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Abstract—This paper proposes a novel approach to rejecting nonrandom bounded exogenous
disturbances in linear discrete-time control systems by means of dynamic output feedback. The
approach is based on reducing the original problem to a matrix optimization problem with the
gain and observer matrices as the variables. A gradient descent method for finding dynamic
output feedback is derived and justified.
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1. INTRODUCTION

A new approach to rejecting nonrandom bounded exogenous disturbances in linear continuous-
time control systems by means of dynamic output feedback using the Luenberger observer [2, 3] was
proposed and discussed in [1]. Dating back to the work [4], this approach is based on reducing the
original problem to a matrix optimization problem, where the variables are the gain and observer
matrices. Below, this problem is solved using a gradient descent method.

The literature on the corresponding range of problems was briefly reviewed in [1]; for example,
see [5] and the extensive bibliography therein. The same problem was solved in [6] via reduction
to a semidefinite programming problem in terms of linear matrix inequalities (LMIs) [7, 8]; in
doing so, several rough transformations were undertaken to linearize the matrix inequalities and
establish the final result in terms of LMIs. Consequently, the final conditions suffered from excessive
conservatism.

Among ideologically similar publications, note the recent works [9, 10|, where a promising ap-
proach was proposed based on solving parameterized matrix Riccati equations.

This paper is a direct continuation of the research [1], extending the considerations presented
therein to discrete-time control systems. An important applications-oriented feature of the approach
is the possibility of limiting the magnitude of the observer and dynamic controller matrices.

From now on, S™ denotes the space of symmetric real matrices of dimensions n x n; || - || is the
Euclidean norm of a vector and the spectral norm of a matrix; || - || 7 indicates the Frobenius norm
of a matrix; T is the transpose symbol; tr stands for the trace of a matrix; (-, -) means the Frobenius
inner product of matrices; I denotes an identity matrix of appropriate dimension; \;(A) are the
eigenvalues of a matrix A; finally, p(A) = max |Ai(A)| < 1 specifies the stability radius of a Schur

matrix A.
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1134 KHLEBNIKOV

2. PROBLEM STATEMENT
Consider a control system described by
Tht1 = Azxy, + Buy + Dwy,

yr = Cixy + Diwy, (1)
2 = Coxy,

where A€ R BeR™P DeR"™™ D;eR>*™ ) e R Oy e R™", with the state xj € R?,
an initial condition zg, the observed output y; € R, the optimized (target) output z, € R", the
control input u; € RP, and an exogenous disturbance! w;, € R™ bounded at each time instant:

lwe|| <6 forall k=0,1,2,....

By assumption, the pairs (A4, B) and (A, Cy) are controllable and observable, respectively.

Suppose that the state vector xj, of the system is unmeasurable and information about the system
is provided by its output yx. The problem is to find a minimal (in a sense) ellipsoid containing the
target output zg.

Let us construct an observer described by a linear difference equation with the mismatch between
the output y; and its prediction C1Zy:

-%k-i-l = AZ;, + Buy, + L(yk — Cl.fk), To = 0, (2)

where L € R"*! is the observer matrix.

According to (1) and (2), the error e, = xp — T, satisfies the difference equation
exr1 = (A — LCy)ex + (D — LDy)wg, ey = xo.
With the dynamic feedback controller
up = Ko, K e RV (3)
applied to system (1), we arrive at the closed loop system

Tpy1 = (A + BK)J)k — BKep + Dwy,
€k+1 = (A — LCl)ek + (D — LDl)’UJk, (4)
Z = 02$k
with the controlled output z.

Like in the continuous-time case, it is often impossible to design a static output-feedback con-
troller up = Ky, for the system: the matrix A + BK (1 may turn out nonstabilizable by the choice
of K, while the dynamic controller (3) can be constructed (under the relatively mild requirements
of system controllability and observability; see Section 3 for details).

3. THE SOLUTION APPROACH
We employ the invariant ellipsoid method [8, 13]. Recall that an ellipsoid

E={reR™ z'Pla<1}, P>,

1 Although the nature of disturbances in the state vector and output of the system generally differs, it is convenient
to consider them the same, assuming that the matrices D and D; “cut out” different “pieces” from the vector wy;
the general case can also be considered at the expense of some complication.
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OUTPUT FEEDBACK DESIGN IN DISCRETE-TIME CONTROL SYSTEMS 1135

is said to be invariant for a linear discrete-time dynamic system

Tpt1 = Az + Dwy,  JJwg]] < 1,

()

z, = Cuay,

with a Schur matrix A if any system trajectory starting from an initial point x inside the ellipsoid &,
remains there at any time instant under all exogenous disturbances wy: [Jwg|| < 1.

An invariant ellipsoid has the attraction property: a system trajectory starting from an initial
point outside the ellipsoid tends to it over time.

Obviously, if £, is an invariant ellipsoid with a matrix P, the linear output zj of system (5) with
xg € &, will belong to the ellipsoid

E={zeR": HorPchH 2«1},

called bounding. (In the case xg ¢ &, this output will tend to the bounding ellipsoid.)

When estimating the effect of exogenous disturbances on the system output, minimal bounding
ellipsoids are of natural interest; a common minimality criterion for a bounding ellipsoid is the
value tr CPC™, equal to the sum of the squares of its semiaxes. The following result is well known;
for example, see the book [8].

Theorem 1. Assume that A is a Schur matriz, p = max; |\;(A)| < 1, the pair (A, D) is control-
lable, and a matriz P(a) = 0, p? < a < 1, satisfies the discrete Lyapunov equation

1 1
—APAY - P4+ —DD" =0. (6)
« 11—«

Then the problem on the optimal bounding ellipsoid for system (5) is reduced to minimizing the
one-dimensional objective function

f(a) =trCP(a)CT

on the interval p* < a < 1.

Let us make several remarks. First, if o is a minimum point in the problem of Theorem 1
and g satisfies the condition x3 P~!(a*)zo < 1, then the following bound uniformly holds:

2|12 < |CP(@)CY|| < tr CP(a*)CT = f(a®), k=0,1,2,....

Second, equation (6) can be represented as

Va NG 1 -« -

by [8, Lemma 1.2.6], it has a unique positive definite solution if and only if ﬁA is a Schur matrix,

/ <%A> <1

gk = (xk> € R2n7
€k
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1136 KHLEBNIKOV

we write system (4) in matrix form and consider the matrices Ak 1, Dy, and C:

. (A+BK -BK (D er

Ak, L Dy, (7)

Enclosing the state gi of system (7) in the invariant ellipsoid
E,={g¢€ R¥: g¢TP 1y« 1}
generated by a matrix P € S??, we minimize the size of the corresponding bounding ellipsoid
E={zeR": Terch)y'z<1}

for the output z, with the matrix CPC'. As the minimality criterion we choose the trace func-
tion tr CPC™.

Note that the matrix Ag  can be represented as

_(A+BK —-BK \ [A 0 B 0
AK,L_( 0 A—L01>_<O A>+<0>K(I _I>+<I>L(O _Cl>'
——— N~ Ny ~—— No

A My Ms

According to Theorem 1, we therefore arrive at the problem of minimizing the objective func-
tion tr CPCT subject to the constraint

2

1 0

~(A+ MK Ny + MyLNp) P(A + MK Ny + MyLNy)T — P+ - DD =0 (8)
-«

with respect to the matrix variables 0 < P € 27, K € RP*", and L € R™*! and the scalar param-

eter a > 0.

As the performance criterion we take the function
f(K, La) = tr CPCY + xk[|K % + x| LIF, (9)

which incorporates, in addition to the component determining the size of the bounding ellipsoid by
the trace criterion, penalties for the magnitude of the gain and observer matrices (the coefficients x x
and xz, > 0 tune their significance). Their presence ensures the coercivity of the objective function
in K and L; for details, see Section 4.

Remark 1. Note that the block matrix Ag r has the same eigenvalues as the matrices A + BK
and A — LC standing on its diagonal. In turn, the existence of matrices K and L such that the
matrices A + BK and A — LC are stable follows from the controllability and observability of the
original system.

By Remark 1, there surely exist matrices Ko and Lo such that Ag, 1, is a Schur matrix. Ma-
trices (K, L) with this property will be called a stabilizing matriz pair.

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 12 2024



OUTPUT FEEDBACK DESIGN IN DISCRETE-TIME CONTROL SYSTEMS 1137

4. OPTIMIZATION OF THE FUNCTION f(K, L, «)

Thus, the original problem of designing an observer-aided dynamic feedback controller rejecting
the effect of exogenous disturbances on the output z; of system (1) has been reduced to that of
minimizing the objective function f(K, L, «) (9) subject to the constraint

2

1 5
EAK,LPA%L —-P+ : D.DI =0 (10)

-«
with respect to the matrix variables P € S**, K € RP*™, and L € R™*! and the scalar parame-
ter a > 0. The notation f(K, L, «) emphasizes that given K, L, and «, the matrix P is found from
the Lyapunov equation (10); therefore, K, L, and « are the independent variables.

The properties of the function f(a) = trCPCT established in [11] (under some fixed stabilizing
pair (K, L)) can be fully transferred to the case under consideration. In particular, the function f(«)
is well-defined, positive, and strictly convex on the interval p? (Ar,r) < a < 1, and its values tend
to infinity at the ends of this interval.

The function f(a) can be effectively minimized using Newton’s method. Let us specify some
initial approximation p?(Ak 1) < ap < 1, e.g., ap = (1 + p?(Ak,1))/2, and apply the iterative pro-
cess

o fUey)
Q1] = Qg f”(Oéj). (11)

Here, according to [11],

flla)=trY (W

1
-D D} — EAKLPA?{,L) ,

2
(1-a)

with P, Y, and X representing the solutions of the discrete Lyapunov equations (10),

1
(a) =2trY ( =DDJ + EAKL(P — X)A?{,L> ,

1
EA?@LYAK,L ~Y+cic=no,

and

52 1
2DLDE — EAKLPA?{,L =0,

1
—Ap L XAL - X+ ——
o AR * (1—a)

respectively.
The next result ensures the global convergence of the algorithm.
Theorem 2 [11]. In the method (11), we have the upper bounds
f// (ao)
2] f/l(a*)

where ¢ > 0 is some constant (which can be written explicitly).

2

|j — | < lag —a”|,  Jajp —a’| < cdaj — a7,

Due to the first bound, the method converges globally (faster than a geometric progression with
a ratio of 1/2); due to the second bound, it converges quadratically in the vicinity of the solution.

We pass to the minimization of the function
F(K, L) = min f(K, L,a),
(03
after examining its properties.

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 12 2024



1138 KHLEBNIKOV

Lemma 1 [1]. The function f(K, L) is well-defined and positive on the set S of all stabilizing
matrix pairs.

The definitional domain S of the function f(K, L) may be nonconvex and disconnected and, as
in the continuous-time case, its boundaries may be nonsmooth (see [12]).

Lemma 2. The function f(K, L,«) is well-defined for (K,L) €S and p*(Ax 1) < a < 1. On this
admissible set, it is differentiable and the gradient is given by

2

1
Vof(K,La)=trY ( -DDJ — JAK,LPA?{,J ,

(1-a)
§va(K7 L,Oé) = EMI YAK,LPNl + XKK7 (12>
1 1 ¢ T 52 T
5 Vil (K, La) = ~MIY A . PN — — (0 1)YDLDY + 1L, (13)

where the matriz Y satisfies the discrete Lyapunov equation
1
EAgLYAK,L ~Y+ctc=o. (14)

The function f(K,L,«) achieves minimum at an interior point of the admissible set under the
necessary conditions

Vi f(K,L,a)=0, Vpf(K,L,a)=0, V.f(K,La)=0.
In addition, f(K,L,a) as a function of o is strictly convex on p?(Ax ) < a <1 and achieves

minimum at an interior point of this interval.

The proofs of this and subsequent statements are provided in the Appendix.

Next, to obtain simple quantitative estimates in Lemma 3, we embed a regularizing additive
term ¢ into the objective function (9) as follows:

f(K,L,a) =tr P(CTC +¢I) + xx | K||% + x| L% — min, 0<e< L
b 7a

The requirement for adding this term can be weakened considerably, but the current aim is to
obtain the simplest and most straightforward results.

Lemma 3. The function f(K, L) is coercive on the set S(i.e., tends to infinity on its boundary),
and the following lower bounds hold:

< 52 €
T 1-p*(AgL)1— 02 (AkL)

f(K7 L) 2 XKHK||27
FK, L) = x| L]

f(K7 L) ||DLH%7 (15)

We introduce the level set
Sp = {(K,L) eS: f(K,L)< f(Ko,LO)}.

Lemma 3 implies the following obvious result.

Corollary 1. For any (Ko, Lg) € S the set Sy is bounded.

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 12 2024
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On the other hand, the function f(K, L) achieves minimum on the set Sy (as a continuous
function on a compact set, due to the properties of the solution of the Lyapunov equation), but
the set Sy has no common points with the boundary of S by (15). According to the considerations
above, f(K, L) is differentiable on Sy. Hence, we arrive at another fact.

Corollary 2. There exists a minimum point (K, L) on the set S and the gradient of the func-
tion f(K, L) vanishes at this point.

The gradients of the function f(K, L) with respect to K and L are not Lipschitz functions on
the set S of all stabilizing controllers; however, it can be shown that they have this property on its
subset Sp.

The obtained properties of the objective function and its derivatives allow us to build a mini-
mization method and justify its convergence.

5. THE SOLUTION ALGORITHM

We propose the following iterative approach to solving problem (8)—(9). It is based on the
alternate application of the gradient descent method with respect to the variables K and L and
minimization with respect to the parameter o by Newton’s method.

Algorithm for minimizing f(K, L, «):
Step 1. Specify values of the parameters e > 0 and 0 < 7x, 77, < 1 and an initial stabilizing matrix
pair (Ko, Lo).
Calculate
o = 1+ p*(A+ MyKoN1 + MyLoN>) '
2
Step 2. At the jth iteration, we have K;, L;, and «; known.
Calculate the gradient HJK = Vi f(Kj, Lj, o).

Step 3. Make a step of the gradient descent method in K:

Kj = Kj =~ H

with a step length %K > ( selected by splitting vx until the following conditions hold:
a. Kji1 stabilizes the matrix (A + M1K Ny + M2L;Np)/, /a5 (ie., turns it into a Schur
matrix);
b. f(Kj1) < f(Kj) — ey I1HF P
Step 4. Using K41, calculate the gradient H]L = Vi f(Kjt1, Lj, o).
Step 5. Make a step of the gradient descent method in L:

Liy1=1L; —’Y]-LH]'L,

with a step length ’y]’; > ( selected by splitting v, until the following conditions hold:
a. Lji1 stabilizes the matrix (A + M1K;1 N1 + MaLNo)/,/a5;
b. f(Lys1) < F(Ly) — oy | HE|.
Step 6. For the resulting matrices K11 and Lj4q, minimize f(K;41, Lj41, ) with respect to o to
obtain ;1. Go back to Step 2.
The normalization condition is given by

IH | <e, [IHf| <e

In this case, take the current pair (K, L;) as an approximate solution and stop the
algorithm.

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 12 2024



1140 KHLEBNIKOV
An important point is the choice of the trial step of the gradient descent method. Here, it seems
promising to use the following considerations. For some K, L, a, and P > 0, let

2
DD} =0.

1 5
E(A + My KNy 4+ MyLN)P(A+ M KNy + MyLNo)" — P+ —
Consider the increment with respect to K:

K—>K_7HK> HK:VKf(K>L>a)7

and find for which + the matrix A + M;(K — yHX)Ny + M LN, will remain stable (Schur).

To this end, it suffices to require that P remain the matrix of a quadratic Lyapunov function
for A+ My(K — yHX)Ny + MyL Ny, i.e.,

(A+ My (K — yHS )Ny + MyLNy) P(A + My(K — yH )Ny + MyLNy) - — P <0,

or
( P A+M1(K—7HK)N1 —|—M2LN2> 0
= 0.

(A + My (K — yHX)Ny + MyLN,)" p-1

The last relation can be written as

P Ak 0 M HX N, .
_ - = U,
AL, P (M HEN)T 0

which yields, according to [14],

P P Agr 0 MH® N,
0<y™ < in;% Ai AT p-1 ] Koo T .
i K.L (M H" Ny) 0

When optimizing the objective function with respect to the variable L, the trial step is selected

by analogy:
. , P Ak 0 MyH"N,
0 <" <min\ T R T ,
Ai>0 Ajp P (MyHLNy) 0

where HY =V f(K, L, ).

6. AN ILLUSTRATIVE EXAMPLE: CONTROL OF A TWO-MASS SYSTEM

Consider a two-mass system consisting of two rigid bodies with masses m; and mgy connected
by a spring with an elasticity coefficient k. Assume that the system slides without friction along
a fixed horizontal rod (see Fig. 1). A control action u is applied to the left body, and each of the
bodies is subjected to a corresponding exogenous disturbance (w; or ws).

Fig. 1. A two-mass system.

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 12 2024



OUTPUT FEEDBACK DESIGN IN DISCRETE-TIME CONTROL SYSTEMS 1141

Let x1,v1 and x9, v2 denote the coordinate and velocity of the left and right bodies, respectively.
The observed output is the noisy two-dimensional vector

_ L1
v= o+ w3’
z = .
V2

Assume that the combined vector of exogenous disturbances is bounded at each time instant:

and the controlled (target) output is

wy
w=|wy |, |w|]<0.2.
w3

For the unit parameters of the two-mass system and the sampling interval A = 0.1, we arrive
at system (1) with the matrices

0.9950  0.0050 0.0998 0.0002 0.0050 0.0050 0 0
A 0.0050  0.9950 0.0002 0.0998 B_ 0.0000 D 0 0.0050 0O
| =0.0997 0.0997 0.9950 0.0050 |’ [ 0.0998 |’ ~10.0998 0.0002 0|’

0.0997 —0.0997 0.0050 0.9950 0.0002 0.0002 0.0998 0

1000 000 0010
Cl_(OlOO)’ D1_<001>’ 02_<0001>'
We specify an initial stabilizing pair of the form

3.2037  —0.6077
3.5790  0.3961
3.3299  0.1006
—7.0446 5.3352

Ko = (~69566 2.6036 —4.1281 —5.8682), Lo=

and let
Xk =xr =0.1.
In accordance with the algorithm above, the iterative procedure gives the gain matrix
K* = (-1.0311 0.6922 —1.8064 0.0088), [K*| =2.1921,

of the dynamic controller, the observer matrix

1.1630  —0.1759
.| 1.8237  0.3432 "
L=\ 90m65 o014 |* [NE71=52735,

—3.7874 2.6783

and the corresponding bounding ellipse with the matrix

CpeT — (0.3974 0.1478

* 2T .
0.1478 0.4115>’ trCP*C" = 0.8089;

in this case, o = 0.9714. The dynamics of the values of the objective function f(K, L) are shown
in Fig. 2.

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 12 2024
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Fig. 2. The optimization procedure under xx = xr = 0.1.

Fig. 3. The optimization procedure under xx = xr = 0.01.

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 12 2024
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Fig. 4. Bounding ellipses.

Fig. 5. The dynamics of the coordinate vy (solid line) and its estimate ¥; (dotted line).

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 12 2024
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Fig. 6. The dynamics of the coordinate vy (solid line) and its estimate V2 (dotted line).

Now, assigning
xk = xr = 0.01,
we obtain the gain matrix

K’*:(—1.3591 0.8130 —2.5922 0.0186), |K'*| = 3.0378,

the observer matrix

0.6899 —0.0066
| 27589 0.5861 o
L™=\ Souss 01396 | @ NE7II=T4014

—5.3792  3.8014

and the corresponding bounding ellipse with the matrix

"« AT 0.2310 0.1056 '« T .
crec _<O.1056 03163 TCPTCT = 05473

in this case, o = 0.9677. The dynamics of the values of the objective function f(K, L) are shown
in Fig. 3.

Obviously, the reduction of the penalty coefficients produced an expected outcome: the size of
the bounding ellipse decreased (by about one-third), at the cost of increasing the norm of the gain
and observer matrices (by approximately 40%).

For comparison, we solved the same problem using the approach proposed in [10]; the calculations
yielded the gain matrix

f(\:(—15.2436 10.0353 —10.7619 —8.9984), ||| = 23.0188,

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 12 2024



OUTPUT FEEDBACK DESIGN IN DISCRETE-TIME CONTROL SYSTEMS 1145

the observer matrix

3.0329 0.0004
14.9866 0.0818 "
= | 20.9524 0.0080 |» [EI=26.7774,

6.6502 0.0405

)

and the corresponding minimal bounding ellipse with the matrix

= 0.1807 0.0672 =
f= <0.0672 0.2935) , trR=04742.

Clearly, the bounding ellipse with the matrix CP*CT exceeds the optimal one (with the ma-
trix ]:?) by merely 15%, while the corresponding matrices of the dynamic controller and observer
differ in norm by several times (almost by an order of magnitude for the gain matrix).

The solid line in Fig. 4 presents the optimal bounding ellipse obtained by the method [10]; the
dotted and dash-and-dot lines show the bounding ellipses found using the optimization procedure
under yx = xr = 0.1 and xx = xr = 0.01, respectively.

Finally, Figs. 5 and 6 demonstrate the true trajectories of the system coordinates under some
initial condition and an admissible exogenous disturbance (the solid lines) and their estimates
provided by the constructed pair (K*, L*) (the dotted lines).

7. CONCLUSIONS

In this paper, we have proposed a novel approach to rejecting nonrandom bounded exogenous
disturbances in linear discrete-time control systems by means of dynamic output feedback. The
approach is based on reducing the original problem to a matrix optimization problem, further
solved by the gradient descent method. Of course, it is possible to use appreciably faster first-
order minimization methods (in particular, the conjugate gradient method). Detailed verification
of more efficient methods will be the subject of future research; for now, it is important to check the
fundamental feasibility and effectiveness of the novel approach. Its applications-oriented feature is
the possibility of limiting the magnitude of the observer and gain matrices.

Further studies may aim at generalizing the proposed approach to various robust problem state-
ments.

APPENDIX

Proof of Lemma 2. Differentiation with respect to « is performed according to the results of
Section 4.

To differentiate the objective function (9) with respect to K under the discrete Lyapunov equa-
tion constraint
2

1
—Ag PA}  — P+ DLDf =0 (A1)
a b

11—«
for the matrix P of the invariant ellipsoid, we assign an increment AK to K and denote the
corresponding increment of P by AP:

1
—(A+ MK + AK)Ny + MyLN2) (P + AP)(A + My(K + AK)Ny + MyLNy)T
2

DD} =0.

5
~(P+AP) + 5

—

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 12 2024



1146 KHLEBNIKOV

With the notation AP kept for the principal part of the increment, we have

1
- (AL PA% L+ A  P(MGAKNy) " + MiAK Ny PAY | + A [ APAY )
2

DD} =0.

5
~(P+AP) + -

—

Subtracting equation (A.1) from this expression yields
1 1
—Ag [ APAY  — AP+ — (A P(MiAKN)" + M{AKN,PA% ;) = 0. (A.2)
« ’ « ’

Let us calculate the increment of the function f(K, L, «) with respect to K by linearizing the
corresponding values:

Agf(K,L,a) = f(K +AK,L,a) — f(K,L,«)
= trC(P + AP)CT + xk||K + AK||% — (trCPCT + xk | K|%)
=trCAPCT + xx((K + AK, K + AK) — (K, K))
= trCAPCT 4+ g (tr KTAK 4 tr (AK)'K) = tr APCTC + 2xxtr KTAK.

From the dual Lyapunov equations (A.2) and (14) it follows that (see [11, Lemma A.1.1])
tr APCTC = %tr YMIAKN,PAf
and consequently,
Agf(K,L,a) = 2tr YMAKN{PAf | + 2xgtr KTAK
=2 <éM1T YAkt PNY + xicK, AK ).

Thus, we have established the relation (12).

Let us proceed to the differentiation of the function f(K, L, «) with respect to L: we assign an
increment AL to L and denote the corresponding increment of P by AP:

(A+ M{KNy + My(L + AL)YN,) (P + AP)(A+ M{KNy + My(L + AL)N,) "

5? D D *
—(PHAP) (D—(L+AL)D1> (D—(L+AL)D1> =0

With the notation AP kept for the principal part of the increment, we have

1
o

1
~(4x. LPAY [+ Ax L P(MoALN)" + MyALN2PAF 1)

52 T 0 T 0o\
—(P+AP)+1_Q[DLDL—(ALD1>DL—DL ALD, }_o.

Subtracting equation (A.1) from this expression yields

1 1
—Ag L APAY | — AP+ —(Ag P(MyALNy) " + MyALNyPAY ;)
« ’ [0 ’

. O VYpryp 0\
1—al|\ALD,) 7L L\ ALD,
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We calculate the increment of the function f(K,L,«) with respect to L by linearizing the
corresponding values:

Arf(K,La) = f(K,L+ AL,a) — f(K,L,a)
=trC(P+ AP)CT + xi||L + AL||% — (tr CPCT + x| L||%)
=trCAPC" + x,((L + AL, L+ AL) — (L, L))
— trCAPCY + x1,(tr LYAL 4 tr (AL)"L) = tr APCYC + 2xptr LTAL.

From the dual Lyapunov equations (A.3) and (14) it follows that

1 52 0
Ty _ - - I
tr APC C = 2trY[aM2ALN2PAK,L 1— a (ALD1> DL}

and consequently,
ALf(Ka La Oé)

1 52
=2rY [—MQALNQPA?(L - ( 0 ) D} +2xptr LYAL
a b

11—« AL_Dl

1 52
= 2tr [—NQPA?( Y MyAL — 1—D1DEY <0> AL| +2xptr LTAL
« ’ —

I

2

1 §
=2 <—M2TYAK PN} —
« ’ 11—«

(0 I) YD.DT + XL, AL> ,
which finally gives formula (13).
The proof of Lemma 2 is complete.

Proof of Lemma 3. Consider a sequence of stabilizing matrix pairs {Kj;, L;} € S such that
(K;,L;) = (K,L) € 08,
ie., p(Ak,r) = 1. In other words, for any € > 0 there exists a number N = N(e) such that
Ip(Ak;,L;) — p(Ag,L)| =1 = p(Ak;,r;) <e forall j= N(e).

Let P; be the solution of the discrete Lyapunov equation (10) associated with the pair (K, L;),
i.e.,
1 T 52 T
a—jAKj,LijAKj,Lj — P+ ?%DLJ-DLJ- =0,
and Y; be the solution of its dual Lyapunov equation

1
a—jA?(thYjAKj,Lj ~Y;+C'C+el =0.

By [12, Lemma A.1], we have

F(K;, L;) = tr Pj(CTC +eI) + x| K| % + xz||L;||% = tr P;(CTC + 1)

52 52 62 Amin(CTC+el)
=trY,;——D;. Df > —— X\in(Vi)tr (D DT ) > min tr (Dy. DT
P T T g min(¥5)tr (D1, DL,) 1—o;1—02; (Ak, 1) Dz, Di;)
52 5 52 €
> Dr.|%>— Dr.|% — 400
1 _p2(AKj7Lj) 1 _Ufnin(AKj,Lj)H JHF el _ngin(AKj,Lj)H ]HF e—0
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since

p2(AKj,Lj) <5 < 1.

On the other hand,

fKG, L) = tr P(CTC+el) + k| Kl 7 + X2l Lj |17

> il 7 > x| e
J

and

f(Kj, L) = tr Py(CTC+el) + xx | K7 + x2 I Lj |13

> x| LillE = xel Ll oo T
J

The proof of Lemma 3 is complete.

10.

11.

12.

13.

14.
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Abstract—A stochastic observation system model with random time delays between an arriving
observation and the factual state of a moving object is adapted to identify its motion parameters.
Equations for optimal Bayesian identification are given. A conditionally minimax nonlinear
filter (CMNF) is applied to solve the problem in practice. The design procedure of the CMNF,
including the choice of the filter structure, is discussed in detail on an example of autonomous
underwater vehicle (AUV) positioning based on observations of stationary acoustic beacons.
A computational experiment is carried out on a model close to practical needs using three
variants of the filter, namely, the typical approximation of the updating process, the method of
linear pseudomeasurements, and the geometric interpretation of angular measurements.

Keywords: nonlinear stochastic observation system, parameter identification, observations with
random delays, conditionally minimax nonlinear filter, positioning, acoustic sensors, linear pseu-
domeasurements
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1. INTRODUCTION

The theory of stochastic filtering provides methods and algorithms for solving various applied
problems of estimation and control of moving objects [1]. In turn, applications may be sources
of new formulations, models, and criteria, stimulating the improvement and development of the
theory. One example is the applied field of autonomous underwater vehicles (AUVSs) [2]. The
peculiarities of the aquatic environment affect not only the nature and goals of the motion but also
measuring means. For instance, different measuring means can be used for AUV positioning [3];
however, they all involve common physical laws. They are acoustic sensors, i.e., their operation
depends on many factors, from water temperature to salinity and pressure [4]. As a result, data
on the state of the observed AUV arrive with a random delay. This factor is not considered in
the analogous problem of aircraft navigation because the high velocity of radio wave propagation
allows one to neglect it. Indeed, the models of radar surveillance systems assume that data on the
current position of an aircraft are acquired at the current time instant. However, the velocity of
acoustic wave propagation is not so high, so the delay may be quite large and cannot be neglected.
The stochastic dynamic observation system model with the delay factor of the acoustic signal was
proposed in [5] and supplemented in [6]. Formally, this model can be reduced to the unified rep-
resentation of a nonlinear stochastic observation system; as a result, it becomes possible to write
optimal Bayesian filtering relations for it [7] and apply well-known heuristic filtering methods,
including the extended Kalman filter [8], particle filters [9], and different modifications of sigma-
point filters [10]. Meanwhile, both the optimal filter and any heuristic estimates cannot be used
in practice even on model examples since the factor of a random time delay between an arriving
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observation and the factual state of a moving object is compensated via augmenting the state vec-
tor by a value proportional to the delay time and the measurement frequency. Under near-realistic
conditions, one obtains a huge dimension, with no prospect of handling it. The only effective tool
to cope with delays is given by Pugachev’s method of conditionally optimal filtering [11, 12] and its
development, Pankov’s conditionally minimax nonlinear filter (CMNF) [13]. This conclusion was
confirmed by calculations [5, 6]. Continuing to investigate the CMNF in the time-delay model, this
paper focuses on two issues. First, the quality of conditionally optimal filtering is largely deter-
mined by a reasonable choice of the filter structure. Universal recommendations [14] can strongly
lose to solutions considering the problem’s specifics. This fact was demonstrated, in particular,
in [5, 6], where the filter was successfully designed based on a simple geometric interpretation of
measurements. The same idea is employed below not for a simplified model example but for that
with real application content, and the results seem also good. However, such a variant of mea-
surements (with direct position determination by solving a geometric problem) still has limited
capabilities, and a more universal approach is needed here. Such an approach utilizes the linear
pseudomeasurement method proposed in [15] and successfully developed in [16]. The corresponding
results are presented in Section 4, including a stochastic observation system model describing the
AUV positioning process using the angular measurements of two acoustic beacons and variants for
choosing the CMNF structure that agree with the physical meaning of the problem. This example
shows how angular measurements can improve the positioning accuracy considering the time delay
of observations caused by the aquatic environment. The second issue concerns the traditional as-
sumption for stochastic observation systems that the state model of a moving object is known. In
practice, this assumption is incompletely valid, and the models are used with some errors. It is pos-
sible to compensate for the influence of such errors by including their model in the state equations.
Many problems and methods of this kind have been created in the theory of robust estimation [17].
Another alternative is to describe the model inaccuracies by parameters, estimate them, and use
the estimates together with the solution of the basic filtering problem. The corresponding meth-
ods belong to the theory of identification [18], regardless of whether this is possible and whether
these parameters are estimated in advance or simultaneously with the estimation of the current
position of the object. It seems rather natural to combine filtering and identification problems by
forming an observation system model within the Bayesian approach. This variant of the CMNF
with application to the AUV positioning problem is implemented below. Section 2 describes the
formal model of a stochastic system with random time delays of measurements and the unknown
parameters of the state model. In Section 3, we adapt the optimal filtering equations [5, 6] and the
equations for the CMNF parameters used for positioning in the numerical experiment to the case
of Bayesian parameter identification. In parallel with positioning, we identify the unknown motion
parameters determining the average constant velocity of the AUV. Hence, it becomes possible to
estimate the influence of the identification results of the motion model on the quality of solving
the (main) positioning problem and, when using only angular position measurements, assess the
fundamental possibility of estimating the motion velocity without its direct measurement, e.g., by
Doppler sensors.

2. MOTION PARAMETER IDENTIFICATION MODEL
BASED ON OBSERVATIONS WITH RANDOM DELAYS

The AUV motion and the set of measurements are described by a discrete stochastic dynamic
system with unknown parameters. By assumption, the maximum possible time delay of arriving
observations, T, is a priori given. Since the sound velocity in water can be supposed to be known,
this assumption is reduced to estimating the maximum distance between the meters and the AUV,
which should not be difficult. Denoting by ¢ = 0 the initial positioning time instant, for the discrete
time variable ¢ we have t = -7, -7+ 1,...,0, 1,....

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 12 2024
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The AUV position, defined by a vector ;= (z14,...,2,,) € RP (e.g., the coordinates
(x(t),y(t), z(t))" and velocities (vy(t), vy (t),v,(t))" in an inertial reference frame linked to the Earth),
and a random vector p = (u1, ..., 1) € R" of unknown motion model parameters form the state
vector (z}, ') € RPT" of the dynamic system. Throughout this paper, “’” indicates the transpose
of an appropriate vector or matrix. Let the distribution of u be given.

The observation vector v = (Y1 --,Yq t)/ € R? consists of measurements containing additive
errors and time delays. Each observation element y;, has a particular shift described by a discrete
random variable 7;; with values from the set {0,1,...,T}. The values 7;; are combined into the
vector 7 = (T14,...,7g t)/ € R?, which is a function of x;. Exactly, each observation element y;, is
a measurement performed for the position x;_,,,. Thus, the observation system has the form

Ty = 0 (Tp—1, 1) +wy, T_T_1 =71,

Yi, = Qbit (xt—rit> + V4, i = 1> -4, (1)

Tt — 9,5 (act) s
where w; = (w1y, ..., wp t)' € RP is a vector discrete white noise that models disturbances, n € R?
are initial conditions, and v; = (vlt,...,vqt)/ € R? is a vector discrete white noise that models

measurement errors. The vectors 7, u, w;, and v; are independent in the aggregate, and the
known functions ¢y, ¥, and 0; satisfy sufficient conditions for the existence of filtering, Bayesian,
and conditionally minimax estimates. These are typical conditions ensuring the existence of the
second moment for the state and observation vectors, e.g., the linear growth of the system functions
at infinity and the presence of the second moments for the disturbances and observation errors; see
Theorems 1 and 2 in [5].

In model (1), we can introduce a compound state vector including both the AUV coordinates
and the unknown random parameters of the motion model: (x}, ;). Then the observation system
model takes the form

T =@ (Tp—1, f—1) + Wy, T_7_1 =1,
Mt = Ht—1, H—T—-1 = M, (2)
Y =P (Xp—7,) v, T =0 (24) .

To make model (2) correct and usable as a formal representation of (1), we clarify that the

/
notation x;_,, is the vector (.Z‘llt_Tl R ) of the AUV positions corresponding to the time
t

/
pt—th
delay of each measurement included in the observation vector ;.

In accordance with the Bayesian interpretation of the identification problem, it is required to

specify a probability density for the initial condition vector (1, x)". This density can be written as

fo(Xopo1, M) = f (X-1-1) fu(M), (3)

where X_7_1 € RP and M € R" are the arguments of the probability densities corresponding to
the random vectors 77 and p, which have been supposed to be independent above.

Now, for the observation system (2), we can pose a filtering problem: it is required to estimate
the state (2}, 11})" based on the observations y* = (yh,...,y,)’. Solving the filtering problem for the
compound state vector yields a solution for both the positioning problem (estimation of the current
position z;) and the parameter identification problem (estimation of the vector p).

3. FILTERING ALGORITHMS

Note that in the problem under consideration, the optimal Bayesian filter can be described
by recurrence relations for the posterior probability density. Similar relations are well known for
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conventional discrete observation systems (without delays) [19]; they were generalized to the case
of time-delayed systems in [7]. Clearly, the same result holds in the problem to be solved. The

filter is written for the augmented position vector x; = (;UQ_T, . ,xé_l,x{f)/ because all possible
time delays need to be considered. For a less cumbersome notation, we simplify the time-delay
model by assuming the scalar value 7; € R! instead of the vector 7 € R9. This happens in the
special case 71, = ... = 74,. In other words, all observers are located at approximately the same
distance from the AUV, e.g., when there is only one measuring complex.

It is possible to write the posterior probability density p; = p; (X¢, M |Y?) of the vector (x}, u/ )
with respect to the vector of all observations, 3!, and the filtering estimates of the position
and parameters, j and pf. For this purpose, for the sake of convenience, we denote by X; =

/
(Xt/_T, ey X{ g, {) , M= (My,...,M,) and Y! = (Y{,... ,Yt’)/ the arguments of the posterior

density; they correspond to the vectors x;, u, and 3¢, respectively. In addition, we employ the
unnormalized posterior density p, = p; (Xy, M|Y?), so

£\ _ pr (X¢, M|YT)
pr (Xi, M|Y?) = 5 R MY AT

Then we have [7]

P (Xes MIY") = fu, (Xo = 0 (X1, M)

T (4)
X ST (X0) = i) fur (Vi = 1 (X)) [ pradXiozoa,

1=0

where f,, () is the probability density of the disturbances w; and f,,(-) is the probability density
of the observation errors. Equation (4) is solved with the initial condition

p—1 (X—h M’Y_1> =p (X, M) =p_ 1 (X_r1,..., X1, M)
=fo(Xr-1,M) fu_r (X7 =97 (Xr1,M)) ... fuo_, (X1 —9_1(X_2,M)).

The Bayesian estimates x} and pf are obtained by integration:
/ /
()" (7)) :/( LMY py (X, MIY') dXedM, xg = (o (2)')

According to the last equality, the current position estimate =} enters as the last subvector in xj;
also, the estimates of the past AUV positions have to be computed, although they are unnecessary.

The main conclusion from these considerations is that, despite the fundamental possibility of
obtaining the optimal filtering and Bayesian identification estimates, we cannot reckon on their
practical use. In the AUV positioning model described below, implementing calculations by for-
mula (4) would have to deal with the dimensions p = 3, r = 3, ¢ =4, and T = 15, which gives the
augmented vector X; of dimension 45. For such dimensions, it seems at least rash to expect success
in computing integrals with good accuracy under the real-time arrival of observations ;.

Thus, a different approach to filtering is needed here to obtain a practically implementable
estimate, albeit not optimal, but with good accuracy. Among many known approaches to subopti-
mal filtering, the concept of conditionally optimal filtering [11, 12] allows considering the specifics
of the model of random observation delays without making cardinal changes. The possibility to
flexibly change the filter structure based on the peculiarities of a particular observation system,
originally envisaged by this concept, will make it possible to consider both the time delays and
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the physical laws determining the AUV motion and the operation of the sensors. The minimax
explanation of the properties of this filter and the idea to calculate its parameters approximately by
simulation [13] give grounds for obtaining good-quality estimates both in the positioning problem
and in the motion parameter identification problem as the implementability of the corresponding
algorithms with reasonable computational cost is its inherent property.

/
Following [13] and using the notations of this paper, we write the CMNF estimate ((ﬁt)' , (ﬁt)')

of the position x; and the random motion model parameters p based on the observations y' in the
prediction-correction form
Ty =T+ ATy, g = -1 + Al

The position prediction Z; is calculated using the basic prediction function & (X, M); the cor-
rection, using the basic correction function (;(X,Y), X € RP, M € R", Y € RY. The prediction Z;
is calculated as a function of & = & (Zy_1, fir_1) whereas the correction (AZ}, Afi,) as a function
of ¢ = (¢ (¥4, y:). Note that the correction does not involve the parameter estimate fi;—1 (no argu-
ment M), which is explained by the absence of the parameters in the observation function.

The functions implementing z; and AZ; are chosen linear so that

Ty = By (B, fie—1) + fr,

<§t> = < ot ) + HiGe (24, yt) + ha, )

Ht—1
where

Fy = cov (x4, &) covt (&, &), fi = BE{x} — FE{&},
7 6
H; = cov <<QZ> - <Ax ) 7Ct> cov (¢, Gr), he = —HE{G)- (6)

t
Ht—1

Formulas (6) have the following notations: E{z} is the expectation of the random vector z,
cov(z,y) is the covariance of z and y, and “*” is the Moore-Penrose pseudoinverse [20]. In addition,
the position prediction Z; and the estimates Z; and fi; are unbiased with the estimation error
covariances

E = cov (xy — Ty, wp — Tt) = cov (x4, x¢) — Freov (&, xt)
Ef =cov (ry — Ty, x4 — Ty) = I?t — Af(\f, ﬁo = cov(n,n), (7)
Kf' = cov (pu — fir,p— fir) = KJ* | — AK,, Ko = cov(u, ),

where the matrices AK| f and Aff\f are the upper and lower diagonal blocks of the matrix

e () () )

The linear transformations (5) of the basic prediction & and correction (; have minimax jus-
tification as the best estimates on the classes of all probability distributions with known mean
and covariance [13]. In practical calculations, Monte Carlo estimates of the filter coefficients Fj,
ft, Hy, and h; are used instead of their analytical values. In other words, E{z} in (6) is replaced
by E{z} = % SN 2, where {xl}f\il are the sample values of x simulated on a computer. Finally,
sufficient conditions for the existence of the estimate (5) with respect to model (2) were formulated
in [5, 6].

Thus, to solve the AUV positioning problem, it is required to specify motion and observation
conditions and design the CMNF by selecting the basic prediction & and correction (;.
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4. AUV POSITIONING USING STATIONARY ACOUSTIC BEACONS
4.1. Motion Model

As has already been mentioned, the movement of an object in a water environment is the target
(and currently single) application of the considered model of the system with random time delays of
observations. Water acts as a natural source of delays in measurements made by various acoustic
sensors. Different problems can be formulated using such measurements, including target goal-
setting and intelligent target tracking, vehicle position estimation and prediction, motion model
identification, individual and group movement planning, inertial navigation and visual positioning,
and others. To demonstrate the flexibility and efficiency of the CMNF, we select the positioning
problem of an AUV interacting with two stationary acoustic beacons. The observation model
and possible approaches to solving the estimation problem in this formulation were discussed in
detail in [21-23]. Here, this model is supplemented by introducing random time delays for the
measurements of each beacon and inaccurate a priori information on the motion parameters, namely,
the average velocity vector of the AUV. Thus, it is possible to analyze the standard application of
the CMNF for solving the state filtering problem (determination of the AUV position) as well as
positioning together with parameter identification.

The AUV motion model assumes that on average the vehicle moves at a constant velocity, while
the real velocity is affected by uncontrolled random factors. Their influence leads to independent
deviations of the velocity, which remains constant on sampling intervals (between successive mea-
surements) and changes at each next time instant. The same in-plane motion was used in [5] but
under the assumption of known motion parameters. Here, we will identify them.

The AUV motion is described in the Cartesian reference frame Oxyz; its choice will be dis-
cussed below. The typical notations z(t), y(t), and z(¢) are employed for the motion trajectory
coordinates; they are measured in kilometers (km). Note the distinction between these notations
and ¢, y; used above for the observation system in the general model (1). AUV positioning starts
at the time instant ¢t = 0 and is performed at discrete time instants with steps d: 9,29,...,%d,....
The AUV motion starts at the time instant —7'0, i.e., t = —T', so a measurement with any permis-
sible delay 79; < T can be realized at the time instant ¢ = 0; therefore, the AUV initial position
is given by the vector (z(—T —1),y(—=T — 1), (=T —1))’. In the calculations carried out, this
vector is supposed to obey the Gaussian distribution with the mean (—1,—1,1)" and the covari-
ance diag {0.1%;0.1%;0.1%2}. By assumption, the AUV moves at an unknown constant velocity
(vx,vy,vz)/, which is affected by uncontrolled factors. The absence of accurate velocity infor-
mation is modeled by making the vector (vy,v,,v.)" Gaussian with the mean E {v,} = —25 km/h,
E{v,} = —12.5 km/h, E {v,} = —1 km/h and the covariance diag {5%,52,1}. Thus, each trajectory
has a particular “target” motion (direction and velocity) and, along with positioning (estimation
of the position (x(t),y(t), 2(t))"), it is required to identify the parameters of this motion given by
the realization of the vector (v,,vy,v,) .

The uncontrolled random factors affecting the velocity of motion are modeled by additive distur-
bances wy(t), wy(t), and w,(t); by assumption, the vector (w,(t), wy(t), w,(t))" obeys the Gaussian
distribution with the mean (0, 0, 0)" and the covariance diag {252, 252,252, 252}. Thus, we have

/

the state vector (z}, 1) = (2(t), y(t), 2(t), vz, vy, v;) € R3*3 and the following dynamics:

x(t) =x(t — 1) + 0(vy + wy(t)),

y(t) =yt = 1) + 6(v, + w,(1), .
2(t) = 2(t — 1) + d(v, + w;(1)),

t=-T,-T+1,...,0,1,....

For the other calculation parameters, as in [5], we set a sampling step of § = 0.0001 hours (h) for
observations (i.e., about three measurements per second (s); positioning is performed for 1000 sam-
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pling steps, t = =T, ..., 1000, (i.e., 6 minutes (min) of motion). During this time, the AUV traverses
an average distance of about 2.5-3 km, with the maximum range to the farther of the two beacons
being 8 km. Accordingly, the maximum time delay is supposed to be T' = 15, constituting 0.0015 h
or 5.4 s. This assumption is based on the sound velocity in water vs = 5400 km/h (1500 m/s).

4.2. Measuring Complex Model

Observers are two stationary acoustic beacons (passive acoustic devices for estimating the di-
rection of arrival (DOA) [24]) installed in advance. Let the first (F, first) and second (S, second)
beacons have the coordinates (Xr, Yr, Zr) and (Xs, Ys, Zs), respectively. Following the model
proposed in [22], observations of the positioned AUV with the unknown coordinates (X, Y, Z) are
the directions to each of the beacons, which yield two angles

Yr-Y Ys—Y
EES X xS T XX
9
Zr—7 Zs— 7 ©)
tan A]-‘ = m COS Y F, tan AS = m COS ¥s.

Figure 1 shows the geometric interpretation of the measured angles, particularly how the angles
wr, vs, Ar, and As can be counted to determine the mutual position of the beacon and the
positioned AUV in order to correctly find the vehicle’s position based on the available tangent
measurements and consider the possible crossing of the lines Xr — X =0 and Xs — X = 0 when
some measurements cannot be used. In this figure, positions 1-2-3-4 of the AUV (X1,Y1,2;)
and the beacon (X, Y, Zaq) correspond to possible combinations of the coordinates X1 < Xy,
X1 > XM, Y1 < Yu, Y1 > Yy, and the angles ¢ and A are counted so that relation (9) holds in
all variants.

In the experiment described below, assuming the cooperative scenario (the beacons and the
AUV act jointly to fulfill their common task), it is possible to simplify the relations slightly by

Fig. 1. Possible mutual arrangement of the AUV and beacons.
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Fig. 2. Mutual arrangement of the AUV and two beacons in the experiment.

choosing a reference frame so that (Xz,Yr, Zr) = (0,Yr,h) and (Xs,Ys, Zs) = (Xs,0,h), where
h is the depth at the location of the beacons (Fig. 2). Also, we may assume that Xz >0, Yr > 0
and the origin is located so that X < 0, Y < 0 throughout the entire motion time. Then all the

measured angles ¢r, ¢s, Ar, and A\s will vary in the range (0, %), SO COS PF = W and
an® pF
cos ps = ——-———. Thus, we arrive at the following relations of the measurements instead
(1+tan? ps) "/
of (9):
t - F _r
an = an =
(10)
tom \ Z —h tam \ Z —h
an \r = cos an\g = ———— oS ¥s.
F X PF; ST X T xg (8¥s

In the calculations carried out, the coordinates of the beacons are given by Yr =1 km and
Xs =2 km, the depth is h =2 km. Accordingly, with the expected initial position (—1,—1,1)’
and average velocity (—25; —12.5; —1)" of the AUV chosen above, the vehicle will move away from
both beacons and maintain negative coordinates z(t), y(¢) and positive coordinates z(t) on average
during 6 min of its positioning. Increasing the distance to the observers means increasing the values
taken by the time delay 7;.

Therefore, it remains to consider the measurement errors in (10). According to model (1),
they are additive, so the factual model of the measuring complex without time delays in arriving
observations has the form

y(t) - Yr z(t) — h 1

Yie = z(t) Tl wee = z(t) (1 + tanpr(t))"? el
) 2t —h 1
Y3t = 796(75) ~ Xs +vs(t), yay = 2(t) — Xs (1 + tan? SDS(t))l/2 +ua(t), (11)
tan o7 (t) = y(ti(i—t)}/; tan ps(t) = x@?(i_t)XS

where vy = (Y14, Y24, Y34, y4t)/ is the vector of the measured angular directions tan oz, tan Ar, tan ¢g,
and tan \g; the AUV coordinates x(t), y(t), and z(t) are given by model (8), and the vector
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(v1(t), va(t),v3(t), v4(t)) of the additive measurement errors obeys the Gaussian distribution with
the mean (0,0,0,0) and the covariance diag {(0,01)?,(0,01)2,(0,01)%,(0,01)?}. In the described
experiment, the accuracy characteristics of the simulated acoustic sensors are chosen so that differ-
ences in the estimates can be visualized while maintaining an acceptable quality of all algorithms.
The relative accuracy of real devices was discussed in [25].

To consider the observation delays 7y in (11), we define two random functions 7x(t) and 7s(t),
which will model the acoustic signal delay in time cycles, i.e., in the sampling steps §, under the
constant sound velocity vs (see the assumption above). Note that for the problem under study,
this simplified assumption is sufficient. In practice, it can be replaced without much difficulty by
a more precise relation, e.g., the value obtained using the algorithm [26] or other simpler approxi-
mations [27]. Knowing the AUV current position (z(t),y(t),z(t))’, we calculate the ranges to the
beacons located at the points (0, Yr, h) and (Xs, 0, h), and the delays 7-(t) and 75(t) € {0,1,...,T}
in time units of the motion model (8):

V@) + () — V) + (2(t) — b)?] }
(vs) ’

7£(t) = min {T,

: (12)
V@) - XsP + 40)” + () 1)’ } |

(vs)

7s(t) = min {T,

In (12) we use the notation [z] for the floor function of z and the minimum to make the delays
formally correspond to the model (1) and not exceed the given threshold 7". In the calculations,
T =15 (large enough) and this minimum constraint was never activated on the simulated trajec-
tories.

Thus, the observation model takes the final form

Toy_ —-Y; T3p_ —h 1
Yie = Do) +v1(t), y2r = Eeeall 2 12 + va(t),
Tlt—rr(t) Tit—7x(t) (14 tan® pr(t — 7£(t)))
XTop_ 34— —h 1
Y3y = LS)X +us(t), yay = —rs 5 77 tuat),  (13)
Tlt—rs(t) = AS Tli-rs(t) (14 tan? ps(t — 75(t)))
Toy — Y. x
tan pr(t) = %th, tan ps(t) = ﬁ

To reduce the delay time in (13) to the form of the original model (1), in which 74 € R*, we have
to use (12) and let 714y = 7o, = 7£(t) and 73; = T4, = 75(1).

4.8. CMNF Design

The filter design procedure consists in selecting its structural functions &, (; and carrying out
computer simulation to calculate the coefficients by formulas (6) and determine the accuracy by
formulas (7). For simplicity, we will not introduce separate notations for the CMNF estimates
corresponding to different variants of the structural functions, all estimates are indicated in the
same way: Ty, [, like the predictions Z;. The particular structure of the filter is specified by its
name (typical, geometric, or pseudomeasurements).

The three filter variants proposed here involve the basic prediction due to system (8), i.e.,
& €R3,t=0,1,..., and have the form

§1p = X1 +0My, &9y = Xo+0My, &3, = X3+ 0Ms3. (14)
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The motion equations (8) are linear, which does not affect the presence of parameters to be
identified, so the basic prediction (14) is used in all CMNF variants and it makes sense to discuss
only the correction process.

In the first variant of the filter, called typical, the basic correction is given by the observation
residual adjusted by the estimate of the observation delay, i.e., (; € R*, ¢ =0,1,.... It has the form

Xy — Yr X3 —h 1

Cl = Yi - 3 CQ = YVQ - ’
! X1 ! X1 (1+tan235)"?
~ Xo—Yr ~
tan r = ===, (X1, X2, X3)' =Ty 2,
X, X5 —h 1
CGp=Y3— ————, (u=Ys— ;
! X, - Xs” X1 (1+ tan2@g)"?
. Xo ~ (15)
LES = Xy (X1, X2, X3)' = F,_5 0,
_ , (X1)? + (Xo — YF)? + (X5 — h)’|
7r(t) = min {T, \/ o)) (X1, X9, X3) =Ty,
S
_ , (X1 — Xs)? + (X2)? + (X3 — 1)’ _
7s(t) :mm{T, \/ Gvs) (X1,X2,X3) =7
S

Note that to form the residual, the prediction-related argument of the basic correction (; must
contain not only the last position prediction Z; calculated using (5) but also all previous ones
Ti—1,..., T4 since the time delay estimates 7r(t) and 7s(¢) in (15) may take any value from 0
to T. The prediction shift is needed to determine the residual from the estimate of the state
associated with the current observation y,, i.e., from the delayed state. This state can be estimated
by the values Tz (t) and 7s(t) for the first and second pair of the measured angles, respectively.
In this case, the delay estimates can be calculated using the current position prediction z; since the
AUYV velocity is much less than the sound velocity, so the range to the AUV during the “delivery”
time of the measurement (and hence this time) will not change significantly.

The second variant of the CMNF correction employs the method of pseudomeasurements [15] as
follows. Clearly, the relations for the measured angles can be easily transformed from the original
geometric relations (10) into linear combinations of the coordinates to be determined:

Y, Y hcoscp;_ COS (pF
tangoy:_tangoy:

9

tan \r  tan \r -

Xstanps = Xtanps — Y, hcosps — Xstan A\s = Z cos ps — X tan As.

Applying similar transformations to (11) yields

y_lt B Y1t (t) * Y1t 1(t)’
h = ) —x @v
(1+ tan2or()'? o, (14 tan2 pr(1)"” g AR (16)
Xsys = (t)ysy — y(t) — (2(t) — Xs) v3(?),
h z(t
Yo tanQ(wl(t))l o — a(Oyse + ((t) — Xs) vil0).
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Finally, the precise values of tan ¢ #(t) and tan ps(¢) in (16) are unknown and have to be replaced
by the corresponding observations yi, and y3,. As a result, from (16) we arrive at the approximate
relations

Yr _y@)

L
h 2(t) z(t)
= —z(t) + —va(t),
(1 + (ylt)2)1/2 Y2y (1 + (ylt)2)1/2 Y2y Y2t 2 (17)
Xsysy = x(t)ys, — y(t) — (z(t) — Xs) vs(?),
h 2(t)
— Xsyay = = z(t)yay + (2(t) — Xs) va(?).
(1 + (Z/3t)2)1/2 (1 + (y3t)2) 2

Following the method of pseudomeasurements, system (17) is used to write the filter; in par-
ticular, the left-hand sides are used as new observations. The reason is that the right-hand sides
contain linear combinations of the estimated position x(t), y(t), and z(t), which gives hope for a
good performance of suboptimal Kalman filters, first of all, the extended Kalman filter (EKF) [8].
Indeed, this property is very attractive: when writing the EKF, there is no need to calculate the
derivatives of the measuring functions (¢; in model (1)).

For the designed CMNF, this approach provides the basic correction in the form of the obser-
vation residual (17), i.e., ¢; € R* given by

Y; X h— X
Clt_y]: 72+X1, Cop = 23/ + X,
! (1 + (Y1) ) Y,
(X17X27X3) =T TF(t)
L x (18)
G = XsV3 — X1Y5 4+ Xy, (= 31/2 — XsYy+ XiYy,
2

(1+ ()%

(X1, X, X3)' = 3, 2

In contrast to the correction term of the conventional EKF, the ultimate formula for ¢; (18)
incorporates, as the correction (15) of the typical CMNF, the observation delays with the same
estimates Tz (t) and Ts(t).

Finally, the third structure for the CMNF is determined from geometric considerations, and
the corresponding correction is called geometric. Again we use (10) under the assumption of no
measurement errors. These relations can be interpreted as four joint equations for determining the
three AUV coordinates X, Y, Z. Although the geometric problem in Fig. 1 has one solution (the
surely intersecting acoustic ray lines of two beacons), system (10) can be formally solved in four
ways. By combining the quantities measured by both beacons into the vector (Y1,Ys,Y3,Yy) =
(tan o F, tan Ar,tan ¢s,tan \s)’, from (10) we obtain the system

Y - Yr Z—h 1
Y = Yy = -
Y /27
X (1 )?)
v Y v Z —h 1
3: . M 4: _ 12'
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Its solution XY, Z satisfies each of the following twelve equalities:

X:Y}"FYSXS’ X:Y}'—I—Y{J,X‘g’
Y5 -1 Y5-11
v Y3 (Yr+Y1Xs) v — Y3 (Yr+ Y1 Xs)
Ys— 1 ’ Y3—-1; ’
B Yr + Y3Xs 2\ 1/2 _ Yr+Y3Xs 2\ 1/2
Z—h+}/2ﬂ<l+(yl)) ) Z—h+Y4(ﬁ—Xs (1+(Y3)) )
X Y1 X
*= K41+i’1)2 /27 X = 41+‘(SY1)2 1/2’
Yam Yo (1+(Y3)2) Yam Yo (1+(Y3)2>
YoY3 X,
Y= Yliﬁ)? iz T Y= 1+(12/3)§ Ve
Ya— Yo (1+(Y3)2> Y1 (1+(Y1)2> — Y
YoV i Xs Yoy Xs
Z=h+ Y, Y- ; Z=h+ Y, Y:
4 _ 2 4 _ 2
(1+(Y1)2)1/2 (1+(Y3)2)1/2 (1+(Y1)2)1/2 (1+(Y3)2)1/2

Excluding the identical ones, we arrive at eight equalities based on the four measurements
Y1, Y5, Y3, Y. They can be used as the basic CMNF correction ¢; € R® of the form

- Yr+Ys3Xs - Yr+Ys3Xs 2\ 1/2
Clt_Xl_ﬁv C3t—X3—h—Y2ﬁ(1+(Yl)> )
Ys (Yr+Y1Xs) <Y]-‘ + Y3Xs ) o\ 1/2
=X, — =Xy —h-Yy [~ 325  xo) (14 (:
G2y = X Y, v, » Cap = X3 i\ 7 s (+(3)) ;
Y, Xs YoY3Xs
<5t = X]. - 1+(YI)2 1/27 C?t = X2 - ]__l,_(Yd)Q 1/2 )
1Yy Xs oYy Xs
Cﬁt = X2 - 1-|—(Y1)2 1/2 - Yfa CSt = X3 —h— Y1 _ Yo )
}/4 - Y2 <1+(Y3)2) (1+(Yl)2)1/2 (1+(Y3)2)1/2
/ e —
(X1, X2, X3) = Tt max (7 (1)75(t)) Yig) = yl(a)t_max(?fw Fs(0) 47 (1)’
Y5(4) = U3(0) 1 max(7 (1), 75(0))+75 ()"

Here, the time delay estimates 7r(t) and 7s(¢) are calculated by analogy with the two previous
variants of correction but used in a slightly more complicated way. Since the geometric interpreta-
tion “mixes” measurements from different beacons, the delays are mixed as well; therefore, both the
prediction and the measurements must be shifted back for referring to the same time instant. For
the prediction, this is the shift by the larger of the values 7£(t) or Ts(t); for the observations, the
shift by the difference |77 (t) — 7s(t)| toward the earlier measurement. (Recall that the measure-
ments y;; in (19) have been already shifted by 7£(t) or 75(t) according to model (13).) Thus, the
current (most “fresh”) observations will be used only halfway. This “damage” is in the interest of
synchronizing the measurements. In fact, of course, we introduce no damage at all: the unused part
of the observations will be employed very quickly after the desynchronization time |7£(t) — 7s(t)].

In the case of more beacons (three, four, etc. acoustic sensors), the number of equations (19)
grows exponentially. So formally scaling the geometric correction to a larger number of observers
may lead to an unacceptable computing cost due to the implementation complexity instead of
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potentially improving the positioning quality. However, we hypothesize that there is no need
to use all possible combinations of measurements, being limited to only some of them. In this
case, it will be reasonable to employ all available sensors, no matter which pairs are involved in
the correction. The success of the pseudomeasurement filter demonstrated in the next section
indirectly confirms this hypothesis. Nevertheless, despite the simplicity of the geometric problem,
the geometric variant of the correction procedure yields the best CMNF structure for solving the
AUV positioning problem.

5. NUMERICAL EXPERIMENTS

To design the CMNF by the Monte Carlo method and analyze its quality, we simulated two
independent samples of N = 10000 trajectories. On the first sample, the filter parameters (6)
and (7) were calculated for each of the three correction structures proposed. Note that although
relations (7) are not directly required to compute the filtering estimate, the values of I?t are
useful to know because they express the theoretical accuracy of the filter. On the second sample,
we analyzed the real quality of the filtering estimate #; = (Z(t), 7(t), 2(¢t))" and the identification
estimate [i; = (0,(t),y(t),0,(t))’. The estimation accuracy was determined by the mean square
deviations of the estimation errors, denoted by 0(t), 05(t), o2(?) (indicated in meters in the figures)

and o5 (), o5, (t), o5, (t) (km/h) and calculated by the Monte Carlo method on the second sample.

Thus, it is necessary to examine both the absolute values of these quantities (in particular, compare
them with those calculated in the model without the time delays) and the difference between them

Fig. 3. AUV trajectories: (a) curves 1—3 correspond to the positions z(t), y(t), and z(t), whereas
curves /-6 to the estimates z(t), y(t), and z(t); (b) curves I and 2 correspond to the time delays
77 (t) and 7s(t); (c) curves 1—8 correspond to the velocities vg, vy, and v, whereas curves 4—6 to the
estimates U, (t), vy (t), and v.(t); (d) curve I correspond to the AUV positions (z(¢),y(t)), whereas
curve 2 to the estimates (z(t),y(t)) on the trajectories.
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Fig. 4. Mean square deviations of the filters: (a) geometrical, (b) pseudomeasurements, and (c) typical.

oN1/2 s N1/2 s N1)2
Curves 1—6 correspond to (Kt) , (Kt> , (Kt) , 0z (1), Ugj(t)7 and oz (t).
22 33

11

and the corresponding diagonal elements of I/(\t in order to assess the practical realization of the
theoretical properties of the CMNF in the case of its computer simulations-based design.

In Fig. 3, the experiment is illustrated with examples of characteristic position trajectories,
time delay, filtering estimates, and parameter identification estimates. In Fig. 3a, one graph
shows the coordinates of one AUV trajectory x(t),y(t), z(t) and the corresponding CMNF esti-
mate Z(t),y(t), Z2(t); in Fig. 3b, the time delays 77(t) and 7s(t) for the first and second beacons
on the same AUV trajectory; in Fig. 3c, the estimates v,(t),vy(t),.(t) and the exact values of
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Fig. 5. Mean square deviations of the filters: (a) geometrical, (b) pseudomeasurements, and (c) typical.

~\ 1/2 ~\ 1/2 o\ 1/2
Curves 1—-6 correspond to (Kt) , (Kt) , (Kt) , 05, (1), 05, (t), and o5, (t).
44 55 66 '

the velocities v, vy, v,; in Fig. 3d, several AUV trajectories in projection onto the Ozy plane. The
CMNF estimates correspond to the geometric structure function. Although there exists a distinc-
tion in the filtering and identification estimates for different CMNF structures, it seems impossible
to visualize this distinction on graphs. Therefore, numerical data are presented below to analyze
the performance in detail.
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Comparison of the estimation quality
Filter U;Al) / U;AQ) 0%1) / 02(72) O'g) / 0%2) 01(71) / ag 0%) / 01(73) 0%) / Ug
T = 15, delay 54 s, unknown v, vy, and v,
Geometric 13.80/14.22 | 13.93/14.32 | 11.61/11.77 | 0.68/0.99 | 0.67/0.97 | 0.49/0.79
Pseudomeasurements | 14.36/14.60 | 16.54/16.83 | 12.60/12.70 | 0.76,/0.91 | 0.75/0.89 | 0.56/0.72
Typical 15.22/4300 | 16.38/3368 | 12.50/1117 | 0.76/88 | 0.75/96 | 0.57/17
T =0, delay 0 s, unknown v, vy, and v,
Geometric 11.27/11.62 | 11.45/11.78 | 8.81/8.92 | 0.67/1.00 | 0.66/0.98 | 0.48/0.80
Pseudomeasurements | 11.19/11.36 | 11.49/11.65 | 8.87/8.93 | 0.75/0.92 | 0.73/0.89 | 0.55/0.72
Typical 11.09/11.25 | 11.45/11.61 | 8.81/8.86 | 0.74/0.92 | 0.73/0.89 | 0.55/0.72
T = 15, delay 54 s, unknown v, = E{v;}, v, = E{v,}, and v, = E{v.}
Geometric 13.05/13.23 | 13.38/13.54 | 11.48/11.56 — — —
Pseudomeasurements | 13.56/13.64 | 15.38/15.49 | 12.37/12.42 — — —
Typical 13.66/45.81 | 15.39/32.22 | 12.33/22.09 — - -
T =0, delay 0 s, known v, = E{v,}, v, = E{vy}, and v, = E{v.}
Geometric 10.66/11.25 | 11.11/11.25 | 8.71/8.77 — — —
Pseudomeasurements | 10.66/10.74 | 11.14/11.22 | 8.74/8.77 — — —
Typical 10.65/10.72 | 11.13/11.21 8.71/8.75 — — —

The next issue—the estimation accuracy—is illustrated in Figs. 4 and 5. Figures 4a—4c show the
deviations o,(t),05(t), 0,(t), and 04(t) and, for comparison, the corresponding diagonal elements

of the theoretical covariance f(\t of the estimation error. Figures 5a-5c present the similar char-

acteristics o (t), 05 (t), and o (t) for the identified velocities. Each figure contains three graphs
T y z

corresponding to the three variants of the CMNF (geometric, pseudomeasurements, and typical).

Assessing these graphs visually, we state that the first two CMNF variants are successful in
the positioning task. A precise comparison requires numerical indicators, which are given below.
Also, the graphs confirm the fundamental possibility of velocity identification by these filters. The
values characterizing the quality of identification are presented below. Obviously, the typical filter
is able neither to position the AUV nor to identify the average velocity of motion. The discrepancy
between the theoretical accuracy determined by the matrix f(\t and the real values of the deviations
07(1), 05(t), 05(1), o5 (1), s, (t), and o _(t) calculated on the second sample is too large. The reason
consists in an insufficient sample size used for filter design and can be eliminated by significantly
increasing N. However, in this case, the calculations become rather resource-intensive. It would
make sense to consume computational resources only without the advantages of the other two
CMNF structures, which are slightly more difficult to implement but much more efficient.

To conclude the experiment, it is necessary to characterize the real difference of the successful
CMNF structures, the effect of the model with time delay on the quality of estimation, and the
presence of identifiable parameters. For this purpose, we carried out calculations with the models
in which 7£(t) = 7s(t) = 0, and the models in which v, = E{v,}, vy = E{v,}, v = E{v.}. The
choice of the model without the time delay for comparison is clear; however, the assumption of
a known constant velocity of the AUV on each trajectory may seem redundant. In fact, if the
velocities are determined for each trajectory, as the original motion model (8) assumes, there
will be no significant difference between positioning with the velocities known at the initial time
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instant and positioning with the velocities given by the identification estimates. This is explained
in Figs. ba and 5b, showing that the filter produces an acceptable estimate of the current velocity
rather quickly. In addition, the motion model (8) yields a fairly accurate prediction using the
average velocity as well; under the assumption of no time delays, the velocity does not affect the
positioning quality at all, although there is the possibility to identify it.

The time-averaged mean deviations were used as an objective measure of the positioning quality

(averaging over 1000 steps, 6 min). For example, for the analysis of Z(t), 0'/(\2 = 1000 S 100 & ~(t)
1/2
were calculated to compare o(t) with the theoretical accuracy J(AI = 1000 21000( )11 . The
1/2
values of O'A = s S0 ( ) " and 0 = s > 2001 05 (t), etc. (the mean deviations of the

estimates at the last hundred steps) were determlned to analyze the identification results. Here,
the superscripts (1) and (2) indicate the deviation computed on the first (the theoretical accuracy)
and second (the factual accuracy) sample, respectively, and the subscript denotes the estimate. All
results are combined in the table; the most interesting ones, illustrating the highest and lowest
precision estimates, are set off in bold.

6. CONCLUSIONS

Of course, supplementing the model with random time delays [5, 6] with the unknown parameters
to be identified has complicated the technical implementation of estimation algorithms. Even
a reliable approach involving the concepts of conditionally optimal and conditionally minimax
filtering suffers from certain difficulties. This is the first important conclusion from the results
presented in the table above. Reproducing the Kalman filter structure, the typical filter essentially
turns out to be unworkable. Interestingly, in the models without delays, both the filter based on the
residual and the filters of more complex structure cope equally well with positioning (estimation of
the position coordinates) and identification (estimation of the velocity). Actually, in the case of no
time delays in observations, the CMNF works equally with any structure and provides very good
estimation accuracy.

The second remark should be made regarding the concept of pseudomeasurements [15]. The
fact that this approach would give a workable CMNF structure in the model with delays did not
initially seem obvious. Its ability to compete with a purely geometric solution was all the more
questionable. As the result of this study, we have obtained quite competitive estimates in terms
of accuracy; in the identification problem, the CMNF with the pseudomeasurement structure even
outperforms the geometric filter. Moreover, the geometric solution cannot be obtained in several
cases, and increasing the number of observers will lead to an exponential growth of the dimensions.
At the same time, the concept of linear pseudomeasurements has a universal character, applies to
any DOA sensors, and is much easier to implement.

Finally, the third remark concerns the interpretation of the identification results. On the one
hand, using the Monte Carlo method, one cannot expect the convergence of estimates in a numerical
experiment. On the other hand, the Bayesian approach to parameter estimation and the CMNF
properties do not imply convergence in a finite time, only ensuring that the estimation quality
will improve from step to step. The real deviation of the velocity estimate turns out to be about
1 km/h; for the coordinates z and y with the initial velocity of 5 km/h and 6 min observations,
this result seems to be good. The velocity along the Oz axis is poorly estimated, but it has a much
smaller effect on positioning accuracy. Thus, the fundamental possibility of identifying the velocities
without direct measurements, such as Doppler sensors, has been confirmed by the experiment.
Velocity measurements can further improve the accuracy of both motion model identification and
AUV positioning.
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Abstract—This paper further develops the topic of the authors’ previous research. In particular,
order statistics of the discrete normalized spectral distribution of the additive white Gaussian
noise are investigated to detect a deterministic useful signal in a noise mixture using information
features. An additional relationship is established between the discrete spectral distribution of
the single-window realization statistics of the white noise. Another novel result consists in
exact formulas for calculating the mean and variance of normalized order statistics. Based
on the analytical expressions derived, a new formula for calculating the spectral complexity is
proposed and the already known one is refined. The theoretical results are verified by statistical
simulation.

Keywords: order statistics, signal processing, Fourier transform, signal detection in noise
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1. INTRODUCTION

The problems of detecting deterministic, chaotic, and random signals have attracted the atten-
tion of researchers since the time of studying space objects [1, 2]. When solving such problems, the
main difficulty lies in the unknown properties and characteristics of the observed signal. Therefore,
the periodic repetition of a signal over time is often treated as a feature of the appearance of a
deterministic signal. Then, based on the results of observations, the received energy is accumulated
and averaged, and the presence/absence of the desired signal is concluded accordingly [3].

The statistical foundations of the theory of signal detection and classification in noise were laid
in the 1950s-1960s [4]. In turn, machine learning methods allowed solving classification problems
based on extracting a set of individual features [5]. Over the last 3040 years, research results have
appeared in the scientific literature in which information characteristics of temporal or spectral
distributions are used as detection and classification criteria. Since entropy or information is insen-
sitive to the permutation of discrete samples of distributions, the gaze of the scientific community
is directed to studying the distributions of order statistics and describing their properties [6, 7]. In
recent years, entropy and related indicators have been frequently applied in the analysis of elec-
troencephalography (EEG) and brain activity [8]. Another example of using signal entropy and
related spectral complexity is the problem of signal classification, as shown in [5, 9]. Lately, order
statistics have found applications in generative neural networks [10] and the related Wasserstein
distance and theory of optimal transport [11, 12].

In many detection problems, the signal being detected is often supposed known [13]. In practice,
the pre-detection problem is also popular when it is important, e.g., to determine the presence of
a deterministic signal in white noise [14, 15].
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This paper aims to establish statistical regularities in the single-window observations of white
noise and studying the evolution of these regularities when a signal appears in the mixture. An
expected result is a new tool for detecting (and, subsequently, classifying) a signal under small
values of the signal-to-noise ratio (SNR).

The remainder of this paper is organized as follows. In Section 2, we present the mathematical
formulation of the problem and the background necessary for further considerations. Sections 3
and 4 contain the main analytical results of this research, namely, the lemmas and propositions
for finding the mean and variance of the normalized order statistics of the spectral distribution
of the white noise when processing the observations of a single rectangular window. In Section 5,
new information characteristics of signals are introduced based on the analytical results obtained.
Section 6 describes the results of numerical simulations confirming the theoretical constructs of the
previous sections. In Section 7, we summarize the outcomes of the paper.

2. PROBLEM STATEMENT AND BACKGROUND

The problem of detecting a signal s(n) is traditionally reduced to that of distinguishing between
two hypotheses [15]:

w(n)

{ Lo :z(n)
s(n)+w(n), n=1,...,2N + 2.

I'y:z(n)

The hypothesis 'y is associated with the decision to receive only noise while the hypothesis I'y
with the decision to receive a mixture of a useful signal and noise, where the sequences {z(n)},
{s(n)}, and {w(n)}, n=1,...,2N + 2, denote the time series of the received data, useful signal,
and additive random noise, respectively, and 2N + 2 is the time series length. The random variables
(x(1),...,2z(n),...,2(2N + 2)) of the time series take values (z1,...,Zp,...,Tons2) € RZV+2,

To estimate the probability of erroneous hypotheses distinction, we can apply a modification of
the Neyman—Pearson lemma in which the error function is described by the exact formula

1
Er(N;To,Ty) =1— 5\\130““ — PN =1-TV(R), P1), (1)

where PO(N) and Pl(N) are the multivariate distribution functions of observation statistics for the
hypotheses I'g and I'y, respectively, TV (P, P;) is the total variation of the measure with a sign,
and [|Q = 2supy |Q(A)|. Thus, if the carrier sets of the measures Py and P; do not overlap,

then error-free hypotheses distinction is possible. If the measures PéN) and Pl(N) are close, then

HPO(N) - Pl(N)H ~ 0 and, in this case, Er(N;T'o,I'1) = 1.

The peculiarity of the problem is to detect a deterministic signal under small SNR values,
ie., Er(N;Ty,T'1) = 1, by analyzing the spectral properties of the received signal-noise mixture
and information criteria. Due to this peculiarity, the following problem was formulated in the
paper [16].

Problem 1. Consider a given realization {z1,...,xon12} for a sequence of independent random
variables {&1, ..., N2} with zero mean. Let the discrete Fourier transform (DFT)
2N+2
X = Z xne—Qiﬂk(n—l)/(QN-i-Q) (2)
n=1

be applied to this sequence to obtain the random variable

2N+2 ]
= = Z €n6—2z7rk(n—1)/(2]\/+2)’ (3)

n=1

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 12 2024



1170 GALYAEV et al.

where k = 0,..., N. (Due to the symmetry of the DET of a real signal, the second half of N 4+ 1,. ..,
2N + 1 complex amplitudes of the spectral samples is conjugate to the first.)

It is required to find the discrete probability function of the normalized ordered spectral distri-
bution ny(NN) as the normalized mean for each kth value of the random variable

(T1)

ne(N) = o (4)

where I, = Z;Z; (the square of the amplitude modulus or the energy of the spectral sample),
Ex is half of the signal energy, and T is the non-descending ordering operator of the series, and to
investigate the properties of the resulting distribution on different information measures.

To solve Problem 1 in the general case, one needs to calculate

Bl = &[], (5)

Ex
In 1898 A. Schuster established that the distributions of the random variables I, k =1,..., N,
are exponential, and the random variable I obeys the y? distribution with one degree of freedom.
This fact holds if the random variables &,, n =1,...,2N + 2, are independent Gaussian ones with
zero mean and variance o3, as demonstrated in [17].

Remark 1. The total number of signal samples in the time domain is set equal to 2N + 2 for
the convenience of analyzing the energies I; of half of the spectral samples, only N of which obey
the exponential distribution.

In this paper, the detection problem is solved with a criterion defined by an information charac-
teristic, i.e., complexity represented as the product of entropy and the £ norm of two distributions.
Being only a function of the discrete spectral distribution, entropy possesses insensitivity to the
permutation of its samples; being a function of two distributions, complexity is sensitive to per-
mutation when calculating a relatively nonuniform distribution. Therefore, when postulating the
order of samples in a discrete distribution, a rule is established for calculating the information
characteristics. As such a rule, we will use ascending or descending ordering for spectrum samples.

3. MAIN RESULTS. CALCULATING THE MEAN OF NORMALIZED ORDER STATISTICS

The mean of an order statistic normalized by the sum of samples possesses the following property.

Lemma 1. Let z1,...,zx be the observations of a random wvariable Z obeying the exponential
distribution F(z) =1 — exp(—z) with the density function f(z) = exp(—z). Consider the values
of the sequence z(y,...,2n) of the same results rearranged in ascending order, where the random

variable Z ) is a nondecreasing kth order statistic.

Then the mean of such a random variable normalized by the sum of all elements of the sample
has the form

00 ZN z3 z22 N
J [ [ =#F—exp|— 2z |dndz...dzy_1dzy
Z(k) 00 00 Duim i=1
E N 7 - 00 ZN 23 22 N ’ (6)
i=1 4(i)
J [ ... [ [exp <— > zz> dzidze ... dzy_1dzn
0 0 00 i=1

Proof. The lemma is directly verified by writing the mean for the order statistic.

Formula (6) differs from the known ones in the calculation of the mean of —x*— by the joint
zi

distribution of the order statistics Z(y),..., Z(y). A difficulty arises when calcul?cilng the integral
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in the numerator of (6), which is overcome using the relation between the means E [%} and
i=1 ()
E[Zg)-
The density function of the distribution for the kth order statistic Z(;) is defined as follows:

N
J20 &) = =N —w)

FEFEFL = F2)N

When substituting the exponential law F(z) this density takes the explicit form

0, (2) = e P14 N — )1 - exp(-2) "

(k— DI(N — k)

The next formula is a well-known result for finding the mean of order statistics of the standard
exponential law [7]:

E|Zu)| = 0/ 2fz4 (2)dz = i:]\;k—i-l;' 8)

On the other hand, this mean can be obtained by the formula of Lemma 1, i.e.,

o0 2N z23 22 N
[ [ [ [zrexp (— > zi> dz1dzy ... dzy_1dzN
00

i=1

00 ZN 2322 N — 4 ‘ i B
[ [ ... Jexp| = z |dndzy...dzy_1dzn =1 =1 i=N—k+1
00 00 i=1

Proposition 1. The mean of the normalized order statistic (6) is given by
Z(k) 1 X
et v 2 v

=14 i=N—ht1 "

which coincides, up to the factor %, with the value of E[Z ).

Proof. The repeated integral in the denominator is analytically calculated for an arbitrary upper
limit of the last integral:

a zZN zZ3 22

// //exp( ZZZ> dz1dzy ...dzy_1dzy = —+O( “Lexp(—a)).

Passing to the limit as a — oo yields
o0 ZN z3 22 N 1
// //exp (—ZZZ) dz1dzs . ..dzy_1dzy = NI (11)
0 0 0 i=1

This result can be alternatively established by observing that

[e ey o]

// //exp ( Zzz> dz1dzy ... dzy_1dzy = 1.
0 0 0

i=1

At the same time, this integral consists of the sum of N! integrals of the form (11) (by the number
of all permutations of z;, i =1,...,N).

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 12 2024
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Now we study the integral in the numerator of (10). The repeated integral in the numerator is
analytically calculated for an arbitrary upper limit of the last integral:

a ZN z3 22 N
//// ;k exp (—ZZZ) dzidzy ... dzy_1dzN
0 0 00 D=1 % i=1

11 1 Nk N N1t
=N Z;— Z - | +O(a" exp(—a)) + O(a™ T Ei(1,a)),

o0
where Ei(1,a) = [t~ exp(—ta)dt.
1
Passing to the limit as @ — oo gives the desired result.

Section 4 proposes a method for calculating the variance of a normalized order random variable,
which can also be used to prove Proposition 1.

Simultaneously, several interesting results have been obtained concerning repeated improper
integrals:

o0 ZN z23 22

N
1
//...//exp <_ZZZ> ledZQ...dZN:m, (12)
0 0 00 =1
I 1 S dz1d dzy = L L 1
////N exp —Z:ZZ' z10z9 ... ZN—mma (3)
00 00 > z i=1
i=1
00 ZN 23 22 N
1 1 1 1
////<1V>2€Xp <— '_12’1') ledZQ...dZN mmﬁ (14)
0 0 00 (¥ =
i=1

They can be calculated using the following property.

Proposition 2. For an arbitrary natural degree p, N —p > 1, wee have

00 00 00 00 1 N (N—p—l)!
M(p,N)O/O/...O/O/M exp (—;zi> dZ]_dZQ...dZN:W. (15)

i=1

For p > N, this integral becomes meaningless due to its divergence. Moreover, for an arbitrary
natural degree p,

07070. . 0707 (Z zz> exp (—f:&) dz1dzy ... dzy = % (16)

=1 =1

Proof. The change of variables {2}, — {z;}¥, in the integrals (15) and (16) is performed by
the following rule [18]:

N
21 ZN-1
xlza,...,xjv_lz N ,.’L‘N:ZZZ (17)
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To find the Jacobian J(x1,...,zxn) of the mapping (17), it is necessary to express the vari-
ables {z;}, through {z;}Y:

Z1 = T1TN,...,ZN-1 = TN-1IN,
N N-1 N-1 N-1
zN:Zzi—Zzisz—Zxin:xN 1—2362- .
i=1 i=1 i=1 i=1

After elementary transformations, the Jacobian of this mapping is reduced to the determinant
of the upper-triangular matrix and equals J(z1,...,xx) = x%‘l. Therefore, the integral (15) is
calculated as follows:

XX XN P N
M(p,N)z////(ZZJ exp (—ZZZ) dz1dzs ... dzN
00 00 V=

=1

2
.../dxl...de_gde_l)

0

x2
.../dxl...d.Z‘N_gde_1>
0

1 1
I(N-p) _(N-p-1)
exp (—zn) deO/---O/dJCL--dJCN—l = F(N)p - (Nfl)!

0
1 TN-1
0

o0 N—1
:/x—pr
NT(N)
0

The integral (16) is found by analogy. Finally, note that the integral (15) consists of N! identical
integrals of the form (13) for p = 1.

Here is another interesting mathematical result on the calculation of the integral (13).

Lemma 2. For any N € N, the integral (15) with p = 1 can be somehow represented by dividing
into two parts containing k and N — k elements:

oo o0

N—-k—-1, k-1
MO = s | [ e e (¢ ) dedn (13)
0 0

Proof. This lemma can be verified using two changes of variables in the integral, similar to the
proof of Proposition 2. Note only that in this case, as before by Proposition 2, M (1, N) = ﬁ

4. MAIN RESULTS. CALCULATING THE VARIANCE
OF NORMALIZED ORDER STATISTICS

Now we have the problem of calculating the variance D {%}, to this end, it is necessary
i=1 (%)
Z2 1
to find E % .
(e %)
Proposition 3. The desired mean can be obtained as follows:
Z? 1

(k) 2

= E|Z0)] . (19)
2l T N(N+1) T
(vaz1 Z(z‘)) (V+1)
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Proof. The means in both parts of the equality are written by definition considering the order
of integration:

o0 ZN z23 22

Nl// //zkexp< Zz,) dz1dzo ... dzy_1dzn,

Z2 o0 ZN z3 22 2 N
AR P %k N dzdes . dzy_id
ﬁ = . ﬁexp —ZZZ zZ1a29 ... AZN_1AZN .
> Z(i)) 0000 (Z Zz) =
=1 i=1

Similar to the proof of Proposition 2, we apply the change of variables (17) in the integrals to
continue the corresponding equalities:

Z(k N'// /JJN xkxNexp( xN)drrdzy ... dey_1dzy

o0
= / N+1exp —zN) da:N/ /xkdxldxg .drn_1
0

o0

N(N—l—l)N'/xN exp(—xN)da:N/"'/x%dxldxg...dx]\r_l,
0 Q

Z
E 72 —N'// /JJN xkexp —zn)dridey ... dey_jdry
(>

N
&
=1

:N!/x%‘lexp(—x]v)dx]v/---/x%dwldacg...de_l,
0 Q

where €2 denotes the domain of integration for the new variables x1,...,xny_1 under the change. In
the case under consideration, this domain is part of the simplex that arises under a similar change
when deriving the Dirichlet distribution from the generating gamma distributions [19, 20].

Z2

Comparing the expressions for E [W] and E [Z(Qk)} , we arrive at the desired result.
i=1“(1)

The method above is also suitable for proving Proposition 1.

Corollary 1. Due to Proposition 3 and formula (10), the variance is given by

2
D [Zf(k)Z@ ] N(N1+ oE (22,] - (%E [Z(k)D . (20)

Now we can estimate its value.

Corollary 2. For all N the variance (20) satisfies the upper bound

Zi |
o l il Z(z)] Sned 70

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 12 2024
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Proof. It follows from Corollary 1 that
Zwy | 1 2 1 21 1 9
o[ - s ] - (elze]) = foole] - el

The proof of this corollary is complete.

Proposition 4. The second moment and variance of a non-decreasing order statistic are given by

) Nooq\ |
E[ZM:( 3 ;) + > (21)

i=N—k+1 i=N—k+1
Moo
D|Zwl= ¥ = (22)
i=N—k+1
Proof. For E [Z(Qk)} , we have the formula [7]
) N 2 o 2N . . . . (k:—l)
E[z3] _O/Z fz(k>(z)dz—0/(k_l)!(N_k)!exp( A1+ N — k)1 — exp(—2))E Dz

= (Hy — Hy_3)* + (N =k +1) =D (N + 1),
which contains the polygamma function (™ (n) = (=1)m+m! 720 k(ml—+1> and the harmonic
series Hy = YV, %
Substituting the expression ¥(™)(n) into the last equality yields (21). The variance (22) is
obtained from (21) by considering formula (8) for E [Z(k)}.

Proposition 5. The variance (20) is calculated using the constructive formula

2
Zwy | _ 1 N1 N
g lsz\; Z(i)‘| - N(N+1) 2 2 N ( > ;) : (23)

i=N—k+1 1=N—k+1

Proof. Let us transform the general expression (20) for the variance of a normalized order
statistic using (21) and (10):

Z . , ,
. [Zﬁik)z(i)] N N(N + I)E {2(2’“)} - (NE [Z(k)D

1 L S A RN
Zm(zz)+zﬁ‘(ﬁzz)

i=N—k+1 1=N—k+1 1=N—k+1
2
B i 1 < 1 1 ) L1 i 1 o)
= )\ vy N TNV ED 2
i) \N(N+1) N2 TN(N+1) &

Il
o~

i=N—k+1

LA ~1 1 N
.Z i (N?(N+1))+N(N+1) > 2

1 Yoo X 1)
S NNTD Zi—a—ﬁ(Z;)

i=N—k+1 i=N—k+1
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Here are a few more interesting facts from the results above.
Corollary 3. For k = N, formula (22) yields

N1 2
dim D [Zoo| = Jim 325 = -
Corollary 4. For all N, we have
1 2

2 [ S—
E [ZU)} ~ N+1N?
5. THE MEAN VALUE OF THE NORMALIZED ENERGY SPECTRUM DENSITY,
ITS ESTIMATES AND SPECTRAL COMPLEXITY

Let us return to the original Problem 1. After finding the energy spectral samples of one
observation window, y1, ..., yn, the results of observations of the exponentially distributed random
variable Y generating 7y (), are introduced [16]. Then the values of the sequence y(y), ...,y (the
same results rearranged in descending order) are an inverse variational series, where the random
variable Yz is a nonincreasing kth order statistic.

In this case, we have

or
7 Y Z(N—k+1) 1 (L1 = 1M
N=E|—2—|=FE | ——"2| = — i )y _ 11 o
e [Ei]\il Y(i)] [Ei]il Zy| N Z i 2 i N Z i (25)
Based on (25), it follows that

N Y
Zz ]_}/(7, N

k=1

and the normalization condition is obviously valid.
In turn, the variance is given by

Z(k) Y(N—kt1)
=1 Z3) >i=1 Y(i)

or

Y o 1 N 1 (N 2
D[ZfilY(z‘)]_N(NJrl) (;z_?_ﬁ<z;> : (26)

k i=k

The probability function of the normalized ordered discrete spectrum is approximately calculated
using the formula [16]

1

k
In ——
NKy N+1

N+1°

1 N
ng(N) = — , where KN:_NZIH (27)
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Fig. 1. Discrete distributions ny(N) and ng(N) for the series of size N = &:
the horizontal axis in (a) linear and (b) logarithmic scale.

Fig. 2. Discrete distributions ny(N) and ny(N) for the series of size N = 512:
the horizontal axis in (a) linear and (b) logarithmic scale.

Now we compare the discrete distributions: the exact (25) and approximate (27) ones.

For large values of N and k, the expression (25), which is the difference of harmonic series, can
be approximated in various ways. Let us choose the estimate

Nl k—ll k
2Ty

which is well-defined and makes sense for all N and k € [1,..., N] and also appears in (27).

Figures 1 and 2 present the plots of the distributions (25) and (27) depending on the sample
number. The symbol ¢ indicates the standard deviation of the distribution of the order statistic
given by (26).

According to Figs. 1 and 2, the exact values of the mean of (25) slightly differ from those of the
distribution (27) for a small number of points (members of the spectral series), almost coinciding for
the other samples. As N grows, the share of points deviating from the estimate rapidly decreases.
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Lemma 3. In the general case, a more accurate estimate is

| k—0.5
Ly 2
Zz N+0.5’ (28)

M=
@|r—‘

i=1

.

which is also well-defined and makes sense for all N and k € [2,...,N].

Proof. To show this fact, we address the theory of harmonic series.
The partial sum of the first N terms of the harmonic series is called the Nth harmonic number:

N
1 1 1 1 1
Hy = — =1 _ — — —. 29
N ;Z otz titoty (29)

In 1740, Euler derived an asymptotic expression for Hy, called the Euler—-Maclaren formula:

1
HN—lnN—I—'y—i—W—f—:N, (30)

where v = 0.5772... is the Euler—-Mascheroni constant and 0 < ey < 1/8N 2. Hence, ey — 0 as
N — oo, and for large N we have

Hy=InN+~y+O(N ) ~InN +7. (31)

This expression is called the Euler formula for the sum of the first n members of the harmonic
series. Returning to (30), note that

1 1 1
ln<N—|—§) lnN+W+O<N2>. (32)

Substituting the right-hand side into (30) yields
Hy =1 (N+1>+ +0(1> (33)
= 2) "7 N?

since the numbers 5 and €41 have a close order of smallness with respect to N2 and which

rapidly vanish with increasing N and k.
Therefore, (28) takes the form

i%—%_l%ZHN—Hk—lzln(N—F%)—1—0(%)—ln<k—%)+0(ﬁ). (34)

Thus, for relatively large N and k, we arrive at the estimate

%

and the proof of this lemma is complete.

k27

SIH

1 k—0.5
;Z TN To05 (35)

To proceed, we approximately calculate the probability function of the normalized ordered dis-
crete spectrum by the formula

1 2% — 1 1N 2k—1
N) = — 1 here Ky = ——S In —— — .
nk(N) NEKy 2N 41 Vhere BN NZH2N+1

(36)

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 12 2024



ORDER STATISTICS OF THE NORMALIZED SPECTRAL DISTRIBUTION 1179

Fig. 3. Discrete distributions 1y (NN) and nx(N) for the series of size N = 8:
the horizontal axis in (a) linear and (b) logarithmic scale.

Fig. 4. Discrete distributions 1y (N) and ny(N) for the series of size N = 512:
the horizontal axis in (a) linear and (b) logarithmic scale.

The result of this lemma is illustrated in Figs. 3 and 4.

Obviously, the two distributions almost coincide even for small N. Now, assuming that the
normalized order statistics (n1,...,nx) take values p = (p1,...,pn), the spectral complexity can
also be set based on the distribution (25) by the formula

2
1 N N
C e 1 —np(N 37
ss(p) Alogy N (;pk 0g2pk> (l;h?k Tk ( )|> (37)
or its approximate analog (36) by the formula

1 N N 2

S 1 (V)]
Cs(0) = ~ Ty (Hpk o8, pk) (g_j i~ >|> , (39)

this will be demonstrated in Section 6.
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6. STATISTICAL SIMULATION OF DETERMINISTIC SIGNAL DETECTION

To illustrate the analytical results of this paper, we use the statistical simulation procedure
based on the analysis of the generated numerical data. It was described in detail in the authors’
previous paper [16]. As before, all numerical results were obtained using the Python language and
the Numpy and Scipy libraries.

Consider pairs of data sequences corresponding to two hypotheses of signal receipt:
Ly:xp =wy

39

{Flzxn:sn—l—wn,n:l,...,N. (39)

The hypothesis I'g is associated with the decision to receive only noise while the hypothesis I'y
with the decision to receive a mixture of a useful signal and noise, where the sequences {z(n)},
{s(n)}, and {w(n)}, n=1,..., N, denote the time series of the received data, useful signal, and
additive white Gaussian random noise, respectively, and N is the time series (frame) length.

To test the quality of distinguishing between the useful deterministic signal and noise, statistics
were collected on () = 50000 numerically generated frames {x,} of the signal-noise mixture of
length 2N = 16384 with spectra size N = 8192, respectively. In all realizations, the signal {s,}
remained the same, i.e., a fixed (in number and amplitude) set of K = 30 sinusoids evenly spaced
along the spectrum with random phases. The additive white Gaussian noise {w,,} was obtained by
a Gaussian sequence generator with the mean p = 0 and variance ¥ (within one set of () frames).

Figure 5 shows the ordered discrete spectral distributions py, for particular signal realizations and
the theoretical means of 1, (N) described by (25). Obviously, in each realization, the real spectral
distribution of white noise may appreciably differ from the theoretical one 1y (IN). However, all such
realizations lie within the confidence interval defined by the standard deviation o of the distribution
of the order statistic (26). The blue color in Fig. 5 indicates the domain bounding the confidence
interval for each sample number k& with the upper and lower bounds ny (V) £ 30.

For each resulting sequence {z,}, the order statistic of the discrete normalized spectral distri-
bution py was calculated; for details, see [9, 15]. Next, based on pg, the values of Cgg (37) and
Cs (38) were obtained for the noise and noise-signal mixture satisfying the two hypotheses from the

Fig. 5. Discrete distributions ﬁk(N) and py for the series of size N = 8192 and SNR = —15.22 dB:
the time sequence of (a) noise data w, and (b) signal and noise data s, + wy,. The horizontal axis in
logarithmic scale.
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Fig. 6. The quality of binary classification in the AUC ROC metric depending on SNR
for the spectral complexity functions under consideration.

expressions (39). The value of C's was found for the two different approximations (27) and (36) of
the order statistics of the spectral distribution of the white noise: it seems interesting to compare
them as well.

The final result of simulating and comparing the calculated information metrics is the quality of
binary classification in the AUC' ROC (Area Under the Receiver Operating Characteristic Curve)
metric depending on SN R, defined by

E’ .
SNR =10log, (ﬁ"al) , (40)

noise

where Fgignq and Eise denote the total signal and noise energies, respectively, calculated as the
sum of the powers of the spectral decomposition of the sequences {s,} and {w,}.

To obtain this dependence, the statistic ) of frames described above was collected for several
values of the noise variance X, the histograms of the distributions of Cgg and Cg were built, and
the values of AUC' ROC were finally calculated [16].

Figure 6 shows the comparison of the quality of binary classification of the signal and noise
for the information metrics C'sg and Cg. Obviously, the indicators for the functions Cgg and Clg,
calculated using (36) with theoretical justification by Lemma 3, coincide almost completely. In ad-
dition, the information characteristic Cg calculated using formula (36) from the authors’ previous
paper [16] has a slight improvement in the quality of detection. All the analytical information
criteria introduced in this paper demonstrate a high quality of detection of the deterministic signal
in noise under small SNR values.
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7. CONCLUSIONS

This paper has established that the order statistic of a discrete normalized spectral distribution
is a powerful tool for detecting a deterministic signal under small SNR values in single-window
observations. The spectral complexity calculated on a particular realization of the signal-noise
mixture has been used as a detection criterion.

An attempt to separate the two problems (the detection/pre-detection of deterministic signals
in white noise under small SNR values and classification) has demonstrated that increasing the
sensitivity of the detection method causes the loss of all physical properties of the signal: further
work involves only the informational ones. A simple analogy with quantum systems is suggested
here, in which there exists an uncertainty relation when the researcher cannot accurately measure
the speed and coordinate simultaneously. In fact, the reduced informativeness of particular signal
frequencies makes it impossible to classify the signal, let alone recover the signal from a measurement
together with noise. However, the ordering of the noise spectrum has a particular rigid structure
allowing one to judge the presence of a signal even beyond the sensitivity of classical energy receivers.

Moreover, it seems promising to apply the proposed detection method for other types of noise
as well as to construct classification grids for signals based on the information characteristics of the
spectra of signal-noise mixtures. These will be the subjects of the next research by the authors.
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Abstract—A classical fork-join queueing system is considered. The model is proposed for deter-
mining the optimal cost of such a system, taking into account the need to minimize the average
response time simultaneously with reasonable costs for the resources required for this. The term
“resources” within the framework of the mathematical model under study means the intensities
of service on servers, the cost of which is directly proportional to the system performance, i.e.,
the rate of service requests. For the special case when the number of subsystems is equal to
two, an exact analytical expression for determining the optimal cost is presented, for a more
general case when the number of subsystems of a fork-join queueing system is greater than two,
the equation is obtained, the numerical solution of which allows calculating the desired value.
In addition, the asymptotic analysis of the obtained solutions behavior is carried out.

Keywords: fork-join queueing system, queueing system, optimal cost, control
DOI: 10.31857/S0005117924120043

1. INTRODUCTION

A classical fork-join queueing system (QS) is considered. Upon receipt in this system, a task
is divided into K identical parts (subtasks), the number of which corresponds to the number of
subsystems. Each subsystem is a system with an infinite storage and a single server. It is assumed
that the service rates on all available servers are identical. A task is considered to be serviced after
all its constituent parts have been serviced. Accordingly, the response time of the system (the time
a task stays in the system) is determined by the maximum of K random times of subtasks staying
in the subsystems.

Such systems are widely used to model various types of processes in which the task is divided
or parallelized, in particular in the field of information technology we can talk about parallel or
distributed computing, and they can also be used to model various work processes in manufacturing
(for example, assembling a multi-component order in a warehouse or complex mechanisms consisting
of many parts in production), finance (for example, processing a loan application in several divisions
of a financial institution), healthcare (carrying out the necessary tests and collecting anamnesis
upon admission of a patient to a medical institution), etc.

The key feature of this system, which complicates its analysis, is the existence of a dependence
between the times of stay of subtasks in subsystems. Therefore, despite the relevance and demand
for studying fork-join systems, the exact characteristics of the system’s functioning were obtained
only for the case of two subsystems (K = 2), in particular, the formula is known for the average
response time of the system in the case of a Poisson input flow and exponential distributions of
service times [1]. In other cases, only approximate expressions were found to approximate the main
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indicators of system performance [1-3]. The review [4] provides a more detailed overview of the
known results. As for more recent studies, the works [5-12], including those by the authors of
this article, in addition to formulas that refine the known estimates of the average response time
or its variance present expressions for estimating characteristics such as quantiles of the response
time distribution for a wider range of input flows or of service times. In addition, in [11] the
exact expression for the correlation coefficient between the sojourn times of subtasks in subsystems
of the M|M]|1 type is presented, and in [9] for a fork-join system with a Pareto distribution of
service time the estimate for the correlation coefficient was derived already in the case of a Pareto
distribution of service time. It is also worth noting the Russian-language works [13-19]. In the series
of papers, including [13-16], the analysis of a fork-join system with the infinite-server subsystems
was performed in terms of generating functions for the probability distribution of the number of
subtasks in each subsystem. In [17], one of the modifications of the fork-join system was analyzed,
when, upon receipt, an task is divided not into a fixed, but into a variable number of subtasks,
which is determined by the state of the system. In [18], an approach based on relation invariants
was proposed for approximating the average response time of the fork-join QS, and in [19] the
fork-join system is an integral part of the network and is used to model and study the performance
characteristics of transaction service platforms.

This article examines another aspect of fork-join system performance, namely, the model of the
cost of operating a system with division and parallel service is constructed, which allows determining
optimal control in terms of optimizing its financial indicators. The model is based on natural
assumptions about the need to minimize the average response time of the system to maintain its
competitiveness at reasonable costs for the resources required for this. In particular, resources can
be understood as the capacity of the necessary equipment that allows faster processing of a client
request, if we are talking about information and computing or production systems, for example.
It is clear that the more powerful the equipment, the more costs are required for its purchase,
technical maintenance and maintenance in general. Thus, the rate of equipment operation (or in
terms of QS, the rate of service) is proportional to the growth of its cost. In addition, as the rate
of service increases, the response time of the system decreases. Thus, the cost of system operation
consists of the optimal balance between the response time and the rate of the service servers.

In more detail, it is assumed that 1) the price (penalty) per unit of average response time and
2) the price per unit of service rate are set. In this case, the first price is assumed to be equal to one
for simplicity. Then the response time and service costs are calculated and added to the total cost
of expenses, which we want to minimize here. Thus, the task of cost optimization of management
is set.

Similar problem statements can be found in the monograph [20], devoted to the optimal design
of QS, including the optimal choice of arrival and service rates of tasks (assuming that these
parameters are controllable) for various systems and queueing networks. However, for fork-join
systems such problems have not been considered before.

The proposed functional dependence for the cost of operating a fork-join queueing system allows
one to obtain an explicit expression for determining the optimal service rate on the system’s servers
in the case when the number of subsystems is two. If the number of subsystems is greater than
two, then obtaining the optimal solution is possible in numerical form. The behavior of the optimal
solution in extreme cases was also considered.

The paper is organized as follows: Section 2 describes a mathematical model for determining
the optimal cost of operating a fork-join system in general; the next two sections derive the optimal
value of the system load factor, which allows to express the optimal value of service intensity for the
case of the Nelson—Tantawi formula for determining the system response time — for a particular
case, i.e., when the number of subsystems corresponds to two and the formula is exact, and for
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a more general case when the formula is approximate; then the case of a generalization of the
Nelson—Tantawi formula is analyzed, and then an asymptotic analysis of the obtained solutions is
carried out, both in the general case and for specific expressions; in the conclusion, some results
are summarized.

2. MATHEMATICAL MODEL FOR DETERMINING THE OPTIMAL COST
OF FUNCTIONING OF A FORK-JOIN SYSTEM

We analyze a fork-join system with a Poisson input flow with intensity A > 0 and an exponential
distribution of service times on K > 2 homogeneous servers with intensity p > 0. The system load
factor is p = \/p < 1.

Let us present a unified mathematical approach that will be further applied in the work.

Let us denote the cost of the system operation by S and introduce the function f(p), which
defines the expression for the average response time of the system in the case of A =1, i.e.,
f(p) = E[Rk] when X\ = 1. Then, in the general case, the following expression will be valid

FIRK] = 5 (7).

Since the cost of operating the system S depends on the average response time of the system (we
take the price per unit of time as one unit) and the cost of maintenance costs, we can write for it

S = E[Rk] + cp,

where c is the cost of a unit of service intensity. Accordingly, taking into account the introduced
function f(p), we can rewrite this expression as follows:

1 A1 cA?
Szxf(P)+ngx<f(P)+7>'
Let ¢; = ¢)\?, then .
s=5(fm+2). (1)

Next, in order to find the optimal value of the system load factor we determine the extremum point
of the cost function S(p), namely the minimum point. Fo this purpose we find the derivative of the
last expression and equate it to zero

1 C1
5,=3 (r0-5) =0
as a result we obtain the equation
f'(p)p* = e, (2)

and having solved the equation (2) we find the optimal value of py and, accordingly, the optimal
value of the service intensity pg = \/po.

Let us consider the basic case when K = 1, i.e., in fact, the M|M |1 system. The average response
time in such a system is equal to
11 1
=X Ap/A—1

E[R]

Then the function f(p), by taking into account that p = A/u, is defined as
- 1 op 1

Clp—1 1-p 1-p
AUTOMATION AND REMOTE CONTROL Vol. 85 No. 12 2024
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and the derivative of this function has the form

fp) = !

(1=p)*

Now we substitute the obtained expressions into the equation (2)

(25~
1_p 1,

and obtain the value for the desired optimal system load at K =1

__Va
L+ /er

In the next step we can calculate the optimal service rate, namely

A 1 1
— L1+ — | = A+ —.
S ( \/E> Ve

The similar problem was solved in [20, §1.1] for the case where the cost takes into account not the
average response time, but the average waiting time.

Lo

Let us emphasize that since the equation (2) was obtained with respect to the load p, then
in the future we will only look for the optimal load, understanding that it can, if necessary, be
recalculated into the optimal service intensity.

3. ANALYSIS OF FORK-JOIN QS WITH TWO SUBSYSTEMS OF TYPE M|M]|1.
NELSON-TANTAWI FORMULA

To begin with, let us consider a special case and determine the optimal value of the system load
factor when the number of subsystems is two. For the average response time at K = 2 the exact
formula obtained in [1] is known, namely

12-p 1 112-p p  1p(12-p)
8 pu—XA X 8 1—p A8(1-p)

B[Ry =

Thus, we have
_p(12—p)

Next, we find the derivative with respect to p and, substituting the expression for f/(p) into (2),
we can write the following equation:

P*(p* —2p +12)
(1 —p)?

For convenience, we will make the change

= 801.

Cy = 801
and after simplification we obtain a fourth-degree equation
pt —2p% + (12 — ) p? + 2c2p — 3 = 0, (4)

which we will solve, since, as is known, for a fourth-degree equation there is an analytical solution
in radicals. For this, we will use the Ferrari method [21-23].
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Let us introduce the following notations:
A:—2, B:12—CQ, C:CQ, D:—CQ,

then we get
pt+ Ap* + Bp? + Cp+ D =0.

By changing p = y — A/4 we reduce the fourth-degree equation (4) to the canonical form
y'+ A1y + Biy + C1 =0, (5)

where

3A2 21
Al:B_T:_CQ—i__

27

A®  AB
B =2 22 L o—t11
1 3 5 +C =co + 11,
3A*  A?B  AC 1 45
- T iD= =
Cr=-556 " 16 1 12715

Next, according to the Ferrari method, it is necessary to find one particular real solution of the
cubic equation

A2t3 + B2t2 + Cot + Dy = 0, (6)
where
21
Ag =2, BzZ—A1=C2—57
1 45 B? 175 23
Cy=-2C1=-co— —, Dy=A1Ci— "t =—"Tcy— .
2 1= 50~ o 2 161 =~ 62 3
By changing t = z — By /(3A3) we reduce the equation (6) to the canonical form of a third-degree
equation
23 + Asz + B3 =0, (7)
where
3A5Cy — B3 1,
Ay = 2022 700 2490 12
; 342 2 tee 1%
2B3 —9AsBoCo +27A3D, 1 1 3
B. — P2 22 L o3 12 2. 46
3 27 A3 1082 327 2

The real root of the equation (7) according to Cardano’s method [21-23] is determined as follows

1 1
B 3 B 3
21:(—73-1—\/@) +<—73—\/Q> ., Q>0, (8)
where ) )
- (2 ) Il N R BV
@ ( 3 ) * ( 2 ) 322 TR T gt e )

At the same time, we must not forget that the following condition must be met

A3
=

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 12 2024
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Note that for the case @ < 0 for z; after the transformations the following formula will ultimately

be valid:
A w
21 :2\/—?3(:05 3 (10)
where
—9/=0
arctan <J> , B3 <0,
Bs
= —24/—
v arctan (TQ> 4+, B3>0,
3

and for the case ) = 0 we have

The expression for @ from (9) is transformed to the form
11 3 9
153 (3 — 363 + 135¢, — 1728)

and changes its sign depending on the value of ¢y (although co should be positive based on its
physical meaning), so we will explicitly indicate the regions of sign constancy of the expression
for @, the zeros of which can again be obtained using Cardano’s method, namely

Q>0 e (O;Eg),
Q <0, ¢ € (—00;0) U (Eg;+00),

where & = (3 x 113 + 3 x 115 + 12) ~ 33.51.

Accordingly, we get
Bo

34,
where z1, depending on the value of @, is determined by the expressions (8), (10) or (11). The

particular solution ¢; allows us to represent the canonical equation of the fourth degree (5) as a
product of two square trinomials

(y —y\V2t — A+

tlzzl—

= 0.

B

2 1

+ Y2t — Ay — 7)
22t — A1> (y Ve T T S At - A
The solution of one of the quadratic equations (taking into account the inverse substitution) will
be the desired solution of the original equation of the fourth degree (4). In particular, the check
showed that the desired one is the root of the second equation, so we can write the final solution as

—V/2ty — A1 + \/Disy
2 M

Yo = Y3 =

where the discriminant of the second equation is equal to

2B,
Disy = =2t — A} + ———==
152 1 1 5 = A,
and, accordingly,
A 1
Pozyo—zzyo+§-
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4. ANALYSIS OF FORK-JOIN QS WITH K > 2 SUBSYSTEMS OF TYPE M |M]|1.
NELSON-TANTAWI FORMULA

Let us derive the equation for determining the optimal value of the system load factor in the
general case when K > 2. For the mathematical expectation of the response time of a fork-join
system, the Nelson—Tantawi approximate formula, which is considered one of the most accurate
among those known, has the form [1]

Hyx 4 Hg\ 112—p 1
ElRg] ~ | 2K + 2 (1- 2K -
Fe] [H2 * 11( HQM 8 p—N

(12)

where Hyi = Zfio 1/i is the partial sum of the harmonic series.

We will solve the problem for the Nelson—Tantawi approximation under the assumption that the
formula (12) is exact.

Let us introduce the following notations:

o= x M:i(l_@> “La_m.
Hy 11 Hy 11
Then ) 19
—p P
FRxk|=—(H+M —
therefore,
12—p p
—(H+M P
Flp) = (H + Mp)—¢ -
and for f’(p) after transformations we obtain
1
f(p) = W(2Mp3 + (H —15M)p* + (24M — 2H)p + 12H). (13)

Then we substitute the resulting expression into (2)

m(2Mp3 + (H —15M)p* + (24M — 2H)p + 12H) = ¢1.

—p

Also, for convenience, we introduce the notation co = 8c¢; and obtain a fifth-degree equation, which,
after transformations taking into account that M = 4(1 — H)/11, is reduced to the form

8(H —1)p° 4 (60 — TLH)p* + (118 H — 96)p® 4+ 11(cy — 12H)p* — 22¢op + 11cy = 0. (14)

The resulting equation (14) can be solved numerically and the optimal value of py and, accordingly,
the desired value of o can be determined.

Figure 1 presents graphs of the dependence of the behavior of the optimal value of the load
factor p = pp, which is the solution of the equation (14), on the value of the parameter ¢; for a
different number of subsystems K of the fork-join QS. At the initial stage, there is a fairly rapid
growth of the optimal load with an increase in the cost of a unit of resource and, accordingly, the
performance of the system as a whole. Moreover, even for the number of subsystems K = 1000,
i.e., in other words, given the division of the task and the processing of its subtasks on a fairly large
number of servers, already at ¢; > 5.5 the required load level will be p > 0.5. At the same time,
with further growth of the parameter cq, a rather slow growth of the optimal load is observed, for
example, with c¢; &~ 158, which is almost 29 times greater than c¢; = 5.5, the value py = 0.85 will
be, i.e., still does not exceed 90%. In addition, based on the type of graphs, the effect is observed
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Fig. 1. Graph of the dependence of the optimal system load value p (solution of the equation (14))
on the parameter ¢; for a different number of subsystems K.

Fig. 2. Graph of the dependence of the optimal system load value p on the optimal value of the
load p at K = 1.

that with the growth of K, the optimal level of load on the system decreases, which was expected
and quite natural.

Figure 2 presents the graph of the dependence of the behavior of the optimal value of the system
load factor on the optimal value of p for K = 1 according to (3). The graph allows us to compare
the level of optimal load for different values of K > 2 with the level of optimal load in the case of
K = 1. As can be seen, with an increase in the number of subsystems, the level of load required
for optimal system operation decreases, i.e., the line bends more and more under the straight line
p = pr=1 and becomes more and more convex (below any chord connecting any two points on the
graph selected on the interval under consideration).

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 12 2024
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5. ANALYSIS OF FORK-JOIN QS WITH K > 2 SUBSYSTEMS OF TYPE M |M]|1.
GENERALIZATION OF NELSON-TANTAWI FORMULA

Consider a generalization of the Nelson—Tantawi formula from [10], in which it was shown that
the refined formula gives a better approximation for the average response time. The improvement
is achieved by making some correction to the expression from (12), which we denote by E[Rx]|n7.
Thus, the approximation is

P (Hik Hg ) )
ERk|=——|—— -1 — — -1 ER , 15
[Rk] M—)\<H2 )(Ql Q2<H2 +Qsp ) + E[Rg]nT (15)
where
Q1 ~ 0.087197, @2 ~ 0.070236, @3~ 0.09638.

In order to define an expression for f(p) for this case, we take 1/ out of the brackets

E[Rk| = % [ ik (1 - ﬂ) (Ql + Q2 (1 - &) +Q3P> +)\E[RK]NT‘| )

1-p H, H,

and as the result is

2

flp) = —1p_ p <1 - Z—j) <Q1 + Q2 <1 - Z—j) + Qsp) + AE[Rk|nT,

where A\E[Ry|nr was calculated earlier and has the form

AE[Ri|nt = falp) = (H + Mp) 128_ pli;p.

Thus, taking into account the previously proposed replacement H = Hy /Hs, we have

flp)=—1 _p(l — H)(Q1+ (1 — H)Q2 + Qsp) + f2(p) = f1(p) + f2(p).

Next we take the derivative of the obtained expression

F'(p) = filp) + falp),

where
() = p(l —H) 2 1 00 B
1(p) (1= 2 (2Q3p p(3Qs — (1 — H)Q2 — Q1) — (2Q1 +2(1 H)Qg)),
£(p) = ﬁ (2Mp® + (H — 15M)p? + (24M — 2H)p + 121).

Accordingly, after substituting the obtained expressions into (2) we obtain that
_ 2 _ 204 !
c1 = pf(p) = p~(f1(p) + f2(p))- (16)

The equation (16), as in the case of the Nelson—Tantawi formula from the previous section, is
a fifth-degree equation that can be solved numerically, after which the optimal value of po will be
found.

Figure 3 presents the graphs of the optimal load value p = pg, which is the solution of (16). The
behavior of the graphs is generally similar to the case of the Nelson—Tantawi formula (12). In order
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Fig. 3. Graph of the dependence of the optimal system load value p (solution of the equation (16))
on the parameter ¢; for a different number of subsystems K.

Fig. 4. Graphs of the optimal load value p = po, which is the solution to the equation (16)
for K =20 (Figs. 4a and 4b) and K = 200 (Figs. 4c and 4d).
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to analyze the difference between the obtained results in more detail, we will compare the behavior
of the optimal solution for the special cases of the number of subsystems K = 20 and K = 200.

Figure 4 presents the graphs of the dependence of the optimal system load level p = py on
the parameter c; for the cases of the Nelson—Tantawi formula for the average system response
time E[Ri|nr from (12) and the equation (14), as well as a generalization of the Nelson-Tantawi
formula for the average system response time E[Rg]| from (15) and the equation (16) for K = 20
(Figs. 4a and 4b) and K = 200 (Figs. 4c and 4d), including the scaled version (Figs. 4b and 4d).

In Figs. 4a and 4b for K = 20 it is evident that for the case of the Nelson-Tantawi formula (12)
for estimating the average system response time, the optimal load value p exceeds the optimal
value calculated by the generalized formula (15). However, for graphs 4c and 4d for K = 200 the
opposite situation can be observed.

In order to thoroughly understand the behavior of optimal solutions in both cases, we will further
analyze their asymptotics.

6. ASYMPTOTICS OF THE BEHAVIOR OF THE OPTIMAL SOLUTION

Let us consider the equation (2) and determine the behavior of its solution as ¢; — 0 (p — 0)
and ¢; — +o0o (p — 1) tend in general. First, let us analyze the case of p — 0, respectively ¢; — 0.
Then we have

P2 f'(p) ~ p*£'(0),
then we substitute the obtained result into (2), i.e., p>f’(p) = c1, whence it follows that
a1
p o~ —-—, C] — 0. (17>
f'(0)
Now let’s analyze the case p — 1, respectively ¢; — +oco. In the general case we have
P2 (p) ~ f'(p)-

Thus, if there exists a number L € (0,400) such that

L = lim(1 - p)*f'(p),

p—1

then
L

1—p)*
therefore, when substituting the obtained expression for f/(p) ¢ L into (2) and taking into account
the asymptotics, we have the following

f(p) ~

P I (p) =1,
f/(p)'\'cla 10—>1701—>+OO>

L
(1_p)2N_7 P_>1701_>+OO7
C1

pzl—\/g(l—l—o(l)), €1 — 00. (18)

Next, we will consider the existing models in detail, namely the cases of the Nelson—-Tantawi
formula and its generalization, and we will define specific expressions for the obtained equivalences
from the general case.

therefore
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For the Nelson—-Tantawi formula for K > 2, taking into account the expression (13), it is true

(o) = 3Hx
f(o)_2H27

therefore, when substituting into (17) for ¢; — 0 (p — 0), we obtain

2 0 (19)
P 3 HKcla C1 .

Now we will determine the asymptotics of the solution for ¢; — 400 (p — 1). To do this, we
will find the value of L

. . QM,OS—I—(H—15M),02+(24M—2H),0+12H THig 1
= m — 2 pt e m = —— —
L= ;171—>1(1 p) f (p) ;1)1—>1 8 8 Hy + 2" (20)

1 (THr 1

Finally we get

Now let us analyze the generalization of the Nelson—Tantawi formula. Similarly, consider the
equation (16) and determine the behavior of its solution as ¢; — 0 (p — 0) and ¢; — oo (p — 0)
tend. We analyze the case of p — 0, respectively, ¢; — 0.

For the formula (15) with K > 2 it is true

_ 3Hk
2 Hy’

2 Hy
Y 4 ~ 0.
P 3 F[KCI’ C1

Now let us analyze the case p — 1 (¢; — 00). For (15) with K > 2 we get

L= limy(1 = pf'(p) = lim(1 = p*(f{(p) + f3(p)) = L1 + La

£1(0) = £1(0) + £3(0)

therefore, as before,

In fact, the value of Ly was calculated earlier and corresponds to the value of L from (20)

_ THg 1

Lo — — &
2=35m, T2

Now let’s calculate Lq
Ly = lim (1 = p)*fi(p)
p—1

= lim p(1 — H)(2Qs" — p(3Qs — (1~ H)Q2 — Q1) — (2Q1 +2(1 ~ H)Q2))

Hg Hg

=(H-1)(Q1— (H-1)Q2+Q3) = (E—1> [Ql—(E—1>Q2+Q3]

R~ (& — 1) {0.183577 — 0.070236 (% — 1)} .

HQ 2
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Fig. 5. Graph of the dependence of the value of L on K for the case of the Nelson—Tantawi formula (12)
and the case of the generalized formula (15).

where

| O R LRR e RER

Figure 5 shows the graph of the dependence of the value of L on the number of subsystems for
the case of the Nelson-Tantawi formula (20) and the case of the generalized formula (21). After
the value K = 126, a “break” in the graphs occurs, and if at first the value of L7 exceeded the
value of L for the generalized formula, then for values K > 127 the situation changed exactly the
opposite, which is also confirmed by the graphs presented earlier for the optimal value of the load
depending on the parameter ¢; in Fig. 4 for K = 20 and K = 200.

As for the practical application of the obtained asymptotic results, both cases of high (p — 1)
and low (p — 0) load may be of interest. For example, in systems with intensive use of data,
parallel and distributed computing have become widespread as one of the main ways to improve
performance in processing big data. Therefore, the owners of such high-performance computing
environments are interested in obtaining forecasts of the system behavior under peak loads, as well
as in the opposite situations, when the platforms are least in demand, in order to develop strategies
for the efficient operation of the systems. In this context, asymptotic formulas can suggest when
(at what prices per unit of service rate) such modes (high and low load) are optimal, i.e., actually
desirable for the functioning of the system, in terms of cost, and when not.

7. CONCLUSION

The paper studies a fork-join queueing system from the point of view of managing the optimal
cost of its operation depending on the price of a unit of resource affecting the system’s performance
and, accordingly, its response time. The mathematical model is constructed that takes into account
the optimal ratio of cost and efficiency of the system’s operation. The analysis is carried out based
on previously obtained approximations for the average response time, both one of the most well-
known and accurate, and its generalization obtained by the authors of this paper. For the particular
case of the system, i.e., when the number of subsystems is two, it is possible to derive in explicit
form expressions for the optimal system load. For a larger number of subsystems, equations of
the fifth degree are presented, the numerical solution of which allows one to determine the sought
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values of the system load and, accordingly, the service intensity, which actually characterizes the
“power” of the necessary resources. The asymptotic behavior of the system is also analyzed.

Since the approximations of the average response time used here are quite accurate, they also
describe the total cost of expenses well, so that with the calculated values of the optimal load
(and, accordingly, the optimal service rate), the cost will be close to the optimal one. Therefore,
the calculated values of the load can be recommended for use as estimates of their actual values
for fork-join systems. In addition, if there is an estimate of the optimal load for one number of
subsystems, it can be recalculated into an estimate for another number of subsystems (see Fig. 2).
Since in the general case the problem is solved only numerically, then in cases of high and low prices
per unit of service rate, it can be recommended to use asymptotic formulas that give simpler, but
at the same time rougher estimates of the optimal load.

The mathematical model proposed in the article for control the optimal functioning of the
system will also be valid in more general cases of fork-join QS, namely with a non-Poisson input
flow and /or a non-exponential distribution of service time on servers, as in [9]. In this case, of course,
analytical approximations for the value of the average response time of the system are necessary
to derive specific relationships or equations. In addition, one can consider models with a nonlinear
dependence of the cost of service costs on the service rate (for example, a power dependence, as
mentioned in [20, §1.1]).
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Abstract—The paper investigates a multi-stage investment problem under Conditional Value
at Risk (CVaR) constraints with: a given security level for bankruptcy, short selling permission,
a normal and an elliptical total return distribution models. The purpose of the work is to find
a method of determining the optimal investment in this problem at each stage. As a result of
the study, an optimal investment strategy is found and it is shown that the optimal investment
portfolio at each stage does not depend on the value of the investor’s capital, but depends only
on the number of stage. It is shown that the multi-stage problem can be reduced to a finite
number of one-stage optimization problems, which are problems of conic programming. For
the one-stage problem, conditions for the non-emptiness of the set of admissible portfolios are
given and the Kuhn—Tucker theorem is applied. Additionally, this paper presents a numerical
example of finding the optimal investment based on the open data on rates of assert prices of
companies on the stock exchange.

Keywords: optimal investment portfolios, risk measure, probability constraint CVaR, bankruptcy
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1. INTRODUCTION

The formalization of the concept of “optimal investment portfolio” and methods for its finding
were first proposed by Markowitz in 1952 in [1], where a mathematical model for the determination
of an optimal investment portfolio was described. Markowitz used the variance of returns as a risk
measure that allows one to obtain an estimate of the financial risk for a portfolio of assets. After
using variance as a risk measure, many scientists have explored alternative risk measures [2, 3]. One
such risk measure is the Value at Risk (VaR), which has been widely used since the 1980s. VaR is
an estimate of the amount that expected losses will not exceed with a given probability, expressed
in monetary terms. In the [4] quantiles, i.e., VaR constraints, were used in the formulation and
solutions of optimization problems. In [5], variance as a risk measure, which Markowitz used in
his work, is compared with the risk measure VaR. The authors conclude that, in general, the risk
measure VaR has advantages, but is not free from disadvantages; for example, using VaR it is
impossible to estimate the size of losses outside the confidence level. Some researchers [6] have
pointed out that VaR is not a coherent measure of risk (see the definition, for example, in [6]),
since it does not satisfy the subadditivity property except in the case of a normal risk distribution.
On the other hand, [5, 7] noted that the risk measure VaR is widely used by regulators in the
financial industry.
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The risk measure CVaR introduced in the literature in recent decades is a coherent risk measure;
in [6], the authors compared the risk measure VaR and CVaR and came to the conclusion that in
the absence of a risk-free asset in the investment portfolio, the risk measure CVaR. is more effective
than the risk measure VaR. In addition, the authors note that CVaR takes into account outliers,
which is critical for valuing risky and volatile assets. In [8], the authors conclude that despite the
advantage of the risk measure CVaR over the risk measure VaR in the general case, it makes sense
to take into account both of these measures to estimate the risk of an investment portfolio.

In [9], a multi-stage investment problem with VaR constraints but without the possibility of
bankruptcy was investigated. On the other hand, (see, for example, [10]) bankruptcy, i.e., a decrease
in the investor’s capital below a given value, when further investment transactions are prohibited
for the remaining time interval, plays a significant role in the estimation of financial strategy. An
optimal investment strategy with stage-by-stage quantile (i.e., VaR) constraints was found in [11],
where the possibility of bankruptcy is assumed.

In the presented work, a multi-stage investment problem with the possibility of bankruptcy
is studied, where, unlike [11], stage-by-stage CVaR constraints are imposed; the advantages of
this approach over the introduction of VaR constraints are described above. It is shown that the
considered multi-stage risk sharing problem has a solution in which each optimal portfolio at stage ¢
depends only on the stage number ¢ and does not depend on the value of the investor’s current
capital (z > 0). It is proved that the original multi-stage problem is reduced to solving a finite
number of one-stage cone optimization problems, where the objective functions are determined
by a recurrent formula, which makes it relatively easy to find the optimal investment strategy.
Unlike [12, 13], where the risk of bankruptcy at each stage was only estimated by the use of
Chebyshev’s inequality, here the authors investigate the problem by solving dynamic programming
equations that take into account the possibility of bankruptcy.

Section 2 considers a one-stage problem with CVaR constraint. Necessary and sufficient condi-
tions for the set of admissible portfolios to be non-empty and for the Slater regularity condition to
be satisfied are given, and the Kuhn—Tucker theorem is used to determine the solution to this cone
optimization problem. Section 3 is devoted to the study of optimization of investment strategy in a
multi-stage problem with CVaR constraints. It is shown that each component of the optimal port-
folio depends only on the investment stage number and does not depend on the investor’s current
capital; the necessary conditions for the optimality of the strategy are found. A model different
from the previously considered normal model is investigated in Section 4, where a generalization
of the normal model to elliptical distributions is studied. In Section 5, a numerical example is
solved, illustrating, based on real data, the finding of an optimal strategy for investing in three
large companies. Section 6 contains concluding remarks.

2. ONE-STAGE OPTIMAL PORTFOLIO CONSTRUCTION PROBLEM

Let us first study a one-stage model for choosing an optimal investment portfolio (see, for
example, [6, 11]), where the random vector of asset returns R = (Ryp,...,R,), and R; represents
the change in the value of the ith asset from the current value as a percentage. In terms of stock
prices, this means that R; = p1/po, where pg is the current price of the ith asset (a deterministic
variable), py is the price of the ith asset at the next quotation (a random variable). Let Ry = myg
almost surely (a.s.), i.e., it is a risk-free asset. Let @ € R"*! is an investment portfolio where
a; is the percentage of the initial capital zg > 0 invested in the ith asset. The budget constraint
Y iepa; = 1 means the investor’s self-financing (there is no inflow of funds from outside, and the
investor’s available funds are invested only in the assets of this market) and, at the same time,
permission for “short sales,” i.e., the possibility of borrowing some assets at their current value
with the purpose of investing this money in other assets. The function to be maximized is the
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mathematical expectation of the final investor’s capital

n n
EXz=FEx0Y_ a;Ri =0 Y am,

i=0 i=0
where m; = FR; and xg > 0 is the initial capital.

To formulate the CVaR risk measure (see [6]) in the problem under investigation, we first need
to define the risk measure Value at Risk (VaR) for random income Z:

VaRo(Z) = —2o = —inf {t : P(Z < t) > a},

where « € (0,1/2) is a given significance level. Conditional Value at Risk (CVaR) is a risk measure
that has the meaning of expected losses in the case of exceeding the conditional risk measure VaR
with a given significance level a:

CVaR, (Z) = E{Z| Z > VaRq (Z)}.

Let fz(z) denote the density function of the standardized income distribution (Z — EZ)/vVDZ.
Then [6]
CVaR, (Z) = —EZ +DZF,

where
o

—_f z2fz(2)dz

(%

k=

Assuming a normal approximation of the investor’s final capital X, = x¢ > i~ a;R;, which is
widely used in portfolio theory (see, for example, [6, 9]), we obtain an expression for the parameter k
(see its definition above). Since ¢/(z) = —z¢(x), where ¢(x) is the density of the standard normal
distribution, it is easy to see that k = ¢ (®7! (a)) /a. Then

‘I’_l
CVaRy (Xa) = —BX, + VDX, 28 (@)

«

where ® (x) is the standard normal distribution function, « is the specified significance level.
Let us introduce the constraint CVaR for the problem under consideration:

CVaR, (Xo) = —(zq(a, Am) + xomg) + 2oV aCcﬂM < dxyg.

(%

Here Am denotes the vector (m; — my,...,m, —mg), (a, Am) is the scalar product > 1 ; a;Am;,
d is the share in percent of the initial capital x¢g > 0, C is the covariance matrix of n x n risky
assets.

Summarizing all the above considerations, we formulate a one-stage optimization problem:

{ EX, = (a,Am) + my — max,

" 4, n. ol (a, Am) + mg +d (1)
€D~ {oems VaoT < BRI

Below we will use the following natural assumptions: 0 < mg < min;—, ., m;, the covariance matrix
of risky assets C' is positive definite.

Further in this section, we simply present modifications of the statements obtained earlier
(see [11, 14]) for the VaR constraints and for the case of CVaR constraints (see (1)), which will be
used in solving a multi-stage problem.
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By definition, a second-order cone (see, e.g., [15]) is K = {(a,t) € R""' :VaCd <t}. Tt is
known that such a cone is regular, in other words, it is convex, closed, IntK # () and, if z € K,
—z € K, then x = 0. Problem (1) can be rewritten as a cone programming problem [15]

ORI (2)

A d
max{a, Am) under constraints (a, {a, Am) + mo + ) € K.

To solve (2), we need a description of the cone dual to K. By definition, the dual cone is K* =
{x € R"1: (x,y) > 0 for all y € K}. In problem (2), it is defined [3] as

Lemma 1. The dual cone is equal to
K* = {(u,v) € R VuC—1uw < v}.

Below we present a condition sufficient for the fulfillment of the Slater condition (see the

definition, for example, in [15]) in problem (2). Let j denote the index at which the function

JZ-@@_TW — Am,; reaches its minimum, ¢ = 1,...n, where o; = /DR; is the standard deviation.
Statement 1. If
(I)_l
ojM—Amj<O, (3)

(%

then the interior IntD #+ (), i.e., the Slater condition in problem (1) is met and, therefore, in
problem (2) also.

Proof. Let a/ be an investment portfolio of the form (0,...,0,a;,0,...0), where a; is in the
jth place, and all other components of the investment portfolio are zeros. Note that in the case
under consideration short sales are allowed, i.e., a; can be less than zero. CVaR the constraint in
the one-stage problem (1) takes the form

p(@ (o)

|(1j|0’j —ajAmj <d+m0

Let us consider the minimum of the left-hand side of this expression:

p (27" (a))

pzm;n{|aj|0j —ajAmj}.

Show that
p = —00.
Indeed, consider the case aj > 0. The left-hand side of the CVaR constraint is rewritten as

follows: . .
o~ o~
ajaj 790( (a)) — ajAmj = (Ij <O'j 790( (a)) — Amj> .

o [0

(@ 1(a))

«

n}lin {aj (aj(’p(q)_Tl(a)) — Amj>} = —00.

(!

Summarizing the above reasoning, we obtain: if aij(a))—Amj < 0, then IntD # (). Statement 1

is proved.

Since by assumption o; — Am; < 0, we have
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Note that from the proof of Statement 1 it obviously follows (see (3)) a sufficient condition for
-1
the non-emptiness of an admissible set D, ij — Am; <0.

Statement 2. If condition (3) is satisfied, then the admissible portfolio a* is optimal in prob-
lem (2) if and only if there exists a vector (Ai,..., A\n, ) € K* such that

H _
Am(l—i—W)—F)\—O

«

and
((a*, Am) +mg + d)

G ()]

a N+ H =0, where A = (A1, ..., \n).

This statement is an obvious consequence of the Kuhn—Tucker theorem [15] for the concave cone
programming problem (2). Note that without the concavity condition of the objective function
in (2), which is now linear, the statement gives only necessary optimality conditions.

3. MULTI-STAGE OPTIMAL PORTFOLIO CONSTRUCTION PROBLEM

In a multi-stage problem, the investment horizon is divided into 71" parts or time moments
0,1,...,T. The random vector of asset returns for time moment ¢ is denoted as R = (R},..., Rl),
where Rl = m/ a.s. is the return of the risk-free asset. The vectors R’ are assumed to be indepen-
dent, as in the works on investment optimization in multi-stage models with bankruptcy [7, 12]. We
denote the mathematical expectation of the return on the ith asset by m! = FR!. The covariance
matrices of risky asset returns C} are positive definite at each stage t.

The term “investor bankruptcy” means the following. If the investor’s current capital X, falls
below the threshold r = 0, then the investor cannot make any transactions with assets (buy, sell,
borrow) and the value of the capital X; is fixed from the moment ¢ until the last time moment 7'.
After applying the normal approximation to the percentage increase in capital over the interval
[t,t + 1], we obtain a normally distributed random variable Y, := 37 a;(R! — m}) + m{, with pa-
rameters ! (a) = (a, Am?) + m{ and o'(a) = \/aCia'. Then, the stage-by-stage CVaR constraints
(see Section 2) have the form

—1 (At
—Xi(a, Am®) + Xymf + Xt\/actaTM <d'Xy forall Xy =2>0.

Here Am! = (mt —mf,...,mt —m}), d > 0 is the share in percentage of the current capital,

limiting the risk measure CVaR; of € (0,1) is the significance level, t =0,...,7 — 1. We denote
the investment strategy by A = (a’,...,a? 1), recall that short sales are allowed.
Then, the equation of capital dynamics for the chosen investment strategy is
n

Xy lz al (Rf — mé) +mb|, when X; >0,
X1 =

i=1
Xt, when Xt < 0,
t=0,...,T—1; Xg = xg, when zg > 0.

(4)

It is assumed that the investor’s goal is to maximize the average value of the final capital. Thus,
the problem under consideration is the problem of optimal control of a Markov chain in the presence
of a set of absorbing states {z : z < 0}:

J[A] = E(Xr) - max, A€ A under constraints (4) and
P (ot 5
—({a, Amty +mb) + \/actaT(’O(it(a)) <d, ©)
!

where A is the set of all investment strategies that are predictable in the sense of natural filtering.
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Define the Bellman functions (value functions) as V; (x) = maxy E Xy for the controlled process
on the interval [t,T] with the initial state X; = . Then Vr (x) = x;

Vr_1(x) = max aUEYaT_1 = max zGp_1(a) =2Gp_y (a:{_l) ,if x>0,
acDr_q a€EDT_4

Vi (z) ==, if £ <0;

Vr_o(z) = max =z {E {GT—I (af_l) Y2y =2 > O]

a€Dp_o
x P(YI2>0)+ E[Y v <o| P (v 2<0)}

= Gr-
B, P2

= a2Gr_9 (a*T_2> when x > 0 and Vp_o (2) = x when x < 0;

Vo (2) = maxz { B |Gy (al) YV > 0| P (Y0 > 0) + B[ v <o P (v <0)}

a€eDy a

_ _ 0
= max xGo (a) = G (a*) , where x > 0.

Here Dy, the set of admissible portfolios at stage ¢, is (see (5))

Amt ¢ ¢
Dy = {a €R": VaGa’ < & Z;L¢>—j_($? = } | Y
where, recall, Am! = (m{ —m},...,ml, —m}), t =0,...,T — 1, random variables Y,! are defined

above. Note that D; does not depend on the current state x > 0 of the process X;.
The functions G¢(a) introduced above are defined by the recurrence formula

Gila) = B[V} > 0| P (V! >0) Gy (al)
+ B [Yvi<o| P(Yi<0), t=0,..,T~1, )

where a’*! is the portfolio that maximizes Gyy1(a) on the set Dy 1.

From the given expressions for the Bellman functions it follows that each portfolio al in the
optimal strategy A, = (a?,...,al 1) depends only on the moment ¢ of decision making and does
not depend on the value of the current state z > 0 of the process X;.

The following theorem gives an explicit expression for the functions G¢(a) and provides the
necessary optimality conditions in the optimal control problem (5).

Theorem 1. Let the condition (3) be satisfied for all o, 0‘;’-, Amz».

If the investment strategy (a2, ..., al™1) is optimal, then there exists a vector
* *

ALy Apyp) € K = {(A,/,L) e R\ /aCTI N < ,,L},

such that:
Amtpu
p(~ lt(at))

VG (al) + +A=0 (8)
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" (., Aty + i+ )
v (e, At £+ d)
@A+ &1 =0 )

where VG (a) denote gradient Gy (a),

(10)

Here ® (1) =1—®(-), ®(-) and ¢(-) denote the distribution function and density of the standard
normal random variable, respectively, u' (a) = (a, Am') +mf and o*(a) = vaCid'.

Proof. The expression for G; (a) (see the recurrence formula (7)) is easily transformed into (10)
taking into account the expressions for the mathematical expectation of the normal random vari-
able Y, truncated to the intervals (0,00) and (—o0,0] (see, for example, [16]). Since the denomi-
nators in (10) contain the standard deviation o' (a) = v/aCyd/, it is necessary to first show that the
degenerate investment portfolio a = (0,...,0) cannot be optimal in the problem

max Gy (a). (11)

Indeed, consider the portfolio a, = yAm!, which is admissible for sufficiently small v > 0 (see (6)).
Next,

_ .t
) =N 4, o) =2 B o ()
Y

ot
® M — 0 when v — 0+ 0.
ot (ay)

Then
Gy (ay) = Gy (al) (Y Amil? + mb) +o(7) > Gy (a®) = Gy () m}

for sufficiently small values of v > 0. Thus, to solve the problem (11) it is sufficient to limit ourselves
to the set of admissible portfolios D; \ a.

Condition (3) means that IntD; # (), i.e., Slater’s condition in problem (11) is satisfied. Applying
Statement 2 to this cone programming problem, where the objective function G (a) is not, in
general, concave, we obtain (8), (9) as necessary conditions for optimality in (11). Theorem 1 is
proved.

4. NON-NORMAL RISK ASSET RETURN MODEL

Let the returns of n risky assets have a multivariate elliptical distribution (normal distribution,
Laplace distribution, Bessel distribution, etc. [17]), which allows, in particular, to take into account
the “heavy tails” in the return distributions. A convenient property of this class of distributions
for risk analysis is that a linear combination of elliptically distributed assets again has an elliptical
distribution. Let F'(x) denote the distribution function of a “standard” elliptical random variable
with zero mean and unit variance, and let f(x) denote its density.
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Then (see Section 2) the risk measure CVaR has the form
CVaR,, (X4) = —EX, + VDX K",

where now

2t
— [ zf(x)dx
=" and z}: F(-2}) =a.
@
Thus, the results obtained above remain valid in this case with k = ¢ (@' («)) /« replaced by k*.
Truncated normal distributions are replaced by corresponding truncated elliptical distributions.

5. EXAMPLE!

Let us illustrate the results obtained in Section 3 by solving a numerical example of finding
optimal portfolios for a market of three companies: Apple, Microsoft, Facebook. Data on the stock
price for the period 05/07/2022-05/07/2023 (one year) were taken in open access from the Nasdaq
exchange website (https://www.nasdaq.com/market-activity/stocks/). The obtained realizations
of the returns of these assets approximately follow normal distributions (but in this work, a strict
test of hypotheses about the normality of the distributions of returns by methods of mathematical
statistics remains out of consideration), therefore the assumption about the normal distribution of
the investor’s total capital at each stage seems justified. Based on these empirical data, estimates of
the vector of mathematical expectations m = (mf, ..., m}) and the covariance matrix C' = C} of the
three risky assets are constructed. It is assumed that the vectors of mathematical expectations and
covariance matrices do not depend on the stage number over the entire time interval [0, 7] = [0, 4],
and the risk-free asset has a yield of mg = 1, i.e., investments in this asset are preserved and do
not bring losses/profits. The initial capital of the investor zy = 1; the significance level o = 0.05;
the constant d, which limits the risk measure CVaR defined above, is a variable parameter.

According to the results of Section 3 (see Theorem 1), the optimal portfolio at stage ¢ is defined
as the solution to the problem

max Gy (a), t=3,2,1,0,
Dy

where the recurrence expressions for Gy (a) are defined in (10). The table below shows how the
optimal portfolio changes as the constant d, which constrains CVaR, increases.

Optimal investment portfolios in a multi-stage problem with a change
in the constant d, which limits the risk measure CVaR at each stage

t t=0 t=1 t=2 t=13

d 0.2 0.25 0.28 0.29

Apple, a! (1 0.7536 0.8820 0.9548 0.9786
Microsoft, a’(2) —0.0950 | —0.0457 | —0.0175 | —0.0082
Facebook, a‘ (3) —0.1253 | —0.0607 | —0.0233 | —0.0110

Risk-free asset, a(0) | 0.4667 0.2244 0.0860 0.0406

With the increase of the constant d at each stage, the investor becomes more inclined to risk, so
the share of investment in a risk-free asset is expected to decrease from stage to stage, and the share
of investment in risky assets increases. For illustration, the obtained optimal investment portfolios
are shown in figure.

! The data for this example and the solution itself were obtained with the help of Silventoinen D.P.
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Optimal investment portfolios at stages {0, 1,2,3}. The solid line denotes the
share of investments in Apple shares, the share of investments in the risk-free
asset — dash-dotted line, the share of investments in Microsoft — dotted line,
the share of investments in Facebook — dashed line.

The optimal value of the objective functional J[A.| = F' X, is equal to 1.031, which means
obtaining 3% of the average profit for the entire investment period. This low value is explained
by the fact that the observed annual returns on risky asset stocks are close to one and have low
volatility — the differences in the empirical returns of each risky asset are only fractions of a
percent. Note that the solved example is only an illustration of Theorem 1, and the methodology
for calculating the optimal investment strategy given in it would give different results in the case
of risky assets other than the three considered above.

6. CONCLUSION

The paper formulates and solves a multi-stage investment problem with probabilistic (CVaR)
constraints and the possibility of bankruptcy. It is assumed that short selling is allowed and that
the distribution of total returns at each stage is normal (or elliptical). It is shown that the optimal
investment portfolio at each stage does not depend on the value of the investor’s capital, but depends
only on the number of the investment stage. In the context of finding optimal investment portfolios,
it is shown that a multi-stage problem is reduced to a finite number of one-stage optimization
problems that are recursively connected and are conical programming problems. For the auxiliary
one-stage problem, sufficient conditions for the non-emptiness of the set of admissible portfolios
and the fulfillment of the Slater regularity conditions are presented and proven. In solving the one
stage problem, a modified Kuhn—Tucker theorem is applied for the case of generalized inequalities.
The result of solving a multi-stage problem can be considered a method for constructing optimal
investment portfolios, applicable in practice with known estimates of the vectors of mathematical
expectations and matrices of covariances of returns. A numerical example based on one year of stock
exchange price data for three companies is also presented to illustrate the theoretical results. The
following directions of development of this work seem interesting: using other distributions instead
of the normal or elliptical model for returns, for example, gamma distributions; using another risk
measure instead of CVaR, for example, shortfall probability [3]. Another direction could be the
analysis of a similar problem, but without of short sales.

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 12 2024



1208 GOLUBIN et al.

10.

FUNDING
This work is being carried out as part of the topic No. FFSM-2024-0003.

REFERENCES

. Markowitz, H., Portfolio Selection, J. Finance, 1952, vol. 7, pp. 77-91.

. Gaivoronski, A. and Pflug, G., Value at Risk in Portfolio Optimization: Properties and Computational

Approach, J. Risk, 2004, vol. 7, no. 2, pp. 1-31.

Golubin, A.Y. and Gridin, V.N., Design of Efficient Investment Portfolios with a Shortfall Probability
as a Measure of Risk, Autom. Remote Control, 2023, vol. 84, no. 4, pp. 486-495.

. Kibzun, A.I. and Kan, Yu.S., Zadachi stokhasticheskogo programmirovaniya s veroyatnostnymi kri-

teriyami (Stochastic programming problems with probabilistic criteria), Moscow: Fizmatlit, 2009.

. Alexander, G.J. and Baptista, A.M., Economic Implications of Using a Mean-VaR Model for Portfolio

Selection: A Comparison with Mean-variance Analysis, J. Econom. Dynam. Control, 2002, vol. 26,
pp. 1159-1193.

Alexander, G.J. and Baptista, A.M., A comparison of VaR and CVaR constraints on portfolio selection
with the mean-variance model, Management Sci., 2004, vol. 50, pp. 1261-1273.

Shiba, N., Xu, C., and Wang, J., Multistage Portfolio Optimization with VaR as Risk Measure, Int. J.
Innovat. Comput., Inform. Control, 2007, vol. 3, no. 3, pp. 709-724.

Tyrrell, R., Rockafellar, R.T., and Uryasev, S., Conditional value-at-risk for general loss distributions,
J. Banking Finance, 2002, vol. 26, no. 7, pp. 1443—-1471.

Pinar, M.C., Static and Dynamic VaR Constrained Portfolios with Application to Delegated Portfolio
Management, Optimization, 2013, vol. 62, no. 11, pp. 1419-1432.

Gardoni, P. and Murphy, C., Gauging the societal impacts of natural disasters using a capabilities-based
approach, Disasters: Disaster Studies, Policy, Management, 2010, vol. 34, no. 3, pp. 619-636.

11. Golubin, A.Y., Optimal Investment Policy in a Multi-stage Problem with Bankruptcy and Stage-by-stage
Probability Constraints, Optimization, 2022, vol. 70, no. 10, pp. 2963-2977.

12. Li, C. and Li, Z., Multi-period portfolio optimization for asset-liability management with bankrupt
control, Apppl. Math. Comput., 2012, vol. 218, pp. 11196-11208.

13. Wei, S. and Ye, Z., Multi-period optimization portfolio with bankruptcy control in stochastic market,
Apppl. Math. Comput., 2007, vol. 186, pp. 414-425.

14. Golubin, A.Y. and Gazov, A.L., Usloviya optimal’nosti v zadache vybora investitsionnogo portfelya
pri veroyatnostnom ogranichenii na kapital investora, Informatsionnye tekhnologii v proektirovanii i
proizvodstve, 2018, no. 4, pp. 53-57.

15. Boyd, S. and Vandenberghe, L., Convex Optimization, Cambridge: University Press, 2009.

16. Burkardt, J., The Truncated Normal Distribution, Department of Scientific Computing, Florida State
University, 2014.

17. Landsman, Z. and Valdez, E.A., Tail Conditional Expectations for Elliptical Distributions, North Amer.
Actuarial J., 2003, vol. 7, no. 4, pp. 55-71.

This paper was recommended for publication by M.V. Khlebnikov, a member of the Editorial

Board

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 12 2024



ISSN 0005-1179 (print), ISSN 1608-3032 (online), Automation and Remote Control, 2024, Vol. 85, No. 12, pp. 1209-1211.
© The Author(s), 2024 published by Trapeznikov Institute of Control Sciences, Russian Academy of Sciences, 2024.
Russian Text © The Author(s), 2024, published in Avtomatika i Telemekhanika, 2024, No. 12, pp. 103-106.

NOTES, CHRONICLES, INFORMATION

The 11th International Conference on Physics and Control

A. L. Fradkov***

*Institute for Problems of Mechanical Engineering, Saint Petersburg, Russia
**Saint Petersburg University, Saint Petersburg, Russia
e-mail: fradkov@mail.ru
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The 11th International Conference on Physics and Control (PhysCon 2024) was held from
September 9 to 12 at Kadir Has University in Istanbul. The event was organized by Turkish
universities Kadir Has and Bilkent with the support of the International Physics and Control So-
ciety (IPACS). Professor Fatihan Atay from Bilkent University served as the chairperson of the
organizing committee. Key decisions regarding the organization were made by the supervisory
board led by Eckehard Scholl, President of the IPACS and a professor at Technical University
Berlin, which included the author of this report. PhysCon 2024 was dedicated to the memory of
Hermann Haken (1927-2024), founder of synergetics and an inspiring pioneer in innovative work
on nonequilibrium phase transitions, who was an honorary member of IPACS.

A total of 87 participants from 15 countries attended the conference, presenting 72 papers includ-
ing three plenary keynotes, four invited talks, and two lectures. The distribution of presentations
by country is as follows: Russian Federation — 24, Algeria — 12, Turkey — 10, Germany and Spain —
six each, England — four, USA, Brazil, and Australia — two each, China, Denmark, Mexico, Uzbek-
istan, Iran, Italy — one each. In addition to these, five mini-symposia were also part of the program,
each consisting of 3—4 thematically related presentations.

The conference covered interdisciplinary topics at the intersection of mathematics, physics, bi-
ology, electronics, and computer science. A significant portion of the presentations focused on
the interface between control theory, applied mathematics, and neurobiology, particularly study-
ing models of brain processes and their control. This emerging field can be termed cybernetical
neuroscience.

The opening plenary talk by Henrik Jensen (Imperial College London) titled “Self-organized
Criticality and Control” provided a brief overview of Self-Organized Criticality (SOC) followed by
new insights into one of its paradigmatic models, the Forest Fire Model (FFM). The relationship
between observed power-law behavior and true criticality has been debated since the model’s in-
troduction in 1992. Recent analysis shows that it is possible to establish critical scale invariance in
the model if the coupling between driving force and system size is carefully managed.

Mark Timme from Dresden Technical University presented his research on fluctuation responses
and tipping points in strongly perturbed nonlinear systems. He proposed an integral consistency
condition and a method for predicting the tipping point using large perturbation expansions eval-
uated within the consistency condition framework. This novel approach could help quantitatively
predict significantly nonlinear response dynamics and bifurcations arising under high-amplitude
forcing in non-autonomous dynamical systems.
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Michael Small from the University of Western Australia delivered a talk titled “Delay Embed-
ding Choice and Why It Matters,” building upon Takens’ theorem, which guarantees accurate
embedding of a deterministic nonlinear dynamic system given a time series under rather general
conditions. Since the 1980s, many methods have been suggested to estimate the observation in-
terval (delay) needed to ensure accurate embedding, but most are based on heuristic approaches.
Michael introduced a new topologically grounded method for choosing delay, leveraging concepts
from persistent homology and topological data analysis, ensuring the best attractor reconstruction
for given data.

Eckehard Scholl’s lecture “Nonequilibrium Phase Transitions and Nucleation Phenomena in Syn-
chronizing Networks” addressed phase transitions in nonlinear dynamical systems far from ther-
modynamic equilibrium. The lecture was dedicated to the memory of Hermann Haken. Although
concepts from thermodynamics and statistical physics had been used to describe self-organization,
formation of spatio-temporal structures, coexistence of phases, critical phenomena, and first-order
and second-order nonequilibrium phase transitions since the 1970s, phase transitions and critical
phenomena in dynamic networks, where synchronization transitions may occur, leading to partially
synchronized states and complex collective behaviors applicable to various natural, socio-economic,
and technological systems, began to be studied much later. The lecture discussed these works and
established connections between tipping transitions, explosive synchronization, nucleation, critical
slowing down, etc., with nonequilibrium thermodynamics. In particular, the Kuramoto model with
inertia, relevant to power grids, was examined, showing first-order phase transitions to synchro-
nization through partially synchronized states, and it was demonstrated that it can be viewed as
an adaptive network of phase oscillators similar to neural networks with plasticity.

Alexander Fradkov’s (IPME RAS) lecture (see “Definition of Cybernetical Neuroscience” by
Alexander Fradkov, https://arxiv.org/abs/2409.16314) introduced a new scientific area — cyber-
netical neuroscience, a branch of computational neuroscience aimed at studying neurobiological
systems using cybernetic methods. Cybernetical neuroscience is based on mathematical models
adopted in computational neuroscience (Hodgkin-Huxley model, FitzHugh-Nagumo model, Morris-
Lecar model, Hindmarsh-Rose model, Landau-Stuart model, neural mass model, etc.) and the
methods of cybernetics — the science of control and communication in living organisms, machines,
and society. The lecture outlined the main problems, methods, and some results of cybernetical neu-
roscience obtained primarily at IPME RAS and St. Petersburg State University, including findings
on neurointerface control (“brain-controlled machines”). The primary objectives of cybernetical
neuroscience include:

1. Analyzing the conditions under which neuronal ensemble models exhibit specific regimes
corresponding to real neuronal ensembles’ behavior: synchronization, spiking, bursting, solitons,
chaos, chimeras, etc.

2. Synthesizing external (control) actions that create these regimes in the models.

3. Estimating the state and parameters of models based on input and output variable measure-
ments.

4. Classifying human brain states and future behaviors based on observations using adaptation
and machine learning techniques.

5. Finding control algorithms (feedback synthesis) that ensure specified properties of closed-loop
systems composed of interacting controlled systems and controlling agents.

In neurobiological studies, the controlled system is the nervous system or human brain, while
the controlling agent can be implemented in a computer device. For the entire system to function,
the nervous system or brain must be connected to external computer communication devices called
neurointerfaces (brain-computer interfaces). The methodology of cybernetic neuroscience shares
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many similarities with that of cybernetical physics. The lecture provided several examples from
cybernetical neuroscience.

Overall, PhysCon 2024 showcased cutting-edge research at the crossroads of multiple disciplines,
highlighting the importance of understanding complex systems, self-organization, and nonlinear
dynamics, all crucial for advancing modern technology and science.

A brief history of the conference is as follows. The first Physics and Control Conference took
place in 2003 in Saint Petersburg. The second conference was held in 2005, again in Saint Peters-
burg. The Program Committee Co-Chairs of the first conference were the renowned physicist and
Nobel laureate Zhores Ivanovich Alferov, as well as Vladimir Grigoryevich Peshekhonov, General
Director of the Central Research Institute “Elektropribor,” creator of gyroscopic equipment and
control systems. Organization of those conferences was inspired by the emergence in the 1990s of
a new scientific field at the intersection of physics and control theory. This area encompassed the
control of oscillations, chaotic processes, quantum systems, and more. Later, it came to be known
as cybernetic physics. Cybernetic physics explores issues of dynamics and control in complex dy-
namical systems arising in physics and other natural sciences: synchronization processes, nonlinear
waves, chaos, solitons, quantum-mechanical processes, and others. All these topics remain highly
relevant today. Subsequent conferences were held every two years in different cities and countries.
In 2007, it was held in Potsdam, Germany; in 2009, in Catania, Sicily; in 2011, in Ledn, Spain;
in 2013, in San Luis Potosi, Mexico; in 2015, in Istanbul, Turkey; and in 2017, in Florence, Italy.
In 2019, the conference took place in Russia, at the Innopolis University, and in 2021, due to the
pandemic, it was conducted online by Fudan University in Shanghai, China. Selecting the venue
and organizing team for the next conference took an extra year due to complicated political cir-
cumstances. However, the outcomes showed that the choice was correct: it allowed a substantial
number of Russian specialists to maintain creative and personal ties with foreign colleagues. One
successful organizational decision was allowing participants from sanctioned countries to pay the
registration fee in cash upon arrival. The conference results also indicated that in the scientific
field, which first emerged in our country in 2003, Russia remains among the leading nations in 2024.

The programme and the abstracts of PhysCon 2024 conference are posted on its website, see
https://physcon2024.khas.edu.tr/. The proceedings will be published in the special issues of the
journals: Cybernetics And Physics (http://cap.physcon.ru) and The European Physical Journal
Special Topics (https://link.springer.com/journal/11734).
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