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Abstract—This paper extends the method originally proposed in [1] to systems with an arbitrary
number of inputs and outputs. The method ensures that these signals will be in given domains.
Two sequential changes of coordinates are introduced to solve the problem. The first change
reduces the plant’s output to a new variable of a dimension not exceeding that of the control
vector (input). The second change allows passing from the control problem with constraints to
the one without them. The effectiveness of this method is illustrated for two problems. The first
problem is designing a state-feedback controller for linear systems with constraints imposed on
the input and state variables. The second problem is designing an output-feedback controller
for linear systems with constraints imposed on the output and input. In both problems, the
stability of the closed loop system is verified in terms of linear matrix inequalities. The results
are accompanied by simulation examples to show the effectiveness of the proposed method.
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1. INTRODUCTION

In [1, 2], control methods ensuring that the plant’s output will be in a given domain were
surveyed. Also, the papers [1, 2] proposed a new solution of this problem: a special change of
coordinates was applied to pass from the control problem with constraints to the one without
them.

However, the solution [1, 2] and most of the literature described in [1, 2] are limited to plants
with the following features:

1) The dimension of the control signal (input) is not smaller than that of the controlled signal
(output).

2) No constraints are imposed on the input.

Regarding the first limitation, there are many applications where the control signal has a smaller
dimension than the controlled signal. For example, we mention control of partially driven systems:
walking robots, numerically controlled machines, aircraft and watercraft, some pendulum systems,
etc. Many methods were developed to solve such problems, in particular [3—6], but they provide a
given control performance level in the steady-state mode only, not at any time.

Regarding the second limitation, the following question arises naturally: what magnitude is
needed for the input to ensure that the output will be in a given domain at any time?

In this paper, we extend the approach [1, 2] to solve three problems as follows:

1) design a controller for plants in which the input has a smaller dimension than the output;
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398 FURTAT et al.

2) ensure that the output and input will be in a given domain at any time;

3) use linear matrix inequalities (LMIs) to analyze the stability of the closed loop system and
design the controller’s parameters.

This paper is organized as follows. Section 2 poses a general control problem with ensuring
that the input and output will be in a given domain at any time. In Section 3, two changes
of coordinates are proposed. The first change reduces the plant’s output to a new variable of a
dimension not exceeding that of the input. The second change allows passing from the control
problem with constraints to the one without them. In Section 4, we apply the result of Section 3 to
design a state-feedback controller for linear systems with constraints imposed on the input and state
variables. In Section 5, we design an output-feedback controller for linear systems with constraints
imposed on the output and input. The results are accompanied by simulation examples to show
the effectiveness of the proposed method.

This paper involves the following notations and definitions: R™ is the Fuclidean n-dimensional
space with the norm |- |; R™ ™ is the set of all real matrices of dimensions n x m; P >0 is a
symmetric positive definite matrix; Apyin(P) is the smallest eigenvalue of a matrix P > 0; p = d/dt;
finally, % is a symmetric block in a symmetric matrix.

Definition 1 [3, 7]. A continuous function « : [0,a) — [0; 00) belongs to the class K if it is strictly
increasing and a(0) = 0.

2. PROBLEM STATEMENT

We consider the dynamic system

i‘ = F(x7 u7 t)’ (1)
y = H(:'U’ u’ t)’
where t >0 and z € R", u e Y CR™, and y = col{y1,...,yi} €Y C R! denote the state vector,
control signal (input) and controlled signal (output), respectively. The functions F' and H are
defined for all x, u, and ¢; F' is supposed to be piecewise continuous and bounded in ¢, whereas H
is supposed to be continuously differentiable with respect to all arguments and bounded in . Let
the plant (1) be controllable and observable for any = € R".
In contrast to [1], this paper does not impose the constraint dim u > dimy: the signals u and y
have arbitrary dimensions. This constraint is eliminated by the change of coordinates

f = G(yauat)a (2)

where the dimension of ¢ does not exceed that of the input, i.e., £ = col{&1,..., &}, v < m, and
the function G is continuously differentiable with respect to all arguments and bounded in ¢.

Remark 1. In fact, we can choose a more general class of functions than the class of continuously
differentiable functions G. For this purpose, we recall the following definition with some comments
below.

Definition 2 [8]. A function v — G(y,u,t) is said to be differentiable at a point v € R™ in a
direction v € R™ if there exists the finite limit

G(ya U+ ov, t) — G(ya u, t)

/ ) = i .
Gy (y,u, t;v) Jim ”

If a function u — G(y,u,t) is differentiable at a point w in any direction v € R™, it is said to
be differentiable in the directions at this point and the function v — G (y,u,t;v) is called the
derivative of u — G(y,u,t) in the directions.
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Let the function G(y,u,t) have the local Lipschitz property, be continuously differentiable with
respect to y and ¢, and be differentiable in the directions at u. Then, for any absolutely continuous
functions y(¢) and u(t), the function G(y(t),u(t),t) is absolutely continuous as well. Furthermore,
by the differentiation rule of a complex function in a direction (see [8]), we have

G0 ule).0) = S0+ G ale) ule) 000 + 5

for almost all ¢t > 0. Here, G/, (y(t),u(t),t;u(t)) is the derivative of the function v — G(y(t), u,t)
at a point u(t) in the direction ().

Thus, whenever the function G is not differentiable with respect to u but is differentiable
in the directions at u, the value Mu(t) in all considerations below can be replaced by

G (u(t), ult). ti(t)). "

The problem is to design a controller ensuring the condition

g,(t) <&(t) <g;(t), i=1,...,v (3)

for all t. The function G and the continuously differentiable functions g.(¢) and g;(t) are chosen
to satisfy the constraints u € U and y € Y. Therefore, the constraints (3) together with the trans-
formation (2) must include the input and output constraints for the plant (1). By choosing the
functions g, (t) and g;(t), we can also specify different configurations of the domain for the transients
in &(t).

To summarize: in this paper, we design a controller law ensuring condition (3). On the other
hand, the definition of the variable ¢ determines the behavior of the signals y and w. In Sections 4
and 5, the function G is specified as a quadratic form; in combination with (3), this definition
requires the variables y and v to be in some domain whose projections on the coordinate planes
are rings with variable radii depending on g (t) and g,(t). (See the details below.) In Remarks 5
and 7, we give examples of alternative changes (2), which lead to other shapes of the domains for
y and u.

3. THE SOLUTION METHOD

Following [1], we introduce the change of variable

§(t) = ®(e(t), 1), (4)
where £(t) € RY is a continuously differentiable function and ®(g,t) = col{®1(e,t),...,P,(e,t)}
satisfies several conditions:

(a) g,(t) < ®i(e,t) <gi(t), i=1,...,v for any t > 0 and any € € R".

(b) There exists an inverse mapping ¢ = ® (£, ¢) for any ¢ from (3) and any ¢ > 0.

(c) The function ®(e,t) is continuously differentiable with respect to € and ¢, and
det (%) = 0 for any € € RY and any ¢ > 0.

0®(g,t)

@ |
by the control designer.

Information on the dynamics of £(¢) is necessary to construct the controller. We find the total

time derivatives of y(t) and £(t) along the trajectories of (1), (2), (4) and equate the results for (2)

<7 > 0 for any € € R” and any ¢ > 0. The value « is known since (4) is specified

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 4 2023
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and (4):
_a_HF+a_H _|_6_H
V= o ou ' o -
00(e.t),  DV(et) G, 9G.  IG
e ot oyl T e ot

Considering condition (c), we express ¢ from (5) as

_ (0%(e,)\ "' [0G OH 0GOH 9G 0GOH 9G  9d(e,t)
-(57) G )i )

pR oy ox " "\ 3,00 T au ) Frie (6)

wor T ot

Remark 2. If the state vector x is unmeasurable, the controller can be designed using the ex-
pression

C(0B(e, )\ [OG . 9G .  9G  0B(e,t)
Fa) | |

9% = (7)

! T e T o

instead of (6). It follows from the second expression in (5).

Formulas (6) and (7) are employed for controller design in the forthcoming sections. Now we
provide the main result of this section.

Theorem 1. Let the transformation (4) satisfy conditions (a)-(d) and g .(0) < &(0) < g;(0),
i=1,...,v. Assume also that there exist a stabilizing controller u = u(t,y,e) for system (6) or (7),
with piecewise continuity in t and the local Lipschitz property in y and e, and a Lyapunov func-
tion V (t,e) such that

ar(lel) S V(¢ e) < az(le]),

oV 8V(8<I>(5t)>_1[8G, 0G . 9G _9D(e,t)] _ (8)

V=2 "o "% < —as(fe]),

VT o t

where aq, ag, and as are functions from the class K. Then condition (3) holds.

Due to conditions (8), the function £(¢) is bounded in the limit. Then condition (a) implies
condition (3).

Remark 3. Theorem 1 remains valid under weaker differentiability assumptions [9] for the func-
tion G, namely, its local Lipschitz property in all variables, continuous differentiability in y and t,
and differentiability in the directions at u. In this case, the second term on the right-hand side of
the second equality in (5) is replaced by G, (y,u,t;v); see Definition 2. Hence, equalities (5)—(7)
hold for almost all t. As a result, g—fu in formulas (6) and (7) is replaced by the corresponding
derivative in the directions, and all the considerations apply to almost all t. Therefore, in the proofs
of Theorems 2 and 3 below, the corresponding (in)equalities for derivatives hold for almost all t.

Some particular changes (4) of coordinates were proposed in [1]. They differ and are not con-
nected with each other. Here, we present a new change of coordinates to interconnect the trans-
formations from [1] and obtain a series of new changes.

Ezample 1. In (4), let

D(e,t) =

where € € R and T'(¢) is a strictly monotonic function such that —1 < T'(e) < 1 for any e.
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CONTROL OF DYNAMIC SYSTEMS 401

Compared to [1], the change (9) is advantageous: it allows separating the functions g(t), g(t),
and T'(¢). The functions g(t) and g(t) define the desired domain for the controlled variable and
are specified by the control designer. The function T'(¢) defines the change of coordinates. For

example, T'(¢) can be chosen as

9 e —
= T€ =
1+ e (€)

T(e) L tanh(0.5¢), T(e) = %arctan(s),

e +1
In what follows, we apply the proposed approach to the same models as in [1]. The results can

be extended to the case of unknown model parameters by analogy with [2].

4. STATE-FEEDBACK CONTROLLER UNDER STATE AND INPUT CONSTRAINTS
We consider the plant

& = Az + Bu+ Df, (10)

where € X CR", u € U C R, f € R, and |f(t)| < f for all . The matrices 4, B, and D are
known and have compatible dimensions. Let the pair (A4, B) be controllable. In this case, y = z.
Assume that the sets X' and U/ have the form

X={eeR": J"Pr <1}, U={ucR: pfu/<1}, (11)

where P, > 0 and p, > 0 are specified by the control designer.
To compare the constraints imposed on x and u, we introduce the changes of variables & =
Amin(Py )z and @ = pyu. They will serve for reducing proportionally zT Pz < 1 to a new ellipsoid
with unit semi-major axis and p,|u| < 1 to a new segment of length 2. With these changes, we
transform Eq. (10) and the sets X and U to

i = Ai + Bu+ Df,

- ~ 1 B B N ) ) (12)
D, V )\min P;v r-
where B = #B and D = /Amin{ P} D.
Let the new control signal (input) @ be the sum
U = U] + Us, (13)

where 4, is intended to stabilize (12) and @2 to ensure the existing constraints on Z and .

According to Young’s inequality, 2a™b < pata+ p~1bTb for any a,b € R™ and p > 0. Therefore,
we study the following upper bound: @2 = @ + 20y ts + 43 < (1 +7)a? + (1 +r~1)a3, r > 0. Since
y = x in (10), for (2) we define the variable

1

- - AT ~ ~92 1 _ 9
= By e (a4l +9)%, (14)

£

where 0 > 0 is specified by the control designer. This value is needed to implement the control
law @y considering |tg| + d # 0. Denoting P; = mp’m pr =147 and p3 = 1+ 771, we
write (14) as

£ = VP& + poiis + p3(|tig] + 6)2. (15)
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Because ¢ is a scalar value, inequality (3) can be represented as

g(t) < &(t) <g(t). (16)

In view of
U P+ @* < B PLUE 4 pailf + pstis < & PLE A+ potig + ps(|diz] + 6)7,

choosing g(t) < 1 satisfies the constraints (12) in (16).

It is required to design a controller ensuring (16). Then the state variables and input will lie in
the domains X and U with the additional condition (16).

Note that applying the method [1] to the plant (10) yields only one component of the vector x
in the given domain without input constraints.

Now we provide the main result of Section 4.

Theorem 2. Let the transformation (2) satisfy conditions (a)—(d), % >0 for any € and

any t, and g(0) < £(0) < g(0). Assume also that for given 6 >0, >0, P, >0, po >0, p3 >0,
B>0,c>0, and K € R there exist H >0, a >0, and; > 0,1 =1,...,6, satisfying the linear
inequalities

—a+057 050~ 'DTD -05 )
* —T2 0 < 0, v = :]:f,
* * —173 (17)

72 2
CT1 2.}0 7—2+’Y 73,

ATH+ HA+BH HB HD

* -y 0 | <0,
* * —T5
H p Pla
K'K < 16H, (18)
inf{g(t)} , _ inf{g(t)} =
= Z T4+ 775,
)\min{Pl}B b f 0

mf(gn) _ 1
)\min{Pl} 6= 1+T

Then the controller

1
u
ﬂl = Kj’ (19)
1 D A — ~ —
Ny — = 2~TP A% 2~TP Bia ~TP2~
“ 2p3(|ﬂ2|+5)8gn(u2) {as—i— T PLAZ 423" Py Bug + psgn(e)Z 137}

ensures (16), where A = A + BK and P, = P, + poKTK.

Remark 4. For the resolvability of (18), the value K should be chosen based on the Hurwitz
property of the matrix A.

Proof. Note that in this paper, the solutions of equations with discontinuous right-hand sides are
considered in the Filippov sense. Therefore, in the proofs of Theorems 2 and 3, the corresponding
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(in)equalities for the derivatives hold for almost all t. In view of (13) and (19), we transform (12)
and (15) to

i = A% + Bus + Df,

T - _ (20)
¢ =" P17 + p3(|io| + 0)2
Due to (20), the expression (6) can be written as
OB (e, 1)\ * _ _ _ . OD(e,t
= <%) {2@TP1A:E+2:ETP13@ + 28T PyD f + 2p3(|iia| + 6)sgn (diz)tz — éi )] (21)
3

To analyze the stability of the solutions of (21), we consider the Lyapunov function

Vi = 0.5¢2. (22)

Calculating the total time-derivative of (22) along the trajectories of (21) gives

Using Young’s inequality for
2e8TPIDf < ple|T PEi + p~te| DT D f?

28T P A% + 22 Py Bitg + 28T PLD f + 2p3(|iia| + 0)sgn (i )tip — a@;, t)} . (23)

and considering the third expression in (19), we estimate (23) as

(8@6(?15))1 <_a52+u1|6|f?Tf?f2—€%)' (24)

Vi

N

OB (e,t)

. — 2
For Vi > ¢, let us require Vi < 0 under the constraints f? < f? and (%) <72 (see the
problem statement and condition (d)). Since =5~ > 0 does not affect the sign of (24), these

conditions can be written as

R 0D (e,t 0P(e,t
—ae? + ptesgn(e)DTDf? — ¢ gz’ ) <0V (s, f, ;’ )> :
2 (25)
05 > ¢, fP<f? (M) <Y
ot
Denoting z = col {6, I M’éi’t) }, we represent (25) in the matrix form:
—a 0.5 sgn(e)fDTD —0.5
2T % 0 0 [2<0,
0
* * (26)
—-05 0 0 000 ) 000
P 0 0] z< —c, zT*lozng, ZT*OOZ<’y2
* * 0 * x 0 ¥ x 1
According to the S-procedure [10-12], inequalities (26) hold if
—a+0.57 0.5sgn(e)p'DTD —0.5
ES —T2 0 é O,
(27)
* * —173

cT1 2 szz + ’Y273-
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Because sgn(e)f € [—f, f], we have a polytopic uncertainty in (27) with the two polytope vertices
v=—f and v = f. If there exist solutions o and 7;, i = 1,2,3, of the first LMI in (17) at the
vertices v = —f and v = f, then the first LMI in (27) is solvable; for details, see [13, 14]. Hence,
system (21) is stable by the input state. Due to the change (4) of coordinates and property (a),
the variable ¢ in (20) is bounded. As a result, the signals Z, x, and @ are bounded as well. The
third expression in (19) implies the boundedness of .

Let us establish additional conditions imposing constraints on u; in (19). We consider the
Lyapunov function

Vo =i Hz (28)

and require V <0 and H > P, for Vo > )i\nf'{g{%)l]} provided that @3 < inf;# and f? < f2. (The

inequality H > P; means that the ellipsoid #* HZ = inf{g(t)} is contained in the ellipsoid ZT P, =
inf{g(t)}.) In other words, the controller #; ensures that the state trajectories will be in a smaller
domain compared to (16). These conditions can be written as

Vo =iV (AYH + HA)Z + 28" HBiiy + 28" HDf < 0 Y(Z, 1y, f)
inf{g(t)}  , _ inf{g(t)} (29)

ANzE 2 _ 2
T Hi > = U5 < ; < g
)\min{Pl} 2 P3 f f
Denoting s = col{z, s, f}, we transform (29) to
ATH+HA HB HD
st * 0 0 | s<0,
* * 0
H 00 e
fg(t
5T s 0 0] s> —nta® (30)
x % 0 )\min{Pl}
0 0 . e 00 O
T 10 <1nf{9(t)}’ Tleo 0ls<F
* 0 b3 * % —1

In view of @? <1 from (12) and @2 < (1+7)af + (1 +r~1)a3 from Young’s inequality, we re-
quire (1+7)a? + (1 +7r"Ha2 < 1. Hence, @2 < ﬁ Based on the S-procedure [13] and the
second expression in (19), inequalities (30) and T KTKZ < 141r_r will hold simultaneously under

#TH7 < % if conditions (18) are true. The proof of Theorem 2 is complete.

Remark 5. This paper considers quadratic state constraints. Similar constraints were also stud-
ied in [15]. If the constraints are specified as a parallelepiped, we can introduce new constraints in
the form of an ellipsoid inscribed into this parallelepiped and solve the problem with them; such
an approach was described, e.g., in [16, 17].

On the other hand, it is not necessary to consider the quadratic variable £. For example, if the
constraints are a priori given by the quadratic form (11), we can also use the quadratic change (15)
or, alternatively, £ = ZT P1# + (|i| + 0)2. If all constraints are some intervals for the state vector co-
ordinates and input, we can adopt the changes & = |Z| + |ty | + |t2| or & = Y ity p1i|@i| + |G| + [Tz,
p1; >0,7=1,...,n,..., relaxing the assumptions about the differentiability of the function G with
respect to x and u; see Remarks 3 and [9]. Obviously, each change will yield other controllers and
other conditions of their workability, differing from those proposed in this paper.
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(a) (b)
1.0F LOF
0.5F 05F
S 0r S 0r
—0.5+ 0.5
-1.0r -1.0F

1 1 1 1 1 1 1 1 1 1
-1.0 -0.5 0 0.5 1.0 -1.0 -0.5 0 0.5 1.0
X1 Ui

Fig. 1. Phase trajectories in the closed loop system: (a) (x1,x2) and (b) (u1,us).

1.0

0.8

0.6
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0.4

02

0 20 40 60 80 100
t

Fig. 2. Transient for £(¢) in the closed loop system.

Ezample 2. We consider the instable plant (10) with the following parameters:

ol el ol

—0.4
z(0) = l 04 1 . f(t) =0.01[sgn(sin(1.7t)) + sin(0.3t) + sat{d(¢)}],

(31)

where sat{-} is the saturation function and d(t) is a band-limited white noise. This noise is generated
in Matlab Simulink using the Band-Limited White Noise block with noise power 0.3 and sampling
time 0.2. Under these parameters, f = 0.03.

10
In (11), let P, = 0.81 L) 1] and p, = 1.
We choose § = 0.01 in (15), K = [-2 — 4] and = 0.01in (19), T(e) = &=, 7 = 0.89¢ 11 0.1,
and g = 0.01 in (16), and r = 0.01 in (14). We calculate P; = I, pp = 1.01, p3 = 101, and v =

3§2—7Q = 1.475. For ¢ =1 and § = 0.1, inequalities (17) and (18) have solutions, e.g., if a = 37.9.
Figure 1 shows the phase portraits for (z1,22) and (uy,ug), whereas Fig. 2 presents the transient
for £(t). The large ellipses in Fig. 1 correspond to the expressions ' P,z = §(0) and (1 +7)p,u? +

(1 +7r"YHp,u3 = 5(0) and the small ellipses to 2T P,z = inf{g(¢) and (1 + r)p,u? + (1 +r"Hp,ul =

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 4 2023



406 FURTAT et al.

inf{g(t)}. According to Fig. 1, the phase trajectories evolve from the large ellipse, reach the small
ellipse after about 25 s (see Fig. 2), and stay inside it.

5. OUTPUT-FEEDBACK CONTROLLER
We consider the plant

&= Ax+ Bu+ Df,

32
y= Lz, (32)

wherer € R", u € U CR,y € Y CR, f € R, and |f(t)| < f for all t. The matrices A, B, D, and L
have compatible dimensions. Let the pair (A, B) be controllable and the pair (L, A) be observable.
Assume that the plant (32) is strictly minimum-phase [3] and the domains ) and U have the form

Y={yeR: plyl <1}, U={ueR: pful <1}, (33)

where p, > 0 and p, > 0 are specified by the control designer.

To compare the constraints imposed on y and u, we introduce the changes of variables § = p,y
and @ = pyu. They will serve for reducing the constraints (33) to segments of the same length.
With these changes, we transform the domains ) and U to

V={jeR: g <1}, U={aeR: |a <1}. (34)
Let @ be the sum (13) and ¢ in (2) be
=7+ patit + ps([iia| +0), (35)

where §, p2, and p3 have been determined in Section 4. With g(¢) < 1, (35) also includes the
constraints (33). It is required to design a controller ensuring condition (16) considering (35).

Applying the method [1] to the plant (32) ensures that only the output will be in the given
domain. In contrast to [1], with the method proposed above, the output and input will both be in
the given domain.

We transform (32) to

Qp)y(t) = R(p)u(t) + (t). (36)

Here,

Q(p) = det(pI — A), R(p) = ZL(pT — A)*B,

u

(pI — A)* is the adjoint matrix, and
o(t) = pyL(pI — A)*[z(0) + Df(t) + Bu(0) + Bf(0)].

In the sequel, for the sake of simplicity, the input-output representations (transfer functions) will
be used simultaneously with the state-space representations; for example, see [3, 18, 19] and the
references therein.

Now we provide the main result of Section 5.

Theorem 3. Let the transformation (2) satisfy conditions (a)—(d), % >0 for any € and

any t, and g(0) < £(0) < g(0). Assume also that for given 6 >0, >0, p1 >0, po >0, p3 >0,
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6>0,¢c>0, and k € R, there exist H >0, a >0, and 7, >0, i =1,...,6, satisfying the linear
inequalities

—a+0.57 05vp~t —0.5

* —T 0 | <0, v=4f,
* * —73 (37)
CT1 2 (2327—2 + 727—?”
_ _ 1
ATH+QA+pBH —HB HD
—T4 O X Y
* * —T5
H 2 pzﬁlLTL7 38
LTKTKL < 4H, (38)
inf{qg(t inf{g(t N
mt(o(1) ;  nfo®) L o
b1 b3
1nf{?(t)}T6 < 1 .
D1 147
Then the controller
1
u = —(u1 + u),
Pu( ! 2)
uy = ky, (39)
. 1 - __pR(p) - ) ~2
= — o= oo8n(ue) |ag + 2p1y—=——-uz + ppisgn(e)y”|
2o lia] + ) 5 2) Qlp) " T HPene)

ensures (16), where A = A + pk—uBL and p1 = 1+ k?ps.

Remark 6. For the resolvability of (38), the value k should be chosen based on the Hurwitz
property of the matrix A.

Proof. Due to @; in (39), the expressions (35) and (36) can be written as
Q(p)i(t) = R(p)iz(t) + (1),

40
&=y + pa(laz| +6)°. o
Here, Q(p) = Q(p) — kR(p). Substituting (36) into (6) yields
-1
g€= <8¢(§i’t)> [2]71@}1—;29)) o + 2p1G0(t) + 2p3 (|G| + 6)sgn(g) i — aq)(g?t)} ;o (41)

where ¢(t) = %qﬁ(t) is a bounded function. Let us denote ¢ = sup{a(t)}.

To analyze the stability of (41), we consider the Lyapunov function (22). Calculating the
derivative of (22) along the trajectories of (41) gives

(42)

(9(13(5,t)] .

. OB (e, t)\ ! _pR(p) - - . e
Vl_( ( )) 8[2p1yp (p)u2+2p1y¢+2p3(!w\+5)Sgn(uz)u2— 5

de p)

2
Using Young’s inequality for 2ep15¢ < |e|up?3? + ¢+ |e|u ' ¢? and considering the third expression
in (39), we obtain

. <8¢>(5,t) )

(e 9Bz, 1) } |

-1
> [—asZ + peled? — 5
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Fig. 3. Transients for (a) £(¢) and (b) y(¢) under constraints (16) given by exponential functions.

4 I I I I
0 20 40 60 80 100

Fig. 4. Transients for u(t) under constraints (16) given by exponential functions.

The remaining manipulations to derive conditions (37) are similar to the proof of Theorem 2.

Let us establish additional conditions imposing constraints on u; in (39). We consider the
Lyapunov function

Vo =zTHz (44)
and write (40) as
- 1
= Axr + p—Bﬂg + D¢, §=pylLax. (45)
We require Vo < 0 and H > pyplLTL for Vo > M provided that @ mfi)g O} and ¥ < ¢52

(The inequality H > p2p1 LT L means that the elhpsmd xTHx = inf{g(t )} is contained in the cylin-
der z"p2p1 LT Lo = inf{g(t)}.) These conditions can be written as

) _ _ 1
Vo =2 (ATH + HA)x 4+ 22" —HBiiy + 20" HD¢ < 0 V(z, 1in, ¢) :
Pu
e e 46)
inf{g(t B inf{g(t N (
s BHIOY 0}
p1 b3
In view of (1+r)af < 1, we specify #"p2 LY KT KLz < 1+ for 2THx < mf{p%()} The remaining
manipulations to derive conditions (38) are similar to the proof of Theorem 2. The proof of
Theorem 3 is complete.
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(b)
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Fig. 6. Transients for «(¢) under constraints (16) given by sinusoidal functions.

Remark 7. In Section 5, other controllers can be obtained by defining the transformation (2)
differently, e.g., as & = 72 + @2, & = |§|+|u1|+|Gz], . . .; see Remark 5. In Section 5, it is particularly
given by (35).

Ezample 3. We consider the instable plant (32) with the following parameters:
1

1
20, L=[121], 2(0)=01]1],
1

0.
A= 0.

w o o
o O =
e e )

0
, B=10|, D=
1

with the same signal f(t) as in Example 2. Then R(p) = (p+1)2, Q(p) = (p+ 1), and ¢ = 0.22.

In (33), let p, = 1 and p, = 0.3.

We choose § = 0.01, k = —2, and = 0.01 in (39), » = 0.01 in (35), and T'(¢) from Example 2.
For 8 = 0.1 and ¢ = 1, inequalities (37) have solutions, e.g., if o = 374.3.

Figures 3 and 4 show trajectories for £(t), y(t), and u(t) under g = 0.79¢~%!* + 0.2 and
g = 0.69¢~% +0.01 in (3); Figs. 5 and 6, the same trajectories under g = 0.45 cos(0.5t) + 0.54
and g = 0.3cos(0.5¢) + 3.01 in (3). According to Figs. 3-6, the signals £, y, and u never violate
the given constraints (33) (i.e., stay inside the corresponding domains) as well as the additional
constraints (16) specified by the control designer. They can be defined as exponential (Figs. 3
and 4) or sinusoidal (Figs. 5 and 6) functions.
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6. CONCLUSIONS

This paper has extended the method [1] to dynamic systems with an arbitrary number of inputs
and outputs. The method ensures that these signals will be in given domains. The developed
method has been applied to design state- and output-feedback controllers for linear systems with
input and output constraints provided that the dimension of the output exceeds that of the input.
Also, in contrast to [1], the stability of the closed loop system has been analyzed and the con-
troller parameters have been designed using linear matrix inequalities. The simulation results have
confirmed the theoretical conclusions and have demonstrated the effectiveness of this method.

FUNDING

This work was supported by the Russian Science Foundation (project no. 18-79-10104-11,
https://rscf.ru/project/18-79-10104/).

REFERENCES

1. Furtat, I.B. and Gushchin, P.A., Control of Dynamical Plants with a Guarantee for the Controlled Signal
to Stay in a Given Set, Autom. Remote Control, 2021, vol. 82, no. 4, pp. 654—669.

2. Furtat, I. and Gushchin, P., Nonlinear Feedback Control Providing Plant Output in Given Set, Int. J.
Control, 2022, vol. 95, no. 6, pp. 1533-1542. https://doi.org/10.1080/00207179.2020.1861336.

3. Miroshnik, I.V., Nikiforov, V.O., and Fradkov, A.L., Nonlinear and Adaptive Control of Complex Sys-
tems, Dordrecht—Boston—London: Kluwer Academic Publishers, 1999.

4. Spong, M., Corke, P., and Lozano, R., Nonlinear Control of the Reaction Wheel Pendulum, Automatica,
2001, vol. 37, pp. 1845-1851.

5. Sun, W., Su, S.F., Xia, J., and Wu, Y., Adaptive Tracking Control of Wheeled Inverted Pendulums with
Periodic Disturbances, IEEE Trans. Cybernetics, 2020, vol. 50, no. 5, pp. 1867-1876.

6. Saleem, O. and Mahmood-ul-Hasan, K., Adaptive State-space Control of Under-actuated Systems Using
Error-magnitude Dependent Self-tuning of Cost Weighting-factors, Int. J. Control Automat. Syst., 2021,
vol. 19, pp. 931-941.

7. Khalil, H.K., Nonlinear Systems, 3rd ed., Pearson, 2001.

8. Demyanov, V.F. and Rubinov, A.M., Introduction to Constructive Nonsmooth Analysis, Frankfurt a.M.—
Bern-New York: Peter Lang Verlag, 1995.

9. Dolgopolik, M.V. and Fradkov, A.L., Nonsmooth and Discontinuous Speed-Gradient Algorithms, Non-
linear Anal. Hybrid Syst., 2017, vol. 25, pp. 99-113.

10. Yakubovich, V., S-procedure in Nonlinear Control Theory, Vestn. Leningr. Univ., 1971, no. 1, pp. 62-77.

11. Polyak, B.T., Convexity of Quadratic Transformations and Its Use in Control and Optimization, J. Op-
tim. Theory Appl., 1998, vol. 99, pp. 553-583.

12. Gusev, S.V. and Likhtarnikov, A.L., Kalman—Popov—Yakubovich Lemma and the S-procedure: A His-
torical Essay, Autom. Remote Control, 2006, vol. 67, no. 11, pp. 1768-1810.

13. Fridman, E., A Refined Input Delay Approach to Sampled-Data Control, Automatica, 2010, vol. 46,
pp. 421-427.

14. Polyak, B.T., Khlebnikov, M.V, and Shcherbakov, P.S., Upravienie lineinymi sistemami pri vneshnikh
vozmushcheniyakh: tekhnika lineinykh matrichnykh neravenstv (Control of Linear Systems under Ex-
ogenous Disturbances: The Technique of Linear Matrix Inequalities), Moscow: LENAND, 2014.

15. Nagzin, S.A., Polyak, B.T., and Topunov, M.V., Rejection of Bounded Exogenous Disturbances by the
Method of Invariant Ellipsoids, Autom. Remote Control, 2007, vol. 68, no. 3, pp. 467—486.

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 4 2023



16.

17.

18.
19.

CONTROL OF DYNAMIC SYSTEMS 411

Leonessa, A., Haddad, W.M., and Hayakawa, T., Adaptive Tracking for Nonlinear Systems with Control
Constraints, Proc. Amer. Control Conf., 2001, pp. 1292-1297.

Lavretsky, E. and Hovakimyan, N., Positive p-modification for Stable Adaptation in Dynamic Inver-
sion Based Adaptive Control with Input Saturation, Proc. Amer. Control Conf., 2005, Portland, USA,
pp. 3373-3378.

Toannou, P.A. and Sun, J., Robust Adaptive Control, PTR Prentice-Hall, 1996.
Narendra, K.S. and Annaswamy, A.M., Stable Adaptive Systems, Dover Publications, 2012.

This paper was recommended for publication by A.E. Polyakov, a member of the Editorial Board

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 4 2023



