2− γ2)

)

.

This matrix is positive definite due to the positive definiteness of all its principal minors for
any γ1 and γ2 from the segment [−1/2, 1/2]. In particular, the determinant of this matrix is
4(2 − γ2){4(1 + γ1)− γ22(2− γ2)}. Obviously, 2− γ2 > 0 ∀γ2 ∈ [−1/2, 1/2]. The expression in curly
brackets achieves a minimum of 11/8 > 0 for γ1 = −1/2 and γ2 = −1/2.

By Theorem 1, this means that the family (2.17) is asymptotically stable.

3. ROBUST STABILITY CONDITIONS FOR DAES WITH A SCALAR PARAMETER

Consider the DAEs

A(γ0)x
′(t) +B(γ0)x(t) = 0, t∈T, (3.1)

where γ0 ∈G0 denotes a scalar parameter and G0 = {γ0 ∈R : |γ0| 6 a} is a given admissible set.

Theorem 3. Assume that:

1) A(γ0), B(γ0)∈C
A(G0).

2) rankΛr[A(γ0), B(γ0)] = const ∀γ0 ∈G0.

3) The matrix Dr[A(γ0), B(γ0)] has a resolving minor.

Then there exist matrices P (γ0), S(γ0) ∈ C
A(G0) invertible for all γ0 ∈G0 such that, with mul-

tiplication on the left by P (γ0) and the change of variable

x(t) = S(γ0)col (z1(t), z2(t)) ,
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system (3.1) is transformed into

(

En−d O

O N(γ0)

)(

z′1(t)

z′2(t)

)

+

(

J(γ0) O

O Ed

)(

z1(t)

z2(t)

)

= 0, t∈T, (3.2)

where N(γ0) is an upper triangular matrix with r square zero blocks on the principal diagonal,
N r(γ0) ≡ O, and J(γ0) is some matrix of dimensions (n−d)×(n−d).

The proof of this theorem is omitted. It involves the step-by-step zeroing of linearly dependent
rows in the matrix at x′(t) and the differentiation operator applied to the corresponding rows of
the matrix at x(t).

The structural form (3.2) is an analog of the strong standard canonical form introduced in [25]
for the system A(t)x′(t) +B(t)x(t) = f(t) under the analytical solvability assumption.

Under the hypotheses of Theorem 3, the solutions of systems (3.1) and (3.2) are related by the
identity

x(t) = S(γ0)col (z1(t), z2(t)) (3.3)

with the matrix S(γ0) invertible for all γ0 ∈G0.

Consider the DAEs (3.2). Due to the structure of the matrix N(γ0), the subsystem

N(γ0)z
′
2(t) + z2(t) = 0

has only the trivial solution z2(t) ≡ 0 for all γ0 ∈G0.

In turn, the component z1(t) satisfies the subsystem

z′1(t) + J(γ0)z1(t) = 0. (3.4)

Therefore, the DAEs (3.2) are asymptotically stable if and only if the same property holds for
system (3.4).

For each fixed value γ0, the matrix S(γ0) in (3.3) is constant. Hence, the DAE family (3.1)
possesses asymptotic stability if and only if system (3.4) does so.

Let
W0(z1) = z⊤1 V0z1

be a general Lyapunov function for system (3.4) with a symmetric and positive definite matrix V0
of dimensions (n− d)× (n− d) that satisfies the matrix inequality

J⊤(γ0)V0 + V0J(γ0) > 0, γ0 ∈G0. (3.5)

In this case, the family (3.4) is asymptotically stable, and hence the parametric family (3.1)
possesses the same property.

Thus, the following result holds.

Theorem 4. Under the hypotheses of Theorem 3, the DAE family (3.1) is asymptotically sta-
ble if there exists a constant, symmetric, and positive definite matrix V0 that satisfies the matrix
inequality (3.5) for all γ0 ∈G0.

4. CONDITIONS FOR PRESERVING THE TYPE OF FUNCTIONAL DEPENDENCE
ON UNCERTAIN PARAMETERS

In the previous sections, we have considered the reduction of parametric families of DAEs to
some structural forms. As it has been demonstrated above, under certain conditions, the robust
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stability of the original family is equivalent to the robust stability of its differential subsystem.
Unfortunately, in the process of such transformations, the original type of the functional dependence
of the system coefficients on the uncertain parameters generally becomes more complicated.

Consider the family of DAEs with an affine uncertainty:


A0 +
l∑

j=1

γjAj



x′(t) +



B0 +
l∑

j=1

γjBj



x(t) = 0, t∈T, (4.1)

where Aj and Bj (j = 0, l) are given real matrices of dimensions (n × n); detA0 = 0 and γ =
col (γ1, . . . , γl) ∈Γa = {γ ∈R

l : |γj| 6 a, j = 1, l}.
This section presents sufficient conditions on the structure of the coefficients Aj and Bj (j = 1, l)

under which the robust stability of the family (4.1) is equivalent to the robust stability of a system
of ordinary differential equations resolvable with respect to the derivative, with affine uncertainty.

4.1. Conditions Based on the Canonical Kronecker–Weierstrass Form

Definition 2. A matrix pencil µA0 + B0 is said to be regular if there exists µ∈R such that
det (µA0 +B0) 6= 0.

Lemma 3 [26, p. 313]. Assume that a matrix pencil µA0 +B0 is regular. Then there exist in-
vertible matrices P and S of dimensions (n× n) such that

PA0S =

(

En−d O
O N

)

, PB0S =

(

J0 O
O Ed

)

, (4.2)

where J0 is some square matrix of order n− d and N is an upper triangular matrix with r square
zero blocks on the principal diagonal such that N r = O.

The system PA0Sz
′(t) + PB0Sz(t) = 0, z(t) = S−1x(t), with property (4.2) is called the canon-

ical Kronecker–Weierstrass form for the DAEs A0x
′(t) +B0x(t) = 0.

Let the matrix pencil µA0 +B0 in (4.1) be regular. Then, by Lemma 4, there exist invertible
matrices P and S with property (4.2). Assume that

PAjS =

(

O O
Aj,1 O

)

, PBjS =

(

Bj,1 O
Bj,2 O

)

, j = 1, l, (4.3)

where Aj,1, Bj,1, and Bj,2 are some matrices with possibly nonzero elements. Note that Aj,1 and
Bj,2 have dimensions d× (n− d), whereas the square block Bj,1 is of order (n− d).

We multiply (4.1) on the left by the matrix P and change the variable: x(t) = Scol(x1(t), x2(t)).
In view of (4.2), (4.3), the resulting system has the form






En−d O

l∑

j=1
γjAj,1 N






(

x′1(t)

x′2(t)

)

+








J0 +
l∑

j=1
γjBj,1 O

l∑

j=1
γjBj,2 Ed








(

x1(t)

x2(t)

)

= 0. (4.4)

Denoting

Y1(γ) = J0 +
l∑

j=1

γjBj,1, (4.5)

Y2(γ) =
l∑

j=1

γj (Bj,2 −Aj,1Y1(γ)) , (4.6)
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from the first equation of system (4.4) we find

x′1(t) = −Y1(γ)x1(t) (4.7)

and consequently,

(
d

dt

)i

x1(t) = (−1)iY i
1 (γ)x1(t), i = 2, l. (4.8)

Considering (4.5)–(4.7), the second equation of system (4.4) can be written as

Nx′2(t) + x2(t) + Y2(γ)x1(t) = 0. (4.9)

Applying the operator

Ed +
r−1∑

k=1

(−1)kNk
(
d

dt

)k

(4.10)

to (4.9) and using formulas (4.7) and (4.8), we obtain

x2(t) =

(

Y2(γ) +
r−1∑

k=1

NkY2(γ)Y
k
1 (γ)

)

x1(t). (4.11)

Obviously, the inverse of the operator (4.10) has the form Ed +N d
dt .

Following the same considerations as in the previous sections, we can demonstrate that the DAE
family (4.1) is asymptotically stable for all γ ∈Γa if and only if the same property holds for the
family (4.7) or, equivalently, for the DAEs

x′1(t) +



J0 +
l∑

j=1

γjBj,1



x1(t) = 0. (4.12)

In system (4.12), the affine structure of uncertainty is preserved, being violated in equation (4.11).

Remark. If the dependence on the parameters in the original family were not affine (e.g., mul-
tilinear or polynomial), conditions (4.3) would ensure the same type of uncertainty in an equation
analogous to (4.12).

The family (4.12) is asymptotically stable for all values γ ∈Γa if there exists a general Lyapunov
function (2.15) with a positive definite time derivative along the trajectories of system (4.12).

Theorem 5. Consider system (4.1) under the assumptions that the matrix pencil µA0 + B0 is
regular and equalities (4.3) hold. If there exists a symmetric and positive definite matrix V of
dimensions (n − d)× (n− d) that satisfies the inequality

Y ⊤
1 (γ)V + V Y1(γ) > 0 (4.13)

for all γ ∈Γa, then the family (4.1) is asymptotically stable for all γ ∈Γa. In this case, the matrix
Y1(γ) is calculated by formula (4.5).

Since the affine structure of the dependence on the uncertain parameters is preserved in (4.12),
it suffices to solve inequalities (4.13) only at a finite number of points for which |γj | = a (j = 1, l)
[2, p. 199].

For the same reason, Theorem 2 can be used to estimate the stability radius of system (4.12).
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Suppose that all eigenvalues λk of the matrix J0 have positive real parts: Re (λk)> 0, k =
1, n − d. We denote by λ the eigenvalue of this matrix with the least real part. Let α and β be the
corresponding right and left eigenvectors. By Theorem 2, λ turns into the eigenvalue λ(γ) of the

matrix J0 +
l∑

j=1
γjBj,1 :

λ(γ) ≈ λ+
l∑

j=1

β∗Bj,1α

β∗α
γj

for small γ. Therefore, for

ā = Reλ/
l∑

j=1

∣
∣
∣
∣
Re

β∗Bj,1α

β∗α

∣
∣
∣
∣

at least one eigenvalue of the matrix (4.5) has zero real part. In other words, the value ā provides
an estimate for the stability radius of system (4.12) [2, p. 198].

4.2. Conditions Based on the Differential Operator

Note that for a regular pencil µA0 + B0, the construction of matrices P and S with the prop-
erty (4.2) is generally a nontrivial problem. Therefore, we will obtain other, more constructive,
conditions for preserving the type of functional dependence on the parameters for the family (4.1).
In this case, some constraints will be imposed on the coefficients of the system under consideration,
different from those adopted in Section 4.1.

Assume that the matrices A0 and B0 in system (4.1) satisfy the following conditions:

A1) There is a resolving minor in the matrix Dr[A0, B0].

A2) rankΛr+1[A0, B0] = rankΛr[A0, B0] + n.

Then, by Lemma 2, there exist an operator

R = R0 +R1
d

dt
+ . . . +Rr

(
d

dt

)r

such that

R [A0x
′(t) +B0x(t)

]
=

(

O O
En−d O

)(

x′1(t)
x′2(t)

)

+

(

J1 Ed
J2 O

)(

x1(t)
x2(t)

)

,

where Qcol (x1(t), x2(t)) = x(t) and Q is the corresponding row permutation matrix (see (2.5)
and (2.6)). In addition, R has the left inverse operator L = L0 + L1

d
dt and

(R0 R1 . . . Rr ) = (En O . . . O )M−1
r [A0, B0],

where the determinant of the matrix Mr[A0, B0] is the resolving minor.

Applying the operator R to (4.1) yields the system
(

O O

En−d O

)(

x′1(t)

x′2(t)

)

+

(

J1 Ed

J2 O

)(

x1(t)

x2(t)

)

+
r+1∑

i=0





l∑

j=1

γjRi,j





(
d

dt

)i
(

x1(t)

x2(t)

)

= 0, (4.14)

where

R0,j = R0BjQ; Ri,j = (Ri−1Aj +RiBj)Q, i = 1, r;

Rr+1,j = RrAjQ, j = 1, l.
(4.15)
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Suppose that the matrix coefficients (4.15) have the structure

R0,j =

(

Bj,1 O

Bj,2 O

)

, Ri,j =

(

A
[i]
j O

O O

)

, j = 1, l, i = 1, r + 1, (4.16)

where Bj,1, Bj,2, and A
[i]
j are some matrices: Bj,1 and A

[i]
j have dimensions d × (n − d), and the

square block Bj,2 is of order (n− d).

Due to (4.16), system (4.14) takes the form

(

O O

En−d O

)(

x′1(t)

x′2(t)

)

+









J1 +
l∑

j=1
γjBj,1 Ed

J2 +
l∑

j=1
γjBj,2 O









(

x1(t)

x2(t)

)

+







r+1∑

i=1

[
l∑

j=1
γjA

[i]
j

](
d

dt

)i

x1(t) O

O O







= 0.

Following the same considerations as in the previous case, under Assumptions A1 and A2, we
can demonstrate that system (4.1) is asymptotically stable for each γ ∈Γa if and only if the same
property holds for the subsystem

x′1(t) +



J2 +
l∑

j=1

γjBj,2



x1(t) = 0.

Thus, the following analog of Theorem 5 is true.

Theorem 6. Consider system (4.1) under Assumptions A1 and A2 and equalities (4.16). If there
exists a symmetric and positive definite matrix V of dimensions (n− d)× (n− d) that satisfies the
inequality



J2 +
l∑

j=1

γjBj,2





⊤

V + V



J2 +
l∑

j=1

γjBj,2



 > 0

for all γ ∈Γa, then the family (4.1) is asymptotically stable for all γ ∈Γa.

5. CONCLUSIONS

In this paper, the robust stability of differential-algebraic equations (DAEs) with norm-bounded
vector and scalar uncertain parameters has been analyzed by proposing algorithms for building
structural forms with separated differential and algebraic subsystems (Lemma 1 and Theorem 3,
respectively).

The approach based on a linear differential operator has a constructive nature: the coefficients
of this operator are determined by inverting the matrix whose determinant is the resolving minor.
Moreover, the system obtained by such a transformation is equivalent to the original system in the
sense of solutions (Lemma 2).

When investigating the stability of DAEs, the main difficulty is that even in the simplest cases,
the internal structure of the system (and, consequently, the form of the general solution) may
change under an arbitrarily small perturbation of the coefficients. As a result, the structure and
properties of the unperturbed system may lose any significance for analysis.
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A distinctive feature of the results presented above is that the stability analysis involves no
information about the internal structure of the nominal system. The structural forms are built for
the entire family (Subsections 2.1 and 3.1). For this reason, there is no need to introduce additional
structural constraints on the perturbations that would ensure the coinciding internal structures of
the nominal and perturbed DAEs.

It has been demonstrated that the stability of the parametric family (1.1) is equivalent to the
robust stability of its differential subsystem, which also depends on the uncertain parameters. The
sufficient condition for robust stability follows from the existence of a general quadratic Lyapunov
function (2.15) for the differential subsystem (Theorems 1 and 4).

On the other hand, reducing the system to one or another structural form may appreciably
complicate the type of functional dependence on the uncertain parameters of this subsystem com-
pared to system (1.1). In this regard, for DAEs with affine uncertainty, sufficient conditions have
been established under which the differential subsystem is also an affine family (Section 4). This
approach is also applicable to systems with other types of parametric uncertainty.

APPENDIX

Proof of Lemma 1. Let QΛ be a column permutation matrix such that

Λr [A(γ), B(γ)]QΛ = (Λr,1(γ) Λr,2(γ)) ,

where the block Λr,1(γ) belongs to the resolving minor and consists of c columns, rankΛr,1(γ) = c
∀γ ∈Γ.

Consider the matrix Dr [A(γ), B(γ)] . Multiplying it on the right by the column permutation
matrix Qr = diag {Q,Q,QΛ} 1 and on the left by M−1

r [A(γ), B(γ)] yields

M−1
r [A(γ), B(γ)]Dr [A(γ), B(γ)]Qr =








J1(γ) Ed O O O Φ1(γ)
J2(γ) O En−d O O Φ2(γ)

J3(γ) O O Ed O Φ3(γ)
J4(γ) O O O Ec Φ4(γ)







,

where Ji(γ) and Φi(γ) (i = {1, 2, 3, 4}) are some matrices of compatible dimensions. Due to (2.4),

Φ1(γ) ≡ O, Φ2(γ) ≡ O, Φ3(γ) ≡ O, γ ∈Γ.

In this case,

(En O . . . O ) M−1
r [A(γ), B(γ)]Dr [A(γ), B(γ)]Qrcol

(

ξ(t), . . . , ξ(r+1)(t)
)

=

(

J1(γ) Ed O O O . . . O

J2(γ) O En−d O O . . . O

)

col
(

ξ(t), . . . , ξ(r+1)(t)
)

, (A.1)

which obviously implies formulas (2.9) and (2.8).

Proof of Lemma 2. Note that identity (A.1) remains in force for

Qr = diag {Q, . . . , Q} .
1 The matrix Qr is quasi-diagonal: the blocks listed in curly brackets stand on the principal diagonal and all other
elements are zero.
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Let ξ(t)∈C
r+2(T ) be an arbitrary n-dimensional vector function. In view of the representa-

tion (2.9), differentiating (A.1) with respect to the variable t gives

(O R0(γ) R1(γ) . . . Rr(γ) )Dr+1 [A(γ), B(γ)]Qr+1col
(

ξ(t), . . . , ξ(r+2)(t)
)

=

(

O O J1(γ) Ed O O O . . . O

O O J2(γ) O En−d O O . . . O

)

col
(

ξ(t), . . . , ξ(r+2)(t)
)

. (A.2)

From (A.1) and (A.2) it follows that

(

R0(γ) R1(γ) . . . Rr(γ) O

O R0(γ) . . . Rr−1(γ) Rr(γ)

)

Dr+1 [A(γ), B(γ)]Qr+1

=









J1(γ) Ed O O O O

J2(γ) O En−d O O O

O O J1(γ) Ed O O

O O J2(γ) O En−d O









. (A.3)

According to assumption 2 of Lemma 2, the matrix

Dr+1 [A(γ), B(γ)] =
(

Br+1 [B(γ)] Ar+1 [A(γ), B(γ)] Λr+1 [A(γ), B(γ)]
)

has an invertible submatrix Mr+1 [A(γ), B(γ)] of order n(r + 2) on Γ. In addition, d columns of
the matrix Br+1 [B(γ)] are included in Mr+1 [A(γ), B(γ)] , namely, those of the matrix

B2,r+1(γ) = col (B2(γ), O, . . . , O)

(see (2.5) and (2.6)); (c+ n) columns of the matrix Λr+1 [A(γ), B(γ)] are included in Mr+1.

Consider a matrix that eliminates in Dr+1 [A(γ), B(γ)]Qr+1 the columns not included in
Mr+1 [A(γ), B(γ)] . Multiplying both sides of equality (A.3) on the right by this matrix yields

(

R0(γ) R1(γ) . . . Rr(γ) O

O R0(γ) . . . Rr−1(γ) Rr(γ)

)

Mr+1 [A(γ), B(γ)] = ( E(γ) O ) , (A.4)

where

E(γ) =









Ed O O O
O En−d O O

O J1(γ) Ed O

O J2(γ) O En−d









. (A.5)

In addition, the block column

col (O,O,O,En−d) (A.6)

of the matrix on the right-hand side of identity (A.3) completely enters the matrix E(γ). Indeed,
Dr+1 [A(γ), B(γ)] and the matrix on the right-hand side of (A.3) have full row rank for all γ ∈Γ;
therefore, due to (A.3), the same property holds for the matrix

(

R0(γ) R1(γ) . . . Rr(γ) O

O R0(γ) . . . Rr−1(γ) Rr(γ)

)

. (A.7)
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Assume on the contrary that the transformation of (A.3) into (A.4) eliminates some columns of
the matrix (A.6). In this case, the matrix E(γ) will no longer be invertible, which contradicts the
full row rank of the matrix (A.7).

From (A.4) it follows that

(

R0(γ) R1(γ) . . . Rr(γ) O

O R0(γ) . . . Rr−1(γ) Rr(γ)

)

= ( E(γ) O )M−1
r+1 [A(γ), B(γ)] . (A.8)

The desired result of this lemma will be established by demonstrating that the system

(L0(γ) L1(γ) )

(

R0(γ) R1(γ) . . . Rr(γ) O

O R0(γ) . . . Rr−1(γ) Rr(γ)

)

= (En O . . . O ) (A.9)

has a solution (L0(γ) L1(γ) ) ∈C
1(Γ).

Considering the representation (A.8), a necessary and sufficient condition for the point-wise
solvability of equation (A.9) can be written as

rank E(γ) = rank

(

( E(γ) O )

(En O . . . O )Mr+1 [A(γ), B(γ)]

)

. (A.10)

Obviously, see (A.5), rankE(γ) = 2n. By construction,

(En O . . . O )Mr+1 [A(γ), B(γ)] =
(

B2(γ) A1(γ) A2(γ) O
)

. (A.11)

In view of (A.5) and (A.11), it is straightforward to verify (A.10) for all γ ∈Γ.

The solution L0(γ), L1(γ)∈C
1(Γ) of system (A.9) is given by the formula

(L0(γ) L1(γ) ) = (En O . . . O )Mr+1 [A(γ), B(γ)]

(

E−1(γ)
O

)

.

The proof of Lemma 2 is complete.
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Abstract—This paper considers a periodic boundary value problem for a nonlinear partial
differential equation with a deviating spatial variable. It is called the nonlocal erosion equation
and was proposed as a model for the formation of dynamic patterns on the semiconductor
surface. As is demonstrated below, the formation of a spatially inhomogeneous relief is a
self-organization process. An inhomogeneous relief appears due to local bifurcations in the
neighborhood of homogeneous equilibria when they change their stability. The analysis of this
problem is based on modern methods of the theory of infinite-dimensional dynamic systems,
including such branches as the theory of invariant manifolds, the apparatus of normal forms,
and asymptotic methods for studying dynamic systems.

Keywords : nonlocal erosion equation, attractors, stability, bifurcations, normal forms, asymp-
totics
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1. INTRODUCTION

Since the 1980s, describing the formation of an inhomogeneous (e.g., wavelike) relief on the
surface of semiconductor materials bombarded by an ion flow has always been a topical problem
of micro- and nanoelectronics. The nature of a wavelike relief continues to cause much discussion;
for example, see [1–6]. According to experimental evidence, a wavelike nanorelief is formed on the
surface of semiconductors and dielectrics in a certain range of ion incidence angles. Of course, it
depends on the beam intensity, ion type, and the material of the sample subjected to ion bom-
bardment. The process of nanostructure formation on the silicon surface has been most intensively
investigated at the experimental level.

Almost immediately, mathematical models were proposed to explain the phenomenon of inhomo-
geneous micro- and nano-relief formation. Two approaches were used: stochastic and deterministic.

In terms of applications, a more attractive approach is to treat such a process as dynamic. The
best-known model was introduced by Bradley and Harper [7]. This model involves one version of
the well-known Kuramoto–Sivashinsky equation supplemented with boundary conditions, natural
from a physical point of view. In principle, different variations and modifications of this model gave
a sufficiently convincing description of the process of inhomogeneous (wavelike) relief formation.
At the same time, this model suffers from several drawbacks in its initial formulation. One of them
is that in many cases, the corresponding boundary value problem revealed the possible formation
of an inhomogeneous relief with the leading role of the first possible mode; for example, see [8–11].
In many cases, such a conclusion contradicts the results of experiments.

A possible informal modification is a model known as the nonlocal erosion equation [8–11]. It
covers several nonlocal effects, first of all, the fact that the points of ion penetration (entry) into
the semiconductor material and its exit do not necessarily coincide. This led to the emergence of a
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mathematical model with a partial differential equation in which some terms contain an unknown
function with a deviating spatial variable.

This paper considers a nonlocal erosion equation augmented with periodic boundary conditions.
Other problem statements for the nonlocal erosion equation can be found in [11–16].

Below, we study a periodic boundary value problem (BVP) for the nonlocal erosion equation

uτ = duyy − c1wy + c2w
2
y + c3w

3
y, (1.1)

u(τ, y + 2l) = u(τ, y), (1.2)

where u = u(τ, y), w = u(τ, y − h0), and h0 is a positive constant to consider nonlocal effects (this
constant is set proportional to the average distance between the entry and exit points of the ion from
the incident beam); d > 0, c1 > 0, c2, and c3 ∈ R are constants characterizing the bombardment
conditions. For example, d is the diffusion coefficient of the target material, and the coefficient
c1 specifies the intensity (energy) of the ion beam. The deviation h0 > 0 is the main parameter
distinguishing this model from others (e.g., from the Bradley–Harper model). The constant h0 is
proportional to the inclination angle between the beam direction and the normal to the surface,
which is considered flat before the bombardment. From the very beginning, let us emphasize the
following aspect. In principle, the relief deviation from an equilibrium, u(τ, y), must depend on
the second spatial coordinate y1: u = u(τ, y, y1). But in most experiments, the dependence on y1
is rather weak and, therefore, the approximation u = u(τ, y) is considered acceptable.

With the changes of variables

τ =
l

πc1
t, y =

l

π
x,

the BVP (1.1), (1.2) can be written as

ut = auxx − wx + b2w
2
x + b3w

3
x, (1.3)

u(t, x+ 2π) = u(t, x), (1.4)

where u = u(t, x), w = u(t, x− h), and

h =
h0π

l
, a =

dπ

lc1
, b2 =

c2π

c1l
, b3 =

c3π
2

l2c1
.

Note that the BVP (1.3), (1.4) has the solution u(t, x) = α, where α ∈ R. If the BVP (1.3),
(1.4) is supplemented by the boundary conditions

u(0, x) = f(x) (w(0, x) = f(x− h)), (1.5)

where f(x) ∈ H
1
2, the resulting initial boundary value problem will be locally well-posed. This

outcome follows from the results obtained in [17, 18]. Moreover, the initial boundary value prob-
lem (1.3)–(1.5) generates a local smooth semiflow T t : f(x) → u(t, x), t ∈ (0, δ), δ > 0.

Recall that f(x) ∈ H
1
2 if:

1) f(x+ 2π) = f(x).

2) For x ∈ [0, 2π], the inclusion f(x) ∈ W
1
2[0, 2π] holds, where W

1
2[0, 2π] is the space of func-

tions f(x) such that f(x)∈L2(0, 2π) and their generalized derivative f ′(x)∈L2(0, 2π) (for example,
see [19]).

The BVP (1.3), (1.4) has one peculiarity as follows. Let u(t, x) be any solution of this problem;
then α+ u(t, x) is also its solution. Below, we will investigate the structure of the neighborhood of
all solutions u(t, x) = α (spatially homogeneous equilibria). In particular, it is supposed to study
the formation mechanism of local attractors containing spatially inhomogeneous solutions.
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2. SOME PRELIMINARIES

Consider the nonlinear BVP (1.3), (1.4). We denote by

M(u) =
1

2π

2π∫

0

u(t, x)dx

the space mean of the function u(t, x). Representing the solution u(t, x) as a Fourier series with
respect to the spatial variable x gives

u(t, x) = u0(t) +
∑

n 6=0

un(t) exp(inx),

where

u0(t) =M(u), un(t) =
1

2π

2π∫

0

u(t, x) exp(−inx)dx.

Hence, any solution solution of the nonlinear BVP (1.3), (1.4) can be written as

u(t, x) = u0(t) + v(t, x), v(t, x) =
∑

n 6=0

un(t) exp(inx), M(v) = 0.

Therefore, the BVP (1.3), (1.4) takes the form

u0t(t) = b2M(w2
x) + b3M(w3

x), (2.1)

vt = Av + F2(wx) + F3(wx), (2.2)

v(t, x+ 2π) = v(t, x), M(v) = 0. (2.3)

Equations (2.1) and (2.2) employ the following notations:

Av = avxx − wx, w = v(t, x− h),

F2(wx) = b2w
2
x − b2M(w2

x), F3(wx) = b3w
3
x − b3M(w3

x).

When forming the right-hand side of the differential equation (2.2), we take into account that
Au0 = 0 and the right-hand side of the original partial differential equation (1.3) is independent
of u0(t).

The BVP (1.3), (1.4) can be analyzed in two stages. The first stage consists in studying the
BVP (2.2), (2.3). After that, the second stage is to reconstruct u0(t) using equation (2.1). Note
that the function u0(t) is reconstructed within an arbitrary constant without additional conditions
from equation (2.1).

Thus, the main point in investigating the BVP (1.3), (1.4) is to study the auxiliary nonlin-
ear BVP (2.2), (2.3). We emphasize that it has the unique spatially homogeneous equilibrium
v(t, x) = 0.

3. STABILITY OF THE TRIVIAL SOLUTION OF THE AUXILIARY NONLINEAR BVP

To analyze the stability of the trivial equilibrium of the nonlinear BVP (2.2), (2.3), we first
examine its linearized version, i.e., the linear BVP

vt = Av, Av = avxx − wx, (3.1)

v(t, x+ 2π) = v(t, x), M(v) = 0, w = v(t, x− h). (3.2)
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Consider the linear differential operator (LDO)

Ap = A(a, h)p = apxx(x)− px(x− h),

where a sufficiently smooth function p(x) satisfies the periodic boundary conditions p(x+2π) = p(x)
and has the zero mean. This operator possesses a countable set of eigenvalues

λn = λn(a, h) = −an2 − in exp(−inh), n = ±1,±2, . . . ;

the corresponding eigenfunctions {exp(inx)} form a complete orthogonal system of functions in the
space L2,0(0, 2π), i.e., f(x)∈L2,0(0, 2π) if f(x)∈L2(0, 2π) and M(f) = 0.

The following result is true.

Lemma 1. If
Reλn(a, h) < 0

for given values a and h, then all solutions of the linear BVP (3.1), (3.2) are asymptotically stable
in the metric of the initial condition space of the BVP (3.1), (3.2).

A natural choice of the initial condition space is the functional spaceH1
2,0: f(x)∈H

1
2,0 if f(x)∈H

1
2

and M(f) = 0. Indeed, let us consider the initial boundary value problem (3.1), (3.2), (1.5) for
f(x)∈H

1
2,0. Its explicit-form solution is given by

v(t, x) =
∑

n 6=0

fn exp(λnt) exp(inx), (3.3)

where λn denote the eigenvalues of the LDO A and {fn} are the Fourier coefficients of the func-
tion f(x) (f0 = 0 since M(f) = 0).

It is straightforward to verify that:

1) v(t, x) → f(x) in the metric of H1
2 as t→ +0.

2) For t > t0 > 0, the solution (3.3) is an infinitely differentiable function.

Property 2) is immediate from the following result, which can be checked in a fairly standard
way: for t > t0 > 0 the series on the right-hand side of (3.3) converges uniformly together with its
partial derivatives of any order. This result is proved using the fact that

lim
|n|→∞

λn(a, h)

n2
= −a.

Note also that lim|n|→∞(Im(λn(a, h)))/n
2 = 0. Hence, |Imλn(a, h)| 6 K|Reλn(a, h)| if |n| > n0

(n0 ∈N, the set of natural numbers) and K is some positive constant.

In particular, these results allow stating that the LDO A is the generator of the analytic semi-
group of linear bounded operators, and the linear BVP (3.1), (3.2) can be included in the class of
abstract parabolic equations in the sense of the definitions from [17, 18, 20].

If Reλm(a, h) > 0 for some n = m, the solutions of the linear BVP (3.1), (3.2) are, of course,
unstable.

The considerations presented above lead to another result as follows.

Lemma 2. Assume that
Reλn 6 −γ0 < 0

for all n∈Z∗ (the set of integers n 6= 0). Then the trivial solution of the nonlinear BVP (2.2), (2.3)
is asymptotically stable. At the same time, if there exists an integer m∈Z∗ such that Reλm > 0,
then this solution is unstable.
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Note that the conditions Reλn 6 0, Reλm = 0 for some m∈Z∗ select a critical case in the
stability problem of the trivial solution of the BVP (2.2), (2.3).

The remainder of this section focuses on the following question: under what conditions is the
critical case implemented in the stability problem of the trivial solution of the BVP (2.2), (2.3).
Let us emphasize that, for h = 0,

λn(a, 0) = −an2 − in

and, consequently, Reλn(a, 0) < 0 for all n∈Z∗ (Z∗ = Z\{0}). Therefore, the critical case is possible
only if h > 0 (h > 0 by the problem statement). For all a > 0 we will determine the least positive
value h = h∗(a) implementing the critical case.

First, it is necessary to find hn satisfying

Reλn(a, hn) = 0.

Such values hn should be obtained as the solutions of the equation −an2 − n sinnh = 0 or

sinnh = −an. (3.4)

Equation (3.4) has solutions if |an| 6 1. Without loss of generality, assume that n∈N (the set of
natural numbers) since replacing n with −n does not change equation (3.4).

Thus, an 6 1. Then equation (3.4) possesses two groups of solutions:

1) hn(m) = 1
n(2πm− arcsin(an)),m∈Z,

2) hn(k) =
1
n(π + arcsin(an) + 2πk), k ∈Z.

In the first group of solutions of the trigonometric equation, the least positive root is hn(1) =
(2π − arcsin(na))/n; in the second group of solutions, hn(0) = (π + arcsin(na))/n. Furthermore,
we have the inequality

1

n
(π + arcsin(na)) 6

1

n
(2π − arcsin(na)) (3.5)

for any natural number n (of course, if na 6 1). Inequality (3.5) is equivalent to

2 arcsin(na) 6 π or arcsin(na) 6
π

2
.

The resulting conclusion is that h∗ should be determined as the least element of the sequence

dn = dn(a) =
1

n
(π + arcsin(an)) if n 6

1

a
.

We underline that dn = hn(0). Clearly, in principle, the least value dn can be chosen by linear
search. For example, if a = 1, this sequence contains one element d1 = 3π/2 and h∗ = 3π/2. In
the case a = 1/2, we obtain d1 = 7π/6 and d2 = 3π/4; hence, h∗ = 3π/4. At the same time, the
number of elements in the sequence dn(a) grows when decreasing a. Therefore, linear search should
be improved to select h∗ faster.

For example, suppose that for all a > a0, dk(a) 6 dk−1(a); in other words, the sequence dk(a)
decreases with increasing k. (An appropriate positive constant a0 will be specified below.) This
property of the sequence dk(a) can be checked by analyzing the inequalities

gk(a) = (k − 1) arcsin(ka)− k arcsin((k − 1)a) 6 π;

for k = 1, 2, 3, they are trivial and hold for all admissible a. As is easily established,

dgk(a)

da
= k(k − 1)

(

1
√

1− (ak)2
− 1
√

1− a2(k − 1)2

)

> 0, ak∈ [0, 1).
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Hence, dk(a) 6 dk−1(a) for all admissible a if this inequality is valid for the maximum possible
value a (a = 1/k). The issue under consideration is thereby reduced to checking the inequalities

1

k − 1

(

π + arcsin
k − 1

k

)

>
3π

2k
or arcsin

k − 1

k
>
π(k − 3)

2k
.

As it turns out, the latter inequalities hold for k = 1, . . . , 10.

Well, let a> 1/11. Then the minimum value h∗ is h(a) = (π + arcsin(ka))/k, where k = [1/a],
since this choice of a makes the sequence dk decreasing. For the other numbers k, i.e., k > 11
(a 6 1/11), the choice procedure of h∗ can be alternatively simplified as follows. Consider the
auxiliary function

B(z) =
1

z
(π + arcsin(z)),

which is defined for z ∈ (0, 1]. It is straightforward to verify that this function decreases for z ∈ (0, z∗)
and increases for z ∈ (z∗, 1); naturally, z∗ is its minimum point, i.e., B′(z∗) = 0. We determine
the corresponding value z∗ as the least positive root of the equation B′(z) = 0. As it turns out,
z = z∗ ≈ 0.9761 and dn(a) = aB(na). Therefore, h∗ = min{dm(a), dm+1(a)}, where ma 6 z∗ and
(m+ 1)a > z∗.

The possibility dm = dm+1 will be eliminated from consideration as a special (exceptional) case
not discussed here. This case leads to another bifurcation problem with a codimension of 2. Further
analysis will be restricted to the general case dm 6= dm+1.

Consider now the LDO depending on a small parameter, i.e.,

A(ε)y = ay′′ − y′(x− h(ε)),

where h(ε) = h∗(1 + νε), ν = ±1 or 0, ε∈ (0, ε0), h∗ = (π + arcsin(ma))/m. The definitional do-
main of this operator consists of sufficiently smooth functions satisfying the condition y(x+ 2π) =
y(x), M(y) = 0. For such h = h(ε), the LDO has a countable set of eigenvalues

λk(ε) = −ak2 − ik exp(−ikh(ε)), k = ±1,±2, . . . .

In addition, given k 6= ±m,
Reλk 6 −γ0 < 0,

λ±m(ε) = −am2 ∓ im exp(−i(π + µm)(1 + νε)), where µm = arcsin(ma), and consequently,

λ±m(0) = ±iσm, σm = m cos(µm) = m
√

1− (ma)2.

In other words, for (ma)2 6= 1, the LDO A has a pair of simple pure imaginary eigenvalues; for
(ma)2 = 1, it has double zero eigenvalue. Therefore, the case (ma)2 = 1 needs deeper analysis.
The next section will be restricted to the general case σm 6= 0.

Note also that

λ′m(ε)|ε=0 = τ ′m + iσ′m,

where τ ′m = νm(π + arcsin(ma))
√

1− (ma)2 6= 0 and σ′m = −ν(π + arcsin(ma))m2a 6= 0. For ν = 1,
we obtain the inequality τ ′m > 0, i.e., stability is lost when exceeding the critical value h = h∗; if
ν = −1, then τ ′m < 0 and the trivial solution of the BVP (2.2), (2.3) remains stable. Finally, ν = 0
corresponds to the critical case of a pair of pure imaginary eigenvalues.
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4. LOCAL BIFURCATIONS

This section is devoted to the nonlinear BVP (2.2), (2.3) for h = h(ε) = h∗(1 + νε). With such
a choice of h, the BVP (2.2), (2.3) can be written as

vt = A(ε)v + F2(wx, ε) + F3(wx, ε), (4.1)

v(t, x+ 2π) = v(x), M(v) = 0, (4.2)

where

w = v(t, x− h(ε)), A(ε)v = avxx(t, x)− vx(t, x− h(ε)),

Fj(wx, ε) = Fj(wx), j = 2, 3.

The functions Fj(wx) have been introduced above. Recall that the deviation value h∗ has been
chosen in Section 3. As a result, an almost critical case is implemented for the stability spectrum of
the trivial solution of the BVP (4.1), (4.2) (the spectrum of the LDO A(ε)). The BVP (4.1), (4.2)
has a two-dimensional invariant manifold M2(ε) attracting all solutions from a sufficiently small
neighborhood Q(r0) of the trivial solution of this BVP. In addition, the radius r0 of the ball in
the space H

1
2 is sufficiently small but independent of ε; for example, see [21–23]. As is well known

(e.g., see [23]), bifurcations can be analyzed by studying a system of two differential equations,
commonly called the normal form (NF) according to the terminology originally proposed by A.
Poincaré [23]. In the general case, such an equation can be written in the complex-valued form

z′ = (τ ′m + iσ′m)z + (l1 + il2)z|z|2, (4.3)

where z = z(s), s = εt denotes “slow” time, the prime indicates the derivative with respect to s, and
l1, l2 ∈R. By an a priori assumption, l1 6= 0 : the first Lyapunov value is nonzero. In equation (4.3),
all vanishing terms as ε→ 0 are discarded. Equation (4.3) represents the principal part of the NF
or the truncated NF. Under l1 6= 0, equation (4.3) plays a determinative role in the analysis of the
BVP (2.2), (2.3), (4.1), (4.2).

The solutions of the BVP (4.1), (4.2) belonging to M2(ε) will be found as the sum

v(t, x, z, z, ε) = ε1/2v1(t, x, z, z) + εv2(t, x, z, z) + ε3/2v3(t, x, z, z) +O(ε2). (4.4)

In addition, of course,

w(t, x, z, z, ε) = ε1/2w1(t, x, z, z) + εw2(t, x, z, z) + ε3/2w3(t, x, z, z) +O(ε2), (4.5)

where

w(t, x, z, z, ε) = v(t, x− h∗(ε), z, z, ε),

wj(t, x, z, z) = vj(t, x− h∗, z, z), j = 1, 2, 3.

Finally,
v1(t, x) = zq + zq, q = q(t, x) = exp(iσmt) exp(imx).

The functions v2 and v3 are v2(t, x, z, z), v3(t, x, z, z)∈Φ. The symbol Φ denotes the class of func-
tions defined above.

We have ϕ = ϕ(t, x, z, z)∈Φ if this function satisfies the following conditions:

1) It smoothly depends on the variables for all t, x∈R, and |z| < δ, where δ is some positive
constant.

2) ϕ(t, x, 0, 0) = 0.
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3) It has periods of 2π/σm and 2π in the variables t and x, respectively.

4) a) M(ϕ) = 0 for all t, z, z under consideration.

b) M±(ϕ) =
σm

(2π)2

2π∫

0

(
2π/σm∫

0
ϕq∓dt

)

dx = 0, q+ = q, q− = q.

To analyze the BVP (4.1), (4.2), we formulate an auxiliary statement, often called the solvability
conditions in branches of differential equations. Let A0 = A(0).

Remark 1. Consider the linear inhomogeneous BVP

A0v = g(t, x), v = v(t, x),

v(t, x+ 2π) = v(t, x), M(v) = 0.

Here, g(t, x) is a sufficiently smooth function with periods of 2π/σm and 2π in the variables t and x,
respectively. In addition, suppose that M(g(t, x)) = 0. Then this BVP has periodic solutions in
the variable t if

M±(g(t, x)) = 0.

The conditions M±(v) = 0 highlight one suitable solution of the linear inhomogeneous BVP con-
sidered in Remark 1.

Substituting the sum (4.4) and the related sum (4.5) into the nonlinear BVP (4.1), (4.2) yields
linear inhomogeneous BVPs for determining v2 and v3.

Extracting the terms at ε, we obtain the inhomogeneous BVP

v2t −A0v2 = Φ2(t, x, z, z), (4.6)

v2(t, x+ 2π) = v2(t, x), M(v2) =M±(v2) = 0. (4.7)

When extracting the terms proportional to ε3/2, a similar BVP has the form

v3t −A0v3 = Φ3(t, x, z, z), (4.8)

v3(t, x+ 2π) = v3(t, x), M(v3) =M±(v3) = 0, (4.9)

where A0vj = avjxx − wjx, wj = vj(t, x− h∗), j = 2, 3,

Φ2(t, x, z, z) = b2w
2
1x − b2M(w2

1x),

Φ3(t, x, z, z) = b3w
3
1x − b3M(w3

1x) + 2b2(w1xw2x −M(w1xw2x)) +A1u1 − (z′q + z′q),

w1x = im(Qzq −Qzq), Q = exp(−imh∗).

Note that A1 = A′(ε)|ε=0 and

Q = Q1 + iQ2, Q1 = −
√

1− (ma)2, Q2 = ma.

The solutions v2(t, x, z, z)∈Φ of the BVP (4.6), (4.7) can (and should) be found in the form

v2(t, x, z, z) = ηmz
2q2 + ηmz

2q2.

In our case,

Φ2(t, x, z, z) = b2m
2(Q2z2q2 −Q

2
z2q2),

and quite easy calculations give

ηm = −b2m
2Q2pm

|pm|2
, pm1

= 4mQ2(1−Q1), pm2
= 2m(Q2

1 −Q2
2 −Q1).
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Now, we pass to the BVP (4.8), (4.9). It has a solution v3(t, x, z, z)∈Φ under the solvability
conditions (see Remark 1), i.e.,

M±(Φ3) = 0. (4.10)

Conditions (4.10) serve to determine the coefficients of the NF (4.3). As it turns out,

l1 = l
(2)
1 + l

(3)
1 , l2 = l

(2)
2 + l

(3)
2 ,

where

l
(3)
1 = −3b3m

3Q2, l
(3)
2 = 3b3m

3Q1,

l
(2)
1 = − 4b22m

4

p2m1
+ p2m2

(

pm1
Q1(Q

2
1 − 3Q2

2) + pm2
Q2(3Q

2
1 −Q2

2)
)

,

l
(2)
2 = − 4b22m

4

p2m1
+ p2m2

(

pm1
Q2(3Q

2
1 −Q2

2)− pm2
Q1(Q

2
1 − 3Q2

2)
)

,

τ ′m = νm(π + µm)
√

1− (ma)2, σ′m = −ν(π + µm)m
2a, µm = arcsin(ma).

Note that τ ′m > 0 if ν = 1, and τ ′m < 0 if ν = −1. Thus, the coefficients of the NF (4.3) have been
calculated explicitly.

Let us emphasize that, after clear transformations,

l
(2)
1 = − 8b22m

6a

p2m1
+ p2m2

(√

1− (ma)2(1 + 4(ma)2) + 1
)

.

Hence,

l1 = −3b3m
4a− 8b22m

6a

p2m1
+ p2m2

(√

1− (ma)2(1 + 4(ma)2) + 1
)

.

According to this formula, l1 < 0 for b3 > 0. Obviously, the case l1 < 0 is implemented “more
frequently” compared to the one l1 > 0.

To proceed, we investigate the NF (4.3) by letting

z(s) = ρ(s) exp(iϕ(s)).

Transition to the trigonometric form leads to the two real-valued differential equations

ρ′ = τ ′mρ+ l1ρ
3, (4.11)

ϕ′ = σ′m + l2ρ
2. (4.12)

Besides the trivial equilibrium ρ = 0, equation (4.11) may also have the nonzero one

ρ(s) = ξ =

√

−τ
′
m

l1
,

which exists if τ ′m/l1 < 0.

The standard analysis using Lyapunov’s theorem on the first (linear) approximation shows that
the nonzero equilibrium ρ(s) = ξ is asymptotically stable if l1 < 0 (τ ′m > 0 or, equivalently, ν = 1)
and unstable if l1 > 0 (τ ′m < 0 or, equivalently, ν = −1). The trivial equilibrium of the differential
equation (4.11) is asymptotically stable if τ ′m < 0 and unstable if τ ′m > 0.

As is easily observed, for ρ(s) = ξ, equation (4.12) has the solution

ϕ(s) = (σ′m + l2ξ
2)s+ ϕ0, ϕ0 ∈R.

The considerations presented above establish the following result.
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Lemma 3. The differential equation (4.3) has the limit cycle C0 generated by the one-parameter
family of periodic solutions

z(s) = ξ exp(i(σ′m + l2ξ
2)s+ iϕ0), (4.13)

where ξ =
√

−τ ′m/l1. These periodic solutions are stable (orbitally asymptotically stable) if l1 < 0
(τ ′m > 0) and unstable if l1 > 0 (τ ′m < 0).

Lemma 3 was proved in many publications. According to [11–16], we arrive at the following
fact.

Theorem 1. There exists a value ε0 > 0 such that, for all ε∈ (0, ε0), the BVP (2.2), (2.3) with
h = h(ε) = h∗(1 + νε) has a limit cycle C(ε) corresponding to C0 that inherits the stability of C0.
The solutions forming C(ε) satisfy the asymptotic representation

v(t, x, ε, γ) = ε1/2ξ
(

exp(imx+ i(σm + εβm)t+ iγ) + exp(−imx− i(σm + εβm)t− iγ)
)

+ εξ2
(

ηm exp(2imx+ 2i(σm + εβm)t+ 2iγ) + ηm exp(−2imx− 2i(σm + εβm)t− 2iγ)
)

+O(ε3/2),

where ξ =
√

−τ ′m/l1, βm = σ′m − τ ′ml2/l1, γ is an arbitrary real constant, and the constant ηm is
chosen when constructing the NF (see the algorithm above).

5. A SPECIAL CASE OF THE BIFURCATION PROBLEM

As has been mentioned in Section 3, the eigenvalues λk(ε) of the LDO A(ε) are given by

λk(ε) = −ak2 − ik exp(−ikh(ε)), k = ±1,±2, . . . .

In the special case a = 1/m, it is easy to verify Reλk(ε) 6 −γ < 0 for k 6= ±m and ε∈ (−ε0, ε0),
where 0 < ε0 << 1.

For a = 1/m, where m < 11 is some natural number, the following assertions are true:

1) h∗ = 3π/(2m).

2) If h(ε) = h∗ + ε, ε∈ (−ε0, ε0), then λm(ε) = τm(ε) + iσm(ε), where τm(ε) = −m(1− cosmε)
and σm(ε) = −m sinmε.

3) The analytical function τm(ε) is an even function of the variable ε.

4) The analytical function σm(ε) is an odd function of the variable ε.

5) λm(0) = λ−m(0) = 0. For ε = 0, the LDO A0 has the double zero eigenvalue. The corre-
sponding eigenfunctions are exp(±imx).

Hence, in the BVP (4.1), (4.2) with ε∈ (−ε0, ε0), there exists a two-dimensional invariant man-
ifold M2(ε) in the neighborhood of the trivial equilibrium (as before, see Section 4). This manifold
will be a local attractor for the solutions of the BVP (4.1), (4.2) with sufficiently small initial con-
ditions. By analogy with the previous section, the dynamics of the solutions of the BVP (4.1), (4.2)
can be analyzed by investigating the complex-valued differential equation (NF)

z′ = (τ(ε) + iσ(ε))z + ψ(z, z, ε) (5.1)

with a sufficiently smooth function ψ(z, z, ε) such that

ψ(0, 0, ε) =
∂ψ

∂z
|z=0 =

∂ψ

∂z
|z=0 = 0.

Once again, when analyzing the behavior of the solutions of the BVP (4.1), (4.2), we emphasize
the determinative role of both equation (5.1) and its truncated version

z′ = (τ(ε) + iσ(ε))z + ψ0(z, z), (5.2)
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where ψ0(z, z) = ψ(z, z, 0) and a sufficiently smooth function ψ0(z, z) has an infinitesimal order
above 1 at the zero point.

To find the principal part of the function ψ0(z, z), it suffices to consider the BVP (4.1), (4.2)
with ε = 0 and construct the NF for it. The solutions of the BVP (4.1), (4.2) with ε = 0 will be
obtained in the form

v(t, x, z, z) = (qz + qz) + p2(x)z
2 + p0(x)zz + p2(x)z

2

+ r3(x)z
3 + r1(x)z

2z + r1(x)zz
2 + r3(x)z

3 + . . . ,
(5.3)

where the ellipsis indicates the terms of a higher infinitesimal order in the variables z, z. Finally,
q(x) = exp(imx), the functions p2(x), p0(x), r1(x), and r3(x) have a period of 2π in the variable x
and the zero means:

M(pj) = 0, M±(pj) = 0, M(rk) = 0, M±(rk) = 0,

where j = 0, 2, k = 1, 3, q+ = exp(imx), q− = exp(−imx), q = q+, q = q−, and

M(ϕ) =
1

2π

2π∫

0

ϕdx, M±(ϕ) =
1

2π

2π∫

0

ϕq∓dx, ϕ = ϕ(x).

Substituting the sum (5.3) into the BVP (4.1), (4.2) with ε = 0 and sequentially extracting the
terms proportional to z2, zz, z2, z3, z2z, zz2, and z3, we get a system of linear inhomogeneous
equations. This system will be analyzed to determine the principal part of the complex-valued
function ψ0(z, z). When forming the BVP, it is necessary to consider the formula

ψ0(z, z) = ψ2z
2 + ψ0zz + ψ2z

2 + ψ3z
3 + ψ1z

2z + ψ1zz
2 + ψ3z

3 + . . . ,

where the ellipsis indicates the terms of a higher infinitesimal order in the variables z and z.

As a result, we arrive at the following inhomogeneous BVPs for determining the periodic func-
tions with the zero means. For example, p2(x) and p0(x) are obtained from the two linear inhomo-
geneous BVPs

A0p2(x) = −b2m2q2 + ψ2q, (5.4)

p2(x+ 2π) = p2(x), M(p2) =M±(p2) = 0, (5.5)

A0p0(x) = ψ0, (5.6)

p0(x+ 2π) = p0(x), M(p0) =M±(p0) = 0. (5.7)

In the required class of functions, the solutions of the auxiliary linear inhomogeneous BVPs (5.4),
(5.5) and (5.6), (5.7) should be found with ψ2 = 0 and ψ0 = 0, and consequently,

p0(x) = 0, p2(x) = η2Q
2q2, p2(x) = η2Q

2
q2,

where (in this case) Q = exp(−ih∗m), i.e., Q = exp(−i3π/2) = i and Q2 = −1. Finally,

η2 =
b2m

10
(2 + i).

At the third step of the algorithm, we have two BVPs for determining r1(x) and r3(x):

A0r3(x) = ψ3q + b3m
3q3 − 4b2η2im

2q3, (5.8)

r3(x+ 2π) = r3(x), M(r3) =M±(r3) = 0, (5.9)

A0r1(x) = ψ1q + 3b3m
3q − 4b2η2im

2q, (5.10)

r1(x+ 2π) = r1(x), M(r1) =M±(r1) = 0. (5.11)
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From the solvability conditions of the BVPs (5.8), (5.9) and (5.10), (5.11) it follows that ψ3 = 0
and ψ1 = −3b3m

3 + 2
5b

2
2m

3(−1 + 2i).

Thus, the principal part of the NF (5.1) is

z′ =

(

−ε
2

2
m3 − im2ε

)

z + (l1 + il2)z|z|2, (5.12)

where l1 = −3b3m
3 − 2

5b
2
2m

3 and l2 =
4
5b

2
2m

3.

For analysis, we write this differential equation in the trigonometric form and let

z(t) = ρ(t) exp(iϕ(t)). (5.13)

Then the complex-valued equation (5.12) is replaced by the two real-valued differential equations

ρ′ = −ε
2

2
m3ρ+ l1ρ

3, (5.14)

ϕ′ = −εm2 + l2ρ
2. (5.15)

By analogy with the previous section, we start the analysis of system (5.14), (5.15) with the
differential equation (5.14) for the amplitude ρ(t).

Lemma 4. In addition to the trivial equilibrium S0: ρ = 0, the differential equation (5.14) may
have the equilibrium S∗: ρ∗ =

√

ε2m3/(2l1). The equilibrium ρ∗ of the differential equation (5.14)
exists if l1 > 0. This equilibrium is unstable. The asymptotically stable equilibrium is ρ = 0.

The stability of these equilibria is analyzed using Lyapunov’s theorem on the first (linear)
approximation. Note that the equilibrium S∗ is associated with the solution of the differential
equation (5.15) of the form

ϕ∗(t) =

(

−εm2 +
l2ε

2m3

2l1

)

t+ ϕ0,

where ϕ0 is an arbitrary real constant. Equality (5.13) allows finding the periodic solution of the
NF (5.12) in the variable t:

z(t) = z(t, ε) =

√

ε2m3

2l1
exp(iϕ∗(t)).

According to [11–16], we obtain the following result.

Theorem 2. Let am = 1 (h∗ = 3π/(2m)), where m = 1, . . . , 10. There exists a positive constant ε0
such that, for all ε∈ (−ε0, ε0), h = h∗ + ε, and ε 6= 0, the BVP (4.1), (4.2) has the one-parameter
family of unstable periodic solutions in the variable t :

v∗(t, x, ε, ϕ0) = ρ∗
(
qm(t, x, ϕ0) + qm(t, x, ϕ0)

)

+ ρ2∗
(
η2q

2
m(t, x, ϕ0) + η2q

2
m(t, x, ϕ0)

)
+ o(ε2),

(5.16)

where qm(t, x, ϕ0) = exp(iω(ε)t + imx+ iϕ0) and ω(ε) = −εm2 + l2m
3ε2/(2l1) + o(ε2). The con-

stants l1 and l2 have been specified above. The family of solutions (5.16) exists if the first Lyapunov
value is l1 > 0 (see Lemma 4).

In the case l1 < 0, the trivial solution of the BVP (4.1), (4.2) is asymptotically stable.

Remark 2. The existence of periodic solutions in the special case of the BVP (4.1), (4.2) occurs
rather rarely; if it does, they are unstable. Obviously, the case l1 > 0 is rare as well. The dominating
situation is when l1 > 0. Then the differential equation (5.14), and hence the BVP (4.1), (4.2), has
no small periodic solutions in the variable t.
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6. THE MAIN RESULT

We revert to the analysis of the primary nonlinear BVP (1.3), (1.4) with h = h(ε) = h∗(1 + νε)
provided that am 6= 1.

Let v(t, x, ε, γ) be a periodic solution obtained for the BVP (2.2), (2.3). Then u0(t) is determined
from equation (2.1): v(t, x, ε, γ) is substituted into its right-hand side and the resulting equation is
integrated. In this case, we have

u0(t, ε, γ0) =
(

2b2ξ
2m2ε+ o(ε)

)

t+ γ0,

where γ0 is an arbitrary real constant and ξ2 = −(τ ′m/l1) > 0.

Theorem 3. There exists a positive constant ε0 such that, for all ε∈ (0, ε0) and h = h∗(1 + νε),
the nonlinear BVP (1.3), (1.4) has the two-parameter family V2(ε, γ0, γ) of solutions

u(t, x, ε) = u0(t, ε, γ0) + v(t, x, ε, γ)

if the BVP (2.2), (2.3) possesses the limit cycle C(ε). This family forms the integral manifold of
the nonlinear BVP (1.3), (1.4).

The family V2(ε, γ0, γ) is a local attractor if the limit cycle C(ε) of the auxiliary BVP (2.2), (2.3)
is a local attractor. This family is unstable (saddle) if the same property holds for C(ε).

Assume that the special case is implemented: am = 1 and h∗ = 3π/(2m). Of course, the main
result needs an appropriate correction. In this case, Theorem 2 implies the following result.

Theorem 4. There exists a positive constant ε0 such that, for ε∈ (−ε0, 0)∪ (0, ε0) and h = h∗ + ε,
the nonlinear BVP (1.3), (1.4) has the two-parameter family V∗(ε, γ0, ϕ0) of solutions

u(t, x, ε) = u0(t, ε, γ0) + v∗(t, x, ε, ϕ0),

where v∗(t, x, ε, ϕ0) is the solution (5.16) of the auxiliary BVP (4.1), (4.2) (see Theorem 2) and

u0(t, ε, γ0) =

(

b2
ε2m2

l1,0
+ o(ε2)

)

t+ γ0,

where γ0 is an arbitrary constant and l1,0 = −3b3 − 2b22/5. Recall that in this case, the solution
exists if l1,0 > 0.

Note that the solution family V∗(ε, γ0, ϕ0) is always unstable.

7. CONCLUSIONS

In this paper, we have studied local bifurcations in a periodic boundary value problem for
a nonlocal erosion equation. It represents a partial differential equation with a deviating spatial
variable. It has been demonstrated that proper consideration of the deviating variable is an essential
factor in bifurcation analysis. For the deviation value h = 0, an inhomogeneous relief is not formed.
Increasing h to some threshold values causes nanorelief formation.

In most cases, such a relief is formed as the result of Andronov–Hopf bifurcations with an
appropriate choice of h ≈ h∗ and a. The special case ak ≈ 1 leads to another type of bifurcations
and unstable patterns.

The above analysis of nanorelief formation, a topical physical problem, has turned out quite
effective due to applying modern methods of the theory of dynamic systems, namely, the methods
of invariant manifolds and the theory of normal Poincaré forms, extended to the class of problems
with an infinite-dimensional phase space. We emphasize that the use and development of the
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method of integral (invariant) manifolds is quite productive in the analysis of many problems of
mathematical physics: in many cases, this method reduces an original infinite-dimensional problem
to the analysis of a finite-dimensional dynamic system. Another approach to the analysis of infinite-
dimensional dynamic systems was shown in [24, 25].

Note that the inclusion (consideration) of nonlocal terms in a partial differential equation often
significantly changes the dynamics of its solution towards higher complexity and richness. For ex-
ample, bifurcations may arise on higher modes, which has been repeatedly observed in experiments.

Moreover, considering nonlocal terms in mathematical models reveals new effects in nanoelec-
tronics and in other nonlinear models of physics (for example, see [26–29]).

REFERENCES

1. Sigmund, P., Theory of Sputtering. I. Sputtering Yield of Amorphous and Polycrystalline Targets, Phys.
Rev., 1969, vol. 184, no. 2, pp. 383–416.

2. Yamamura, Y. and Shindo, S., An Empirical Formula for Angular Dependence of Sputtering Yields,
Radiat. Effect., 1984, vol. 80, no. 1–2, pp. 57–72.

3. Elst, K. and Vandervorst, W., Influence of the Composition of the Altered Layer on the Ripple Formation,
J. Vacuum Sci. Tech. A., 1994, vol. 12, no. 2, pp. 3205–3216.

4. Sigmund, P., A Mechanism of Surface Micro-Roughening by Ion Bombardment, J. Mater. Sci., 1973,
vol. 8, no. 2, pp. 1545–1553.

5. Smirnov, V.K., Kibalov, D.S., Lepshin, P.A., and Bachurin, V.I., The Influence of Topographic Irreg-
ularities on the Formation of Wavelike Microrelief on the Silicon Surface, Izv. Ross. Akad. Nauk. Ser.
Fiz., 2000, vol. 64, no. 4, pp. 626–630.

6. Rudyi, A.S., Kulikov, A.N., and Metlitskaya, A.V., Self-organization of Nanostructures within the Spa-
tially Nonlocal Model of Silicon Surface Erosion by Ion Bombardment, in Kremnievye nanostruktury.
Fizika. Tekhnologiya. Modelirovanie (Silicon Nanostructures. Physics. Technology. Modeling), Ruda-
kov, V.I., Ed., Yaroslavl: Indigo, 2014, pp. 8–57.

7. Bradley, R.M. and Harper, M.E., Theory of Ripple Topography Induced by Ion Bombardment, J.
Vacuum Sci. Tech. A., 1988, vol. 6, no. 4, pp. 2390–2395.

8. Rudy, A.S. and Bachurin, V.I., Spatially Nonlocal Model of Surface Erosion by Ion Bombardment, Bull.
Russ. Acad. Sci. Phys., 2008, vol. 72, pp. 586–591.

9. Metlitskaya, A.V., Kulikov, A.N., and Rudy, A.S., Formation of the Wave Nanorelief at Surface Erosion
by Ion Bombardment within the Bradley–Harper Model, Russ. Microelectron., 2013, vol. 42, pp. 238–245.

10. Kulikov, A.N. and Kulikov, D.A., Nonlocal Model for the Formation of Ripple Topography Induced by
Ion Bombardment. Nonhomogeneous Nanostructures, Matem. Mod., 2016, vol. 28, no. 3, pp. 33–50.

11. Rudyi, A.S., Kulikov, A.N., Kulikov, D.A., et al., High-mode Wave Reliefs in a Spatially Nonlocal
Erosion Model, Russ. Microelectron., 2014, vol. 43, pp. 277–283.

12. Kulikov, D.A. and Rudy, A.S., Formation of a Warped Nanomodular Surface under Ion Bombardment.
A Nanoscale Model of Surface Erosion, Model. Anal. Inform. Sist., 2012, vol. 19, no. 5, pp. 40–49.

13. Kulikov, D.A., Spatially Nonhomogeneous Dissipative Structures of a Periodic Boundary-Value Problem
for a Nonlocal Erosion Equation, Nonlinear Oscillations , 2014, vol. 17, no. 1, pp. 72–86.

14. Kovaleva, A.M., Kulikov, A.N., and Kulikov, D.A., Stability and Bifurcations of Undulate Solutions
for One Functional-Differential Equation, Izv. Inst. Mat. Inform. Udmurt. Gos. Univ., 2015, no. 2(46),
pp. 60–68.

15. Kovaleva, A.M. and Kulikov, D.A., Bifurcations of Spatially Inhomogeneous Solutions in Two Versions
of the Nonlocal Erosion Equation, J. Math. Sci., 2020, vol. 248, no. 4, pp. 438–447.

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023



1316 KULIKOV

16. Kulikov, D.A., Inhomogeneous Dissipative Structures in the Problem of Nanorelief Formation, Dynamical
Systems , 2012, vol. 2 (30), no. 3–4, pp. 259–272.

17. Sobolevskii, P.E., Equations of Parabolic Type in a Banach Space, Tr. Mosk. Mat. Obshch., 1961, vol. 10,
pp. 297–350.

18. Yakubov, S.Ya., Solvability of the Cauchy Problem for Abstract Quasilinear Second-Order Hyperbolic
Equations and Their Applications, Tr. Mosk. Mat. Obshch., 1970, vol. 23, pp. 37–60.

19. Sobolev, S.L., Nekotorye primeneniya funktsional’nogo analiza v matematicheskoi fizike (Some Applica-
tions of Functional Analysis in Mathematical Physics), Leningrad: Leningrad State University, 1950.

20. Krein, S.G., Lineinye differentsial’nye uravneniya v banakhovom prostranstve (Linear Differential Equa-
tions in a Banach Space), Moscow: Nauka, 1977.

21. Marsden, J.E. and McCracken, M., The Hopf Bifurcation and Its Applications , New York: Springer-
Verlag, 1976.

22. Kulikov, A.N., Inertial Invariant Manifolds of a Nonlinear Semigroup of Operators in a Hilbert Space,
Proceedings of the All-Russian Scientific Conference “Differential Equations and Their Applications”
Dedicated to the 85th Anniversary of Prof. M.T. Terekhin, Yesenin Ryazan State University, Ryazan,
May 17–18, 2019, part 2, Itogi Nauki i Tekhniki. Ser. Sovrem. Mat. Pril. Temat. Obz., 2020, vol 186,
Moscow: VINITI, pp. 57–66.

23. Arnol’d, V.I., Dopolnitel’nye glavy obyknovennykh differentsial’nykh uravnenii (Additional Chapters of
Ordinary Differential Equations), Moscow: Nauka, 1978.

24. Akhmetzyanov, A.V., Kushner, A.G., and Lychagin, V.V., Attractors in Models of Porous Media Flow,
Doklady Mathematics , 2017, vol. 95, no. 1, pp. 72–75.

25. Kushner, A., Lychagin, V., and Rubtsov, V., Contact Geometry and Non-linear Differential Equations ,
Cambridge: Cambridge Univ. Press, 2007.

26. Kulikov, A.N. and Kulikov, D.A., A Possibility of Realizing the Landau–Hopf Scenario in the Problem
of Tube Oscillations under the Action of a Fluid Flow, Theor. Math. Phys., 2020, vol. 203, pp. 501–511.

27. Kulikov, A.N. and Kulikov, D.A., Invariant Varieties of the Periodic Boundary Value Problem of the
Nonlocal Ginzburg–Landau Equation, Math. Meth. Appl. Sci., 2021, vol. 44, no. 3, pp. 11985–11997.

28. Kulikov, A.N. and Kulikov, D.A., Invariant Manifolds and Global Attractor of the Ginzburg–Landau
Integro-Differential Equation, Diff. Equat., 2022, vol. 58, pp. 1499–1513.

29. Kulikov, A.N. and Kulikov, D.A., Invariant Manifolds of a Weakly Dissipative Version of the Nonlocal
Ginzburg–Landau Equation, Autom. Remote Control , 2021, vol. 82, no. 2, pp. 264–277.

This paper was recommended for publication by A.G. Kushner, a member of the Editorial Board

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023



ISSN 0005-1179 (print), ISSN 1608-3032 (online), Automation and Remote Control, 2023, Vol. 84, No. 11, pp. 1317–1334.
c© The Author(s), 2023 published by Trapeznikov Institute of Control Sciences, Russian Academy of Sciences, 2023.
Russian Text c© The Author(s), 2023, published in Avtomatika i Telemekhanika, 2023, No. 11, pp. 55–76.

NONLINEAR SYSTEMS

Density Systems: Analysis and Control

I. B. Furtat

Institute for Problems in Mechanical Engineering, Russian Academy of Sciences,
St. Petersburg, Russia

e-mail: cainenash@mail.ru

Received March 7, 2023

Revised August 23, 2023

Accepted September 4, 2023

Abstract—This paper considers a class of systems called density systems. For such systems, the
derivative of a quadratic function depends on some function termed the density function. The
latter function is used to define the properties of the space affecting the behavior of the systems
under consideration. The role of density systems in control law design is shown. Control systems
are constructed for plants with known and unknown parameters. The theoretical results are
illustrated by numerical simulation.
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1. INTRODUCTION

We study a class of dynamic normal-from systems whose right-hand side depends on some
function defining the properties of the space and affecting the system behavior. This function will
be called the density function. All relevant definitions will be provided in the main part of the
paper.

A particular class of such systems was considered in [1–8]. The (in)stability of a system ẋ = f(x)
in the plane was first analyzed by introducing a new system ẋ = ρ(x)f(x) with an auxiliary function
ρ(x) > 0 for all x in the pioneering book [1]. Then, the (in)stability of such systems was studied us-
ing the properties of the divergence and phase velocity vector flow; see [2–8]. The function ρ(x) was
called the density function [4]. In [5–8], a connection was established between the obtained results
and the continuity equation [9], which arises in electromagnetism, wave theory, fluid dynamics,
mechanics of deformable solids, and quantum mechanics.

Several control methods proposed in [10–14] ensure that controlled signals are in given sets. This
goal is achieved by introducing an auxiliary function through an appropriate control law; the form
of this function determines the corresponding properties in the closed loop system. For example,
funnel control and control with prescribed performance were presented in [10, 12] and in [11],
respectively; under these control laws, transients belong to a pipe converging to the neighborhood
of zero. The method proposed in [13, 14] generalizes the results of [10–12], ensuring that the output
variables will be in a given pipe (possibly asymmetric with respect to the equilibrium and without
convergence to a given constant).

This paper is devoted to a class of systems depending, explicitly or implicitly, on a density
function. This function will be used to define the density of the space in the sense of distinguishing
(in)stability domains and forbidden domains (where the system has no solutions). The behavior of
the system under consideration will depend on the value of the density function.

1317
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The presentation has the following distinctive features:

(1) In contrast to [1–8], the density function is not necessarily multiplied by the entire right-hand
side of the system.

(2) In contrast to [10–14], the density function may be present implicitly on the right-hand side
of the system.

(3) In contrast to [10–14], the density function can ensure system solutions in an unbounded set
with forbidden domains and the boundaries of these sets can be defined by continuous (under
some assumptions, even discontinuous) functions in all arguments.

The remainder of this paper is organized as follows. Section 2 presents motivating examples as
well as the definitions of a density function and a density system. Some properties of these systems
are also demonstrated. In Section 3, the theoretical results are applied to design control laws for
plants with known and unknown parameters. In addition, the control schemes are numerically
simulated to confirm theoretical conclusions.

We adopt the following notations: Rn is the n-dimensional Euclidean space with the norm | · |;
R+ (R−) is the set of positive (negative, respectively) real numbers; p = d/dt indicates the differ-
entiation operator; finally, λ stands for the complex variable.

2. MOTIVATING EXAMPLES. DEFINITIONS

Prior to introducing the main definitions, we consider two examples as follows.

Example 1. As is well known, the solutions of the system

ẋ = −x, x ∈ R, (1)

asymptotically vanish. Multiplying the right-hand side of this system by a function ρ(x, t):
R× [0,+∞) → R that is continuous in t and locally Lipschitz in x, we write (1) as

ẋ = −ρ(x, t)x. (2)

Obviously, the behavior of system (2) depends on the properties of ρ(x, t). The function ρ(x, t) can
be used to define some properties and constraints in the space (x, t), thereby affecting the quality
of transients of the original system (1) and changing them qualitatively. In this context, ρ(x, t)
will be called a density function. Here are several examples of this function and the corresponding
behavior of the new system (2).

1. The density function ρ(x, t) = α > 0 allows preserving the single equilibrium x = 0, takes the
same positive value for any x and t, and hence has no qualitative effect on the exponential stability
of the trajectories of the original system (1) (see Fig. 1 on the left) except the rate of convergence
of the solution of (2) to the equilibrium depending on the value α. Indeed, choosing the Lyapunov
function V = 0.5x2 yields V̇ = −αx2 < 0 in the domain DS = R \ {0}.

2. Consider the density function ρ(x, t) = α
w(t)−|x(t)| with a continuous function w(t) > 0. The

function ρ(x, t) takes positive values in the domainDS = {x ∈ R : −w < x < w}, and ρ(x, t) → +∞
as |x− w| → 0 in DS . These properties ensure the uniform asymptotic stability of the equilibrium
x = 0 under the initial conditions x(0) ∈ (−w(0), w(0)). In addition, the system trajectories will
never leave this domain (see Fig. 1 on the right). Choosing the quadratic function V = 0.5x2 yields
V̇ = − α

w−|x|x
2 < 0 in the domain x ∈ DS \ {0}, which confirms the conclusions drawn.

3. Consider the density function ρ(x, t) = α[x(t)− w(t)]arctan (x/ǫ) with a continuous function
w(t) and a sufficiently large positive number ǫ. The function ρ(x, t) takes positive values in the do-
main DS = {x∈R : x∈ (−∞, 0) ∪ (w,+∞) for w > 0 and x∈ (−∞, w) ∪ (0,+∞) for w < 0} and
negative values in the domain DU = {x ∈ R : x ∈ (0, w) for w > 0 and x ∈ (w, 0) for w < 0}, which
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Fig. 1. Transients in system (2) with the density functions ρ(x, t) = α (left) and ρ(x, t) = α
w(t)−|x(t)|

(right).

t

x

0

x(t)

w(t)

DU

DS

DS t

x

0

DU

DS

Fig. 2. Transients in system (2) with the density functions ρ(x, t) = α[x(t) − w(t)]arctan(x/ǫ) (left)

and ρ(x, t) = α ln w(t)−x(t)
x(t)−w(t) (right).
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Fig. 3. Transients in system (2) with the density function ρ(x, t) = α ln(x(t) − g(t)).

ensures tracking of the trajectory w(t) by x(t) (see Fig. 2 on the left). Choosing the quadratic func-
tion V = 0.5x2 yields V̇ = α[x−w]arctan (x/ǫ)x2 < 0 for x ∈ DS and V̇ > 0 for x ∈ DU .

4. Consider the density function ρ(x, t) = −α ln w(t)−x(t)
x(t)−w(t) with continuous functions w(t) >

w(t) > 0. Let us denote w = 0.5[w +w], where ρ(x, t) = 0 for x = w and any t. The function ρ(x, t)
takes positive values in the domain DS = {x ∈ R : w < x < w} and negative values in the domain
DU = {x ∈ R : w < x < w}, which ensures tracking of the trajectory w(t) by x(t). In the shaded
domain, system (2) has no solutions (see Fig. 2 on the right). In addition, the system trajectories
will never leave the domainDS ∪DU since |ρ(x, t)| → +∞ as x approaches the boundaries w and w.
Choosing the quadratic function V = 0.5x2 yields V̇ = α ln w−x

x−wx
2 < 0 for x ∈ DS and V̇ > 0 for

x ∈ DU , which confirms tracking of the trajectory w(t) by x(t).
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5. Consider now ρ(x, t) = α ln(x(t)− g(t)) with a continuous function g(t) > 0. Let us denote
w = 1 + g, where ρ(x, t) = 0 for x = w and any t. The function ρ(x, t) takes positive values in the
domainDS = {x ∈ R+:w<x<+∞} and negative values in the domainDU = {x∈R+: g <x<w},
which ensures tracking of the trajectory w(t) by x(t) (see Fig. 3). In addition, the system trajectories
will never enter the shaded domain: when approaching the boundary g(t), we have ρ(x, t) → −∞
and, consequently, x(t) moves along the surface (see Fig. 3). Choosing the quadratic function
V = 0.5x2 yields V̇ = −α ln(x− g)x2 < 0 for x ∈ DS and V̇ > 0 for x ∈ DU .

Remark 1. Here, we study the possibility of analyzing dynamic systems with a discontinuous
right-hand side in t and x, including the density function ρ(x, t).

Consider first a nonautonomous system of the general form ẋ = f(x, t) with x ∈ R
n. Let the

function f(x, t) be defined in some open domain D of the variables (x, t). The function f(x, t) is
said to satisfy the Carathéodory condition [15] if it is continuous in x for almost all t and piecewise
continuous in t for all x (assuming measurability in t is sufficient) and, for any compact set G ⊂ D,
there exists a nonnegative integrable function m(t) such that |f(x, t)| 6 m(t) for all (x, t) ∈ G.

If the function f(x, t) satisfies the Carathéodory condition, then by Theorems 1.1.1.1 and 1.1.4
of [15], for any initial conditions from the domain D, there exists a locally absolutely continuous
solution x(t) of the system ẋ = f(x, t). The equation ẋ(t) = f(x(t), t) holds for almost all t. The
derivative of x(t) may not exist for those t at which the function f(x, t) suffers a jump in t.
Furthermore, either the solution x(t) is defined on [0,+∞), or for some finite t0, the solution x(t)
tends to the boundary of the domain D as t → t0. If the function f(x, t) is locally Lipschitz in x,
then by Theorem 1.1.2 of [15] the solution is unique.

Consider now system (2) from Example 1. If the function ρ(x, t) satisfies the Carathéodory
condition, then this system has a locally absolutely continuous solution; if the function ρ(x, t) is
also locally Lipschitz in x, then this solution is unique.

We proceed to case 2 of Example 1. As the domain D, we define the set of all those (x, t) not
belonging to the closures of the graphs of the functions w(t) and −w(t). For example, let w(t) = 2
for t ∈ [0, 1] and w(t) = 1 for t > 1; in this case, then not only the graph of w(t) but also the
point (1, 1) must be excluded from the domain D. The function ρ(x, t) satisfies the Carathéodory
condition and is locally Lipschitz in x. Therefore, the equation ẋ = −ρ(x, t)x has a unique locally
absolutely continuous solution that is either defined on the entire axis or, for some finite t0, the
distance from (x(t), t) to the boundary of D will vanish as t→ t0.

Consider the Lyapunov function V (x) = 0.5x2. We take the solution x(t) and examine the
function V (x(t)) that is locally absolutely continuous. By the differentiability theorem of a complex
function, V̇ = −ρ(x(t), t)x(t)2 6 0 for almost all t. Due to absolute continuity, V (t)− V (0) =
∫ t
0 V̇ (s)ds 6 0 for any t. (An absolutely continuous function can be reconstructed through the
integral over its derivative; see the proof of this result in [16].) The inequality V (t) 6 V (0) implies
that the equilibrium is stable. Its asymptotic stability can be established using LaSalle’s theorem for
nonautonomous systems (Theorem 1 of [17]) if the set {x : |x| < w(t)} contains a pipe of constant
nonzero width and the function w(t) is not infinitely increasing. If w(t) → 0 as t→ ∞, then
asymptotic stability simply follows from the fact that the solution remains in the domain DS .

Here, however, a reserve concerning the piecewise continuity of w(t) is required. It may happen
that the solutions from the domain DS will leave this domain. For example, let w(t) = 2 for
t ∈ [0, t0] and w(t) = 1 for t > t0. If t0 is small enough and the initial condition x(0) is close to 2
or −2, as t → t0, the trajectory x(t) will simply smash into the wall formed by the jump of the
function w(t). The existence theorem guarantees that this solution is continuable further, but the
stability analysis is not applicable in this case. Such a solution will jump out of the domain DS

and increase infinitely.
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Under a continuous function w(t), it is easy to show that the solutions with initial conditions
from DS will not leave the domain DS . However, for a piecewise continuous function w(t), this
property generally fails. If the function w(t) has many jumps, it may turn out that some solutions
starting in DS will jump out of this domain when smashing into the walls formed by jumps of the
function w(t). If the solution remains in the domain DS , it will tend to the equilibrium.

When considering differential equations with a discontinuous right-hand side in x (or in t as
well [18, 19]), it is necessary to understand the solutions of such systems in the Filippov sense [15].
In case 2 of Example 1, we can then consider the function ρ(x, t) = α[x(t)−w(t)]sgn(x), where sgn(·)
is the sign function. The stability of discontinuous nonautonomous systems was studied in detail,
e.g., in [18–21].

Thus, it is possible to examine below dynamic systems with a discontinuous right-hand side,
including discontinuous functions ρ(x, t). However, such systems complicate the analysis due to
justifying the choice of initial conditions, the frequency and magnitude of jumps of the function, etc.
Recall that this paper is devoted to studying the behavior of dynamic systems depending on the
properties of the density function. For the sake of simplicity, all theoretical results will be therefore
formulated for dynamic systems with a right-hand side continuous in t and locally Lipschitz in x.
Still, for illustration purposes, some examples may contain discontinuous right-hand sides.

Well then, Example 1 has demonstrated how a density function ρ(x, t) defined in the space (x, t)
can qualitatively affect the transients of the original system (1). The next example shows that the
density function need not be multiplied by the entire right-hand side, as in Example 1 (see (1)
and (2)) but can be explicitly or implicitly present on the right-hand side of the system.

Example 2. Consider the system

ẋ1 = x2 − ρ1(x, t)x1,

ẋ2 = −x1 − ρ2(x, t)x2,
(3)

where ρ1(x, t) and ρ2(x, t) are continuous functions in t and x on R
2 × [0,+∞). We choose the

quadratic function
V = 0.5(x21 + x22). (4)

Taking the total time derivative of this function along the solutions of (3) yields

V̇ = −ρ1x21 − ρ2x
2
2. (5)

1. Let ρ1 = ρ2 = ρ = ln g−|x1|β−|x2|β

|x1|β+|x2|β−g
, where β > 0 (for 0 < β < 1, see Remark 1) and g(t) >

g(t) > 0 are continuous functions. We have ρ = 0 for |x1|β + |x2|β = g, where g = 0.5(g + g). Then

V̇ < 0 for ρ(x, t) > 0, i.e., in the domain DS = {x ∈ R
2 : g < |x1|β + |x2|β < g}, and V̇ > 0 for

ρ(x, t) < 0, i.e., in the domain DU = {x ∈ R
2 : g < |x1|β + |x2|β < g}. In this case, the density

function ρ(x, t) is explicitly present in system (3) but is not multiplied by the entire right-hand
side, as in Example 1. Figure 4 shows the simulation results for β = 1, g = 3, g = 2 (left) and
β = 0.6, g = 30.6, g = 1 (right) under x(0) = col{0, 2, 5}.

Hereinafter:

• The gray domains in the figures mean that the density function is chosen so that there are
no solutions of the system in these domains. (At the boundary of such a domain, the density
value increases to infinity.)

• The point curve corresponds to the zero value of the density function and, accordingly, this
curve is the boundary separating the stable DS and unstable DU domains.

2. Let ρ1 = 1− x21 and ρ2 = −x21. Then V̇ = −ρ(x, t)x21 < 0 for ρ(x, t) = x21 + x22 − 1 > 0 in
the domain DS = {x ∈ R

2 : x21 + x22 > 1 and x1 6= 0}, and V̇ > 0 for ρ(x, t) < 0 in the domain
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DU = {x ∈ R
2 : x21 + x22 < 1 and x1 6= 0}. In this case, unlike the previous one, the density func-

tion ρ(x, t) is implicitly present in (3). However, in contrast to the previous case, the value of
the density function does not affect system (3) everywhere (i.e., V̇ = 0 for x1 = 0 regardless of the
value of ρ). Figure 5 demonstrates the simulation results under x(0) = col{2, 1}.

3. Let ρ1 = α ln(|x1|β + |x2|β − 1), α > 0, β > 0 (for 0 < β < 1, see Remark 1), and ρ2 = 0.
Then V̇ = −ρ(x, t)x21 < 0 for ρ(x, t) = α ln(|x1|β + |x2|β − 1) > 0 in the domain DS = {x ∈ R

2 :
|x1|β + |x2|β > 2 and x1 6= 0}, and V̇ > 0 for ρ(x, t) < 0 in the domain DU = {x ∈ R

2 : 1 < |x1|β+
|x2|β < 2 and x1 6= 0}. In this case, the density function ρ(x, t) is present in just one of equa-
tions (3), in contrast to cases 1 and 2. However, as in case 2, the density function has no effect on
system (3) everywhere. Figure 6 demonstrates the simulation results for β = 1 (left) and β = 0.5
(right) under α = 20 and x(0) = col{2, 2}.

Consider now the dynamic system

ẋ = f(x, t), (6)

where t > 0, x ∈ D ⊂ R
n denotes the state vector, and f : D × [0,+∞) → R

n is a function contin-
uous in t and locally Lipschitz in x on D × [0,+∞). The possibility of studying systems (6) with
a discontinuous right-hand side has been discussed in Remark 1.

Definition 1. System (6) is called a density system with a density function ρ(x, t) : D×[0,+∞) →
R if there exists a continuously differentiable function V (x, t) : D × [0,+∞) → R such that:

(a) w1(x) 6 V (x, t) 6 w2(x),

(b) V̇ 6 ρ(x, t)W1(x) 6 0 or V̇ > ρ(x, t)W2(x) > 0

for any t > 0 and x ∈ D. Here, ρ(x, t) is a function continuous in t and locally Lipschitz in x, w1(x)
and w2(x) are positive definite functions, and W1(x) and W2(x) are continuous nonzero (except
the equilibrium) functions in D.

Definition 2. If the functions W1(x) and W2(x) in Definition 1 are continuous in D, then sys-
tem (6) is called a weak density system.

Definition 3. If V̇ 6 ρ(x, t)W1(x) < or V̇ > ρ(x, t)W2(x) > 0 in condition (b) of Definition 1,
then system (6) is called a strict density system.

Definition 4. If V̇ 6 ρ(x, t)W1(x) 6 0 in the domain DS × [0,+∞), then the density function
ρ(x, t) and the domainDS are said to be stable. If V̇ > ρ(x, t)W2(x)> 0 in the domainDU × [0,+∞),
then the density function ρ(x, t) and the domain DU are said to be unstable.

Proposition 1. Assume that system (6) is a strict density system in the domains DS and DU .
If for each t, V (xs, t)− V (xu, t) > 0, where xs ∈ DS and xu ∈ DU , then the system trajectories are
attracted to the separation boundary of the domains DS and DU . If system (6) satisfies the condi-
tion V (xs, t)− V (xu, t) < 0 for each t, then the system trajectories move away from the separation
boundary of the domains DS and DU .

Proof. Let V (xs, t)− V (xu, t) > 0 for each t > 0, where xs ∈ DS and xu ∈ DU . Since the system
is a strict density system, by Definition 3 we have V̇ 6 ρ(x, t)W1(x) < 0 in the domain DS and
V̇ > ρ(x, t)W2(x) > 0 in the domain DU . Hence, the separation boundary of the domains DS and
DU is a set attracting the system trajectories.

Now let V (xs, t)− V (xu, t) < 0 for each t > 0, where xs ∈ DS and xu ∈ DU . According to
Definition 3, we have V̇ 6 ρ(x, t)W1(x) < 0 in the domain DS and V̇ > −ρ(x, t)W2(x) > 0 in the
domain DU . Hence, the separation boundary of the domains DS and DU is a set left by the system
trajectories.

Remark 2. In Proposition 1 and its proof, the attraction of trajectories to some set covers the
cases where trajectories approach this set over time or belong to some neighborhood of this set.
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Note that the neighborhood size can remain constant or increase with time. It depends on the
value of the space density. Here are some limiting cases:

• If in the neighborhood of the boundary separating the domains DS and DU the value of the
density function decreases to zero, the system trajectories will not approach this boundary.
Therefore, they can be in the neighborhood of this boundary or move far from it.

• If in the neighborhood of the boundary separating the domains DS and DU the value of the
density function increases infinitely, the system trajectories will approach this boundary.

To illustrate Proposition 1 and Remark 2, we give another example as follows.

Example 3. Consider system (2) again but with x ∈ R+.

Choosing the quadratic function V = 0.5x2 yields V̇ = −ρ(x, t)x2. Hence, V̇ < 0 in the domain
DS = {x, t ∈ R+ : ρ(x, t) > 0} and V̇ > 0 in the domain DU = {x, t ∈ R+ : ρ(x, t) < 0}.

By Definition 3, system (2) is a strict density system for x ∈ R+. Analyzing Proposition 1, we fix
an arbitrary time instant t = t1. Then V (xs(t1))− V (xu(t1)) > 0, and this inequality is obviously
valid for any fixed t. According to Proposition 1, the system trajectories will be attracted to the
separation boundary of the domains DS and DU .

Let the density function be ρ(x, t) = x− w, where w(t) = et. In this case, limt→∞(w(t)−x(t)) =
const (see Fig. 7 on the left). If w(t) = ee

t
, the difference between w(t) and x(t) increases with time

(see Fig. 7 on the right). This fact can be explained as follows: w(t) is an unbounded function,
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whereas the density |ρ(x, t)| decreases for x approaching w. As a result, x(t) “tries to approach”
w(t) but fails due to the low density of the space in the neighborhood of w(t) and a high rate of
change of w(t).

Let the density function be ρ = w arctanx−wǫ (or ρ = w sgn(x− w) due to Remark 1), ǫ > 0 be a

sufficiently large number, and w(t) = et or w(t) = ee
t
. In this case, the density of the space in the

neighborhood of w(t) grows with increasing w(t), which ensures the approach of x to w as t→ ∞
(see Fig. 8).

When studying density systems, we will also distinguish special domains. They have been
considered earlier as gray domains in the figures. Here is a rigorous definition.

Definition 5. If V̇ 6 ρ(x, t)W1(x) < 0 in the neighborhood of a domain Dbh × [0,+∞), there
are no solutions of (6) in this domain, and the value of the density function grows infinitely when
approaching it, then the domain Dbh is said to be absolutely stable.

Definition 6. If V̇ > ρ(x, t)W2(x) > 0 in the neighborhood of a domain Dwh × [0,+∞), there
are no solutions of (6) in this domain, and the value of the density function grows infinitely when
approaching it, then the domain Dwh is said to be absolutely unstable.
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Example 4. Consider system (3) with ρ1(x, t) = ρ2(x, t) = ρ(x). Choosing the quadratic func-
tion (4) yields V̇ = −ρ(x)(x21 + x22).

If ρ(x) = e(x
2
1
+x2

2
−1)−0.98

, then all trajectories tend to the domain Dbh = {x ∈ R
2 : x21 + x22 6 1}

(see Fig. 9 on the left). That is, from any initial conditions, the system trajectories will be attracted
to Dbh, where the value of the density function grows to infinity when approaching the boundary of
this domain. If ρ(x) = − ln(x21 + x22 − 1), the trajectories with initial conditions from the domain
x21 + x22 >

√
2 will remain in this domain, but all trajectories with initial conditions from the domain

1 6 x21 + x22 6
√
2 cannot leave this region and will be attracted to the domain Dbh = {x ∈ R

2 :
x21+x

2
2 6 1} (see Fig. 9 on the right), where the density function grows to infinity when approaching

the boundary of Dbh.

If ρ(x) = −e(x21+x22−1)−0.98
, all trajectories will move away from the domainDwh = {x ∈ R

2 : x21+
x22 6 1} (see Fig. 10 on the left) without approaching its boundary, where the density function will
grow to minus infinity when approaching the boundary of Dwh. If ρ(x) = ln(x21 + x22 − 1), the
trajectories with initial conditions from the domain x21 + x22 >

√
2 will remain in this domain, but

all trajectories with initial conditions from the domain 1 6 x21 + x22 6
√
2 will move away from the

domain Dwh = {x ∈ R
2 : x21 + x22 6 1} (see Fig. 10 on the right).

Remark 3. Let us explain the physical meaning of the systems under consideration. If the
density function is explicitly present on the right-hand side of the system equation, e.g., in the
form ẋ = ρ(x, t)f(x, t), then the value of the space density directly affects the phase flow velocity.
For example, for ρ(x, t) = 1, we have the original system ẋ = f(x, t). If ρ(x, t) > 0, the presence
of the density function possibly does not qualitatively affect the equilibria, but it may affect the
phase portrait. Under 0 < ρ(x, t) < 1, the value of the phase velocity vector decreases because the
space density does so. In the case ρ(x, t) > 1, on the contrary, the value of the phase velocity vector
increases because the space density does so. When the density function changes its sign, the phase
portrait varies qualitatively.

Condition (b) of Definition 1 can be interpreted as the rate of change of the phase volume given
by the function V (x, t) considering the space density.

We now provide some models of real processes:

• The pendulum equation has the form ẋ1 = x2, ẋ2 = − g
l sinx1 − k

mx2, where x1 is the devia-
tion angle of the pendulum from the vertical axis, x2 is the angular velocity of the pendulum,
g is the acceleration of gravity, l is the pendulum length, and k is the friction coefficient [22].
Choosing the Lyapunov function V = g

l (1− cos x1) + 0.5x22 (the total energy of the system)

yields V̇ = − k
mx

2
2. Introducing the density function ρ(x, t) = k, we obtain persistent oscilla-

tions in the case of no friction (ρ(x, t) = 0) and damped oscillations otherwise (ρ(x, t) 6= 0).

• The types of reproduction models in [25] can be written as ẋ = ρ(x)x, where x denotes the
biological population size. For ρ(x) = k > 0, we have the normal reproduction model; for
ρ(x) = kx, the explosion model; for ρ(x) = 1− x, the logistic curve model.

• Absolutely stable and absolutely unstable domains from Definitions 5 and 6 can be found
as the simplest models of black holes and white holes, respectively, [26], which possess high
density and gravity. Therefore, density systems can also be treated as gravitational systems,
where ρ(x, t) is a gravity function. In other words, the behavior of systems can be affected not
by the density of the space but by the gravitational field produced by a dense body. In this
regard, the control design principles based on the density function in the following sections
can be considered control using the gravity function. All the mathematical descriptions and
conclusions remain valid regardless of the name of the function ρ(x, t) and the corresponding
systems.

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023



DENSITY SYSTEMS: ANALYSIS AND CONTROL 1327

Remark 4. As has been noted in the Introduction, the concepts of density functions and density
systems proposed in Section 2 and their properties generalize the results of [1–8, 10–14]. Let us
discuss these issues in detail.

• In [1–8], the stability of an original system ẋ = f(x) was analyzed by introducing a new
system of the form ẋ = ρ(x)f(x), which was (in turn) investigated using either divergent
methods or the method of Lyapunov functions. In this section, we analyze systems of the form
ẋ = f(x) using the dependencies V̇ 6 ρ(x, t)W1(x) or V̇ > ρ(x, t)W1(x) (see Definition 1 and
Example 2), which does not require multiplying the entire right-hand side of the system by
the density function.

• In [10–14], the stability of systems ẋ = f(x, ρ(x, t)) with the density function explicitly ap-
pearing on the right-hand side was analyzed. The results proposed in this paper allow for the
implicit presence of the density function on the right-hand side of the system (see case 2 in
Example 2).

• In [10–14], the solutions of a system were placed into a given bounded set without forbidden
domains by a special choice of the density function. Note that the boundaries of such sets
were specified by functions continuously differentiable in t and x. In this paper, we allow for
unbounded sets (see case 5 in Example 1 and case 3 in Example 2) with forbidden domains (see
cases 4 and 5 in Example 1 as well as cases 1 and 3 in Example 2). Moreover, the boundaries
of these sets can be specified by functions continuous in t and locally Lipschitz in x. If the
solutions of systems are understood in the Filippov sense, then we can consider systems even
with discontinuous right-hand sides; see Remark 1.

Thus, the new concepts of a density function and a density system introduced above provide a
novel look at a certain class of dynamic systems, which is broader than those considered in [1–8,
10–14]. Also, the evolution of dynamic systems can now be considered and influenced by the density
of the space.

The results obtained in this section can be used to analyze dynamic systems and, moreover, to
design control laws. The next section will be devoted to this issue.

3. DENSITY CONTROL

We present several examples of designing control laws to obtain closed loop systems described
by density systems.

3.1. Plants with Known Parameters

Consider a plant of the form

Q(p)y(t) = R(p)u(t), (7)

where y ∈ R and u ∈ R denote the output and control signals, respectively, Q(p) and R(p) are
linear differential operators with known constant coefficients, and R(λ) is a Hurwitz polynomial.

If the relative degree of the plant (7) is 1 (i.e., degQ(p)− degR(p) = 1), then the control law

u(t) = − Q(p)

pR(p)
ρ(y, t)y(t) (8)

transforms system (7) into

ẏ(t) = −ρ(y, t)y(t), (9)

which is structurally a density system. In particular, some density functions ρ(y, t) have been
defined in Example 1.
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If the relative degree of the plant (7) exceeds 1 (i.e., degQ(p)− degR(p) = γ > 1), we write the
control law (8) as

u(t) = − Q(p)

pR(p)(µp+ 1)γ−1
ρ(y, t)y(t) (10)

where µ > 0 is a sufficiently small number. The resulting system takes the form

ẏ(t) = − 1

(µp+ 1)γ−1
ρ(y, t)y(t). (11)

For µ = 0, system (11) has the density system structure (9). If the solutions of the density system (9)
with an appropriately chosen density function ρ(y, t) are asymptotically stable, then [22, 24] there
exists a sufficiently small number µ > 0 such that, for 0 < µ < µ, the solutions of system (11) are
sufficiently close to the solution of system (9).

3.2. Plants with Unknown Parameters

Consider the plant (7) with the unknown parameters of the operators Q(p) and R(p) but a
known value k. Assume that the relative degree of this plant is 1. All the results obtained can
be extended to the plants with a relative degree above 1, e.g., using the schemes of [23]. In this
paper, we focus on the plants with a relative degree of 1 only to avoid cumbersome considerations
for overcoming the high relative degree problem.

Let the operators Q(p) and R(p) be written as Q(p) = Qm(p) + ∆Q(p) and R(p) = Rm(p)+
∆R(p), where Qm(λ) and Rm(λ) are arbitrary Hurwitz polynomials of degrees n and n− 1, respec-
tively, and the polynomials ∆Q(p) and ∆R(p) have degrees n− 1 and n− 2, respectively. Choos-

ing Qm(λ)/Rm(λ) = λ+ a with a known value a > 0 and taking the integer part of ∆Q(λ)
Qm(λ) = k0y +

∆Q̃(λ)
Rm(λ) , we transform (7) into

ẏ(t) = −ay(t) + k

(

u(t) +
∆R(p)

Rm(p)
u− ∆Q̃(p)

Rm(p)
y − k0yy

)

. (12)

We introduce c0 = col{c0y , c0u, k0y} as the vector of unknown parameters, where ∆Q̃(p) =
cT0y [1 p . . . pn−2] and ∆R(p) = cT0u[1 p . . . pn−2], and the regression vector w = col{Vy, Vu, y} con-
structed using the filters

V̇y = FVy + by,

V̇u = FVu + bu.
(13)

Here, F is the Frobenius matrix with the characteristic polynomial Rm(λ) and b = col{0, . . . , 0, 1}.
With these notations, equation (12) can be written as

ẏ(t) = −ay(t) + k[u(t)− cT0 w(t)]. (14)

Let the control law be given by

u(t) = cT(t)w(t) +
a

k
y(t) + ρ(y, t). (15)

Substituting (15) into (14) yields the closed loop system

ẏ(t) = ρ(y, t) + k(c(t) − c0)
Tw(t). (16)
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Theorem 1. The control law (15) with the adaptation algorithm

ċ = −αyw (17)

transforms the plant (7) into a density system. If we have a stable density ρ(y, t) with a stable limit
set in the neighborhood of zero as t→ ∞, then all signals in the closed loop system are bounded.

Proof. Let us choose the quadratic function

V =
1

2
y2 +

k

2α
(c(t)− c0)

T(c(t) − c0). (18)

Calculating the total time derivative of (18) along the solutions of (16), (17), we write the result
as

V̇ = ρ(y, t)y. (19)

This is a density system.

If we have a stable density ρ(y, t) with a stable limit set in the neighborhood of zero as t→ ∞,
then ρ(y, t) is chosen so that ρ(y, t)y < 0. Hence, lim

t→∞
y(t) = 0. From (16) it then follows that

lim
t→∞

(c(t) − c0)
T(t)w(t) = 0. The ultimate boundedness of Vy(t) is immediate from the first equa-

tion of (13), the ultimate boundedness of y(t), and the Hurwitz property of the matrix F . Substi-
tuting (15) into the second equation of (13) yields

V̇u = FVu + bcT0 w + b(c− c0)
Tw + b

a

k
y(t) + bρ(y, t)

= (F + bc0u)Vu + b

[

cT0yVy + k0yy + b(c− c0)
Tw +

a

k
y(t) + ρ(y, t)

]

.

The matrix F + bc0u has a Hurwitz characteristic polynomial R(λ) by the problem statement.
So, under bounded terms in square brackets, the function Vu(t) is ultimately bounded. Then
the regression vector w(t) is also ultimately bounded. The condition lim

t→∞
y(t) = 0, the ultimate

boundedness of w(t), and (17) imply lim
t→∞

ċ(t) = 0. Hence, c(t) is an ultimately bounded function.

From (15) it then follows that the control law is bounded. As a result, all signals in the closed loop
system are bounded.

Example 5. Consider the plant (7) with unknown parameters of the operators Q(p) = (p− 1)3

and R(p) = (p+ 1)2, k = 1 (known value), and the unknown initial conditions p2y(0) = 1,
py(0) = 1, and y(0) = 4.

We define F =

[

0 1
−1 −2

]

for the filters (13). Also, we choose α = 0.1 in the adaptation algo-

rithm (17) and a = 1 in the control law (15).

Consider different density functions ρ(y, t) in (15).

1. For ρ(y, t) = −αy, the closed loop system (16) has the equilibrium y = 0. Substituting ρ(y, t)
into (19) yields V̇ = −αy2 6 0 in the domain DS = R. This is an active stabilization problem,
described in detail in [23]. Figure 11 shows the transient for α = 1, p2y(0) = py(0) = 0, and y(0) = 4
(see the curve intersecting the grey domain).

2. For ρ(y, t) = α ln g−y
g+y , where g(t) > 0, the closed loop system (16) has the equilibrium y = 0.

Substituting ρ(y, t) into (19) yields V̇ = α ln g−y
g+yy < 0 in the domain DS = {y ∈ R : −g < y < g}.

Moreover, ρ(y, t) → −∞ as y → g and ρ(y, t) → +∞ as y → −g. This is a stabilization prob-
lem with the symmetric constraints −g and g. Figure 11 demonstrates the transients for α = 1
(the curve inside the pipe with dashed boundaries), p2y(0) = py(0) = 0, y(0) = 4, and g(t) =
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{

−4.6t+ 5, t 6 1

0.4, t > 1.
Clearly, in contrast to the classical adaptive control scheme [23] (the curve

corresponding to ρ(y, t) = −αy), the density function ρ(y, t) = α ln g−y
g+y ensures a transient inside

the pipe at any time instant.

3. Consider ρ(y, t) = α ln g−y
y−g , where g(t) > g(t) for all t. Let us denote y = w =

g+g

2 . Then

ρ(y, t) = 0 for y = w and any t. Substituting ρ(y, t) into (19) yields V̇ = α ln g−y
y−gy < 0 in the domain

DS = {y ∈ R+ : w < y < g} ∪
{

y ∈ R− : g < y < w
}

and V̇ > 0 in the domain DU =
{

y ∈ R+ :

g < y < w
}

∪ {y ∈ R− : w < y < g}. In addition, ρ(y, t) → −∞ as y → g and ρ(y, t) → +∞ as

y → g if y ∈ R+; ρ(y, t) → +∞ as y → g and ρ(y, t) → −∞ as y → g if y ∈ R−. This is a sta-
bilization problem with asymmetric constraints g and g. Figure 12 shows the transient for α = 5,
g = 4e−0.1t + 0.1, g = 3e−0.1t − 0.1, p2y(0) = py(0) = 0, and y(0) = 4.

4. Let ρ(y, t) = −α(y − ym). Then ρ(y, t) = 0 for y = ym and any t. Substituting ρ(y, t)
into (19) yields V̇ = −α(y − ym)y < 0 in the domainDS = {y ∈ R+ : y > ym} ∪ {y ∈ R− : y < ym}
and V̇ > 0 in the domain DU = {y ∈ R+ : y < ym} ∪ {y ∈ R− : y > ym}. This is a tracking prob-
lem of ym by y. Figure 13 demonstrates the transient for α = 50, ym = e−0.1t sin(t)P (t), where
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Fig. 13. Transients in the adaptive control system with the density function ρ(y, t) = −α(y − ym).
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Fig. 14. Transients in the adaptive control system with the density function ρ(y, t) = −α ln(y − g).

P (t) ∈ [0, 1.25] is a generator of triangular pulses (with isosceles triangles) with a period of 5 s,
p2y(0) = py(0) =0, and y(0) = 1.

5. Consider ρ(y, t) = −α ln(y − g), where g(t) > −1. Then ρ(y, t) = 0 for y = g + 1 and any t.
Substituting ρ(y, t) into (19) yields V̇ = −α ln(y − g)y < 0 in the domainDS = {y ∈ R+ : y > g+1}
and V̇ > 0 in the domain DU = {y ∈ R+ : y > g + 1}. In addition, ρ(y, t) → −∞ as y → g. This is
a descent problem of x(t) long a surface with the boundary g(t). Figure 14 shows the transient for
α = 10, g = 2e−0.1t − 1, p2y(0) = py(0) = 0, and y(0) = 4.

3.3. Comparing the Control Laws Proposed with Some Existing Ones

In this subsection, we compare the control laws (8), (10) and (13), (15), (17) with the control
laws obtained using the method of barrier Lyapunov functions [27, 28], the method of funnel
control [10, 12], and control methods with prescribed performance [11, 13, 14, 29].

• By the method and type of defining the target (admissible) set (a desired domain for the
transients of the output signal in a closed loop system), the methods of [10–14, 27–29] and the
proposed approach differ as follows:

— In [27, 28], the boundaries of the admissible set were constant whereas the reference
signal was required to be smooth enough.
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— In [10–12], the boundaries of the target set were defined by continuously differentiable
functions symmetric with respect to the time axis. Only bounded target sets were
considered therein.

— In [13, 14, 29], the boundaries of the target set were defined by continuously differentiable
asymmetric functions. Only bounded target sets were considered therein.

— Within the approach proposed in this paper, target sets can be defined by continuous
(or discontinuous, see Remark 1), asymmetric functions (see case 5 in Example 5). The
target set may be unbounded (see cases 2, 3, and 5 in Example 5). The reference signal
may be defined by continuous (see case 4 in Example 5) or piecewise continuous (see
Remark 1) functions.

• By the control law design and stability analysis of the closed loop system, the methods of [10–
14, 27–29] and the proposed approach differ as follows:

— The methods [27, 28] involve special-form Lyapunov functions existing on a certain subset
of the definitional domain of the system (an admissible set).

— The methods [10–12] involve special-form density functions.
— The approaches [11, 13, 14, 29] consider a nonlinear coordinate transformation reducing

the original problem with constraints to an unconstrained problem. However, this trans-
formation leads to the analysis of an extended system containing the variables of the
original and new systems, which complicates the control law structure and the stability
analysis of the closed loop system. Moreover, the nonlinear coordinate transformation
leads to the study of the system ε̇(t) = ρ(ε, t)f(ε, t), where ε is a new variable and
ρ(ε, t) > 0 is a density function depending on the derivative of the coordinate replace-
ment function with respect to the variable ε. Hence, this system is a particular case of
the systems considered in Section 2.

— The approach proposed in the paper involves no coordinate transformation, which elim-
inates the need to consider additional variables and additional dynamic systems. The
sign of the density function can be arbitrary. The Lyapunov function may exist in the
entire definitional domain of the system.

4. CONCLUSIONS

This paper has considered a class of dynamic systems called density systems. Such systems
contain on the right-hand side a density function defining the properties of the space. It is possible
to affect the behavior of the system under study by determining the properties of the density
function. This conclusion has been used to design control laws. As has been demonstrated above,
different definitions of the density function lead to classical control laws and new ones with new
target requirements for the system. In particular, an adaptive control law ensuring transients in a
given set has been constructed as one example; classical adaptive control provides only the ultimate
boundedness of system trajectories. In this case, the parameters of the set are specified using the
density function, which defines the density of the space under consideration. The simulation results
have confirmed the theoretical outcomes.

Also, it has been demonstrated how some existing control algorithms can be modified using the
density function to obtain new transient quality. In the future, the properties of density systems
can also be employed to design more complex control algorithms, e.g., output-feedback control with
any relative degree of the plant, control using observers, sliding mode control, etc.
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Abstract—A mathematical model of joint servicing of priority real-time traffic and elastic data
traffic in multiservice access nodes has been constructed and studied. Definitions of quality
indicators for joint servicing of incoming requests for information services are provided. A sys-
tem of statistical equilibrium equations is formed and its use for calculating the exact values of
the introduced characteristics is considered. A method for approximate calculation of charac-
teristics is proposed, based on the construction of a system of simplified equilibrium equations.
It has been established that the obtained estimates of customer service indicators are asymp-
totically accurate in the region of large and small losses. The use of the developed method is
shown to solve the problem of estimating the volume of traffic offloaded in an overload situation
to other access nodes or to other frequency ranges in order to achieve values of specified QoS
indicators and to solve the problem of planning the volume of required transmission resource
of a multiservice access node.

Keywords : multiservice traffic, real-time traffic, elastic traffic, recursive algorithms, asymptoti-
cally exact characteristics, offloading of excess traffic, transmission resource planning
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1. INTRODUCTION

The development of communication networks is moving towards expanding the number of ser-
vices. The range of services received by the subscriber and their quality should not depend on where
the subscriber is, how and at what speed he moves, and what access and information transfer tech-
nologies are used. This provision follows from the development trends of the telecommunications
market and is enshrined in the recommendations of the International Telecommunication Union
[1–6]. It is clear that each type of service, be it voice, video or data, has its own characteristics
that should be taken into account when studying the conditions for their joint provision. In the
simplest case, services differ only in the size of the required information transmission resource.
In more complex situations, it is necessary to take into account the details of the formation of
input streams of requests, the conditions of access to the network, the presence of priority and the
possibility of resource redistribution during the service process, etc. The considered features of the
functioning of current and future communication systems are analyzed in the family of so-called
multiservice models. They are of great importance for practical applications and are the subject
of intensive research by specialists in the field of communications [4–10].

The most important segment of a multiservice network of both fixed and mobile communications
is the access node, which performs the function of concentrating subscriber traffic. Information flows
entering access nodes can be divided into two categories: traffic of real-time services and traffic of
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Guaranteed resource for data transfer

Resource used by priority real-time traffic

Additional resource
used for data transfer

Additional resource

used for data transfer

Fig. 1. Allocation of access node capacity during joint transmission of priority traffic of real-time services and
elastic data.

elastic data transfer services. The transmission of real-time service traffic occurs with a preliminary
reservation of a resource, which is retained for the entire duration of servicing the request [1–3, 6].
The quality of service is characterized by the proportion of lost requests and the average volume of
occupied resources. To forward elastic traffic, a minimum guaranteed resource is allocated, as well
as all or part of the resource that remains free from passing traffic from real-time services [8–11].
The quality of service of elastic data is measured by the average file transfer time and the average
received throughput of the access node.

It is generally assumed that real-time traffic has resource occupancy advantage over elastic data.
It is expressed in reducing the elastic data transmission rate to a predetermined minimum value
if performing this procedure facilitates the acceptance of a request for a real-time service. When
a free resource becomes available, the data transfer rate increases. Resource redistribution occurs
at times determined by the mechanism used to adapt the speed of information transfer to the
conditions of servicing requests. Usually these are the moments of receipt of requests and the end
of their servicing. Let us call such a distribution procedure dynamic [7, 8, 10]. An example of its
implementation is shown in Fig. 1.

The analyzed method of resource division allows to significantly increase its occupancy. This
effect is especially important for cellular mobile communication networks due to the limited range
of radio frequencies allocated for the formation of radio channels. According to experts, the gain
can amount to several tens of percent of the total volume of the resource used. The noted effect is
obtained as a result of the use of traffic control procedures that speed up the transmission of elastic
data in situations where the number of telecommunications service users being served is decreasing.
In mobile communication networks, dynamic resource allocation is performed by a packet scheduler
and occurs under the control of the RRM (Radio Resource Management) software and hardware
complex. Control decisions of the complex are made based on information about the state of the
channel, the number and types of requests being serviced, the level of interference, etc. [12–15].

The relevance of the problem has attracted the attention of specialists of various professional
backgrounds, which range from engineers involved in the design and operation of communication
systems to mathematicians. Giving a general description of the published works, it should be noted
that most of the studies are engineering developments based on the results of simulation modeling
and full-scale experiments [1–3]. Theoretical analysis of the features of joint servicing of real-time
traffic and elastic data usually ends with the construction of a mathematic model, determination of
the characteristics of the quality of service of coming requests and the implementation of numerical
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algorithms for their assessment, based on solving a system of equilibrium equations using any
standard linear algebra method [4, 5, 7–10, 13, 15, 16].

For practical applications, in particular for setting up procedures for dynamic resource allocation,
it is necessary to construct approximate procedures that are easy to implement and have acceptable
accuracy. Unfortunately, few such methods are presented in published works. We can only mention
the studies [11, 14]. Of particular importance are approximate algorithms that

• are based on general principles and can be easily generalized to other models for the formation
of input flows of requests and resource allocation procedures;

• have good accuracy for values of input parameters that correspond to practical applications, in
particular for values of small losses, where the problem of planning the volume of information
transmission resource required by the load is solved, and for values of large losses, where the
problem is solved estimating the volume of traffic offloaded to other access nodes or to other
frequency bands in order to achieve specified QoS indicators;

• are constructed using easy-to-implement analytical expressions and recursive procedures.

This work is devoted to solving these problems. Section 2 discusses the mathematical description
of the analyzed access node model, using the example of which the principles of approximate
assessment of the characteristics of the quality of joint service of real-time service traffic and elastic
data traffic will be formulated. In Section 3, a system of equilibrium equations is constructed
and an algorithm for its numerical solution is proposed. The results obtained are further used to
estimate the error of approximate methods. In Sections 4 and 5, the principles of constructing
approximate methods for estimating the characteristics of the considered access node model are
formulated and their error is numerically studied, in particular, it is shown that the estimates are
asymptotically accurate in the region of large and small losses. Section 6 discusses the possibility of
using the model to solve the problem of determining the volume of offloaded traffic and the problem
of estimating the required amount of resource. The last section formulates conclusions based on
the results of the study.

The novelty of the results obtained is as follows:

• Methods are formulated for constructing approximate procedures for estimating the charac-
teristics of joint servicing of priority traffic of real-time services and elastic data traffic. The
proposed calculation procedures are based on the use of a system of simplified equilibrium
equations.

• It is established that the obtained characteristics estimates are asymptotically accurate in the
region of large and small losses.

• It is shown that the ideas underlying the approximate methods are of a general nature and can
easily be generalized to other models for the formation of input flows of requests and resource
allocation procedures.

2. MATHEMATICAL DESCRIPTION OF THE MODEL

Let us denote by C the capacity of a multiservice access node created by the fixed or wireless
communication standard used and expressed in bits/s. The access node services n Poisson flows
of requests for the transmission of real-time service traffic and one Poisson flow of requests for
the transmission of elastic data. Requests of the kth flow for the transmission of real-time traffic
arrive with an intensity of λk and require a capacity reservation of ck bit/s for the entire service
time, which has an exponential distribution with the parameter µk, k = 1, . . . , n. Requests for the
transfer of elastic data (files) are received with an intensity of λd. The file size has an exponential
distribution with mean F expressed in bits.

Let us introduce the concept of a virtual channel, which is applicable to numerically estimate the
size of the information transmission resource provided to users. Let us denote by c the information

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023



1338 S.N. STEPANOV, M.S. STEPANOV

transmission rate of one channel, expressed in bits/s. The transition to virtual channels simplifies
the modeling of the process of resource occupation by requests. The smaller the value of c, the
more accurate the approximation of transmission rates. However, in this situation the number of
model states increases. The choice of the value c depends on the formulation of the problem, for
example, you can use the following expressions: c = min(c1, . . . , cn) or c = GCD(c1, . . . , cn), where
abbreviation GCD means greatest common divisor. In the first case, the approximation of the bit
rate requirements is rougher than in the second. The total number v of available virtual channels
and the number bk of virtual channels required to service the request of the kth flow are found from
the relations:

v =

⌊
C

c

⌋

, bk =

⌈
ck
c

⌉

.

Elastic data is maintained in accordance with the provisions of the Processor Sharing discipline.
Let’s consider the implementation of this procedure. For simplicity, let’s assume that the minimum
amount of bandwidth that can be used to transfer a file is one virtual channel. Let us denote
by µd the parameter of the exponential distribution of file transmission time by one channel. Let i
be the number of virtual channels used to service real-time traffic, and let d > 0—be the number
of files being transmitted. According to the model description (v − i) channels are used to serve

them. Let s =
⌊
v−i
d

⌋

. Free channels are divided between d files according to the following rule. To

serve each of the (v − i− sd) files, (s+ 1) channels are used, and to serve each of the remaining
((s + 1)d− (v − i)) files, s channels. As a result of this procedure, all (v − i) channels are occupied.
It is easy to show that in the situation under consideration, the time until the end of the transfer
of one of the d files has an exponential distribution with the parameter (v − i)µd.

An incoming request for real-time traffic transmission has priority in resource occupation, re-
ducing, if necessary, the bandwidth used by one file to one channel. Let ik(t), k = 1, . . . , n—the
number of requests of the kth flow for the transmission of traffic of real-time services at time t,
and d(t)—the number of files being serviced at time t. The dynamics of changes in the number of
serviced requests is described by the Markov process r(t) = (i1(t), . . . , in(t), d(t)), defined on finite
state space S, which includes states (i1, . . . , in, d), with components

i1 = 0, 1, . . . ,

⌊
v

b1

⌋

; . . . in = 0, 1, . . . ,

⌊
v − i1b1 − . . .− in−1bn−1

bn

⌋

;

d = 0, 1, . . . , v − i1b1 − . . .− inbn.

(1)

The quality of service for requests from the kth flow for the transmission of real-time traffic
is determined by the values of the share of lost requests πk and the average number of occupied
virtual channels mk. The value of the last characteristic makes it possible to calculate the average
number of requests of the kth flow being serviced, yk = mk/bk, and the average capacity of the
access node they occupy zk = mkc. Let us denote by zr the average amount of node capacity
occupied by real-time traffic zr =

∑n
k=1 zk. The quality of service for requests for the transfer of

elastic files is determined by the values of the share of lost files πd, the average number of occupied
virtual channels md, the average number of files being serviced yd, the average value of used node
bandwidth zd = mdc, average file transfer time hd, average bitrate used for file transfer cd, average
number of virtual channels b used for file transfer.

The introduced indicators can be determined and calculated using the values of stationary
probabilities p(i1, . . . , in, d) of states (i1, . . . , in, d) ∈ S. For the state (i1, . . . , in, d), let i denote the
number of virtual channels used to service real-time traffic i = i1b1 + · · ·+ inbn. Let us present the
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calculated expressions

πk =
∑

{
(i1,...,in,d)∈S | i+d+bk>v

}
p(i1, . . . , in, d);

mk =
∑

(i1,...,in,d)∈S

p(i1, . . . , in, d)ikbk; k = 1, . . . , n;

πd =
∑

{
(i1,...,in,d)∈S | i+d+1>v

}
p(i1, . . . , in, d);

md =
∑

{
(i1,...,in,d)∈S | d>0

}
p(i1, . . . , in, d)(v − i);

yd =
∑

(i1,...,in,d)∈S

p(i1, . . . , in, d)d;

hd =
yd

λd(1− πd)
; cd =

F

hd
; b =

md

yd
.

(2)

3. SYSTEM OF STATISTICAL EQUILIBRIUM EQUATIONS

To evaluate the characteristics specified by expressions (2), it is necessary find the values of
p(i1, . . . , in, d) ∈ S1. To do this, it is enough to construct and solve a system of statistical equilib-
rium equations, connecting the unnormalized probabilities of the model. It looks like this:

P (i1, . . . , in, d)

{
n∑

k=1

(

λk I(i+ d+ bk 6 v)+ ik µk
)

+λd I(i+ d+16 v)+ (v− i)µdI(d > 0)

}

(3)

=
n∑

k=1

P (i1, . . . , ik − 1, . . . , in, d)λk I(ik > 0) + P (i1, . . . , in, d− 1)λd I(d > 0)

+
n∑

k=1

P (i1, . . . , ik + 1, . . . , in, d) (ik + 1)µk I(i+ d+ bk 6 v)

+ P (i1, . . . , in, d+ 1) (v − i)µd I(i+ d+ 1 6 v), (i1, . . . , in, d) ∈ S.

Here and below I(·)—indicator function defined by relation

I(·) =
{

1, if the condition is met, formulated in brackets,

0, if this condition is not met.
(4)

Resulting solutions of (3) P (i1, . . . , in, d) needs to be normalized.

The system of equations (3) does not have any special properties that provide a recursive estimate
of stationary probabilities. For this reason, standard linear algebra methods are used to solve (3).
Based on the experience of solving similar systems, it is recommended to use the iterative Gauss–
Seidel algorithm to estimate the probabilities of states. The use of this approach makes it possible
to calculate stationary probabilities for models of communication systems with a number of states of
up to several million. The standard implementation of Gauss–Seidel recursion for the solution (3) is
not guaranteed to converge, but in most cases it does. Convergence is studied by indirect methods
based on the analysis of the proximity of successive approximations and the fulfillment of known
theoretical relationships connecting the values of the characteristics of the studied model of the

1 We will use lowercase letters to denote the normalized values of the probabilities of states and characteristics and
uppercase letters to denote their non-normalized values.
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communication system. Such relations include Little’s formula. Details of the implementation
of this approach can be found in [10, 17–19]. To ensure convergence, it is enough to set one
of the unknowns equal to unity, remove the corresponding equation (3) and proceed to solving
an inhomogeneous system of linear equations. After the transformations performed, the Gauss–
Seidel recursion always converges (due to the presence of weak diagonal dominance), but requires
a significantly larger number of iterations for its implementation.

The Gauss–Seidel algorithm will be further used to estimate the error of the approximate method
constructed in Section 4 for calculating the quality characteristics of joint servicing of incoming
requests for the node model under study. Sufficiently substantiated approximate methods play a
major role in the development of engineering techniques aimed at solving the problems of estimating
the maximum sufficient load and the minimum required volume of information transmission resource
of a multiservice access node. Subsequent sections of the work will be devoted to the formulation,
analysis and examples of the use of approximate methods for calculating the characteristics of the
constructed access node model.

4. ESTIMATION OF CHARACTERISTICS USING SIMPLIFIED EQUILIBRIUM EQUATIONS

The principle of simplified equilibrium equations was first formulated and used in constructing
the boundaries of truncated state spaces, providing a given error in calculating the characteristics
of models, taking into account the effect of repeated calls [20, 21]. The idea of the method is to
form a system of relationships for the approximate calculation of stationary probabilities of model
states based on the requirement that they comply with local conservation laws, which for the model
under study are satisfied in individual macrostates, selected in accordance with the structure of the
state space used and the physical meaning of individual state components.

For the constructed model, we refer to such macrostates as (i), where all states of the model are
combined with the number of occupied virtual channels equal to i, i = 0, 1, . . . , v, and (d), where
all states of the model are combined with the number of transferred files equal to d, d = 0, 1, . . . , v.
Proceeding in a similar way, we also introduce the macrostate (i, d) and determine the stationary
probability of this state from the expression

p(i, d) =
∑

{
(i1,...,in,d)∈S | i1b1+...+inbn=i

}
p(i1, . . . , in, d),

i = 0, 1, . . . , v; d = 0, 1, . . . , v − i.

If the values of p(i, d) are known, then the values of the characteristics specified by the expres-
sions (2) can be calculated. To do this, it is enough to use the relations

πk =
v∑

i=0

v−i∑

d=0

p(i, d)I(i + d+ bk > v); mk =
λk
µk

(1− πk) bk; (5)

πd =
v∑

i=0

v−i∑

d=0

p(i, d)I(i + d+ 1 > v); md =
v∑

i=0

v−i∑

d=1

p(i, d)(v − i);

yd =
v∑

i=0

v−i∑

d=1

p(i, d)d.

The remaining elastic traffic service characteristics are determined from expressions (2).

Let us obtain the form of local conservation laws for the macrostates (i), (d), which will be
further used for an approximate estimate of p(i, d). Let’s start with the macrostate (d). Equating
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the intensity of the exit r(t) from (d) to the intensity of the transition to the macrostate (d), we
obtain a system of relations of the following form:

(

P (0, d) + P (1, d) + . . .+ P (v − d− 1, d)
)

λd (6)

+
(

P (0, d)v + P (1, d)(v − 1) + . . . + P (v − d, d)d
)

µdI(d > 0)

=
(

P (0, d − 1) + P (1, d − 1) + . . . + P (v − d, d − 1)
)

λdI(d > 0)

+
(

P (0, d + 1)v + P (1, d + 1)(v − 1) + . . .+ P (v − d− 1, d + 1)(d+ 1)
)

µd,

d = 0, 1, . . . , v − 1.

Having considered (6) sequentially for d = 0, 1, . . . , v− 1 and performing simple algebraic trans-
formations, we reduce (6) to the following form:

(

P (0, d) + P (1, d) + . . .+ P (v − d− 1, d)
)

λd (7)

=
(

P (0, d + 1)v + P (1, d + 1)(v − 1) + . . .+ P (v − d− 1, d+ 1)(d + 1)
)

µd,

d = 0, 1, . . . , v − 1.

Now we obtain the form of local conservation laws for the macrostate (i). Equating the intensity
of the exit r(t) from (i) to the intensity of the transition to the macrostate (i), we obtain a system
of relations of the following form:

∑

{
(i1,...,in,d)∈S | i1b1+...+inbn=i

}

n∑

k=0

(

P (i1, . . . , ik − 1, . . . , in, d)λkI(ik > 0) (8)

+ P (i1, . . . , ik + 1, . . . , in, d)(ik + 1)µkI(i+ bk + d 6 v)
)

=
∑

{
(i1,...,in,d)∈S | i1b1+...+inbn=i

}

n∑

k=0

(

P (i1, . . . , in, d)λkI(i+ bk + d 6 v)

+ P (i1, . . . , in, d)ikµkI(ik > 0)
)

, i = 0, 1, . . . , v.

Let’s move on to constructing a system of simplified equilibrium equations, which we will further
use to approximately calculate the characteristics of the access node model under study. Let us
denote by P̂ (i1, . . . , in, d), (i1, . . . , in, d) ∈ S the resulting estimates of the probabilities of stationary
states of the considered model. Let us save for estimates of the introduced characteristics (2),
probabilities P (i, d), etc., obtained using P̂ (i1, . . . , in, d), previously introduced notations, just add
the symbol ˆ to their notation. The quantities P̂ (i1, . . . , in, d) are found from the fulfillment
requirement for P̂ (i1, . . . , in, d) local conservation law (7)

(

P̂ (0, d) + P̂ (1, d) + · · ·+ P̂ (v − d− 1, d)
)

λd (9)

= P̂ (0, d + 1)vµd + P̂ (1, d + 1)(v − 1)µd + . . . + P̂ (v − d− 1, d+ 1)(d + 1)µd,

d = 0, 1, . . . , v − 1,

and relations

P̂ (i1, . . . , in, d)ik = P̂ (i1, . . . , ik − 1, . . . , in, d)I(ik > 1)ak, (10)

(i1, . . . , in, d) ∈ S, ak =
λk
µk
, k = 1, . . . , n.
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The expressions (10) coincide in form with the detailed balance relations in the formation and
servicing of requests for the transmission of real-time traffic in the Erlang multiservice model
[7, 10, 22, 23]. They determine the approximate nature of the resulting estimates, since they are
not satisfied for the original model.

Using equalities (10), we can show that for P̂ (i1, . . . . . . , in, d) the local conservation law (8) is
satisfied, i.e. the following relations are valid

∑

{
(i1,...,in,d)∈S | i1b1+...+inbn=i

}

n∑

k=1

P̂ (i1, . . . , ik − 1, . . . , in, d)λkI(ik > 0) (11)

+ P̂ (i1, . . . , ik + 1 . . . , in, d)(ik + 1)µkI(i+ bk + d 6 v)

=
∑

{
(i1,...,in,d)∈S | i1b1+...+inbn=i

}

n∑

k=1

P̂ (i1, . . . , in, d)λkI(i+ bk + d 6 v)

+ P̂ (i1, . . . , in, d)ikµkI(ik > v), i = 0, 1, . . . , v.

Next, we will show that the relations (9), (10) allow us to uniquely determine the values of
P̂ (i1, . . . , in, d), (i1, . . . , in, d) ∈ S, and with them the introduced estimates of the characteristics
of joint servicing of requests in the studied model of the access node. Thus, estimates of station-
ary probabilities P̂ (i1, . . . , in, d), (i1, . . . , in, d) ∈ S, as well as their exact values P (i1, . . . , in, d),
(i1, . . . , in, d) ∈ S satisfy local conservation laws of the same form (7), (8) and (9), (11), which
allows us to expect good estimation accuracy. Based on the probabilistic interpretation (9), (10),
let’s call these relations as system of simplified equilibrium equations.

Let us construct a recursive algorithm for calculating the values of P̂ (i, d) for a fixed d. Let us
introduce an auxiliary characteristic

Ŷk(i, d) =
∑

{
(i1,...,in,d)∈S | i1b1+...+inbn=i

}
P̂ (i1, . . . , in, d)ik, i = 0, 1, . . . , v; d = 0, 1, . . . , v − i.

Summing (10) over all (i1, . . . , in, d) ∈ S satisfying the condition i1b1 + . . . + inbn = i, we obtain
the equality

Ŷk(i, d) = P̂ (i− bk, d)akI(i > bk). (12)

Let’s multiply (12) by bk and sum over k = 1, 2, . . . , n. Rearranging the order of summation on the
left, we obtain a recursive relation connecting successive values P̂ (i, d),

∑

{
(i1,...,in,d)∈S | i1b1+...+inbn=i

}
P̂ (i1, . . . , in, d)

n∑

k=1

ikbk = P̂ (i, d) i (13)

=
n∑

k=1

ak bk P̂ (i− bk, d)I(i > bk), d = 0, 1, . . . , v − 1; i = 1, . . . , v − d.

Relations (7) and (13) allow us to construct a recursive algorithm for estimating the values of
P̂ (i, d), d = 0, 1, . . . , v; i = 1, . . . , v − d. Let us list the sequence of actions for its implementation.

(1) Let’s set d = 0, and the value P̂ (0, 0) = 1.
(2) Let’s express values P̂ (i, 0), i = 1, . . . , v, through P̂ (0, 0), using the relation (13) with d = 0

P̂ (i, 0) =
1

i
×

n∑

k=1

P̂ (i− bk, 0)I(i > bk)
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and successively increasing i from 1 to v. For fixed i values of estimates P̂ (i − bk, 0),
k = 1, . . . , n, or already expressed through P̂ (0, 0) (for i − bk > 0), or equal to 0 (for
i− bk < 0).

(3) Let’s put d = 1 and the value P̂ (0, 1) = x.
(4) Let us express values P̂ (i, 1), i = 1, . . . , v − 1, through x, using the relation (13) with d = 1

P̂ (i, 1) =
1

i
×

n∑

k=1

P̂ (i− bk, 1)I(i > bk)

and successively increasing i from 1 to v − 1.
(5) Set in (9) d = 0. We get the ratio

(

P̂ (0, 0) + P̂ (1, 0) + · · ·+ P̂ (v − 1, 0)
)

λd (14)

= P̂ (0, 1)vµd + P̂ (1, 1)(v − 1)µd + . . .+ P̂ (v − 1, 1)µd,

which allows us to express the value of x in terms of P̂ (0, 0). Using the obtained relation and
the results of step 4, we obtain expressions for P̂ (i, 1), i = 0, 1, . . . , v − 1, through P̂ (0, 0).

(6) Next, we set d = 2, 3, . . . , v and, having implemented the sequence of actions formulated in
the above stages of the proposed algorithm, we find expressions for P̂ (i, d), d = 0, 1, . . . , v;
i = 1, . . . , v − d via P̂ (0, 0).

(7) We find an expression in terms of P̂ (0, 0) for the normalization constant

N =
v∑

d=0

v−d∑

i=0

P̂ (i, d).

(8) We determine the normalized values of probability estimates p̂(i, d):

p̂(i, d) =
P̂ (i, d)

N
, d = 0, 1, . . . , v; i = 1, . . . , v − d.

(9) Using p̂(i, d) and expressions (5), we find the values of estimates of the characteristics of
joint servicing of requests in the studied model of a multiservice access node.

In Fig. 2, arrows indicate the sequence of calculating p̂(i, d) using the constructed algorithm for
v = 5.

From a computational point of view, the implementation of the constructed algorithm does not
cause any difficulties. The complexity of the procedure is comparable to the repeated use of a
recursive algorithm for assessing the characteristics of a multiservice Erlang model [7, 10, 22, 23].

d
i  

0 1 2 3 4 5 

0 

1

2

3

4

5

Fig. 2. Sequence of implementation of the algorithm for v = 5.
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Let’s compare the amount of calculations when estimating the characteristics of the model using
the Gauss–Seidel method and the constructed approximate algorithm. At each step of the iter-
ative solution method (3), the approximate values of the probabilities of all states of the model
(i1, . . . , in, d) ∈ S belonging to the space S are determined, given by the relations (1). As a result
of applying the approximate method, probability estimates P (i, d) are found for states (i, d) ∈ Ŝ,
where i = 0, 1, . . . , v; d = 0, 1, . . . , v− i (see Fig. 2) and calculations are performed only once. From
this follows an approximate assessment of the effectiveness of the developed method. The volume
of calculations in comparison with the iterative method is reduced by a number of times equal to
the number of iterations in the implementation of the Gauss–Seidel method, multiplied by the ratio
of the number of states in the space S to the number of states in the space Ŝ. Depending on the
model parameters and calculation conditions, this value can significantly exceed several thousand
times.

5. ERROR IN ESTIMATING THE CHARACTERISTICS OF AN ACCESS NODE

Let us conduct a numerical study of the accuracy of the approximate method for estimating the
characteristics of an access node, constructed in the previous section. Let’s choose the following
values of the input parameters: C = 100 Mbit/s; n = 2; c1 = 2 Mbit/s; c2 = 5 Mbit/s. Based on
the accepted assumptions, we obtain the structural parameters of the model: c = 1 Mbit/s; v = 100
virtual channels (v.c.); b1 = 2 v.c.; b2 = 5 v.c. Let’s assume that F = 80 Mbit. The average file
transfer time using one channel is 80 s. When performing calculations, this time will be taken
as time unit. Hence µd = 1. For real-time services, we select service time parameters from the
expressions µ1 = 0.5 and µ2 = 0.5.

Let’s introduce the ρ parameter, which we will use to estimate the potential load of one virtual
channel. Let us determine ρ from the expression

ρ =
a1b1 + a2b2 +

λd
µd

v
. (15)

For elastic data, we calculate the potential resource load from the condition of using one channel
for file transfer2. We will assume that all three flows create the same potential resource load. From
here follow the expressions for estimating the intensities of incoming requests:

λ1 =
vρµ1
3b1

; λ2 =
vρµ2
3b2

; λd =
vρµd
3

. (16)

For selected values of input parameters, Figs. 3–8 shows the dependence of the exact and ap-
proximate calculation of the main characteristics of the model from changes in ρ potential load of
the virtual channel. The exact values of the characteristics are obtained from solving the system of
equilibrium equations (3) using the iterative Gauss–Seidel method and using definitions (2). Ap-
proximate values were found from the relations (5) after substituting into them instead of p(i, d) the
estimates p̂(i, d) obtained as a result of implementing a recursive algorithm based on the use of sim-
plified equilibrium equations (9), (10) (see Section 4). The corresponding curves are indicated by
dotted lines. The number next to the curve indicates the number of the flow for real-time services.
In Figs. 3–4 the error in calculating the share of lost requests for servicing real-time service traffic
(Fig. 3) and the share of lost requests for servicing elastic data (Fig. 4) was estimated. In Figs. 5–6,
the error in calculating the average value of the bitrate used for servicing traffic of real-time services
(Fig. 5) and the average value of the bitrate used for servicing elastic data (Fig. 6) was estimated.
In Figs. 7–8 the error in calculating the average file transfer time (Fig. 7) and the average number
of channels used to transfer one file (Fig. 8) was estimated.

2 Worst case scenario for servicing elastic data.
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Fig. 3. Error in estimating the share of lost
requests for servicing real-time traffic.

Fig. 4. Error in estimating the share of lost
requests for servicing elastic data.
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Fig. 5. Error in estimating the average bitrate
used to service real-time traffic.

Fig. 6. Error in estimating the average bitrate
used to service elastic data.
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Fig. 7. Error in estimating the average file
transfer time.

Fig. 8. Error in estimating the average num-
ber of channels used to transmit one file.

From the analysis of numerical data it follows that the obtained estimates have the following
properties.

(1) They have good accuracy, which increases in the area with low and high loads. These results
will be examined in more detail below.

(2) As the load on the channel increases, the values of the analyzed characteristics increase
with the exception of the average value of the bitrate used to service the traffic of real-time
services (see Fig. 5). This property is explained by the fact that as ρ increases, elastic data
increasingly uses one channel to transfer a file, thereby displacing real-time traffic, which
requires more channels for servicing.

(3) As a rule, the obtained approximate values of the characteristics at low loads give a lower
estimate for the characteristics of the access node model under study, and at a heavy load
they provide an upper estimate.

As noted earlier, the accuracy of estimates increases in the region of large and small losses. Let
us present numerical data that confirm this conclusion. Tables 1 and 2 show the values of the
quality of service characteristics of real-time traffic and elastic data for the access node model with
the values of the input parameters used in calculating the curves shown in Figs. 3–8 and listed at
the beginning of this Section. The presented numerical data confirm the asymptotic properties of
the estimates. The error in estimates quickly decreases with an increase in ρ (Table 1) and with its
decrease (Table 2). In the region of large losses, asymptotic properties manifest themselves for all
characteristics listed in (2). In the low loss region—only for elastic data transmission characteristics.

The presented numerical data showed that the developed method has good accuracy for values of
input parameters that correspond to practical applications, in particular for values of small losses,
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Table 1. Accurate and approximate estimation of the characteristics of the access node model
under heavy load conditions

ρ
π2 πd hd zr zd

Exact Approx. Exact Approx. Exact Approx. Exact Approx. Exact Approx.

1.00 0.1051 0.0496 0.0264 0.0085 0.3270 0.2546 61.58 64.42 10.61 8.41
1.25 0.3484 0.3624 0.0930 0.0806 0.6972 0.7713 61.81 61.68 26.34 29.54
1.50 0.5538 0.5716 0.1600 0.1493 0.8594 0.8811 57.99 57.46 36.09 37.47
1.75 0.6877 0.7021 0.2173 0.2081 0.9157 0.9233 54.33 53.80 41.81 42.65
2.00 0.7760 0.7873 0.2668 0.2591 0.9414 0.9449 51.12 50.60 46.01 46.67
2.50 0.8778 0.8848 0.3493 0.3437 0.9649 0.9661 45.77 45.30 52.32 52.84
3.00 0.9290 0.9334 0.4154 0.4112 0.9756 0.9762 41.53 41.12 57.03 57.47
4.00 0.9723 0.9742 0.5147 0.5122 0.9853 0.9855 35.28 34.96 63.76 64.09
5.00 0.9875 0.9884 0.5853 0.5838 0.9897 0.9898 30.88 30.63 68.39 68.66
7.50 0.9974 0.9975 0.6956 0.6951 0.9942 0.9943 23.90 23.76 75.65 75.80

Table 2. Accurate and approximate estimation of service characteristics of elastic traffic under
light load conditions

ρ
hd zr zd b

Exact Approx. Exact Approx. Exact Approx. Exact Approx.

0.500 0.02124 0.02000 33.33 33.33 0.35401 0.33333 47.078 50.000
0.400 0.01717 0.01666 26.66 26.66 0.22899 0.22222 58.225 60.000
0.300 0.01451 0.01428 20.00 20.00 0.14512 0.14285 68.908 70.000
0.200 0.01259 0.01250 13.33 13.33 0.08398 0.08333 79.378 80.000
0.150 0.01182 0.01176 10.00 10.00 0.05912 0.05882 84.565 85.000
0.100 0.01114 0.01111 6.666 6.666 0.03714 0.03703 89.728 90.000
0.075 0.01083 0.01081 5.000 5.000 0.02708 0.02702 92.302 92.500
0.050 0.01054 0.01052 3.333 3.333 0.01756 0.01754 94.871 95.000
0.025 0.01026 0.01025 1.666 1.666 0.00855 0.00854 97.437 97.500

where the problem of planning the volume of information transmission resource required by the
load is solved, and for values of large losses, where the problem is solved estimating the volume of
traffic offloaded to other access nodes or to other frequency bands in order to achieve specified QoS
indicators. Let us give examples of solving the formulated problems.

6. THE USAGE OF THE OBTAINED RESULTS IN PRACTICAL APPLICATIONS

Estimating the required resource of an access node for a given load and the maximum permissible
load for a given resource value are similar problems and are solved by brute force. In the first case,
starting from a certain initial value, the throughput of the access node increases until the required
result in terms of quality of service is achieved; in the second case, in a situation of overload, the
input flow of requests is reduced for the same purpose. Let’s start by solving the second problem.

Let us change the description of the procedure for generating an input stream in the model of
a multiservice access node under study. Let us assume that the access node services represent a
Poisson flow of requests of intensity λ, divided into n+ 1 service categories. The first n categories
represent requests for the transmission of real-time traffic. The last (n+ 1)th category is requests for
the transmission of elastic data traffic. Let us assume that λ = λ1 + . . .+ λn + λd. With probability
pk =

λk
λ , k = 1, . . . , n the request belongs to the kth category, requires ck bit/s, k = 1, . . . , n and

the resource occupies a random time, which has an exponential distribution with the parameter µk.
With probability pd =

λd
λ the request belongs to the category of elastic traffic and is served according

to the corresponding rules introduced when describing the original node model (see Section 2). It is
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Fig. 9. Dependence of the average file transfer
time estimate on poff.

Fig. 10. Estimation of the share of offloaded
traffic to ensure specified QoS indicators.

clear that the considered change in the procedure for generating the input stream did not change
the mathematical description of the access node model under study.

Assume that existing or scheduled traffic is causing the access node’s transmission capacity to
become overloaded. This situation can be tracked with good accuracy using a method for assessing
the characteristics of the quality of service for requests, based on the use of simplified equilibrium
equations (see Section 4 and Table 1). Let’s assume that in the current situation it is impossible
to simply increase the throughput of the access node. The difficulties that arise can be dealt with
by redirecting (they also say offloading) some part of the input flow to other access nodes so that
the quality of service characteristics of the remaining part of the traffic on the available resource
do not exceed standard values [24]. Let us denote by poff the probability of offloading an incoming
request.

The formal formulation of the problem is as follows. It is necessary to determine the value poff,
which provides a given level of quality of service for the remaining requests in the form of fulfilling
the inequalities

π = max(π1, . . . , πn, πd) < πnorm, hd < hnormd . (17)

Here πnorm and hnormd —are the values required under the terms of the service agreement, respec-
tively, of the maximum loss of requests and the average time of elastic data transmission.

Let us consider the access node model for the values of the input parameters used in calculating
the contents of Table 1. The values of the characteristics of servicing requests for ρ = 1.5 indicate
that the node is in a state of overload and it is necessary to reduce the incoming flow of requests.
Let’s take the following values of normative indicators: πnorm = 0.01, hnormd = 0.2.

We solve the problem of estimating the probability of offloading in two stages. First, let’s find
the value poff, which ensures the fulfillment of the inequality (17) for the average file transfer time.
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Note that the choice of hnormd = 0.2 means that the average file transfer time is chosen 50 times less
than the average file transfer time by one channel, and is 1.6 s. Figire 9 shows the change in hd
with increasing poff in the range from 0 to 0.9. The exact value of the characteristic found as a
result of solving the system of equilibrium equations (3) using the Gauss–Seidel iterative method,
and its estimate found using simplified equilibrium equations (the curve is marked with a dotted
line) are given. Note that the initial and final values of the range of changes poff belong to the
region where the characteristics estimates used are asymptotically accurate. This determines the
high accuracy of calculating the characteristics of the original model, as evidenced by the curves
shown in Fig. 9. A more detailed solution to the problem of determining poff is shown in Fig. 10,
where it is established that poff ≈ 0.7.

The second part of calculating the share of offloaded traffic is the need to satisfy the inequality
π 6 0.01. To establish this fact, we construct an upper bound for π, assuming that elastic files are
transmitted using only one channel. This means that all requests arriving at the access node are
serviced according to the traffic rules of real-time services. In this situation, the values of the char-
acteristics can be calculated using recursion built for the multi-service Erlang model [7, 10, 22, 23].
The results obtained confirm the fulfillment of the inequality π 6 0.01. Thus, the solution to the
problem has been achieved for the offloading probability poff ≈ 0.7. The problem is solved in a
similar way in a situation where only real-time service traffic or only elastic traffic is offloaded.

Estimation of the required resource of an access node for a given load is solved in the same
sequence, so we will omit this part of the study.

7. CONCLUSION

A mathematical model of joint servicing of real-time traffic and elastic data traffic in a multi-
service access node has been developed and studied. The arriving of requests for all service cat-
egories obeys the Poisson law; the duration of servicing requests for the transmission of real-time
traffic has an exponential distribution, as do the volumes of transmitted elastic data. Elastic data
is maintained in accordance with the provisions of the Processor Sharing discipline. An incoming
request for real-time traffic transmission has priority in resource occupation, reducing, if necessary,
the value of resource used by one file to a predetermined minimum value. A Markov process is
constructed that describes the change in model states. Definitions of quality indicators for joint
servicing of incoming requests for information services are provided. A system of statistical equi-
librium equations is formed and its use for estimating the introduced characteristics is considered.
A method for approximate calculation of characteristics is proposed, based on the construction of a
system of simplified equilibrium equations. The use of the developed methods is shown to solve the
problem of estimating the volume of traffic offloaded in an overload situation to other access nodes
or to other frequency ranges in order to achieve specified QoS indicators and to solve the problem
of planning the volume of required transmission resource of a multiservice access node. The results
obtained are also applicable to the estimation of the required volume of resource of access nodes in
satellite communication systems [25], data centers [26], and information centers [21].

Let us note the positive characteristics of the developed approximate method.

• The formation of simplified equilibrium equations is based on the use of local conservation
laws that are fulfilled in individual macrostates of the model, selected in accordance with the
structure of the state space used and the physical meaning of individual state components.
Thus, it can be argued that this approach is based on the general principles of the functioning
of communication system models described by Markov processes, which makes it possible to
generalize the results obtained to other models of the formation of input flows of requests
and resource allocation procedures, in particular to models with group arrival of requests and
waiting.
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• The obtained estimates of the quality of service characteristics of incoming requests have good
accuracy for values of input parameters that correspond to practical applications, in particular,
for values of small losses, where the problem of planning the volume of information transmission
resource required by the load is solved, and for values of large losses, where the problem of
estimating the volume of traffic offloaded to other access nodes or to other frequency ranges
is solved in order to achieve specified QoS indicators.

• The computational algorithms used in the process of implementing the method are based on
the use of simple recursive procedures.
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Abstract—The problem of state reconstruction is considered for a class of linear systems with
time-invariant unknown parameters and overparameterization that are affected by external
perturbations generated by a known exosystem with unknown initial conditions. An extended
adaptive observer is proposed, which, in contrast to existing approaches, solves state and per-
turbation adaptive estimation problems for systems that are not represented in the observer
canonical form. The obtained theoretical results are validated via mathematical modeling.
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1. INTRODUCTION

One of the problems of automatic control theory is the reconstruction of unmeasured state of
completely observable linear systems:

ẋ(t) = Ax(t) +Bu(t),

y(t) = CTx(t)
(1.1)

with unknown matrices A ∈ R
n×n, B ∈ R

n, C ∈ R
n.

To solve it, various observers based on the invariant ellipsoid technique [1], high-gain methods
[2, 3], sliding mode approach [3, 4], and parametric identification theory [5, 6] have been proposed.

In contrast to other approaches, observers based on the methods of identification theory [5, 6] use
parameter adaptation algorithms and, therefore, usually require less a priori information about the
system parameters. However, since the baseline solutions [7–10], the class of systems, for which the
adaptive observers can be designed, is traditionally restricted to models in the observer canonical
form:

ξ̇(t) = A0ξ(t) + ψay(t) + ψbu(t) = Aaξ(t) + ψbu(t),

y(t) = CT
0 ξ(t),

(1.2)

A0 =

[

0n
In−1

0Tn−1

]

, Aa =

[

ψa
In−1

0Tn−1

]

,

ψa =









−an−1

−an−2
...

−a0









, ψb =









bn−1

bn−2
...
b0









, C0 =









1
0
...
0









,
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where ψa and ψb are parameters of the characteristic polynomials of the following linear operator

Wuy (s) =
bn−1s

n−1 + bn−2s
n−2 + . . .+ b0

sn + an−1sn−1 + . . .+ a0
,

and they are related to the matrices of the model (1.1) via a transformation matrix T :

ψa = TAT−1C0, ψb = TB, CT
0 = CTT−1,

On = O
[

01×(n−1) 1
]T
, (1.3)

O−1 =
[

C ATC · · · (An−1
)T
C
]T
, T−1 =

[

An−1On An−2On · · · On

]

.

The point is that the measurable control u(t) and output y(t) signals allow one to uniquely
identify the parameters of such canonical state space form only [5, p. 269]. The states ξ(t) ∈ R

n

of the model (1.2) are virtual and related to the plant physical states x(t) ∈ R
n via a non-singular

transformation ξ(t) = Tx(t).

Therefore, the estimates ξ̂(t) obtained by classical adaptive state observers [5, 6] of the following
form (ψ̂a(t), ψ̂b(t) are estimates of the parameters (1.3), L stands for the correction matrix, and
the specific structures of functions fa (.) , fb (.) , fv (.) are defined in [5, 6]):

˙̂
ξ(t) = A0ξ̂(t) + ψ̂a(t)y(t) + ψ̂b(t)u(t) + L (ŷ(t)− y(t)) + v(t),

ŷ (t) = C0
Tξ̂ (t) ,

˙̂
ψa(t) = fa

(

u, y, ŷ, ψ̂a
)

,

˙̂
ψb(t) = fb

(

u, y, ŷ, ψ̂b
)

,

Re
{

λi
(

A0 + LCT
)}

< 0,

v(t) = fv

(

u, y,
˙̂
ψa,

˙̂
ψb

)

or v(t) = 0n,

(1.4)

not only do not coincide with x(t), but also turn out to be useless, for example, to solve the
problems of failure diagnostics, monitoring and storage of unmeasured variables of technological
processes, design and online adjustment of digital twins and other practical scenarios.

The solution to this problem is to identify the linear transformation matrix T together with
the parameters ψa and ψb. For one specific class of linear systems, an algorithm is proposed in [7]
that forms an estimate of T̂ (t) on the basis of the ones of ψ̂a(t) and ψ̂b(t). In the general case, the

mapping T̂ (t) = fT
(

ψ̂a(t), ψ̂b(t)
)

can be singular for certain values of the estimates ψ̂a(t), ψ̂b(t)

(see Section VIII of [7]). In more recent papers [10–12] devoted to the development of methods
to design adaptive observers (and even in the fundamental books on adaptive observers for linear
systems [5, 6]), to the best of the authors’ knowledge, the problem of the physical state x(t)
reconstruction and the estimation of the linear transformation matrix T with the help of adaptive
observers was no longer touched upon.

In a recent paper [13] a new approach of adaptive reconstruction of the linear system physical
state is presented instead of identification of the linear transformation matrix. It is proposed to
overparameterize the matrices of the system (1.1) with respect to some physical parameters θ ∈ R

nθ

(such overparameterization is always possible if the model is obtained directly on the basis of the
laws of mathematical physics—Kirchhoff, Euler–Lagrange, etc.):

ẋ(t) = A (θ)x(t) +B (θ)u(t) = ΦT (x, u)ΘAB (θ) ,

y(t) = CTx(t),
(1.5)
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and, using the following change of notation ψa := ψa (θ) , ψb := ψb (θ), to take into account the
dependence of the model (1.1) parameters from θ.

The fact that the overparameterization is considered allows one to link the matrices of the models
(1.1) and (1.2) not via the above-mentioned transformation, but by means of some new functional
transformations of the following form (θ = F (ψab) is an inverse function, Lab ∈ R

nθ×2n stands for
a matrix that defines some linear transformation, which ensures dim{ψab} = dim{θ})

ΘAB (θ) = (ΘAB ◦ F) (ψab) ,

ψab (θ) = Lab
[

ψa (θ)
ψb (θ)

]

: Rnθ → R
nθ ,

which provides much room to design the adaptive observers of physical states x(t).

In [13] it is shown that, if the condition

det2 {∇θψab (θ)} > 0, ψab (θ) = Lab
[

ψa (θ)
ψb (θ)

]

: Rnθ → R
nθ (1.6)

of existence of the inverse function F : Rnθ → R
nθ holds and ψab (θ) and ΘAB (θ) depend from θ

in a polynomial fashion, then, using only the measurable signals y(t), u(t) and known vector C,
the following regression equations can be obtained without identification of the parameters ψab (θ)
and θ (where YAB(t), YL(t), MAB(t), ML(t) stand for the measurable signals):

YAB(t) = MAB(t)ΘAB (θ) ,

YL(t) = ML(t)L (θ)

and, as a consequence, an adaptive observer of the system (1.5) state can be implemented in the
following form:

˙̂x(t) = ΦT (x̂, u) Θ̂AB(t)− L̂(t) (ŷ(t)− y(t)) ,

˙̂
ΘAB(t) = fΘAB

(

YAB,MAB , Θ̂AB

)

,

˙̂
L(t) = fL

(

YL,ML, L̂
)

,

(1.7)

where L̂(t) is an estimate of the matrix L (θ) such that A (θ)− L (θ)CT is a Hurwitz one.

In other words, owing to the fact that ΘAB (θ) and ψab (θ) are related to each other via the
physical parameters θ, if the condition (1.6) is met, then, in accordance with [13], ΘAB (θ) and L (θ)
can be identified without direct estimation of θ or ψab (θ). In contrast to (1.4), the (1.7) observer
allows one to obtain estimates of the physical state x(t), and, contrary to [7], it is applicable to a
wider class of systems and does not require direct identification of parameters ψab (θ).

The aim of this paper is to extend the results of [13] to the class of linear systems with over-
parameterization that are affected by the external perturbations generated by a known exosystem
with unknown initial conditions.

Main definitions

The definition of a heterogeneous mapping, the regressor persistent excitation condition, and
the property of the Kreisselmeyer filtering [10] given below will be used throughout this paper1.

1 For the sake of brevity, hereafter the arguments θ and t will be omitted except the cases in which it is necessary
for understanding.
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Definition 1. A mapping F : Rnθ → R
nF×mF is heterogeneous of degree ℓF > 1, if there exists

ΠF (ω) ∈ R
nF×nF , ΞF (ω) = ΞF (ω)ω(t) ∈ R

∆F×nθ , and mapping TF : R∆F → R
nF×mF such that

for all ω(t) ∈ R and θ ∈ R
nθ the following functional equation has a solution

ΠF (ω)F (θ) = TF (ΞF (ω) θ) , (1.8)

where

det {ΠF (ω)} > ωℓF (t),

ΞF ij (ω) = cijω
ℓij(t), ΞFij (ω) = cijω

ℓij−1(t),

cij ∈ {0, 1} , ℓij > 1.

For example, F(θ) = col{θ1θ2, θ1} with ΠF (ω) = diag{ω2, ω}, ΞF (ω) = diag{ω, ω} is heteroge-
neous of degree ℓF = 3.

Using a known function Yθ(t) = ω(t)θ, the main property ΞF (ω) θ = ΞF (ω)ω(t)θ from Def-
inition 1 allows one to obtain a linear regression equation with respect to F (θ) in the following
way:

ΠF (ω)F (θ) = TF
(

ΞF (ω)Yθ
)

,

[

ω2(t) 0

0 ω(t)

]

F (θ) =

[

Y1θ(t)Y2θ(t)

Y1θ(t)

]

.

The elements of a mapping F(θ) satisfy Definition 1 if they are polynomials or monomials of θ,
as well as some of the irrational functions.

Definition 2. A regressor ϕ(t) ∈ R
n is persistently exciting (ϕ(t) ∈ PE) if ∃T > 0 and α > 0

such that ∀t > t0 > 0 the following inequality holds

t+T∫

t

ϕ (τ)ϕT (τ) dτ > αIn, (1.9)

where α > 0 is an excitation level, In stands for an identity matrix.

For a determinant of state of a stable (l > 0) dynamical filter

ϕ̇(t) = −lϕ(t) + ϕ(t)ϕT(t), ϕ (t0) = 0n×n

it holds that

Proposition 1. (a) If ϕ(t) ∈ PE, then for all t > t0 + T the following inequality holds

∆(t) = det {ϕ(t)}> αne−nlT = ∆min > 0. (1.10)

(b) If there exists te ∈ [t0,∞) such that for all t > te equation (1.10) holds, then ϕ(t) ∈ PE.

Proof of Proposition 1 is given in [14].

2. PROBLEM STATEMENT

We consider the following class of SISO-systems with overparameterization affected by a bounded
external perturbation:

ẋ(t) = A (θ)x(t) +B (θ)u(t) +D (θ) δ(t) = ΦT (x, u, δ)ΘAB (θ) ,

y(t) = CTx(t), x (t0) = x0,
(2.1)
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where

ΦT (x, u, δ) =
[

In ⊗ xT(t) In ⊗ uT(t) In ⊗ δT(t)
]

DΦ ∈ R
n×nΘ,

ΘAB (θ) = LΦ

[

vecT
(

AT (θ)
)

BT (θ) DT (θ)
]T

∈ R
nΘ,

x(t)∈R
n are physical states of the system with unknown initial conditions x0, δ(t) stands for

a bounded external perturbation, ΘAB ∈R
nΘ, θ ∈R

nθ denote unknown vectors such that nΘ>nθ,
DΦ ∈R

(n2+2n)×nΘ , LΦ∈R
nΘ×(n2+2n) are unknown matrices, the vector C ∈ R

n and mapping ΘAB :
R
nθ → R

nΘ are known. Only the control u(t) ∈ R and output y(t)∈R signals are measurable.

The following assumptions are adopted for the control and disturbance signals.

Assumption 1. For all t > t0 the control signal u(t) ensures existence and boundedness of all
trajectories of the system (2.1).

Assumption 2. The disturbance δ(t) is continuous and generated by a stable exosystem with
time-invariant parameters:

ẋδ(t) = Aδxδ(t), xδ (t0) = xδ0,

δ(t) = hTδ xδ(t),
(2.2)

where xδ(t) ∈ R
nδ are states of the exosystem with unknown initial conditions xδ0, hδ ∈ R

nδ ,

Aδ(t) ∈ R
nδ×nδ are known vector and matrix, which form an observable pair

(

hTδ ,Aδ

)

.

Taking into account the duality of the observation and control problems and following the results
of the generalized pole placement theory [15, 16], we adopt an assumption that there exists a vector
L (θ) ∈ R

n, which transforms an algebraic spectrum σ{.} of the matrix AT (θ) − CLT (θ) into a
desired one.

Assumption 3. A pair
(

AT (θ) , C
)

is controllable, there exists a known state matrix Γ ∈ R
n×n

of an exosystem

χ̇(t) = Γχ(t),

v(t) = BT (θ)χ(t)
(2.3)

such that the pair
(

BT (θ) , Γ
)

is observable and σ {A (θ)} ∩ σ {Γ} = 0.

If Assumptions 1–3 are met, then the following observer of the state and perturbation can be
introduced:

˙̂x(t) = ΦT
(

x̂, u, δ̂
)

Θ̂AB(t)− L̂(t) (ŷ(t)− y(t)) ,

δ̂(t) = hTδ Φδ(t)x̂δ0(t),

Φ̇δ(t) = AδΦδ(t), Φδ (t0) = Inδ .

(2.4)

The aim is to augment the observer (2.4) with the estimation laws, which ensure that the
following equalities hold

lim
t→∞

‖x̃(t)‖ = 0 (exp) , lim
t→∞

∥
∥
∥δ̃(t)

∥
∥
∥ = 0 (exp) , lim

t→∞
‖κ̃(t)‖ = 0 (exp) ,

κ̃(t) =
[

x̃Tδ0(t) Θ̃T
AB(t) L̃T(t)

]T
,

(2.5)

where x̃(t) = x̂(t)− x(t) is the state (2.1) observation error, δ̃(t) = δ̂(t)− δ(t) stands for the dis-
turbance observation error, Θ̃AB(t) = Θ̂AB(t)−ΘAB (θ) denotes the error of the system (2.1) pa-
rameters estimation, x̃δ0(t) = x̂δ0(t)− xδ0 is the observation error of the exosystem (2.2) initial
conditions, L̃(t) = L̂(t)− L (θ) stands for the error of L (θ) estimation.
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Remark 1. Assumptions 1 and 3 are conventional for the adaptive observation [10–12] and pole
placement design [15, 16] problems, respectively. Assumption 2 restricts the class of permissible
external perturbations.

3. PREREQUISITES AND PRELIMINARY TRANSFORMATIONS

Before presenting the solution of the problem (2.5), the identifiability of the unknown parame-
ters κ from the measurements of y(t) and u(t) is investigated. For this purpose, using the trans-
formations (1.3), the system (2.1) is represented in the form (1.2):

ξ̇(t) = A0ξ(t) + ψa (θ) y(t) + ψb (θ)u(t) + ψd (θ) δ(t), (3.1)

y(t) = CTx(t) = CT
0 ξ(t), ξ (t0) = Tx0 = ξ0, (3.2)

where ψd(θ) = TD(θ), ξ(t)∈R
n are unmeasurable virtual state of the observer canonical form, the

vector C0 ∈R
n and mappings ψa, ψb, ψd: R

nθ → R
n are known.

The following parametrization can be obtained for the unknown parameters η(θ) =
col{ψa(θ), ψb(θ)} of equation (3.1) in case Assumptions 1 and 2 are met.

Lemma 1. The unknown parameters η (θ) satisfy the following linear regression model 2

Y(t) = ∆(t)η (θ) + ǫ(t),

Y(t) = k(t)× adj {ϕ(t)} q(t), ∆(t) = k(t)× det {ϕ(t)} ,
(3.3)

where

q̇(t) = −k2q(t) + ϕf (t)(q(t)− k1qf (t)− βT(Ff (t) + lyf (t))), q(t0) = 02n,

ϕ̇(t) = −k2ϕ(t) + ϕf (t)ϕ
T
f (t), ϕ (t0) = 02n×2n,

(3.4)

q̇f (t) = −k1qf (t) + q(t), qf (t0) = 0,

ϕ̇f (t) = −k1ϕf (t) + ϕ(t), ϕf (t0) = 02n,

Ḟf (t) = −k1Ff (t) + F (t), Ff (t0) = 0nδ ,

ẏf (t) = −k1yf (t) + y(t), yf (t0) = 0,

(3.5)

q(t) = y(t)− CT
0 z(t), ϕ(t) =

[

Ω̇T(t)C0 +NT(t)β

ṖT(t)C0 +HT(t)β

]

,

ż(t) = AKz(t) +Ky(t), z (t0) = 0n,

Ω̇(t) = AKΩ(t) + Iny(t), Ω (t0) = 0n×n,

Ṗ (t) = AKP (t) + Inu(t), P (t0) = 0n×n,

Ḟ (t) = GF (t) +Gly(t)− lCT
0 ż(t), F (t0) = 0nδ ,

Ḣ(t) = GH(t) − lCT
0 Ṗ (t), H (t0) = 0nδ×n,

Ṅ(t) = GN(t)− lCT
0 Ω̇(t), N (t0) = 0nδ×n,

(3.6)

and, if ϕ(t) ∈ PE, then for all t > t0 + T it holds that ∆max > ∆(t) > ∆min > 0.

Here ǫ(t) is an exponentially decaying term, k(t) > kmin > 0 stands for an amplitude modulator
(can be time-varying), k1 > 0, k2 > 0 denote filters constants, AK = A0 −KCT

0 , G are stable ma-
trices of respective dimension, the vector l ∈ R

nδ is such that the pair (G, l) is controllable, and

2 Without loss of generality, further the exponentially decaying term ǫ(t) is omitted.
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G is chosen considering σ {Aδ} ∩ σ {G} = 0, the parameter β ∈ R
nδ is a solution of the following

set of equations

MδAδ −GMδ = lh
T
δ , h

T
δ = hTδ Aδ,

β = h
T
δM

−1
δ .

Proof of Lemma 1 is postponed to Appendix.

In the general case, the goal (2.5) cannot be achieved because only the parameters ψa, ψb
of the characteristic polynomials of the transfer function Wuy (s) = CT (sIn −A (θ))−1B (θ) are
identifiable on the basis of measurable signals u(t), y(t) via parameterization (3.3) if ϕ(t)∈PE.
However, in the case that is important for practical scenarios, according to the problem statement,
the parameters ΘAB, ψd, L depend nonlinearly from the physical parameters θ in a known way. In
their turn, the parameters ψa, ψb of the characteristic polynomials of the transfer function Wuy (s)
also depend nonlinearly from θ. Therefore, if the following condition is met

det2 {∇θψab (θ)} > 0, ψab (θ) = Labη (θ) ∈ R
nθ , (3.7)

then, owing to the inverse function theorem [17], there exists an inverse mapping θ = F (ψab), and
therefore, it becomes possible to: i) calculate the parameters of the system ΘAB and observer L
using ψab, ii) obtain estimates x̂δ0(t) of the initial conditions of the exosystem (2.2), iii) implement
the adaptive observer (2.4), from which the estimates x̂(t) and δ̂(t) are obtained.

In this paper, to solve the problem of reconstruction of unmeasurable state x(t) and external
perturbation δ(t) when the condition (3.7) is satisfied, the following hypotheses are additionally
adopted with respect to ψab (θ), ΘAB (θ), and ψd (θ).

Hypothesis 1. There exist the heterogeneous in the sense of (1.8) mappings G: Rnθ → R
nθ×nθ ,

S: Rnθ → R
nθ such that:

S (ψab) = G (ψab)F (ψab) = G (ψab) θ,

Πθ (ω)G (ψab) = TG (ΞG (ω)ψab) ,

Πθ (ω)S (ψab) = TS (ΞS (ω)ψab) ,

(3.8)

where ΞG (ω) ∈R
∆G×nθ , ΞS (ω) ∈R

∆S×nθ , det {Πθ (ω)} >ωℓθ(t), rank {G (ψab)} = nθ, ℓθ > 1,
TG : R∆G → R

nθ×nθ , TS : R∆S → R
nθ and all mappings are known.

Hypothesis 2. There exist the heterogeneous in the sense of (1.8) mappings X : Rnθ → R
nΘ×nΘ ,

Z: Rnθ → R
nΘ such that:

Z (θ) = X (θ)ΘAB (θ) ,

ΠΘ (ω)X (θ) = TX (ΞX (ω) θ) ,

ΠΘ (ω)Z (θ) = TZ (ΞZ (ω) θ) ,

(3.9)

where ΞX (ω)∈R
∆X×nθ , ΞZ(ω)∈R

∆Z×nθ , det{ΠΘ(ω)}>ωℓΘ(t), rank{X (θ)} = nΘ, ℓΘ > 1,
TX : R∆X → R

nΘ×nΘ , TZ : R∆Z → R
nΘ and all mappings are known.

Hypothesis 3. There exist the heterogeneous in the sense of (1.8) mappings W : R
nθ → R

n, R :
R
nθ → R

n×n such that:

W (θ) = R (θ)ψd (θ) ,

Πψd (ω)R (θ) = TR (ΞR (ω) θ) ,

Πψd (ω)W (θ) = TW (ΞW (ω) θ) ,

(3.10)

where ΞW(ω)∈R
∆W×nθ , ΞR(ω)∈R

∆R×nθ , det{Πψd(ω)}>ωℓψd (t), rank{R(θ)} = n, ℓψd > 1,
TR : R

∆R → R
n×n, TW : R

∆W → R
n and all mappings are known.
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Hypotheses 1–3 are met if the corresponding mappings are defined using elementary algebraic

functions in a polynomial form. For example, for vectors ΘAB (θ) = col
{

θ22θ
2
1 + (θ2 + θ1)

3, θ2
}

and

ψab (θ) = col
{
θ1θ2 + θ21, θ2 + θ1

}
the mappings from (3.9) and (3.8) are written as follows

TX (ΞX (Mθ) θ) =




M4

θ 0

0 Mθ



, TZ (ΞZ (Mθ) θ) =




M4

θθ
2
2θ

2
1 +M4

θ(θ2 + θ1)
3

Mθθ2



,

S (ψab) =




ψ1ab

ψ2
2ab − ψ1ab



, G (ψab) =




ψ2ab 0

0 ψ2ab



, (3.11)

TG (ΞG (∆)ψab) =




∆ψ2ab 0

0 ∆2ψ2ab



, TS (ΞS (∆)ψab) =




ψ1ab∆

∆2ψ2
2ab −∆2ψ1ab



.

The essence of Hypotheses 1–3 is that, owing to the property Ξ(.) (ω) = Ξ(.) (ω)ω(t), the linear re-
gression equations with respect to the unknown parameters θ, ΘAB (θ) , ψd (θ) can be parametrized
on the basis of the measurable signals Yab(t) = LabY(t) = ∆(t)ψab (θ) and Yθ(t) = Mθ(t)θ, respec-
tively.

For instance, equation (3.11) can be rewritten as:

TZ
(

ΞZ (Mθ)Yθ
)

=




Y2
2θY2

1θ+Mθ(Y2θ + Y1θ)
3

Y2θ



,

TG
(

ΞG (∆)Yab
)

=




Y2ab 0

0 ∆Y2ab



, TS
(

ΞS (∆)Yab
)

=




Y1ab

Y2
2ab −∆Y1ab



,

and therefore, we directly have the following measurable linear regression equations3

TZ
(

ΞZ (Mθ)Yθ
)

= TX
(

ΞX (Mθ)Yθ
)

ΘAB (θ) ,

TS
(

ΞS (∆)Yab
)

= TG
(

ΞG (∆)Yab
)

θ,

where the signals Yθ(t) and Mθ(t) are calculated in the following way using the second equation:

Yθ(t) = adj
{

TG
(

ΞG (∆)Yab
)}

TS
(

ΞS (∆)Yab
)

,

Mθ(t) = det
{

TG
(

ΞG (∆)Yab
)}

.

The requirement (3.7) and Hypotheses 1–3, despite being seemed as mathematically restrictive,
are practice-oriented and met for a large number of models of real technical systems.

3 A measurable regression equation means that its regressor and regressand are measurable or can be computed,
while its parameters are unknown.
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4. MAIN RESULT

The solvability conditions (3.7)–(3.10) are assumed to be met and the error equations for the
differences between (2.4) and (2.1), δ̂(t) and δ(t) are written:

˙̃x(t) = ΦT
(

x̂, u, δ̂
)

Θ̂AB(t)− L̂(t)ỹ(t)− ΦT (x, u, δ)ΘAB

= ΦT
(

x̂, u, δ̂
)

Θ̂AB(t)− L̂(t)ỹ(t)− ΦT(x, u, δ)ΘAB ± ΦT
(

x̂, u, δ̂
)

ΘAB

= ΦT
(

x̂, u, δ̂
)

Θ̃AB(t)− L̂(t)ỹ(t)− ΦT(x, u, δ)ΘAB +ΦT
(

x̂, u, δ̂
)

ΘAB

= A (θ) x̃(t) +D (θ) δ̃(t) + ΦT
(

x̂, u, δ̂
)

Θ̃AB(t)− L̂(t)ỹ(t)± L (θ) ỹ(t) (4.1)

= Amx̃(t) +D (θ)hTδ Φδ(t)x̃δ0(t) + ΦT
(

x̂, u, δ̂
)

Θ̃AB(t)− L̃(t)ỹ(t)

= Amx̃(t) + φT(t)κ̃(t),

δ̃(t) = hTδ Φδ(t)x̂δ0 − hTδ Φδ(t)xδ0 = hTδ Φδ(t)x̃δ0(t),

where

φT(t) =
[

D (θ)hTδ Φδ(t) ΦT
(

x̂, u, δ̂
)

−ỹ(t)In
]

and Am = A (θ)− L (θ)CT is a Hurwitz matrix in accordance with Assumption 3.

In order to achieve the goal (2.5), using equations (4.1), an estimation law is required to be
designed that ensures exponential convergence to zero of the error κ̃(t) and exponential stability
of the equilibrium point of the state observation error x̃(t). Thus, the problem of reconstruction of
the perturbation δ(t) and unmeasurable state x(t) of the system (2.1) is reduced to the problem of
parametric identification. Such problem, in its turn, can be solved if the assumptions (3.7)–(3.10)
are met. To design an estimation law that is based on Hypotheses 1–3 and the results of Lemma 1,
and ensures achievement of (2.5), we first parameterize the static regression equation with respect
to κ.

Lemma 2. The vector of unknown parameters κ satisfies the linear regression equation

Yκ(t) = Mκ(t)κ,

Yκ(t) = adj {blkdiag {Mxδ0(t)Inδ , MAB(t)InΘ
, ML(t)In}}






Yxδ0(t)
YAB(t)
YL(t)




,

Mκ(t) = det {blkdiag {Mxδ0(t)Inδ , MAB(t)InΘ
, ML(t)In}} ,

(4.2)

where:

1) the regressand and regressor of the regression YAB(t) = MAB(t)Θ (θ), using the auxilary
calculations

Yθ(t) = adj
{

TG
(

ΞG (∆)Yab
)}

TS
(

ΞS (∆)Yab
)

,

Mθ(t) = det
{

TG
(

ΞG (∆)Yab
)}

,

are defined as:

YAB(t) = adj
{

TX
(

ΞX (Mθ)Yθ
)}

TZ
(

ΞZ (Mθ)Yθ
)

,

MAB(t) = det
{

TX
(

ΞX (Mθ)Yθ
)}

.
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2) the regressand and regressor of the regression YL(t) = ML(t)L (θ) are calculated as:

YL(t) = adj
{

TP
(

ΞP (MAB)YAB
)}

TQ
(

ΞQ (MAB)YAB
)

,

ML(t) = det
{

TP
(

ΞP (MAB)YAB
)}

,

TP (ΞP (MAB)YAB) = vec−1
{

MAB adj
{

In ⊗ vec−1 (LATDΦYAB)

−MABΓ
T ⊗ In

}

vec
(

C(LBDΦYAB)T
)}T

,

TQ (ΞQ (MAB)YAB) = det
{

In ⊗ vec−1 (LATDΦYAB)−MABΓ
T ⊗ In

}

LBDΦYAB.

3) the regression Yxδ0(t) = Mxδ0(t)xδ0, considering the equations

p(t) = ∆(t)q(t)− CT
0 Ω(t)LaY(t)− CT

0 P (t)LbY(t),
Yψd(t) = adj

{

TR
(

ΞR (Mθ)Yθ
)}

TW
(

ΞW (Mθ)Yθ
)

,

Mψd(t) = det
{

TR
(

ΞR (Mθ)Yθ
)}

and filtering

V̇ (t) = AKV (t) +
(

hTδ Φδ(t)⊗ In
)

, V (t0) = 0n×nnδ ,

ṗf (t) = −k2ϕ(t) + ∆(t)(Inδ ⊗ Yψd(t))TV T(t)C0Mψd(t)p(t), pf (t0) = 0nδ ,

V̇f (t) = −k2Vf (t) + ∆2(t)(Inδ ⊗ Yψd(t))TV T(t)C0C
T
0 V (t) (Inδ ⊗Yψd(t)) , Vf (t0) = 0nδ×nδ ,

(4.3)

is defined as follows:

Yxδ0(t) = Mxδ0(t)xδ0, Yxδ0(t) = adj {Vf (t)} pf (t), Mxδ0(t) = det {Vf (t)} ,

and, if the conditions ϕ(t)∈PE,
(

hTδ Φδ(t)⊗ In
)

∈PE are met, then for all t > t0 + T it holds that

|Mκ(t)| > Mκ > 0.

Proof of Lemma 2 and definitions of the matrices LAT ,LB,La,Lb are given in Appendix.

Having at hand the regression equation (4.2) with a scalar regressor Mκ(t), which is bounded
away from zero for all t > t0 +T , and using the results from [13, 18], the estimation law is derived,
which ensures that the goal (2.5) is achieved.

Theorem 1. Let the vector Dmax ∈R
n be known such that ‖D (θ)‖ 6 ‖Dmax‖, then, if ϕ(t)∈PE,

(

hTδ Φδ(t)⊗ In
)

∈ PE and γ0 > 0, γ1 > 0, then the estimation law

˙̂κ(t) = ˙̃κ(t) = −γ(t)Mκ(t) (Mκ(t)κ̂(t)− Yκ(t)) = −γ(t)M2
κ(t)κ̃(t),

γ(t): =







0, if ∆(t) < ρ ∈ [∆min; ∆max) ,

γ0λmax

(

φmax(t)φ
T
max(t)

)

+ γ1

M2
κ(t)

otherwise ,

φTmax(t) =
[

Dmaxh
T
δ Φδ(t) ΦT

(

x̂, u, δ̂
)

−ỹ(t)In
]

(4.4)

ensures the following properties:

1) ∀t > t0
[

x̃T(t) κ̃T(t)
]T

∈ L∞;

2) ∀t > t0 + T the error
[

x̃T(t) κ̃T(t)
]T

converges exponentially to zero with the rate, which

minimum value is directly proportional to γ1 > 0.
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Proof of the first part of theorem is similar to the proof of the second part of Theorem 1 from [18],
proof of the second part of theorem coincides up to the notation with the proof of Theorem 1
from [13].

Owing to the boundedness of hTδ Φδ(t), the exponential convergence of the error δ̃(t) follows

from the above-given theorem, which together with the exponential convergence of
[

x̃T(t) κ̃T(t)
]T

means that the goal (2.5) is achieved.

Remark 2. The results of Lemma 2 describe the procedure to transform the regression equa-
tion (3.3) with a scalar regressor with respect to the numerator and denominator parameters of the
transfer function Wuy (s) into a new equation (4.2) with respect to the observer parameters (2.4).
Considering such recalculation, the division operations by time-dependent signals are not used, the
parameters η(θ), ψab(θ) or θ are not identified, and Yκ(t) and Mκ(t) are calculated solely using
the signals Y(t) and ∆(t) that are measurable according to the results of Lemma 1.

Remark 3. The exponential stability conditions from the theorem are conservative. In prac-
tice, the knowledge of Dmax ∈R

n and ρ, as well as the implementation of the procedure to com-

pute the eigenvalue λmax

(

φmax(t)φ
T
max(t)

)

are not required, and the goal (2.5) can be achieved

using any sufficiently large constant coefficient γ >

(

γmin ∼ 1
M2

κ(t)

)

> 0, which is a majorant for

λmax

(

φmax(t)φ
T
max(t)

)

.

5. DISCUSSION

In this section, four additional technical comments on the obtained results are given.

Comment 1. In accordance with the lower bound from (A.48), the regressor Mκ(t) is propor-

tional to a power function ∆ℓθℓΘnΘ+ℓθℓΘn(n
3+n)+n2

δ(2ℓθℓψd+2)(t). Therefore, if ∆(t) ≪ 1 or ∆(t) ≫ 1,
then the computational elimination of the regressor excitation may occur inside a software imple-
mentation of the proposed approach:

∆(t) ≪ 1 ⇒ Mκ(t) → 0 or ∆(t) ≫ 1 ⇒ Mκ(t) → ∞,

i.e. Mκ(t) can become so small or so large that it can not be processed by a computer as its CPU
has a limited registers length (for example, in Matlab/Simulink the numbers that are smaller than
10−309 or larger than 10309 are considered equal to zero and infinity, respectively).

This problem does not concern the theoretical results of the paper, but is related solely to the
shortcomings of the existing computational devices. To prevent computational elimination of the
regressor excitation, a time-varying amplitude modulator k(t) should be used in accordance with
the method of regressor excitation normalization:

k(t) ∼ 1

∆(t)
or k(t): =







1, if ∆(t) < ρ ∈ [∆min;∆max) ,

1

∆(t)
otherwise,

or k(t): =







1, if t < te ∈ [t0;∞) ,

1

∆(t)
otherwise.

(5.1)

Moreover, implementing the parameterization (4.2) in practice, it is advisable to apply a mul-
tiplication by an amplitude modulator similar to (5.1) after each multiplication by the adjoint
matrix adj{.}. The problem of computational elimination of the regressor excitation was discussed
in more detail in Section 3.3 of [18].
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Comment 2. The existing identification methods with the relaxed regressor excitation require-
ments do not allow one to ensure parametric convergence if the parameterized regression equation
is affected even by an exponentially decaying perturbation [19].

To solve this problem, in [20] it is proposed to use integral filtering with periodic resetting after a
given time interval. The method from [20] allows one to reduce the upper bound of the steady-state
parametric error iteratively.

An alternative approach is to extend the identification problem via parameterization of the ex-
ponentially decaying perturbation as a linear regression with measurable regressor and unknown
parameters—unmeasurable initial conditions [11–13]. This approach allows one to ensure the ex-
ponential convergence of the parametric error to zero when the relaxed regressor excitation require-
ments are met, but it is applicable only to perturbations that can be reduced to a linear regression
model. The exponentially decaying perturbation ǫ(t) of (3.3) cannot be represented in such a way.

Therefore, in contrast to the results of [11–13], in this paper, to achieve the goal (2.5), instead of
the relaxed conditions, a stricter one of the regressor persistent excitation (1.9) is required. If this
condition is met, then the filters with memory from [11–13] are not required, and the exponential
convergence of the parametric error is guaranteed even in case of existence of an exponentially
decaying perturbation in the parameterization in use.

It is possible to relax the requirement of the regressor persistent excitation by application of the
following filter instead of (3.4):

q̇(t) =

t∫

tǫ

e−k2τϕf (τ)(q(τ)−k1qf (τ)−βT(Ff (τ)+ lyf (τ)))dτ, q (tǫ) = 02n,

ϕ̇(t) =

t∫

tǫ

e−k2τϕf (τ)ϕ
T
f (τ) dτ, ϕ (tǫ) = 02n×2n,

(5.2)

where tǫ ≫ t0 is a known time instant when the filtering is started.

If the time instant tǫ is chosen so that to satisfy the condition ε(t) = o (ϕ(t)η(θ)) from (A.26)
for all t > tǫ, and the regressor is finitely exciting over [tǫ, te], then the goal (2.5) is achieved under
the relaxed regressor excitation requirement. More detailed properties of the extended observer on
the basis of the parameterization with filtering (5.2) are studied in [21].

Comment 3. According to theorem 1, the proposed observer (2.4) + (4.4) ensures convergence
of the state observation error to zero only if the persistent excitation requirements ϕ(t)∈PE and
(

hTδ Φδ(t)⊗ In
)

∈PE are met. As the signal hTδ Φδ(t)⊗ In is known for all t∈ [t0, ∈ fty), then the

condition
(

hTδ Φδ(t)⊗ In
)

∈PE can be validated offline—before the observer implementation. The

condition ϕ(t)∈PE is, strictly speaking, unverifiable both offline and online, since it depends on all
previous and future values of the regressor ϕ(t). Usually, to meet the regressor persistent excitation
condition in linear systems parametrizations of the form (A.25), the control signal is formed so as
to belong to a class of functions that are sufficiently rich of some order [5, 6], i.e., the functions
that include a sufficient number of spectral lines (harmonics), as far as their Fourier expansion is
considered. Considering the parametrization (A.25), (3.4) from this paper, unfortunately, at this
stage, it is difficult to define the exact number of spectral lines that the control signal is to include
in order to meet the condition ϕ(t)∈PE. This is one of the main disadvantages of the proposed
solution, which significantly reduces its practical value.

However, owing to the implication from Proposition 1

ϕ(t) ∈ PE ⇔ ∃t > te ∈ [t0,∞) ∆(t) > ∆LB > 0 ,
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the proposed observer can be augmented with the following heuristic procedure to obtain the control
signal that ensures ϕ(t) ∈ PE.

Initialization. Set k = 1 and m = 1.

Step 1. Choose

u(t) = ub(t) +
m∑

i=1

aisin (ωit), (5.3)

where ub (t) is a stabilizing component of the control signal, for example, a P-controller, ai stands
for an arbitrary amplitude of the ith harmonic, and the frequencies ωi (t) are such that ωi 6= ωj for
all i 6= j.

Step 2. Apply the control signal u(t) to the system and calculate the value of ∆(t) over [tk−1, tk],
where tk − tk−1 is a sufficiently large value.

Step 3. If there exists ∆LB > 0 such that ∆(t) > ∆LB for all t ∈ [tk−1, tk], then, according to
Proposition 1, it holds that

t+T∫

t

ϕ (τ)ϕT (τ) dτ > αIn (5.4)

for all t ∈ [tk−1, tk].

Assume that the result obtained at [tk−1, tk] can be interpolated to the entire time axis [t0, ∞),
then, based on Proposition 1, a control signal is found that satisfies the condition ϕ(t) ∈ PE.

If there is no ∆LB > 0 such that ∆(t) > ∆LB for all t ∈ [tk−1, tk], then set m = m+ 1 and
k = k + 1, and go to Step 1.

The essence of the above-given algorithm is to increase iteratively the number of harmonics
in the control signal until the scalar regressor ∆ (t) becomes to be bounded away from zero over
a sufficiently large time interval. Assuming that there exists mmax such that, when m = mmax,
then the control signal (5.3) ensures that the condition ϕ(t)∈PE is met, then it can be claimed
that this algorithm, in a finite number of iterations mmax, allows one to generate a control signal
that ensures that the condition ϕ(t)∈PE is met. It should be noted that the above procedure is
not mathematically rigorous because it is designed under the strict assumption that the fact that
the condition (5.4) is met over a sufficiently large time interval means that the condition (5.4) is
satisfied over the entire time axis. Generally speaking, such a conclusion cannot be made. However,
as far as practical scenarios are concerned, the above-mentioned simplification is acceptable, and
the described procedure can be efficient.

Comment 4. If, in addition to Hypotheses 1–3, in the extended system

ẋe(t) = (Ae (θ) +Aδ) xe(t) +Beu(t) = ΦT (xe, u)ΘAB (θ) +Aδxe(t),

y(t) = CT
e xe(t), xe (t0) =

[

x0 xδ0
]T
,

(5.5)

Ae (θ) =

[

A (θ) D (θ)hTδ
0nδ×n 0nδ×nδ

]

, Aδ =

[

0n×n 0n×nδ
0nδ×n Aδ

]

,

Be (θ) =

[

B (θ)
0nδ

]

, xe(t) =

[

x(t)
xδ(t)

]

, Ce =

[

C
0nδ

]

,

ΦT (xe, u) =
[

In+nδ ⊗ xTe (t) In+nδ ⊗ uT(t)
]

DΦ ∈ R
(n+nδ)×nΘ ,

ΘAB (θ) = LΦ

[

vecT
(

AT
e (θ)

)

BT
e (θ)

]T
∈ R

nΘ
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the pair
(

CT
e , Ae

)

is observable, then the extended observer

˙̂xe(t) = ΦT (x̂e, u) Θ̂AB(t) +Aδx̂δ(t)− L̂e(t) (ŷ(t)− y(t)) , (5.6)

which is augmented only with the estimation laws for ΘAB (θ) and Le (θ), (i) does not require to
parametrize (4.3) the regression equation Yxδ0(t) = Mxδ0(t)xδ0, (ii) does not require to identify the
initial conditions xδ0 of the exosystem (2.2), and, (iii) if the condition (1.9) is met in case (3.4) is
used or the regressor finite excitation condition is met in case (5.2) is used, ensures the exponential
convergence to zero of the errors x̃(t), δ̃(t). In (5.5) L̂e(t) is an estimate of the vector Le (θ) ∈R

n+nδ ,
which ensures that the matrix Ae(θ) +Aδ has the desired algebraic spectrum. The linear regression
equation with respect to Le (θ) is parameterised in the same way as YL(t) = ML(t)L (θ), but in
the space n+ nδ. More detailed properties of the alternative version of the extended observer are
given in [21].

6. MATHEMATICAL MODELLING

In Matlab/Simulink the numerical experiments with the proposed adaptive observer have been
conducted. The simulation was done using numerical integration by the explicit Euler method with
a constant discretization step of τs = 10−4 s.

A two-mass elastic mechanical system shown in Fig. 1 was chosen as a plant.

Fig. 1. Two-mass elastic mechanical system.

Here c0 > 0, c1 > 0 denote spring stiffness, d > 0 is a damping coefficient, m1 > 0, m2 > 0 are
reduced masses of the bodies.

The mathematical model of the system under consideration was written as the following system
of differential equations:

ẋ =








0 1 0 0
−θ1 (θ2 + θ3) −2θ1θ4 θ1θ3 θ1θ4

0 0 0 1
θ5θ3 θ5θ4 −θ3θ5 −2θ4θ5















x1
x2
x3
x4







+








0
0
0
θ5







u+








0
θ1
0
0







δ,

y =
[

0 0 1 0
]

x,

(6.1)

where

θ = col
{

m−1
1 , c0, c1, d, m

−1
2

}

,

Θ(θ) = col {1, θ1 (θ2 + θ3) , θ1θ4, θ1θ3, θ3θ5, θ4θ5, θ1, θ5}.
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In the observer canonical form (3.1) the parameters of the system (6.1) were defined as follows:

ψa (θ) =









−2θ4 (θ1 + θ5)

−θ1
(
3θ5θ

2
4 + θ2 + θ3

)− θ3θ5

−2θ1θ4θ5 (θ2 + θ3)

−θ1θ2θ3θ5









, ψb (θ) =









0

θ5

2θ1θ4θ5

θ1θ5 (θ2 + θ3)









,

ψd (θ) =
[

0 0 θ1θ4θ5 θ1θ3θ5
]T
,

(6.2)

from which it followed that the condition (3.7) was met for

ψab (θ) =











−2θ4 (θ1 + θ5)

−θ1
(

3θ5θ
2
4 + θ2 + θ3

)− θ3θ5

θ1θ5 (θ2 + θ3)

2θ1θ4θ5

θ5











.

The regression equation (4.2) was parameterised using the transformations introduced in Hy-
potheses 1–3 and Lemma 2.

Step 1. The derivation of the parametrization Yθ(t) = Mθ(t)θ. The following set of the nonlinear
algebraic equations were solved with respect to θ

ψab (θ) =











−2θ4 (θ1 + θ5)

−θ1
(
3θ5θ

2
4 + θ2 + θ3

)− θ3θ5

θ1θ5 (θ2 + θ3)

2θ1θ4θ5

θ5











=











ψ1ab

ψ2ab

ψ3ab

ψ4ab

ψ5ab











,

and, using such solution, the mappings S (ψab) and G (ψab) from (3.8) were obtained:

S (ψab) =

















ψ4abψ5ab

ψ3abψ5ab (−ψ4ab − ψ1abψ5ab)

+ ψ4ab

(

(ψ2abψ5ab + ψ3ab)ψ5ab +
3
4ψ4ab (−ψ4ab − ψ1abψ5ab)

)

(ψ2abψ5ab + ψ3ab)ψ5ab +
3
4ψ4ab (−ψ4ab − ψ1abψ5ab)

−ψ4ab − ψ1abψ5ab

ψ2
5ab

















,

G (ψab) = diag












−ψ4ab − ψ1abψ5ab

ψ4abψ
3
5ab

−ψ3
5ab

2ψ2
5ab

ψ5ab












.
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Then the mappings TS
(

ΞS (∆)Yab
)

, TG
(

ΞG (∆)Yab
)

were defined as follows:

TS
(

ΞS (∆)Yab
)

=

















Y4abY5ab

Y3abY5ab (−∆Y4ab − Y1abY5ab)

+ Y4ab

(

(Y2abY5ab +∆Y3ab)Y5ab +
3
4∆Y4ab (−∆Y4ab − Y1abY5ab)

)

(Y2abY5ab +∆Y3ab)Y5ab +
3
4Y4ab (−∆Y4ab − Y1abY5ab)

−∆Y4ab − Y1abY5ab

Y2
5ab

















,

TG
(

ΞG (∆)Yab
)

= diag













−∆Y4ab − Y1abY5ab

Y4abY3
5ab

−Y3
5ab

2Y2
5ab

∆Y5ab













,

which allowed one to compute Yθ(t) and Mθ(t).

Step 2. Using the above-obtained equation Yθ(t) = Mθ(t)θ, the following mappings were ob-
tained

TZ
(

ΞZ (Mθ)Yθ
)

= col {Mθ, Y1θ (Y2θ + Y3θ) , Y1θY4θ, Y1θY3θ, Y3θY5θ, Y4θY5θ, Y1θ, Y5θ} ,

TX
(

ΞX (Mθ)Yθ
)

= blkdiag
{

Mθ, M2
θI5, Mθ, Mθ

}

,

therefore, we could calculate YAB(t) and MAB(t).

Step 3. Having equation YAB(t) = MAB(t)ΘAB (θ) at hand and using equations from the second
statement of lemma 2, the values of YL(t) and ML(t) were computed.

Step 4. Applying equation Yθ(t) =Mθ(t)θ from the first step, the following mappings were ob-
tained:

TW
(

ΞW (Mθ)Yθ
)

= col {0, 0, Y1θY4θY5θ, Y1θY3θY5θ} ,

TR
(

ΞR (Mθ)Yθ
)

= diag
{

Mθ, Mθ, M3
θ, M3

θ

}

,

which allowed one to calculate Yψd(t), Mψd(t) and Yxδ0(t), Mxδ0(t) on the basis of equations from
the third statement of Lemma 2.

At this point, having YAB(t),YL(t),Yxδ0(t) at hand, equation (4.2) with measurable regres-
sand Yκ(t) and regressor Mκ(t) could be obtained, and the observer (2.4) with estimation law (4.4)
was going to be implemented.

The unknown parameters of the system (6.1), the disturbance exosystem (2.2) and exosys-
tem (2.3) parameters were picked as:

θ = [1 0.5 0.75 0.25 0.5]T, x0 =
[

0 0 −1 0
]T
, xδ0 =

[

−4 1
]T
,

Aδ =

[

0 1
−5 0

]

, hTδ =
[

1 0
]

, σ {Γ} =
[

−1 −1 −1 −1
]T
.

(6.3)
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Fig. 2. Behavior of x̃(t) and δ̃(t).

Fig. 3. Behaviour of Θ̃AB(t), L̃(t), x̃δ0(t).

The control signal u(t) was obtained from a P-controller with the reference signal that was
chosen by trial and error so as to ensure ϕ(t)∈PE:

u(t) = 50 (r(t)− y(t)) ,

r(t) = 25 sin (10t) + 25 sin (20t) + 100 cos (0.1t) .
(6.4)

The parameters of the filters (3.4)–(3.6), (4.3) and estimation law (4.4) were set as follows

det {sI4 −AK} = (s+ 1)4, G =

[

−4 1
−2 0

]

, l =
[

1 2
]T
,

β =
[

15 −5.5
]T
, k(t) =

{

1, if t < 5
∆−1(t), if t > 5,

k1 = 25, k2 = 0.1,

ρ = 10−4, γ0 = 10−9, γ1 = 1.

(6.5)
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Figure 2 shows the behavior of the state x̃(t) and the external perturbation δ̃(t) observation
errors.

The peaking in x̃(t) over [5, 15] was caused primarily the fact that the error equation (4.1)
with non-zero initial conditions [22] was included in the closed loop with L̂(t) (ŷ(t)− y(t)). The
peaking in δ̃(t) could be explained by the fact that the behavior of x̃δ0(t) was affected by the
perturbation ǫ(t).

Figure 3 depicts the behavior of the parametric errors Θ̃AB(t), L̃(t), and x̃δ0(t).

The oscillations of the obtained transients of the parametric errors Θ̃AB(t), L̃(t), x̃δ0(t) were
caused by the influence of the exponentially decaying perturbation ǫ(t) from the parameteriza-
tion (3.3). In general, the simulation results validated that the goal (2.5) was achieved.

7. CONCLUSION

An adaptive observer of state and perturbations for linear systems with overparameterization
is developed. If the condition of the regressor persistent excitation (sufficient richness of the con-
trol/reference signal) is met, the solution provides exponential convergence to zero of the observa-
tion errors of the system state and the external perturbation generated by a known exosystem with
unknown initial conditions. Unlike the closest analogues [10–12], the proposed observer allows one
to reconstruct not virtual but physical state of the system represented in an arbitrary state space
form.

The scopes of the further research can be:

— an application of the proposed observer to solve control problems with dynamic feedback;
— the relaxation of (1.9) by substituting (3.3) with a parametrization, which does not include ǫ(t)

(a preliminary result for this problem has been obtained in comment 2 and [21]);
— the extension of the obtained results to systems with new, possibly nonlinear, models of the

external perturbations;
— taking into consideration the additive disturbances, which affect the measurable output sig-

nal y(t) directly;
— following [12], to reduce the transients peaking amplitude by estimation of the state x(t) with

the help of an algebraic equation instead of the differential one (a preliminary result for this
problem has been obtained in [23]).
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APPENDIX

Proof of Lemma 1. The parameterization (3.3) is obtained as a combination of the results
from [12, 24] with the dynamic regressor extension and mixing procedure from [14, 19]. The proof
of lemma 1 is derived on the basis of Lemma 1 and Theorem 2 from [24]. To make it easier to
understand the adopted notation and ensure that the results of the paper are self-contained, we next
present the proof of this lemma in accordance with the one in [24]. In contrast to the results [24], in
this paper, owing to Assumption 2, β is known, which allows one not to avoid overparameterization
in (3.3) (see (A.23)).

Step 1. The following error is considered:

ξ̃(t) = ξ(t)− z(t)− Ω(t)ψa (θ)− P (t)ψb (θ) . (A.1)

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023



1370 GLUSHCHENKO, LASTOCHKIN

The time derivative of (A.1) is written:

˙̃
ξ(t) = A0ξ(t) + ψa(θ)y(t) + ψb(θ)u(t) + ψd(θ)δ(t)−AKz(t)

−Ky(t)− (AKΩ(t) + Iny(t))ψa(θ)− (AKP (t) + Inu(t))ψb(θ)

= A0ξ(t)−AKz(t)−Ky(t)−AKΩ(t)ψa(θ)−AKP (t)ψb(θ) + ψd(θ)δ(t)

= AK ξ̃(t) + ψd(θ)δ(t).

(A.2)

The solution of equation (A.2) is obtained as

ξ̃(t) = eAK(t−t0)ξ̃ (t0) + δ(t), (A.3)

where the external perturbation δ(t) is described as a set of equations
{

δ̇(t) = AKδ(t) + ψd (θ) δ(t),

vf (t) = CT
0 δ(t).

(A.4)

Having substituted (A.3) into (A.1), it is written:

eAK(t−t0)ξ̃ (t0) + δ(t) = ξ(t)− z(t)− Ω(t)ψa (θ)− P (t)ψb (θ) ,

m
ξ(t) = eAK(t−t0)ξ̃ (t0) + δ(t) + z(t) + Ω(t)ψa (θ) + P (t)ψb (θ) .

(A.5)

Equation (A.5) is multiplied by CT
0 to obtain:

y(t) = CT
0 ξ(t) = CT

0 z(t) + CT
0 Ω(t)ψa (θ) + CT

0 P (t)ψb (θ) + vf (t) + CT
0 e

AK(t−t0)ξ̃ (t0) . (A.6)

Considering (A.6), the function q = y(t)− CT
0 z(t) is differentiated:

q̇(t) = CT
0 Ω̇(t)ψa (θ) + CT

0 Ṗ (t)ψb (θ) + v̇f (t) + CT
0 AKe

AK(t−t0)ξ̃ (t0) . (A.7)

Step 2. The next aim is to parametrize the term v̇f (t) of equation (A.7) as a linear regression
equation with a measurable regressor. For this purpose, the system (A.4) is rewritten as a transfer
function:

vf (t) = CT
0 (sIn −AK)−1ψd (θ) δ(t) =Wf [δ(t)] . (A.8)

The derivative of the perturbation δ(t) is represented as:

δ̇(t) = hTδ Aδxδ(t) + δ (t0)Dδ(t), (A.9)

where Dδ(t) is a Dirac delta function.

A virtual signal δd(t) = hTδ Aδxδ(t) is introduced into consideration. Then the following equalities
hold

ẋδ(t) = Aδxδ(t),

δd(t) = h
T
δ xδ(t), h

T
δ = hTδ Aδ.

(A.10)

Equation (A.8) is differentiated, and then (A.9), (A.10) are substituted into the obtained result
to write:

v̇f = sWf [δ(t)] =Wf

[

δ̇(t)
]

=Wf

[

hTδ Aδxδ(t) + δ (t0)Dδ(t)
]

=Wf [δd(t)]
︸ ︷︷ ︸

υf (t)

+Wf [δ (t0)Dδ(t)] . (A.11)
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Thus, owing to the fact that the matrix AK is a Hurwitz one, it is sufficient to parametrize υf (t)
to parameterize v̇f (t). For this purpose, an auxiliary signal ζ(t) =Mδxδ(t) is considered, where the
transformation matrix Mδ is a solution of the Sylvester equation

MδAδ −GMδ = lh
T
δ , (A.12)

which has a unique solution [15, 16, 24] as, owing to Assumption 2, the pair
(

hTδ , Aδ

)

is observable

and, following the premises of this lemma, (G, l) is controllable and σ {Aδ} ∩ σ {G} = 0.

We differentiate ζ(t) to obtain:

ζ̇(t) =MδAδxδ(t) = GMδxδ(t) + lh
T
δ xδ(t) = Gζ(t) + lδd(t), (A.13)

form which, considering xδ(t) =M−1
δ ζ(t), it follows that

δd(t) = h
T
δM

−1
δ ζ = βTζ, β = h

T
δM

−1
δ . (A.14)

Taking into account (A.14), equation (A.11) is rewritten as:

v̇f (t) =Wf

[

βTζ(t)
]

+Wf [δ (t0)Dδ(t)]

= βTWf [ζ(t)] +Wf [δ (t0)Dδ(t)] = βTζw(t) +Wf [δ (t0)Dδ(t)] .
(A.15)

The signal υf (t) is filtered via (A.13) instead of δd(t):

ζf (t) = (sI −G)−1l [υf (t)] + eG(t−t0)ζf (t0) , (A.16)

then, owing to ζ(t) = (sI −G)−1l [δd(t)] + eG(t−t0)ζ (t0), the following equality holds:

ζw(t) =Wf [ζ(t)] =Wf

[

(sI −G)−1l [δd(t)] + eG(t−t0)ζ (t0)
]

= (sI −G)−1lWf [δd(t)] +Wf

[

eG(t−t0)ζ (t0)
]

= (sI −G)−1lυf +Wf

[

eG(t−t0)ζ (t0)
]

= ζf (t)− eG(t−t0)ζf (t0) +Wf

[

eG(t−t0)ζ (t0)
]

.

(A.17)

Having substituted (A.17) into (A.15), it is written:

v̇f (t) = βTζf (t)− βTeG(t−t0)ζf (t0) + βTWf

[

eG(t−t0)ξ (t0)
]

+Wf [δ (t0)Dδ(t)] . (A.18)

The following observer of state ζf (t) is introduced:

ζ̂f (t) = F (t) +H(t)ψb (θ) +N(t)ψa (θ) + ly(t). (A.19)
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Considering equations (A.7), (A.11), (A.16), (A.19), the error is differentiated ζ̃f (t) =

ζf (t)− ζ̂f (t) to obtain:

˙̃ζf = Gζf (t) + lυf (t)−GF (t) −Gly(t) + lCT
0 ż(t)

−
(

GH(t)− lCT
0 Ṗ (t)

)

ψb (θ)−
(

GN(t)− lCT
0 Ω̇(t)

)

ψa (θ)

− lCT
0 ż(t)− lCT

0 Ω̇(t)ψa (θ)− lCT
0 Ṗ (t)ψb (θ)

− l (υf (t) +Wf [δ (t0)Dδ(t)])− lCT
0 AKe

AK(t−t0)ξ̃ (t0)

= Gζf (t)−GF (t)−Gly(t)−GH(t)ψb (θ)−GN(t)ψa (θ)
︸ ︷︷ ︸

Gζ̂f (t)

− lWf [δ (t0)Dδ(t)]− lCT
0 AKe

AK(t−t0)ξ̃ (t0)

= Gζ̃f − lCT
0 AKe

AK(t−t0)ξ̃ (t0)− lWf [δ (t0)Dδ(t)] .

(A.20)

The set of equations (A.20) is solved:

ζ̃f (t) = ζf (t)− ζ̂f (t) = eG(t−t0)ζ̃f (t0)− H

[

CT
0 AKe

AK(t−t0)ξ̃ (t0) +Wf [δ (t0)Dδ(t)]
]

, (A.21)

which allows one to rewrite (A.18) as follows:

v̇f (t) = βTζ̂f (t) + βTeG(t−t0)ζ̃f (t0)

−βTH
[

CT
0 AKe

AK(t−t0)ξ̃ (t0) +Wf [δ (t0)Dδ(t)]
]

−βTeG(t−t0)ζf (t0) + βTWf

[

eG(t−t0)ξ (t0)
]

+Wf [δ (t0)Dδ(t)]

= βT (F (t) + ly(t)) + βTH(t)ψb (θ) + βTN(t)ψa (θ)

+βTeG(t−t0)ζ̃f (t0)− βTH
[

CT
0 AKe

AK(t−t0)ξ̃ (t0) +Wf [δ (t0)Dδ(t)]
]

−βTeG(t−t0)ζf (t0) + βTWf

[

eG(t−t0)ξ (t0)
]

+Wf [δ (t0)Dδ(t)] ,

(A.22)

where H [.] = (sInδ −G)−1l [.] .

Equation (A.22) is substituted into (A.7) to obtain:

q̇(t) = CT
0 Ω̇(t)ψa (θ) + CT

0 Ṗ (t)ψb (θ)

+ βT (F (t) + ly(t)) + βTH(t)ψb (θ) + βTN(t)ψa (θ)

+ βTeG(t−t0)ζ̃f (t0)− βTH
[

CT
0 AKe

AK(t−t0)ξ̃ (t0) +Wf [δ (t0)Dδ(t)]
]

− βTeG(t−t0)ζf (t0) + βTWf

[

eG(t−t0)ξ (t0)
]

+Wf [δ (t0)Dδ(t)] + CT
0 AKe

AK(t−t0)ξ̃ (t0)

= ϕT(t)η (θ) + βT (F (t) + ly(t)) + ε(t),

(A.23)

where ε(t) are aggregated exponentially vanishing functions.

Step 3. The next aim is to transform the regression equation (A.23) into the form of (3.3) via
application of the dynamic regressor extension and mixing procedure. For this purpose, considering
(A.23), (3.5), the signal χ(t) = q(t)− k1qf (t) is differentiated to obtain:

χ̇(t) = ϕT(t)η (θ) + βT (F (t) + ly(t)) + ε(t)− k1
(

−k1qf (t) + q(t)
)

= −k1χ(t) + ϕT(t)η (θ) + βT (F (t) + ly(t)) + ε(t).
(A.24)
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The solution of the differential equation (A.24) allows one to write:

q(t)− k1qf (t)− βT (Ff (t) + lyf (t)) = e−k1(t−t0)q (t0) + ϕT
f (t)η (θ) + εf (t), (A.25)

where ε̇f (t) = −k1εf (t) + k1ε(t), εf (t0) = 0.

Owing to (A.25), the solution of the first differential equation from (3.4) satisfies the following
equation

q(t) = ϕ(t)η (θ) + ε(t), (A.26)

where ε̇(t) = −k2ε(t) + ϕf (t)
(

εf (t) + e−k1(t−t0)q (t0)
)

, ε (t0) = 02n.

Having multiplied equation (A.26) by k(t)adj {ϕ(t)} and applied the property

adj {ϕ(t)}ϕ(t) = det {ϕ(t)} I2n,

equation (3.3) is obtained with ǫ(t) = k(t)adj {ϕ(t)} ε(t).
In accordance with Lemma 6.8 from [6], when ϕ(t)∈PE, it also holds that ϕf (t)∈PE. Fol-

lowing Proposition 1, when ϕf (t)∈PE, then it holds that ∆(t) > ∆min >0. Since the signals
y(t), u(t) are bounded by Assumption 1, owing to the stability of the filters (3.4)–(3.6), the inequal-
ity ∆max >∆(t) holds for all t > t0. Then for all t > t0 + T it holds that ∆max > ∆(t) > ∆min > 0,
which completes the proof of lemma.

Proof of Lemma 2. According to definition 1 and hypothesis 1 and owing to

ΞS (∆) = ΞS (∆)∆(t), ΞG (∆) = ΞG (∆)∆(t),

Yab(t) = LabY(t) = ∆(t)Labη (θ) = ∆(t)ψab (θ) ,

ΞS (∆)∆(t)ψab (θ) = ΞS (∆)Yab(t),
ΞG (∆)∆(t)ψab (θ) = ΞG (∆)Yab(t)

it follows from (3.9) that

TS
(

ΞS (∆)Yab
)

= TG
(

ΞG (∆)Yab
)

θ. (A.27)

Then, having multiplied (A.27) by adj
{

TG
(

ΞG (∆)Yab
)}

, the following regression equation is

obtained

Yθ(t) = Mθ(t)θ, (A.28)

which is used together with (3.8) to write:

TZ
(

ΞZ (Mθ)Yθ
)

= TX
(

ΞX (Mθ)Yθ
)

ΘAB (θ) , (A.29a)

TW
(

ΞW (Mθ)Yθ
)

= TR
(

ΞR (Mθ)Yθ
)

ψd (θ) . (A.29b)

Having multiplied (A.29a) by adj
{

TX
(

ΞX (Mθ)Yθ
)}

, the regression equation YAB(t) =
MAB(t)ΘAB (θ) is obtained.

The next aim it to parametrize equation with respect to L (θ). If Assumption 2 is met, then,
following the generalized pole placement theory [15, 16], the vector L (θ) can be obtained as a
solution of the following set of equations

{

AT(θ)M −MΓ = CBT(θ),

BT(θ) = LT(θ)M,
(A.30)
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which has a unique solution [15, 16], as, following Assumption 3, the pair
(

AT(θ), C
)

is controllable,

the pair
(

BT(θ), Γ
)

is observable and σ
{

AT(θ)
}

∩ σ {Γ} = 0.

Having vectorized the first equation from (A.30) and considered the property vec (AB) =

(I ⊗A) vec (B) =
(

BT ⊗ I
)

vec (A), it is obtained that:

(

In ⊗AT(θ)− ΓT ⊗ In
)

vec (M) = vec
(

CBT(θ)
)

. (A.31)

As equations (A.30), (A.31) have unique solutions, then

det
{

In ⊗AT(θ)− ΓT ⊗ In
}

6= 0,

and therefore, having multiplied (A.31) by an adjoint matrix adj
{

In ⊗AT(θ)− ΓT ⊗ In
}

, it is
written:

det
{

In ⊗AT(θ)− ΓT ⊗ In
}

vec (M)

= adj
{

In ⊗AT(θ)− ΓT ⊗ In
}

vec
(

CBT(θ)
)

.
(A.32)

The obtained result is devectorized
(

vec−1 {.}) and substituted into the second equation of (A.30):

det
{

In ⊗AT(θ)− ΓT ⊗ In
}

B(θ)
︸ ︷︷ ︸

Q(ΘAB)

= vec−1
{

adj
{

In ⊗AT(θ)− ΓT ⊗ In
}

vec
(

CBT(θ)
)}T

︸ ︷︷ ︸

P(ΘAB)

L(θ),
(A.33)

where det {P (ΘAB)} 6= 0.

The following equalities are introduced:

MAB(t)A
T(θ) = vec−1 (LATDΦYAB(t)) ,

MAB(t)B
T(θ) = [LBDΦYAB(t)]T,

MAB(t)B(θ) = LBDΦYAB(t).
(A.34)

Having multiplied (A.33) by ΠL (MAB) = Mn2+1
AB In, used the properties cndet {A} = det {cA},

cn−1adj {A} = adj {cA}, A∈R
n×n and substituted (A.34), it is obtained:

TP (ΞP (MAB)ΘAB) = ΠL (MAB)P (ΘAB) = Mn2+1
AB P (ΘAB)

= Mn2+1
AB vec−1

{

adj
{

In ⊗AT(θ)− ΓT ⊗ In
}

vec
(

CBT(θ)
)}T

= vec−1
{

MABadj
{

In ⊗ vec−1 (LATDΦYAB)−MABΓ
T ⊗ In

}

vec
(

C(LBDΦYAB)T
)}T

,

TQ (ΞQ (MAB)ΘAB) = ΠL (MAB)Q (ΘAB) = Mn2+1
AB Q (ΘAB)

= Mn2+1
AB det

{

In ⊗AT(θ)− ΓT ⊗ In
}

B(θ)

= det
{

In ⊗ vec−1 (LATDΦYAB(t))−MAB(t)Γ
T ⊗ In

}

(LBDΦYAB(t)) ,

(A.35)

where ΞP (MAB) = ΞQ (MAB) = MAB(t).
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The following regression equation is written on the basis of equations (A.33) and (A.35):

TQ
(

ΞQ (MAB)YAB
)

= TP
(

ΞP (MAB)YAB
)

L(θ), (A.36)

where ΞP (MAB) = ΞQ (MAB) = 1.

Having multiplied (A.36) by adj
{

TP
(

ΞP (MAB)YAB
)}

, the regression equation YL(t) =
ML(t)L(θ) is obtained.

The next aim is to derive the regression equation with respect to xδ0. Using the properties of
the vectorization operation

vec
(

ψd(θ)h
T
δ Φδ(t)xδ0

)

=
(

xTδ0 ⊗ ψd(θ)
)

︸ ︷︷ ︸

n×nδ

vec
(

hTδ Φδ
)

︸ ︷︷ ︸

nδ

,

vec
((

xTδ0 ⊗ ψd(θ)
)

vec
(

hTδ Φδ(t)
))

=
(

hTδ Φδ(t)⊗ In
)

︸ ︷︷ ︸

n×nnδ

vec
(

xTδ0 ⊗ ψd(θ)
)

︸ ︷︷ ︸

nnδ

,

equation (3.1) is rewritten as follows:

ξ̇(t) = A0ξ(t) + ψa(θ)y(t) + ψb(θ)u(t)

+
(

hTδ Φδ(t)⊗ In
)

vec
(

xTδ0 ⊗ ψd(θ)
)

.
(A.37)

The following error is introduced:

e(t) = ξ(t)− z(t)− Ω(t)ψa(θ)− P (t)ψb(θ)− V (t)vec
(

xTδ0 ⊗ ψd(θ)
)

. (A.38)

Having differentiated (A.38), equation ė(t) = AKe(t) is obtained in a similar way as (A.2). Then,
having multiplied (A.38) by CT

0 , it is written:

q(t) = CT
0 e

AK(t−t0)e (t0) + CT
0 Ω(t)ψa(θ)

+ CT
0 P (t)ψb(θ) + CT

0 V (t)vec
(

xTδ0 ⊗ ψd(θ)
)

.
(A.39)

Using the properties

xTδ0 ⊗ ψd(θ) = ψd(θ)xδ0,

vec (ψd(θ)xδ0) = (Inδ ⊗ ψd(θ))
︸ ︷︷ ︸

nnδ×nδ

xδ0,

equation (A.39) is transformed into

q(t) = CT
0 e

AK(t−t0)e (t0) + CT
0 Ω(t)ψa(θ)

+ CT
0 P (t)ψb(θ) + CT

0 V (t)vec
(

xTδ0 ⊗ ψd(θ)
)

.
(A.40)

To compensate for the unknown terms CT
0 Ω(t)ψa(θ) + CT

0 P (t)ψb(θ), the following auxiliary
signal is introduced

pe(t) = ∆(t)CT
0 Ω(t)ψa(θ) + ∆(t)CT

0 P (t)ψb(θ)

= CT
0 Ω(t)LaY(t) + CT

0 P (t)LbY(t),
(A.41)
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where

LaY(t) = La∆(t)η(θ) = ∆(t)Laη(θ) = ∆(t)ψa(θ),

LbY(t) = ∆(t)Lbη(θ) = ∆(t)ψb(θ).

Having multiplied (A.40) by ∆(t) and subtracted (A.41) from the obtained result, it is written:

p(t) = ∆(t)q(t)− pe(t)

= ∆(t)CT
0 V (t) (Inδ ⊗ ψd(θ)) xδ0 +∆(t)CT

0 e
AK(t−t0)e (t0)

= ∆(t)CT
0 V (t) (Inδ ⊗ ψd(θ))xδ0 +∆(t)CT

0 e
AK(t−t0)e (t0) .

(A.42)

To implement the multiplier ψd(θ) indirectly, equation (A.29b) is multiplied by

adj
{

TR
(

ΞR (Mθ)Yθ
)}

:

Yψd(t) = Mψd(t)ψd(θ),

Yψd(t) = adj
{

TR
(

ΞR (Mθ)Yθ
)}

TW
(

ΞW (Mθ)Yθ
)

,

Mψd(t) = det
{

TR
(

ΞR (Mθ)Yθ
)}

.

(A.43)

The multiplication of (A.42) by Mψd(t) and substitution of (A.43) into the obtained result allow
one to write:

Mψd(t)p(t) = Mψd(t)∆(t)CT
0 V (t) (Inδ ⊗ ψd(θ))xδ0

= ∆(t)CT
0 V (t) (Inδ ⊗ Yψd(t)) xδ0.

(A.44)

Having filtered (A.44) via (4.3) and multiplied the obtained result by adj {Vf (t)}, the regression
equation Yxδ0(t) = Mxδ0(t)xδ0 is obtained, which completes proof of statement that equations (4.2)
can be formed on the basis of the measurable signals.

Following Lemma 1, if ϕ(t)∈PE, then for all t > t0 + T it holds that ∆(t) > ∆min > 0, and,
owing to Hypotheses 1–3 and proved inequalities:

det2 {X (θ)} > 0, det2 {R(θ)} > 0,

det2 {G (ψab)} > 0, det2 {P (ΘAB)} > 0,

det {Πθ (∆)} > ∆ℓθ(t), det {ΠΘ (Mθ)} > MℓΘ
θ (t),

det {Πψd (Mθ)} > Mℓψd
θ (t), det {ΠL (MAB)} > Mn3+n

AB (t),

we have that, if ϕ(t)∈PE, then for all t > t0 + T the following holds:

|Mθ(t)| =
∣
∣
∣det

{

TG
(

ΞG (∆)Yab
)}∣
∣
∣ = |det {Πθ (∆)} det {G (ψab)}|

> |det {G (ψab)}|∆ℓθ
min = Mθ > 0,

|MAB(t)| =
∣
∣
∣det

{

TX
(

ΞX (Mθ)Yθ
)}∣
∣
∣ = |det {ΠΘ (Mθ)} det {X (θ)}|

>

∣
∣
∣detℓΘ {G (ψab)}

∣
∣
∣ |det {X (θ)}|∆ℓθℓΘ

min = MAB > 0,

|Mψd(t)| = det
{

TR
(

ΞR (Mθ)Yθ
)}

= |det {Πψd (Mθ)} det {R(θ)}|

>

∣
∣
∣detℓψd {G (ψab)}

∣
∣
∣ |det {R(θ)}|∆ℓθℓψd

min = Mψd > 0,

|ML(t)| =
∣
∣
∣det

{

TP
(

ΞP (MAB)YAB
)}∣
∣
∣ = |det {ΠL (MAB)} det {P (ΘAB)}|

> |det {P (ΘAB)}|Mn3+n
AB > |det {P (ΘAB)}|Mn3+n

AB = ML > 0.
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To obtain the lower bound for the regressor Mxδ0(t), first of all, such bound needs to be derived

for the solution of the differential equation for Vf (t) in case ϕ(t)∈PE and
(

hTδ Φδ(t)⊗ In
)

∈PE:

Vf (t) =

t∫

t0

e−k2(t−τ )∆2(τ)(Inδ ⊗ Yψd(τ))TV T(τ)C0C
T
0 V (τ) (Inδ ⊗ Yψd(τ)) dτ

= (Inδ ⊗ ψd(θ))
T

t∫

t0

e−k2(t−τ)M2
ψd
(τ)∆2(τ)V T(τ)C0C

T
0 V (τ)dτ (Inδ ⊗ ψd(θ))

> M2
ψd
∆2

min(Inδ ⊗ ψd(θ))
T

t∫

t0

e−k2(t−τ )V T(τ)C0C
T
0 V (τ)dτ (Inδ ⊗ ψd(θ))

> M2
ψd
∆2

min(Inδ ⊗ ψd(θ))
T






t−kT∫

t0

e−k2(t−τ )V T(τ)C0C
T
0 V (τ)dτ

+
k∑

k=1

t−kT+T∫

t−kT

e−k2(t−τ )V T(τ)C0C
T
0 V (τ)dτ




 (Inδ ⊗ ψd(θ))

> M2
ψd
∆2

mine
−k2t(Inδ ⊗ ψd(θ))

T
k∑

k=1

t−kT+T∫

t−kT

ek2τV T(τ)C0C
T
0 V (τ)dτ (Inδ ⊗ ψd(θ))

> M2
ψd
∆2

min(Inδ ⊗ ψd(θ))
T

k∑

k=1

e−k2kT
t−kT+T∫

t−kT

V T(τ)C0C
T
0 V (τ)dτ (Inδ ⊗ ψd(θ)) ,

where k > k > 1 are integers.

In accordance with Lemma 6.8 from [6], if
(

hTδ Φδ(t)⊗ In
)

∈PE, then the following inequality

holds

t+T∫

t

V T(τ)C0C
T
0 V (τ)dτ > αInnδ , (A.45)

and, using the properties of the Kronecker product, it is obtained that:

(Inδ ⊗ ψd(θ))
T (Inδ ⊗ ψd(θ))
︸ ︷︷ ︸

nnδ×nδ

=
(

ITnδ ⊗ ψT
d (θ)

)

(Inδ ⊗ ψd(θ))

= Inδ ⊗ ψT
d (θ)ψd(θ) = ψT

d (θ)ψd(θ)
︸ ︷︷ ︸

>0

Inδ .
(A.46)

Then for all t > t0 + T it holds that:

Vf (t) > M2
ψd
∆2

minα
k∑

k=1

e−k2kTψT
d (θ)ψd(θ)

︸ ︷︷ ︸

>0

Inδ >
nδ

√

Mxδ0Inδ , (A.47)

from which for all t > t0 + T we have Mxδ0 > Mxδ0 > 0, which allows one to obtain:

∀t > t0 + T |Mκ(t)| =
∣
∣
∣MnΘ

AB(t)Mn
L(t)Mnδ

xδ0
(t)
∣
∣
∣ > MnΘ

ABMn
LMnδ

xδ0
= Mκ > 0. (A.48)

This completes proof of Lemma 2.
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Abstract—A state-feedback adaptive control system is proposed for a class of linear systems
in the controllable canonical form with time-varying unknown parameters described by known
nonstationary exosystems with unknown initial conditions. The solution ensures global expo-
nential stability of the closed-loop system in case a regressor is finitely exciting, and also does
not require a priori information about the sign of the high-frequency gain (control direction).
The obtained theoretical results are validated via mathematical modeling.
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1. INTRODUCTION

Considering plants with time-invariant parameters, classical algorithms of the model reference
adaptive control guarantee asymptotic stability of the tracking error (the difference between the
plant and reference model state vectors) [1]. However, as far as practical scenarios are concerned,
real physical systems are often described by models with time-varying parameters. Under these
conditions, conventional solutions face difficulties caused by the need to compensate for a term in
the derivative of the Lyapunov function that is proportional to the unknown parameters change
rate [1, p. 552].

If the unknown time-varying parameters converge exponentially to a constant value, then asymp-
totic stability of the tracking error is still ensured [2, p. 339]. In case the unknown parameters
change their values arbitrarily, and the restrictive condition of the regressor persistent excitation
is met, then the baseline solutions guarantee the boundedness of all signals and the convergence
of the tracking error to a compact set. If the above-mentioned condition is not satisfied, then the
application of robust modifications of the basic adaptive laws allows one to ensure similar properties
for the closed-loop system [1, 2].

Further the existing methods to improve the properties of the baseline solutions are reviewed.

In [3, 4] the method of congelation of variables is proposed that is capable of reduction of the time-
varying parameters estimation problem to the one of their mean identification. The upper bound
of the parameters variance is assumed to be known, and the control law is designed using static
nonlinear damping. In this scheme, the adaptive law compensates for the unknown parameters
mean, whereas the nonlinear damping is responsible for their variance rejection. Such a solution
guarantees asymptotic stability of the tracking error and boundedness of all signals of the closed-
loop system. The disadvantage of the above-described method is that the power functions from the
plant state (regressor) are used to form the control signal [5, pp. 222–223]. As it is highlighted in [6],
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another disadvantage of such method is that the parametric uncertainty represented as θ(t)ϕ (x(t))
with ϕ (0) 6= 0 can not be compensated.

In [7–9] an approach based on the application of the composite adaptive laws is proposed, in
which the parameters are adjusted using both tracking and prediction errors. Compared to the
basic solutions [1, 2], under the same assumptions (the regressor is persistently exciting and the
robust modifications are used) the composite laws ensure convergence of the tracking error to a
compact set of a smaller size. In contrast to the method of congelation of variables [3, 4], the
asymptotic stability is not guaranteed. A detailed review of some composite laws for the case of
the time-varying parameters is given in the introduction of [10].

In [11] a simple scheme to adjust the geometric mean pole of a closed-loop system is proposed,
which guarantees asymptotic stability of the tracking error. The disadvantage of the solution is
the need to know the plant input matrix. In [12] the adaptive law with astatism of the first order
is developed, which extends the applicability of the basic adaptive laws to a class of systems with
linearly varying unknown parameters. In [13–15] a scheme of robust control of nonstationary linear
systems represented as transfer functions is proposed. A disadvantage of the approach is the need
to know the plant control direction and upper bounds for all unknown time-varying parameters of
the system.

The above discussed approaches [3–15] do not consider a priori information about the structure
of a function according to which the system changes its parameters. However, as is known [16],
taking such information into account can significantly improve the properties of a closed-loop
system. Recently, in [17, 18] a state observer of time-varying systems based on a parametric
identification has been proposed. The system parameters are described by known nonstationary
exosystems with unknown initial conditions. The problem of the system state reconstruction is
reduced to the identification of the initial conditions of both plant and exosystems. If the regressor
finite excitation condition (observability of the system over a finite time interval) is satisfied, then
exponential or finite-time convergence of the parametric and state observation errors is ensured.

Based on the results of [17, 18], in this study it is proposed to reduce the control problem to the
estimation of the initial conditions of the exosystems used to generate the system parameters.

A class of linear completely controllable systems with time-varying parameters described by
known nonstationary exosystems with unknown initial conditions is considered. The difference be-
tween ideal and actual control signals is represented as a linear regression equation with an unknown
regressor with respect to the unknown initial conditions of the exosystems. Then, in accordance
with the results from [18] and using the measurable state and control signal, a measurable regression
equation,1 which scalar regressor is bounded away from zero, is derived with respect to the initial
conditions of the exosystems. Using the results of the first part [19] of this paper series, an adaptive
law is derived on the basis of such regression, which, in contrast to [3–15], guarantees exponential
convergence of the tracking error to zero if the regressor finite excitation (FE) requirement is met.

In addition to FE, the proposed extension of the results from [19] to a class of systems with
time-varying parameters also requires:

— the lower and upper bounds of the absolute value of the high-frequency gain to be known;

— the sign of the high-frequency gain to be constant;

— application of the projection operator, which prevents division by zero in the control law.

Compared to [3–11, 13–15], the proposed approach requires knowledge of the state and output
matrices of the nonstationary exosystems, and hence, of the physical nature of the processes that
cause the system parameters variation.

1 A measurable regression equation means that its regressor and regressand are measurable or can be computed,
while its parameters are unknown.
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Main definitions

To prove theorem and propositions, the regressor finite excitation definition and corollary of the
Kalman–Yakubovich–Popov (KYP) lemma [1, 2] are used further .

Definition 1. A regressor ω(t) is finitely exciting ω(t)∈FE over [t+r ; te] if there exists t+r > 0,
te > t+r and α such that the following inequality holds

te∫

t+r

ω (τ)ωT (τ) dτ > αIn×n, (1.1)

where α > 0 is an excitation level, In×n stands for an identity matrix.

Corollary 1. For any matrix D > 0, a controllable pair (A, B) with B ∈R
n×m, a Hurwitz matrix

A∈R
n×n there exist matrices P = PT > 0, Q∈R

n×m, K ∈R
m×m and a number µ > 0 such that

ATP + PA = −QQT − µP, PB = QK,

KTK = D +DT.
(1.2)

2. PROBLEM STATEMENT

A class of continuous linear time-varying systems is considered2:

∀t > t+0 ẋ(t) = A(t)x(t) +B(t)u(t), x
(

t+0

)

= x0,

A(t) = A0 + e1ϑ
T(t), B(t) = e1β(t),

A0 =

[

0(n−1)×1 In−1

01×n

]

, e1 =

[

0(n−1)×1

1

]

,

(2.1)

where x(t)∈R
n is a system state with unknown initial conditions x0, u(t)∈R stands for a con-

trol signal, A0 ∈R
n×n denotes a known state matrix, B(t)∈R

n, ϑ(t)∈R
n are unknown vectors,

t+0 stands for a known initial time instant. The pair (A(t), B(t)) is completely controllable for all
t > t+0 in a sense of criterion from [20].

The following assumptions are adopted for the unknown parameters of the system (2.1).

Assumption 1. The vectors ϑ(t), B(t) are bounded, continuous and formed by time-varying
exosystems3:







ẋϑ(t) = Aϑ(t)xϑ(t), xϑ
(

t+0

)

= xϑ0 ,

ϑ(t) = hϑxϑ(t),






ẋB(t) = AB(t)xB(t), xB
(

t+0

)

= xB0
,

B(t) = hBxB(t),

(2.2)

where xϑ(t)∈R
nϑ , xB(t)∈R

nB are exosystems state with unknown initial conditions xϑ
(

t+0

)

,

xB
(

t+0

)

, hϑ ∈R
n×nϑ , hB ∈R

n×nB ; Aϑ(t)∈R
nϑ×nϑ , AB(t)∈R

nB×nB denote known vectors and
matrices.

Assumption 2. Lower βmin > 0 and upper βmax > βmin bounds are known for |β(t)|.
2 The obtained results can be generalized to MIMO systems in case if the structures of matrices A(t)∈R

n×n and
B(t)∈R

n×m are known.
3 In general case, the matrices Aϑ(t), AB(t) can depend on the system state x(t) in a nonlinear fashion.
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Assumption 3. The sign of the high-frequency gain β(t) is constant but unknown (sgn(β(t)) =
const).

The required control quality for a closed-loop system with the control signal u(t) and plant (2.1)
is defined using the time-invariant reference model:

∀t > t+0 ẋref (t) = Arefxref (t) +Brefr(t), xref
(

t+0

)

= x0ref , (2.3)

where xref (t)∈R
n is a reference model state with known initial conditions x0ref , r(t)∈R stands

for a reference signal, Aref ∈R
n×n denotes a Hurwitz state matrix of the reference model, Bref ∈R

n

is a reference model control input vector.

Having the plant (2.1), reference model (2.3) and a controllable pair (A(t), B(t)), if Assumption 3
is met, then it is assumed that the matching conditions are satisfied.

Assumption 4. There exists a matrix Kx(t) = Aref −A(t)∈R
n×n and a vector Kr(t) =

[

BT(t)B(t)
]−1

BT(t)∈R
1×n such that the following holds

A(t) +B(t)Kr(t)Kx(t) = Aref , B(t)Kr(t)Bref = Bref . (2.4)

Considering Assumption 2, the error equation between the plant (2.1) and the reference
model (2.3) is written as

ėref (t) = Areferef (t) +B(t)u(t)− (Aref −A(t)) x(t)−Brefr(t)

= Areferef (t) +B(t) (u(t)− u∗(t)) ,
(2.5)

where eref (t) = x(t)− xref (t), u∗(t) = Kr(t) (Kx(t)x(t) +Brefr(t)) .

The aim is to derive a control law u(t) that ensures achievement of the following goal:

Φ(t)∈FE ⇒ lim
t→∞

‖eref (t)‖ = 0 (exp) , (2.6)

where Φ(t) is some generalized vector of measurable signals.

Remark 1. Assumption 1 is to single out a group of systems, for which the problem of exponen-
tially stable control (2.6) is stated and solved in this paper, from the general class of linear sys-
tems with time-varying parameters. The proposed solution uses information about βmax > βmin > 0,
which is required by Assumption 2. Mathematical modeling indicates that one can choose βmax → ∞,
βmin → 0, which somewhat relaxes the strictness of this condition. Assumption 3 guarantees the
continuity of the coefficients Kx(t), Kr(t) of the control law u∗(t). Assumption 4 implies that the
respective matrices of the reference model (2.3) and the plant (2.1) have the same structure.

Remark 2. Systems (2.1) with matched parametric uncertainty (2.4) are quite widespread, as far
as practical scenarios are concerned. For example, the Euler angles dynamics equations of a solid
body under the assumption of its symmetry are represented as a second-order system with matched
uncertainty. Another good example of a control problem with matched uncertainty is the control of
manipulator coordinates using the Euler–Lagrange formalism.

3. MAIN RESULT

In Subsection 3.1 the stated problem of exponentially stable control (2.6) is reduced to the one of
identification of the initial conditions xB0

, xϑ0 . In subsection 3.2 a regression equation with respect
to xB0

, xϑ0 is derived on the basis of the measurable signals, and an adaptive law is introduced
that allows one to achieve the goal (2.6).

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023
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3.1. Control Law Parametrization

The control law u∗(t) is to be written via the plant measurable state (2.1), (2.2) and unknown
parameters xB0

, xϑ0 . For this equation (2.2) is solved:

ϑ(t) = hϑΦϑ(t)xϑ0 ,

B(t) = hBΦB(t)xB0
,

(3.1.1)

where, if Assumptions 2 and 3 are met, the following inequality holds

0 < β2min 6 xTB0
G(t)xB0

6 λmax (G(t)) ‖xB0
‖2,

G(t) = ΦT
B(t)h

T
BhBΦB(t),

(3.1.2)

and the fundamental matrices Φϑ(t) and ΦB(t) are measurable and defined as

Φ̇ϑ(t) = Aϑ(t)Φϑ(t), Φϑ
(

t+0

)

= Inϑ ,

Φ̇B(t) = AB(t)ΦB(t), ΦB
(

t+0

)

= InB .

Considering (2.4) and (3.1.1), the ideal control law u∗(t) is rewritten in the required form

u∗(t) = Kr(t) (Kx(t)x(t) +Brefr(t))

=
xTB0

ΦT
B(t)h

T
B

xTB0
ΦT
B(t)h

T
BhBΦB(t)xB0

(

(Aref −A0)x(t) − e1ϑ
T(t)x(t) +Brefr(t)

)

=
xTB0

ΦT
B(t)h

T
B

F (t)
e1
(

eT1 (Aref −A0)x(t)− xTϑ0Φ
T
ϑ (t)h

T
ϑx(t) + eT1Brefr(t)

)

,

(3.1.3)

where F (t) = xTB0
G(t)xB0

> 0.

As according to (2.5) the parameters xB0
and xϑ0 are unknown, then equation (3.1.3) motivates

to introduce the control law with the adjustable parameters:

u(t) =
x̂TB0

(t)ΦT
B(t)h

T
B

F̂ (t)
e1
(

eT1 (Aref −A0) x(t)−x̂Tϑ0(t)ΦT
ϑ (t)h

T
ϑx(t) + eT1Brefr(t)

)

, (3.1.4)

where F̂ (t) = x̂TB0
(t)G(t)x̂B0

(t).

Proposition 1. The error u(t)− u∗(t) between the actual (3.1.4) and ideal (3.1.3) control signals
is written as

u(t)− u∗(t) = θ̃T(t)ω(t), (3.1.5)

where θ̃(t) =
[

x̃Tϑ0(t) x̃TB0
(t)
]T

∈ R
nϑ+nB is a parametric error, ω(t) ∈ R

nϑ+nB stands for an un-

measurable regressor.

Proof of Proposition 1 and functional definition of the regressor ω(t) are given in Appendix.

Having substituted (3.1.5) into (2.5), it is obtained that:

ėref (t) = Areferef (t) +B(t)θ̃T(t)ω(t). (3.1.6)

Then, according to the first paper [19] in this series, the following transformations are to be
defined

Φ(t) = F1 (t, x(t), u(t),Φϑ(t),ΦB(t)) , z(t) = F2 (x(t)) ,

˙̂
θ(t) = G (Φ(t), z(t)) ,

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023
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which together ensure that the goal of exponentially stable control in the augmented tracking error
space is achieved:

Φ(t)∈FE ⇒ lim
t→∞

‖ξ(t)‖ = 0 (exp) , (3.1.7)

where ξ(t) =
[

eTref (t) θ̃T(t)
]T

is the augmented tracking error.

3.2. Adaptive Law Design

The next aim is to derive the regression equation with respect to the unknown time-invariant
parameters xB0

and xϑ0 of the ideal control law (3.1.3). The result of such parametrization is
represented as the following proposition.

Proposition 2. Using (i) the states of the set of filters (AK ∈ R
n×n is a Hurwitz matrix )

˙̄x(t) = AK x̄(t)−AKx(t), x̄
(

t+0

)

= 0n,

ϕ̇(t) = AKϕ(t) + e1x
T(t)hϑΦϑ(t), ϕ(t

+
0 ) = 0n×nϑ ,

ψ̇(t) = AKψ(t) + hBΦB(t)u(t), ψ
(

t+0

)

= 0n×nB ,

υ̇(t) = AKυ(t) +A0x(t), υ
(

t+0

)

= 0n,

AK =

[

K ∈R
n

I(n−1)×(n−1)

01×(n−1)

]

, (3.2.1)

(ii) normalization procedures

z(t): =
eT1 (x(t)− x̄(t)− υ(t))

1 + ΦT(t)Φ(t)
ΨT(t): =

ΦT(t)

1 + ΦT(t)Φ(t)
,

ΦT(t): =
[

eT1 e
AK(t−t+0 ) eT1 ϕ(t) eT1 ψ(t)

]

,

(3.2.2)

(iii) dynamic extension

∆̇(t) = e−σ(t−t
+

0 )Ψ(t)ΨT(t), ∆
(

t+0

)

= 0(nϑ+nB+n)×(nϑ+nB+n), (3.2.3a)

ẏ(t) = e−σ(t−t
+
0 )Ψ(t)z(t), y

(

t+0

)

= 0(nϑ+nB+n) (3.2.3b)

(iv) and mixing
Y (t): = adj {∆(t)} y(t), Ω(t): = det {∆(t)} , (3.2.3c)

the following regression equation with respect to the parameters xB0
and xϑ0 is obtained :

Υ(t) := LY (t) = Ω (Φ(t)) θ, L =
[

0(nϑ+nB)×n I(nϑ+nB)×(nϑ+nB)

]

, (3.2.4)

where, if Φ(t)∈FE, then ∀t > te it holds that ΩUB(t) > Ω(t) > ΩLB > 0.

Proof of Proposition 2 is postponed to Appendix.

If ω(t) is measurable, then, using equation (3.2.4) and the results of Theorem 1 from [19], the
adaptive law can be derived, which ensures that the goal (3.1.7) is achieved. The following theorem
is to obtain the adaptive law, which ensures (3.1.7) in case ω(t) is unmeasurable.

Theorem 1. Let Assumptions 1–4 be met and Φ(t)∈FE, then the adaptive law

˙̂
θ(t) = −γ(t)Ω(t)

(

Ω(t)θ̂(t)−Υ(t)
)

= −γ(t)Ω2(t)θ̃(t), θ̂
(

t+0

)

= θ̂0,

γ(t) =







0, if Ω(t) < ρ∈ (0; ΩLB] ,

γ0λmax

(

ω̂(t)ω̂T(t)
)

+ γ1

Ω2(t)
otherwise

(3.2.5)

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023
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in case γ0 > 0, γ1 > 0 ensures the following:

1)
∣
∣
∣θ̃i (ta)

∣
∣
∣ 6

∣
∣
∣θ̃i (tb)

∣
∣
∣ ∀ta > tb;

2)







sgn
(

V T
1 (t)x̂B0

(

t+0

))

= sgn
(

V T
1 (t)xB0

)

∣
∣
∣V T

1 (t)x̂B0

(

t+0

)∣
∣
∣ >

∣
∣
∣V T

1 (t)xB0

∣
∣
∣







⇒ F̂ (t) > 0;

3) ∀t > t+0 boundedness of ξ(t)∈L∞;

4) exponential convergence of ξ(t) to zero for all t > te.

Proof of theorem and definitions of V1(t), ω̂(t) are presented in Appendix.

In case the conditions of the second statement of theorem are not met, then a division by zero
may occur in the control law (3.1.4). That is why, considering a practical scenario, the law (3.1.4)
should be augmented with the projection operator:

u(t) =
x̂TB0

(t)ΦT
B(t)h

T
B

F̂prj(t)
e1
(

eT1 (Aref −A0)x(t)− x̂Tϑ0(t)Φ
T
ϑ (t)h

T
ϑx(t) + eT1 Brefr(t)

)

,

F̂prj(t): =







x̂TB0
(t)G(t)x̂B0

(t), if x̂TB0
(t)G(t)x̂B0

(t) > β2min > 0,

β2min otherwise.

(3.2.6)

The proposed transformations F1 (.) and F2 (.) are described by (3.2.1), (3.2.2), and G (.) — by
(3.2.3)–(3.2.5), respectively. In general, the designed adaptive control system includes the control
law (3.1.4), procedures of the measurable signals processing (3.2.1)–(3.2.4) and the adaptive law
(3.2.5). The filtering (3.2.1) allows one, using the measurable signals x(t), u(t), Φϑ(t), ΦB(t), to
obtain the static regression equation with respect to the unknown parameters xB0

, xϑ0 , x0. The
normalization (3.2.2) guarantees that the regressor Ψ(t) is bounded, which, owing to Proposition 1
from [19], is sufficient to state that Ω(t) is upper bounded. The procedures of extension and mixing
(3.2.3) are used to transform the vector regressor Ψ(t), first, into a matrix one ∆(t), and then —
into a scalar one Ω(t). The division by Ω2(t) used in the adaptive law (3.2.5) is a safe operation as
Ω(t) > ΩLB > 0, and in case of proper choice of ρ it allows one to ensure the convergence of θ̃(t) to

zero with the rate defined as γ0λmax

(

ω̂(t)ω̂T(t)
)

+ γ1.

According to the results of theorem, unlike most known approaches [3–15] to control linear sys-
tems with time-varying parameters, the proposed system ensures exponentially stable control (2.6).

Remark 3. The application of the projection operator (3.2.6) is a classical and well-known tool
to avoid singularity in adaptive control schemes (see, for example, [1, p. 400]). In case conditions
from the second statement of theorem are met, the choice βmin → 0 guarantees that there are no
switches in (3.2.6). Otherwise, the choice βmin → 0 ensures that the number of switches is finite.

Remark 4. Over
[

t+0 ; te
]

or when Φ(t) /∈ FE, the loop of adjustment (3.2.5) of the control law

(3.1.4) parameters is open, and in case of arbitrary choice of the initial conditions θ̂
(

t+0

)

the control

quality can be arbitrarily poor up to loss of stability. Therefore, in practice, for the proposed adaptive
system:

i) the choice of the initial conditions θ̂
(

t+0

)

should be made using robust control techniques to

ensure that the following system is asymptotically stable

ẋ(t) =
(

A(t) +B(t)K̂r(t)K̂x(t)
)

x(t) when
˙̂
θ(t) ≡ 0 for all t > t+0 ,
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ii) the control law (3.1.4) should be augmented with some robust term, which guarantees the
boundedness of the error ξ(t) and acceptable control quality.

For example, a) in case sgn (β(t)) and bounds βmin, βmax are known, the following control law
can be applied

u(t) = {(3.1.4) , (3.2.6)} − γ3 sgn (β(t)) eref (t)Pe1ω̂(t)ω̂
T(t), γ3 > 0

(see Lemma 2.2 from [5]), b) if sgn (β(t)) is unknown, but βmin, βmax are known, then the law with
the damping and Nussbaum function [21] can be used:

u(t) = {(3.1.4) , (3.2.6)} − γ3N (w(t)) eTref (t)Pe1ω̂(t)ω̂
T(t), γ3 > 0,

N (w(t)) = w2(t)cos (w(t)) ,

ẇ(t) = γ3γ4e
T
ref (t)Pe1e

T
1 Peref (t)ω̂(t)ω̂

T(t), γ4 > 0.

4. NUMERICAL EXPERIMENTS

In Matlab/Simulink the numerical experiments with the proposed adaptive control system have
been conducted for cases when the conditions of the second statement of theorem are met and
violated. The simulation was done using numerical integration by the explicit Euler method with
a constant discretization step of τs = 10−4 s.

4.1. sgn
(

V T
1 (t)x̂B0

(

t+0

))

= sgn
(

V T
1 (t)xB0

)

and
∣
∣
∣V T

1 (t)x̂B0

(

t+0

)∣
∣
∣ >

∣
∣
∣V T

1 (t)xB0

∣
∣
∣

The matrices of the plant (2.1) were defined as follows for all t > 0 :

A(t) =

[

0 1

a1sin (a2t) a4e
a3t + a5

(
1− ea3t

)

]

,

B(t) =

[

0

b1cos (b2t) + b4e
b3t + b5

]

, x
(

t+0

)

=

[

−1
1

]

,

(4.1.1)

where a2 =1, a3 = b3 = −0.25, b2 =
√
12 are known constants, a1 = −10, a4 = 1, a5 = 7, b1 = 0.25,

b4 = −2, b5 = −4 denotes unknown constants.

Then the matrices and exosystem (2.2) initial conditions took the form:

Aϑ(t) =








0 1 0 0

−a22 0 0 0

0 0 a3 0

0 0 0 0







, xϑ0 =








−a1a2
0

a4 − a5
a5







, hϑ =

[

1 0 0 0
0 0 1 1

]

,

AB(t) =








0 1 0 0

−b22 0 0 0

0 0 0 0

0 0 0 b3







, xB0

=








0
b1
b5
b4







, hB =

[

0 0 0 0
0 1 1 1

]

.

(4.1.2)
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Fig. 1. Behavior of (a) V T
1 (t)x̂B0

(
t+0
)
and V T

1 (t)xB0
, (b) F̂ (t) and F (t).

Fig. 2. Behavior of (a) x(t) and xref (t), (b) u
∗(t) and u(t).

The matrices of the reference model (2.3), filters parameters (3.2.1), (3.2.3) and some parameters
of the adaptive law (3.2.5) were picked as:

Aref =

[

0 1
−8 −4

]

, Bref =

[

0
8

]

, AK =

[

−20 1
−100 0

]

, σ = 5,

ρ = 10−62, βmin = 0.1, βmax = 10, γ0 = 10−8, γ1 = 0,

θ̂0 =
[

0 0 0 0 0 1 −8 1
]T
.

(4.1.3)

First of all, it was checked whether the requirements of the second statement of theorem were

met for such an experiment. Figure 1 depicts comparison of the functions V T
1 (t)x̂B0

(

t+0

)

with

V T
1 (t)xB0

and F̂ (t) with F (t).

The discontinuities in Fig. 1 were caused by the change of the direction of the eigenvector V1(t)
(the elements of the matrix G(t) crossed zero). It follows from Fig. 1a that the chosen initial
conditions (4.1.3) guaranteed that the conditions of the second statement of theorem were met.
Together Figs. 1a and 1b confirm the implication







sgn
(

V T
1 (t)x̂B0

(

t+0

))

= sgn
(

V T
1 (t)xB0

)

∣
∣
∣V T

1 (t)x̂B0

(

t+0

)∣
∣
∣ >

∣
∣
∣V T

1 (t)xB0

∣
∣
∣







⇒ F̂ (t) > 0.

Having validated that F̂ (t) > 0, the modelling was continued. Figure 2a presents comparison
of states of the reference model xref (t) (when x0ref = x0) and the plant x(t), and in Fig. 2b the
ideal u∗(t) and actual u(t) control signals are compared.
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Fig. 3. Behaviour of (a) xϑ0
and x̂ϑ0

(t), (b) xB0
and x̂B0

(t).

Fig. 4. Behavior of (a) K̂x(t) and Kx(t), (b) K̂r(t) and Kr(t).

In Fig. 3a the parameters xϑ0 and x̂ϑ0(t) are compared, while in Fig. 3b — xB0
and x̂B0

(t).

Figure 4 demonstrates the comparison of the parametersKx(t), Kr(t) and their estimates K̂x(t),
K̂r(t) calculated with the help of x̂ϑ0(t), x̂B0

(t).

The simulation results confirm the theoretical conclusions of Theorem 1. Indeed, when γ0> 0,
γ1 > 0 the proposed adaptive system guaranteed that the goal (2.6) was achieved.

The transients shown in Figs. 2–4 confirm the shortcoming of the proposed system noted in
Remark 3. Over the time interval [0; 1] the control system functioned with an open adaptive
loop (3.2.5), which resulted in oscillations of x(t).

4.2. sgn
(

V T
1 (t)x̂B0

(

t+0

))

6= sgn
(

V T
1 (t)xB0

)

The same plant was considered (4.1.1), (4.1.2) and the same parameters (4.1.3) of the reference
model (2.3), filters (3.2.1), (3.2.3), adaptive law (3.2.5) were used, but under more realistic sce-

nario for practice sgn
(

V T
1 (t)x̂B0

(

t+0

))

6= sgn
(

V T
1 (t)xB0

)

. The modified control law (3.2.6) was

chosen and, according to the first set of experiments, we picked γ0 = 10−10, γ1 = 10 and βmin = 1,

ρ = 10−81, θ̂0 =
[

0 −8 −2 −2 0 1 −8 1
]T

.

Figure 5 depicts the comparison of the function V T
1 (t)x̂B0

(

t+0

)

with V T
1 (t)xB0

, and F̂ (t), F̂prj(t)

with F (t).

The discontinuities in Fig. 5 were caused by the change of the direction of the eigenvector V1(t)
(the elements of the matrix G(t) crossed zero). It follows from Fig. 5a that the chosen initial con-

ditions guaranteed that the condition sgn
(

V T
1 (t)x̂B0

(

t+0

))

6= sgn
(

V T
1 (t)xB0

)

was met. Figure 5b

demonstrates the effect of the projection operator (3.2.6) application. Together Figs. 5a and 5b
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Fig. 5. Behavior of (a) Θ̂i
0(t) and Θi

0(t), (b) F̂ (t), F̂prj(t) and F (t).

Fig. 6. Comparison of: (a) x(t) and xref (t), (b) Kx(t) and K̂x(t), (c) Kr(t) and K̂r(t).

confirm the implication

sgn
(

V T
1 (t)x̂B0

(

t+0

))

6= sgn
(

V T
1 (t)xB0

)

⇒ F̂ (t) > 0.

Figure 6 depicts the comparison of the states of the reference model xref(t) (when x0ref = x0)

and the plant x(t), as well as the parameters Kx(t), Kr(t) and their estimates K̂x(t), K̂r(t).

The experimental results confirm the capability of the adjustable control law (3.2.6) to effectively

avoid possible division by zero when sgn
(

V T
1 (t)x̂B0

(

t+0

))

6= sgn
(

V T
1 (t)xB0

)

.

Conducted experiments fully confirmed all theoretical conclusions of Theorem 1, Remarks 3
and 4.

5. CONCLUSION

The results of the first paper of this series were extended to the class of linear systems with
time-varying unknown parameters described by known nonstationary exosystems with unknown
initial conditions.

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023



EXPONENTIALLY STABLE ADAPTIVE CONTROL. III. 1391

For this class of systems, the control system was proposed that solved the problem of tracking
the trajectories of a time-invariant reference model by a time-varying plant. The control signal was
computed using measurable signals and unknown initial conditions of the exosystems that generated
the system parameters. To identify such initial conditions, an adaptive law was proposed that
ensured exponential stability of the tracking error eref (t) if the regressor was finitely exciting. The
solution did not require to know the sign of the high-frequency gain, but requires known bounds of
its absolute value.

The result had a drawback in common with [19, 22], namely it required the condition of the
regressor finite excitation to be met to ensure boundedness of the tracking error. In Remark 4,
some ways of dealing with this problem for single-input systems were given. For systems with
multiple inputs, the problem to ensure tracking error boundedness without knowing the sign of the
control allocation matrix is an open one.

The scope of further research could be to extend the results to (a) output-feedback control
problems for systems with time-varying parameters, (b) control problems when matching conditions
are violated, and (c) systems with multiple inputs.
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APPENDIX

Proof of Proposition 1. The following estimates are defined:

ϑ̂(t) = hϑΦϑ(t)x̂ϑ0(t),

B̂(t) = hBΦB(t)x̂B0
(t),

v(t) = eT1 (Aref −A0) x(t) + eT1Brefr(t).

(A.1)

Considering (A.1), the subtraction u(t)− u∗(t) is written as follows (for the sake of brevity, time
dependencies are omitted for a while):

u− u∗ =
B̂T

F̂
e1
(

v − ϑ̂Tx
)

− BT

F
e1
(

v − ϑTx
)

±B
T

F
e1
(

v − ϑ̂Tx
)

= −B
Te1
F

ϑ̃Tx+

(

B̂Te1

F̂
− BTe1

F

)
(

v − ϑ̂Tx
)

.

(A.2)

The subtraction B̂Te1
F̂

− BTe1
F is transformed into a linear regression with respect to B̃ and F̃ :

B̂Te1

F̂
− BTe1

F
=
B̂Te1F ± B̂Te1F̂ −BTe1F̂

F̂F

=
−B̂Te1

(

F̂ − F
)

+
(

B̂T −BT
)

e1F̂

F̂F

=
−B̂Te1F̃ + B̃Te1F̂

F̂F
=

−B̂Te1

F̂ F
F̃ + B̃T e1

F
.

(A.3)
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The error F̃ is considered separately:

F̃ = B̂TB̂ −BTB +BTB̂ −BTB̂

=
(

B̂T −BT
)

B̂ +BT
(

B̂ −B
)

= B̃TB̂ +BTB̃.
(A.4)

The substitution of (A.4), (A.3) into (A.2) allows one to obtain:

u− u∗ = −B
Te1
F

ϑ̃Tx−
(

B̂Te1

F̂F
B̃TB̂ +

B̂Te1

F̂F
BTB̃ − B̃T e1

F

)
(

v − ϑ̂Tx
)

= −B
Te1
F

xTϑ̃−
(

B̂Te1

F̂F
B̂T +

B̂Te1

F̂F
BT − eT1

F

)
(

v − ϑ̂Tx
)

B̃

= −B
Te1
F

xThϑΦϑx̃ϑ0 −
(

B̂Te1

F̂F
B̂T +

B̂Te1

F̂F
BT − eT1

F

)
(

v − ϑ̂Tx
)

hBΦBx̃B0
= θ̃Tω,

(A.5)

where

θ̃ =
[

x̃Tϑ0 x̃TB0

]T
, ω =












−
(

BTe1
F

xThϑΦϑ

)T

−ΦT
Bh

T
B

[(

B̂Te1

F̂F
B̂T+

B̂Te1

F̂F
BT− eT1

F

)
(

v− ϑ̂Tx
)
]T












,

which completes proof of Proposition 1.

Proof of Proposition 2. The error χ(t) = x(t)− x̄(t) is introduced. Differentiating χ(t) with
respect to time, it is obtained that:

χ̇(t) = ẋ(t)− ˙̄x(t)

= A(t)x(t) +B(t)u(t)−AK x̄(t) +AKx(t)

= AK (x(t)− x̄(t)) +A(t)x(t) +B(t)u(t)

= AKχ(t) +A0x(t) + e1x
T(t)ϑ(t) +B(t)u(t)

= AKχ(t) +A0x(t) + e1x
T(t)hϑΦϑ(t)xϑ0 + hBΦB(t)u(t)xB0

.

(A.6)

The solution of the differential equation (A.6), which is multiplied by eT1 , takes the following
form:

eT1 [χ(t)− υ(t)] = eT1 [x(t)− x̄(t)− υ(t)]

= eT1 e
AK(t−t+0 )x

(

t+0

)

+ eT1 ϕ(t)xϑ0 + eT1 ψ(t)xB0

= eT1 e
AK(t−t+0 )x0 + eT1 ϕ(t)xϑ0 + eT1 ψ(t)xB0

=
[

eT1 e
AK(t−t+0 ) eT1 ϕ(t) eT1 ψ(t)

]






x0
xϑ0
xB0




: = ΦT(t)η.

(A.7)

Having applied to the regression equation (A.7) the procedures of normalization (3.2.2), dy-
namic extension (3.2.3a), (3.2.3b) and mixing (3.2.3c), and using the property adj {∆(t)}∆(t) =
det {∆(t)} I(nϑ+nB+n)×(nϑ+nB+n), the measurable regression equation (3.2.4) is obtained.

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023



EXPONENTIALLY STABLE ADAPTIVE CONTROL. III. 1393

Proof of the fact that for all t > te the inequality ΩUB(t)> Ω(t) > ΩLB > 0 holds if Φ(t)∈FE
has been obtain in Proposition 4 of [23].

Proof of Theorem 1. Proof of the first part of theorem coincides with the one of the first part
of the theorem from [19].

To prove the second part of theorem, the eigenvalue decomposition is applied to the matrix G(t):

∀t > t+0 F (t) = xTB0
V (t)Λ(t)V T(t)xB0

= xTB0
V1(t)Λ1(t)V

T
1 (t)xB0

= ΘT(t)Λ1(t)Θ(t),

V (t) =
[

V1(t) V2(t)
]

, Λ(t) =

[

Λ1(t) 0rG(t)×r̄G(t)

0r̄G(t)×rG(t) 0r̄G(t)

]

,

Λ1(t) = diag
{

λ1(t), λ2(t), . . . , λrG(t)(t)
}

, λmin (Λ1(t)) > 0,

where V1(t)∈R
nB×rG(t), V2(t)∈R

nB×r̄G(t), Λ(t)∈R
nB×nB , rG(t) = rank {G(t)}, r̄G(t) = nB−rG(t).

Using the above-introduced decomposition, the lower bound of F̂ (t) is written:

∀t > t+0 F̂ (t) = B̂T(t)B̂(t) = x̂TB0
(t)V1(t)Λ1(t)V

T
1 (t)x̂B0

(t)

= Θ̂T(t)Λ1(t)Θ̂(t) > λmin (Λ1(t))
∥
∥
∥Θ̂(t)

∥
∥
∥

2
> 0.

(A.8)

Based on (A.8), it is necessary and sufficient to satisfy the following inequality to ensure that
F̂ (t) > 0

∀t > t+0

∥
∥
∥Θ̂(t)

∥
∥
∥

2
=

rG(t)∑

i=1

(

Θ̂i(t)
)2

6= 0,

m

∀i∈ 1, rG(t)
∣
∣
∣Θ̂i(t)

∣
∣
∣ 6= 0,

(A.9)

where Θ̂i(t) denotes the ith element of the vector Θ̂(t)∈R
rG(t).

The next aim is to obtain the functional definition of the estimate Θ̂i(t) for all t > t+0 . For this
the differential equation (3.2.5) is solved

∀t > t+0 x̃B0
(t) = φ

(

t, t+0

)

x̃B0

(

t+0

)

, (A.10)

then equation (A.10) is multiplied by V T
1 (t) and Θ(t) is added to both left- and right-hand sides

of the obtained multiplication:

V T
1 x̃B0

(t) + Θ(t) = Θ̂(t) = φ
(

t, t+0

)

V T
1 (t)x̃B0

(

t+0

)

+Θ(t),

m

Θ̂i(t) = φ
(

t, t+0

)

Θ̃0
i (t) + Θi(t),

(A.11)

where φ
(

t, t+0

)

= e

−βmax

t∫

t
+

0

{
0, if t<te,

γ0λmax(ω̂(τ)ω̂T(τ))+γ1 otherwise
dτ

, Θ̃0
i (t) = Θ̂0

i (t)−Θi(t), Θ̂
0
i (t) is the i

th

element of the vector V T
1 x̂B0

(

t+0

)

.
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Then (A.9) is met, if it holds that

Θ̂i(t) = φ
(

t, t+0

)

Θ̃0
i (t) + Θi(t) 6= 0 ⇒ φ

(

t, t+0

)

Θ̃0
i (t) 6= −Θi(t)

⇒ sgn
(

φ
(

t, t+0

))

︸ ︷︷ ︸

=1

6= sgn

(

−Θi(t)

Θ̃0
i (t)

)

= sgn

(

−Θi(t)

Θ̂0
i (t)−Θi(t)

)

⇒ sgn
(

Θ̂0
i (t)−Θi(t)

)

6= −sgn (Θi(t))

⇒







sgn
(

Θ̂0
i (t)

)

= sgn (Θi(t))
∣
∣
∣Θ̂0

i (t)
∣
∣
∣ > |Θi(t)|







⇒







sgn
(

V T
1 (t)x̂B0

(

t+0

))

= sgn
(

V T
1 (t)xB0

)

∣
∣
∣V T

1 (t)x̂B0

(

t+0

)∣
∣
∣ >

∣
∣
∣V T

1 (t)xB0

∣
∣
∣







,

(A.12)

which completes proof of the second part of theorem.

The next step is to prove the third part of theorem. According to the Kalman–Yakubovich–
Popov lemma, for the pair (Aref , In×n) and any constant matrix D > 0 one can find matrices
Q∈R

n×n, K ∈R
n×n and a constant µ > 0 such that there exists a solution of the following set of

equations

AT
refP + PAref = −QQT − µP, PIn×n = QK,

KTK = D +DT,
(A.13)

or a solution of the following Riccati equation, which is an equivalent of the above-given set of
equations in a particular case D = 0.5k2In×n, K = k2In×n, k = 1:

AT
refP + PAref + PPT + µP = 0. (A.14)

The following quadratic form is introduced to analyze the stability:

V = ξTHξ = γ0e
T
refPeref +

β2max

2
θ̃Tθ̃,

H = blockdiag

{

γ0P,
β2max

2
I(nϑ+nB)×(nϑ+nB)

}

,

λmin (H)
︸ ︷︷ ︸

λm

‖ξ‖2 6 V (‖ξ‖) 6 λmax (H)
︸ ︷︷ ︸

λM

‖ξ‖2,

(A.15)

where the matrix P is a solution of the set (A.13) when K = k2In×n, D = 0.5k2In×n, k = 1 or
equivalent Riccati equation (A.14).

Owing to equations (3.1.6) and (3.2.5), the derivative of the quadratic form (A.15) is written as

V̇ = γ0
[

eTref

(

AT
refP + PAref

)

eref + 2θ̃TωeTrefPB
]

− β2maxθ̃
TγΩ2θ̃

= γ0
[

−µeTrefPeref −eTrefQQTeref +2θ̃TωeTrefPIn×nB
]

−β2maxθ̃
TγΩ2θ̃

= γ0
[

−µeTrefPeref − eTrefQQ
Teref + 2θ̃TωBTQTeref

]

− β2maxθ̃
TγΩ2θ̃.

(A.16)
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Completing the square in (A.16), it is obtained:

V̇ = γ0
[

− µeTrefPeref − eTrefQQ
Teref + 2eTrefQBω

Tθ̃ ± 2θ̃TωBTBωTθ̃
]

− β2maxθ̃
TγΩ2θ̃

= γ0

[

−µeTrefPeref −
(

eTrefQ−BωTθ̃
)2

+ θ̃TωBTBωTθ̃

]

− β2maxθ̃
TγΩ2θ̃

6 γ0
[

−µeTrefPeref + θ̃TωFωTθ̃
]

− β2maxθ̃
TγΩ2θ̃.

(A.17)

Two situations need to be considered: t < te and t > te. As for the first one, according to

proposition 1, in the most conservative case it holds that Ω(t) = 0 and
∥
∥
∥θ̃(t)

∥
∥
∥ =

∥
∥
∥θ̃
(

t+0

)∥
∥
∥.

Then for all t < te equation (A.17) is rewritten as

V̇ 6 −µγ0eTrefPeref + γ0θ̃
T
(

t+0

)

ωFωTθ̃
(

t+0

)

± β2maxθ̃
Tθ̃

6 −µγ0eTrefPeref − β2maxθ̃
Tθ̃ + γ0θ̃

T
(

t+0

)

ωFωTθ̃
(

t+0

)

+ β2maxθ̃
T
(

t+0

)

θ̃
(

t+0

)

.
(A.18)

The notion of the maximum eigenvalue of the matrix ω(t)BT(t)B(t)ωT(t) over the time range
[0; te) is introduced:

δ = sup max
∀t<te

λmax

(

ω(t)F (t)ωT(t)
)

. (A.19)

The function F (t) is bounded according to Assumption 2, the rate of the regressor ω(t) change
is no grater than exponential when Assumption 1 is met, therefore, it holds that δ ∈L∞.

Considering (A.19), equation (A.18) is rewritten as follows for t < te

V̇ 6 −µγ0λmin (P ) ‖eref‖2 − β2max

∥
∥
∥θ̃
∥
∥
∥

2
+
(

γ0δ + β2max

) ∥
∥
∥θ̃
(

t+0

)∥
∥
∥

2
6 −η1V + rB, (A.20)

where η1 = min
{
µλmin(P )
λmax(P ) ; 2

}

, rB =
(
γ0δ + β2max

)
∥
∥
∥θ̃
(

t+0

)∥
∥
∥

2
.

Having solved the differential equation (A.20), we have:

∀t < te: V (t) 6 e−η1(t−t
+
0 )V

(

t+0

)

+
rB
η1
. (A.21)

Taking into consideration λm‖ξ(t)‖2 6 V (t) and V
(

t+0

)

6 λM
∥
∥
∥ξ
(

t+0

)∥
∥
∥

2
, the following upper

bound of the augmented tracking error is obtained for all t < te from (A.21):

‖ξ(t)‖ 6

√

λM
λm

e−η1(t−t
+

0 )
∥
∥
∥ξ
(

t+0

)∥
∥
∥

2
+

rB
λmη1

6

√

λM
λm

∥
∥
∥ξ
(

t+0

)∥
∥
∥

2
+

rB
λmη1

, (A.22)

from which it follows that ξ(t) is bounded for all t < te.

As for the second situation, considering the definition of the adaptive gain γ and the fact that,
owing to Proposition 1, for all t > te the inequality 0 < ΩLB 6 Ω(t) 6 ΩUB holds, it is obtained
from (A.18) for t > te that:

V̇ 6 −µγ0eTrefPeref + γ0θ̃
TωFωTθ̃ − β2maxθ̃

T

(

γ0λmax

(

ω̂ω̂T
)

+ γ1
)

Ω2

Ω2
θ̃

= −µγ0eTrefPeref + γ0θ̃
TωFωTθ̃ − β2maxθ̃

T
[

γ0λmax

(

ω̂ω̂T
)

+ γ1
]

θ̃.

(A.23)
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The regressor ω̂(t) is defined as follows:

ω̂(t) =










−
(
βmax

β2
min

xThϑΦϑ

)T

−ΦT
Bh

T
B

[(

B̂Te1

β2
minF̂ e

T
1 e1

B̂T +
B̂Te1

β2
minF̂ e

T
1 e1

βmaxe
T
1 − eT1

β2
mine

T
1 e1

)
(

v − ϑ̂Tx
)
]T










.

It also holds for any ω(t) that

γ0θ̃
TωFωTθ̃ − θ̃Tγ0β

2
maxλmax

(

ω̂ω̂T
)

θ̃

= θ̃T
(

γ0ωFω
T − γ0β

2
maxλmax

(

ω̂ω̂T
)

I(nϑ+nB)×(nϑ+nB)

)

︸ ︷︷ ︸

6−κI(nϑ+nB)×(nϑ+nB)

θ̃ 6 0, (A.24)

so equation(A.23) is rewritten as

V̇ 6 −γ0µeTrefPeref − θ̃T
(

κ+ β2maxγ1
)

θ̃

6 −µγ0λmin (P ) ‖eref‖2 −
(

κ+ β2maxγ1
) ∥
∥
∥θ̃
∥
∥
∥

2
6 −η2V,

(A.25)

where η2 = min
{
µλmin(P )
λmax(P ) ; 2

(
κ

β2
max

+ γ1
)}

.

Having solved the inequality (A.25), it is obtained that V (t) 6 e−η2(t−te)V (te) for t > te.

Taking into account λm‖ξ(t)‖2 6 V (t), V (te) 6 λM‖ξ (te)‖2 and equation (A.22), the upper
bound of the augmented tracking error is obtained for t > te:

‖ξ(t)‖ 6

√

λM
λm

e−η2(t−te)‖ξ (te)‖2 6
√

λM
λm

(
λM
λm

∥
∥
∥ξ
(

t+0

)∥
∥
∥

2
+

rB
λmη1

)

, (A.26)

from which together with (A.22) it follows that ξ(t)∈L∞, as well as exponential convergence of
the error ξ(t) to zero for all t > te with the rate, which is directly proportional to the parame-
ters γ0, γ1, Q.E.D.
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