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Abstract—The problem of output-feedback compensation of bounded additive perturbations
affecting a minimum-phase linear system with unknown parameters is considered. An adaptive
auxiliary loop is developed, which does not require to know the perturbation model and allows
one to: a) separate the processes of estimation of parametric and additive perturbations, b) es-
timate and compensate for the additive perturbation with any given accuracy if the conditions
of the parametric identifiability are met. The above-mentioned separated estimation of two dis-
turbances of different nature is achieved by augmentation of the A.M. Tsykunov auxiliary loop
method with the law to identify the unknown parameters, which is based on the instrumental
variables approach and the procedure of dynamic regressor extension and mixing (DREM). The
obtained system of the additive perturbations compensation has a certain potential to be used
together with the conventional industrial PI-, PID-controllers. The theoretical results of this
study are validated via mathematical modelling.

Keywords : disturbance, estimation, auxiliary loop, identification, instrumental variables, con-
vergence, overparameterization, dynamic extension and mixing
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1. INTRODUCTION

The problem of external perturbation compensation has been attracting considerable attention
of specialists in radio engineering, electrical engineering, control theory, etc. for many years. To
date, two basic principles of such compensation have been proposed—indirect and direct ones.

Considering the indirect compensation, a characteristic polynomial of a closed-loop system is
chosen so that the component of the system forced motion caused by the perturbation is reduced
as much as possible in comparison with the one associated with the reference signal. However, it is
impossible to ensure the same quality of compensation for perturbations with significantly different
spectra by certain choice of the characteristic polynomial of a closed-loop system, and the problem
of how to choose it on the basis of a priori data on the perturbation spectrum or in an optimal
way (e.g., in terms of H2-, H∞-norms, invariant ellipsoid metrics, etc.) is faced. In this sense, it is
necessary to admit the limitations of classical feedback.

A natural response to this challenge was the development of the direct compensation principle,
according to which the control signal is decomposed into two components. The first one corrects the
characteristic polynomial of the closed-loop system, while the second is to be equal to the perturba-
tion with the opposite sign. If the disturbance is matched with the control signal and measurable,
this approach achieves its full compensation. At first glance, the matching condition seems to be
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836 GLUSHCHENKO, LASTOCHKIN

restrictive, because in practice the disturbance and the control signal are often unmatched. How-
ever, in fact, by following the equivalent-input-disturbance approach [1] and adopting some rather
weak differentiability conditions for the original perturbation, the matching condition can always
be satisfied. For example, consider the following system:

ẏ = a1y + b1x+ b1f,

ẋ = a2x+ b2u,

then, if the perturbation f is differentiable, the application of the equivalent-input-disturbance
approach allows one to obtain a system with matched perturbation:

ẏ = a1y + b1ζ,

ζ̇ = a2x+ b2u+ ḟ ± a2f = a2ζ + b2

⎡
⎢⎢⎢⎣u+ b−1

2

(
ḟ − a2f

)
︸ ︷︷ ︸

feq

⎤
⎥⎥⎥⎦ ,

where a1, a2, b1, b2 are some scalars, y stands for a measurable output signal, x denotes unmeasur-
able state vector, ζ = x+ f is a virtual state, u denotes a control signal, f stands for the original
disturbance, feq is an equivalent input disturbance.

Thus, we will hereafter refer only to matched perturbations, assuming that the principle of
equivalent-input-disturbance has already been implemented.

Much more restrictive requirement is that the perturbation is measurable. To relax it, various
disturbance observers have been proposed in the literature that allow one to reconstruct the value
of the disturbance with some (usually arbitrary) accuracy from measurements of the control and
system output signals. Without pretending to provide an exhaustive review, some of the existing
perturbation observers are considered further. We recommend an interested reader to study the
reviews [2–5] to become aware of the full variety of methods.

Existing perturbation observers can be classified as follows:

1) methods that require to know both the system parameters and the perturbation model and
parameters (extended Luenberger observer) [6],

2) methods that require knowledge of the system parameters and the disturbance model with
parametric uncertainty [7–11],

3) methods that require the disturbance model to be known, while the system and disturbance
parameters can be unknown [12–16],

4) methods requiring only knowledge of the system parameters [1, 17–20],
5*) methods that require neither knowledge of the disturbance model nor the system parameters

[21–26].

The algorithms that belong to group 5* are the subject of interest of this study since, compared
to other solutions, they require minimum amount of a priori information about the system and
the perturbation. A detailed analysis of such algorithms shows that, in fact, there are no observers
in the literature that allow one to estimate the additive perturbation if the system parameters are
unknown. This is due to the fact that existing algorithms are not able to separate parametric
and additive disturbances. Instead, the algorithms from the group 5* estimate an augmented
perturbation consisting of their sum. Let us illustrate this statement with an example.

A first-order system is considered:

ẋ = u+ θ�ϕ (x) + f,

where θ�ϕ (x) is a parametric disturbance, f denotes an additive perturbation.

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 9 2024



ADAPTIVE AUXILIARY LOOP 837

If the parameters θ are known and ḟ is bounded, then a trivial observer (s: = d
dt):

f̂ =
s

ls+ 1
[x]− θ�

1

ls+ 1
[ϕ (x)]− 1

ls+ 1
[u] ,

according to [26, p. 196; 27], allows one to estimate and compensate for the additive disturbance f
with an arbitrary accuracy.

If the parameters θ are unknown, then only augmented disturbance can be estimated:

s

ls+ 1
[x]− 1

ls+ 1
[u] =

1

ls+ 1
[f ] + θ�

1

ls+ 1
[ϕ (x)] .

In order to single out an additive disturbance from the augmented one, the estimate of the
parameters θ is to be obtained and used:

f̂ =
s

ls+ 1
[x]− 1

ls+ 1
[u]− θ̂�

1

ls+ 1
[ϕ (x)] =

1

ls+ 1
[f ]− θ̃�

1

ls+ 1
[ϕ (x)] ,

from which it follows that the separation of two types of perturbations is possible if and only if
the parametric error θ̃ converges to zero asymptotically. However, in case of perturbations, the
existing identification laws provide only the parametric error boundedness [28, p. 556], which does
not allow one to achieve complete separation even by augmenting the disturbance observer with
known parameter estimation algorithms. Incomplete attempts to estimate additive and parametric
uncertainties apart from each other can be found in [24, 29, 30].

The considered separation problem is of a fundamental nature and does not depend on the spe-
cific type of applied perturbation observer. Therefore, the existing observers estimate and compen-
sate for an augmented perturbation represented as a sum of parametric and additive disturbances.
Such an approach certainly deserves the right to exist and proved itself in comparison with the
conventional PI- and PID-controllers [22] a long time ago. However, firstly, in such control systems
the synergetic principle of least action [31] is violated, since the whole dynamics of the system
is compensated without any reflection on its “usefulness” or “armfulness” to achieve the control
objective; secondly, considering some practical scenarios, the baseline stabilising component of the
control law (e.g., PI- or PID-controller) has already been chosen by robust methods taking into
account the parametric uncertainty (θ�ϕ (x) in the above-given example), and it is necessary to
estimate and compensate only for the additive perturbation (f in the mentioned example). There-
fore, the problem of design of the additive perturbation observer in the presence of parametric
disturbance is actual.

In this study we consider the problem of estimation and output-based compensation of bounded
additive perturbations affecting a minimum-phase linear system with unknown parameters. The
solution of this problem is proposed to be obtained on the basis of the indirect adaptive control
framework, according to which the control design procedure is decomposed into two stages. At the
first one, a control law is introduced that ensures the achievement of the control objective assuming
that the system parameters are known (in this study, we use the method of A.M. Tsykunov auxiliary
loop [26, p. 196] to design such a law). At the second stage, the identification law is developed,
and all unknown parameters of the control law defined at the first stage are substituted with their
dynamic estimates. The key structural element of such an adaptive control system is the above-
mentioned law, which is required to ensure asymptotic convergence of the unknown parameter
estimates to their true values in a closed loop affected by an additive disturbance under the weakest
possible regressor excitation requirements. In this paper, a recently proposed algorithm [32] based
on the instrumental variables method [33] and the dynamic regressor extension and mixing (DREM)
procedure [34] is proposed to solve the online identification problem. The convergence conditions
of the parameter identification process using such a law are given below:
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838 GLUSHCHENKO, LASTOCHKIN

—a controller that stabilises the system affected by the additive and parametric perturbations
is known,

—a control signal to compensate for the disturbance is bounded (for instance, via sat {.} func-
tion),

—a reference signal includes not less than n different frequencies (where n is the system order),

—the reference and disturbance signals spectra have no common frequencies.

It is shown that when these conditions are met, the parametric error convergences to zero despite
the presence of the additive disturbance, and the proposed system of adaptive compensation of such
perturbation ensures its asymptotic estimation and compensation. The potential of application of
the proposed system together with the conventional industrial PI-, PID-controllers is shown via
numerical experiments, the fact that the conditions of parametric convergence are met when typical
reference signals are used is also illustrated.

2. PROBLEM STATEMENT

The following perturbed linear dynamic system is considered:

y (t) =
Z (θ, s)

R (θ, s)
[u (t)+f (t)] ,

Z (θ, s) = bms
m + bm−1s

m−1 + . . . + b0,

R (θ, s) = sn + an−1s
n−1 + . . . + a0,

(2.1)

where y (t) is a measurable output signal, u (t) stands for a control signal to be designed, f (t)
denotes an unknown bounded disturbance, θ ∈ Dθ ⊂ Rn+m+1 is a vector of unknown parameters
of an open-loop system, R (θ, s) , Z (θ, s) are polynomials of order n and m � n− 1, respectively,
s [.] : = d

dt [.] denotes a differential operator.

Further, the control signal u (t) is assumed to be chosen as:

u (t) = ub (t) + uc (t) ,

ub (t) =
Py (κ,s)

Qy (κ, s)
[y (t)] +

Pr (κ,s)

Qr (κ, s)
[r (t)] =

Py (κ,s)

Qy (κ, s)
[y (t)] + rf (t) ,

(2.2)

where ub (t) is a baseline component to stabilize the system, uc (t) stands for a summand to com-
pensate for a disturbance f (t), κ ∈ Dκ ⊂ Rnκ denotes known time-invariant parameters of the
control law, r (t) is a reference signal, my � ny and mr � nr are orders of pairs of polynomials
Py (κ, s) , Qy (κ, s) and Pr (κ, s) , Qr (κ, s), respectively.

For a rigorous formal problem statement, together with the system (2.1), its parametrization in
the form of a linear regression equation is also considered:

z (t) = ϕ� (t) θ +w (t) , (2.3)

where

z (t) =
sn

Λ (s)
y (t) , ϕ (t) =

[
−α

�
n−1 (s)
Λ(s) [y (t)]

α�
m (s)
Λ(s) [u (t)]

]�
,

w (t) =
[
bm bm−1 . . . b0

]αm (s)

Λ (s)
[f (t)] ,

α�
n−1 (s) =

[
sn−1 · · · s 1

]
, α�

m (s) =
[
sm · · · s 1

]
,
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ϕ (t) ∈ Rm+n+1 is a measurable regressor, z (t) ∈ R stands for a measurable regressand, Λ (s) de-
notes a stable polynomial of order n.

We adopt the following assumptions with respect to the stabilizing component of the control
law and the disturbance.

Assumption 1. The transfer function of the closed-loop system (θcl: R
n+m+1×Rnκ �→ Rncl+mcl+1

are unknown parameters of the closed-loop system):

Wcl (θcl, s) [.] =
Z (θ, s)Qy (κ, s)

[Qy (κ, s)R (θ, s)− Z (θ, s)Py (κ, s)]
[.] =

Zcl (θcl, s)

Rcl (θcl, s)
[.] (2.4)

has Hurwitz polynomials Zcl (θcl, s) and Rcl (θcl, s) for certain time-invariant κ from Dκ and any
θ from Dθ.

Assumption 2. There exists a known function μ: [t0, ∞) �→ R> such that for

λ (t) =
−1

m0μn+1 (t)

(
dn+1

dtn+1
[f (t)] +

n∑
i=1

miμ
n−(i−1) (t)

di

dti
[f (t)]

)

for any mi, i = 0, . . . , n it holds that μλ ∈ L∞ and λ ∈ Lp ∩ L∞ for p ∈ [1, ∞).

Assumption 3. An instrumental variable ζ (t) ∈ Rn+m+1, which is defined as follows (where
θiv ∈ Dθ ⊂ Rn+m+1 are known parameters of the instrumental variable):

ζ (t) =

[
−α

�
n−1 (s)
Λ(s) [yiv (t)]

α�
m (s)
Λ(s) [uiv (t)]

]�
,

yiv (t) =
Z (θiv,s)

R (θiv, s)
[uiv (t)] ,

uiv (t) =
Py (κ,s)

Qy (κ, s)
[yiv (t)] +

Pr (κ, s)

Qr (κ, s)
[r (t)] ,

(2.5)

and a filtered disturbance w (t) are independent, i.e.:

∀t � t0

∣∣∣∣∣∣
t∫

t0

ζi (s)w (s) ds

∣∣∣∣∣∣ � c <∞ ∀i = 1, . . . , n+m+ 1. (2.6)

Based on closed-loop equation (2.4), the required behavior of the system is defined as:

yref (t) =Wcl (θcl, s) [rf (t)] . (2.7)

The aim is to design the compensation control signal uc (t), which does not include the output
signal y (t) derivatives, in such a way that the following equalities hold:

lim
t→∞ |y (t)− yref (t)| = lim

t→∞ |ỹ (t)| = 0. (2.8)

Therefore, the problem of estimation and compensation of an unknown perturbation that affects
a minimum-phase system with unknown parameters is stated in this study.

Remark 1. Considering practical scenarios, we almost always know the stabilizing control-
ler ub(t), which ensures the that the characteristic polynomial of the closed-loop system Rcl (θcl, s)
is Hurwitz one (e.g., in some situations it can be chosen via trial and error). The polynomial
Zcl (θcl, s) to be Hurwitz requires the plant (2.1) to be minimum phase.

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 9 2024



840 GLUSHCHENKO, LASTOCHKIN

Remark 2. It should be noted that the output of the reference model (2.4) is not measurable,
and the reference model itself defines different control quality for each specific parameter vector of
the system θ from Dθ. These facts essentially distinguish the problem solved in this study from
the classical problem of model reference adaptive control, in which the reference model is the same
for all θ.

Remark 3. Assumption 2 restricts a class of admissible external disturbances. As for practi-
cal scenarios, there almost always exists p ∈ [1, ∞) such that di

dti
f(t) ∈ Lp for all i = 1, . . . , n + 1,

and, to meet such assumption, it is sufficient to choose μ(t) = const = μ > 0. If di

dti
f(t) /∈ Lp for

all p ∈ [1, ∞), but sup
t

∣∣∣ didti f (t)∣∣∣ <∞, then it is sufficient to choose μ (t) = μ0t+ μ1 with arbi-

trary μ0 > 0, μ1 > 0. Unfortunately, if the disturbance f(t) has unbounded time derivatives, some
additional a priori information is required for reasonable choice of μ (t).

Remark 4. In Assumption 3, the necessary conditions of asymptotic convergence of the identi-
fication law [32] are assumed to be met. In a stationary case, the inequality (2.6) is satisfied if the
spectra of r (t) and f (t) do not have common frequencies.

3. MAIN RESULT

The description of the proposed method to solve the problem (2.8) is decomposed into three
parts. In the first one, the filtered equivalent of the perturbation is parameterized as a function
of the control and output signals and some unknown parameters calculated via θ. In the second
part, an identification law for the unknown parameters is designed on the basis of the perturbation
parametrization. In the third part, based on the obtained parametrization of the filtered perturba-
tion and identification law, an adaptive signal for disturbance compensation is introduced and the
achievement of the objective (2.8) is proved.

3.1. Disturbance Parametrization

Temporarily, the parameters θ are assumed to be known and, following [26], an auxiliary model
is introduced:

ŷ∗ (t) =
Z (θ, s)

R (Θ, s)
[u (t)] , (3.1)

where Θ ∈ Rn are known parameters of the auxiliary model such that the system (3.1) is stable.

Owing to equations (3.1) and (2.1), the error ε∗ (t) = y (t)− ŷ∗ (t) is written as follows:

ε∗ (t) =
Z (θ, s)

R (Θ, s)
[f (t)] +

R (Θ, s)−R (θ, s)

R (Θ, s)
[y (t)] . (3.2)

Then, if n−m derivatives of the signals ε∗(t) and y(t) are measurable, and the polynomial Z(θ, s)
is Hurwitz one, then the following signal

uc (t) = −R (Θ, s)

Z (θ, s)
[ε∗ (t)] +

R (Θ, s)−R (θ, s)

Z (θ, s)
[y (t)] = −f (t) (3.3)

ensures full compensation of the disturbance:

y (t) = ε∗ (t) + ŷ∗ (t) =
Z (θ, s)

R (θ, s)
[ub (t)] =Wcl (θcl, s) [rf (t)] = yref (t) . (3.4)

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 9 2024



ADAPTIVE AUXILIARY LOOP 841

The perturbation and its compensator (3.3) can be represented in the following equivalent form:

f (t) = −uc (t) = ψ�
a (Θ)α (s) [εf (t)] +

(
ψ�
a (θa)− ψ�

a (Θ)
)
α (s) [yf (t)] , (3.5a)

ξ̇ε (t) = Abξε (t) + ρemε
∗ (t) ,{

εf (t) = e�1 ξε (t) , if m � 1

εf (t) = ρε∗ (t) , if m = 0,

ξ̇y (t) = Abξy (t) + ρemy (t) ,{
yf (t) = e�1 ξy (t) , if m � 1
yf (t) = ρy (t) , if m = 0,

(3.5b)

{
˙̂x
∗
(t) = A0x̂

∗ (t)−Θŷ∗ (t) + θbu (t)

ŷ∗ (t) = e�1 x̂∗ (t) ,
(3.5c)

where

Ab = A0 − ψb (θ) e
�
1 , ρ =

1

bm
=

1

e�1 θb
,

ψb (θ) =

[
bm−1

bm

bm−2

bm
· · · b0

bm

]�
= ρLψθb,

ψa (θa) =
[
Inθa 1

]�
,

θa =
[
an−1 an−2 · · · a0

]�
= Laθ,

θb =
[
bm bm−1 · · · b0

]�
= Lbθ,

La =
[
In×n 0n×(m+1)

]
, Lb =

[
0(m+1)×n I(m+1)×(m+1)

]
,

Lψ =
[
0m×1 Im×m

]
, α (s) =

[
1 · · · sn−1 sn

]
,

and In is a matrix, which secondary diagonal contains ones, while all other elements are zeros,
ei denotes a vector, which ith element is one, while all other ones are zeros, A0 stands for an

upper-shift matrix of respective dimension, θa, θb are components of the vector θ =
[
θ�a θ�b

]�
and

simultaneously parameters of the polynomials R (θ, s) and Z (θ, s).

According to the problem statement, the parameters θ are unknown and the derivatives of the
signals ε∗ (t) and y (t) are not directly measurable, which means that the compensator (3.3), (3.5a)
can not be implemented. The requirement to know the derivatives of the mentioned signals can be
relaxed by design of filtered derivative observers.

Statement 1. Define: 1) the observers of the ith filtered derivative of the signals yf (t) and εf (t)⎧⎪⎪⎨
⎪⎪⎩
Ḣε
i (t) =

(
G0 + en+1M

�
0 (t)

)
Hε
i (t) + en+1 (K0 (t) εf (t)− vε (t))

hεi (t) = e�i+1H
ε
i (t) , vε (t) =

i∑
j=0

vεj (t, M0, K0),⎧⎪⎪⎨
⎪⎪⎩
Ḣy
i (t) =

(
G0 + en+1M

�
0 (t)

)
Hy
i (t) + en+1 (K0 (t) yf (t)− vy (t))

hyi (t) = e�i+1H
y
i (t) , vy (t) =

i∑
j=0

vyj (t, M0, K0),

∀i = 0, . . . , n,

where
M�

0 (t) =
[
−m0μ

n+1 (t) . . . −mn−1μ
2 (t) −mnμ (t)

]
,

G0 =

[
0n+1

In×n
01×n

]
, K0 (t) = m0μ

n+1 (t) ,

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 9 2024



842 GLUSHCHENKO, LASTOCHKIN

and ⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

vε0 (t, M0, K0) = 0

vε1 (t, M0, K0) = s−1
[
s
[
M�

0 (t)
]
Hε
i (t)

]
+ s−1 [s [K0 (t)] εf (t)]

...

vεj (t, M0, K0) = vεj−1 (t, M0, K0)− s−1
[
vεj−1

(
t, Ṁ0, K̇0

)]
, j = 2, . . . i,⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

vy0 (t, M0, K0) = 0

vy1 (t, M0, K0) = s−1
[
s
[
M�

0 (t)
]
Hy
i (t)

]
+ s−1 [s [K0 (t)] yf (t)]

...

vyj (t, M0, K0) = vyj−1 (t, M0, K0)− s−1
[
vyj−1

(
t, Ṁ0, K̇0

)]
, j = 2, . . . i,

and scalars m0, m1, . . . ,mn are coefficients of a stable polynomial;

2) the filtered disturbance:

ff (t) : = ψ�
a (Θ) hε (t) +

(
ψ�
a (θa)− ψ�

a (Θ)
)
hy (t) ,

hy (t) =
[
hy0 (t) · · · hyi (t) · · · hyn (t)

]�
,

hε (t) =
[
hε0 (t) · · · hεi (t) · · · hεn (t)

]�
.

(3.6)

Then, if Assumptions 1 and 2 are met, then:

1) the error f̃ (t) = ff (t)− f (t) converges asymptotically to zero lim
t→∞ f̃ (t) = 0,

2) f̃ ∈ Lp ∩ L∞ for p ∈ [1, ∞).

Proof of Proposition 1 is postponed to Appendix.

Note that in the stationary case μ (t) = const, the filtered derivative observers proposed in
Proposition 1 are reduced to proper differentiators. According to Proposition 1, if the parameters θ
are known, then instead of the true perturbation f (t), using measurable signals only, it is possible to
calculate some filtered perturbation ff (t), which asymptotically converges to the true perturbation
if Assumptions 1 and 2 are met. In this case, the signal

uc (t) = −ff (t) (3.7)

allows one to obtain the following result.

Theorem 1. If the parameters θ are known, and Assumptions 1 and 2 are met, then the control
law (2.2) + (3.7) ensures ỹ ∈ L∞ and lim

t→∞ |ỹ (t)| = 0.

Proof of Theorem 1 is given in Appendix.

The requirement to know the parameters θ is relaxed by application of the identification law
proposed in [32] and design of an adaptive auxiliary model (3.1) and an adaptive version of the
compensation signal (3.7).

3.2. Unknown Parameters Identification

First of all, in order to implement the adaptive compensation signal, the estimates θ̂(t), ρ̂(t),
ψ̂b(t) of the system unknown parameters and the disturbance parametrization (3.6) are required
to be obtained. It should be noted that we do not need to identify the parameters ψa (θa), as the
function ψa: R

n+m+1 �→ Rn+m+2 obviously satisfies the Lipschitz condition, and, consequently, the

estimate ψ̂a (t) can be obtained via direct substitution ψ̂a (t) : = ψa
(
θ̂a
)
, where θ̂a (t) = Laθ̂ (t).

To make the effect of the adaptive law of perturbation compensation, which is based on dynamic

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 9 2024



ADAPTIVE AUXILIARY LOOP 843

estimates, asymptotically equivalent to the effect of the ideal compensation signal (3.1), (3.7), at
least asymptotic convergence of parametric errors to zero is necessary to be ensured. For this
purpose, the identification law developed in [32] will be used.

Applying the instrumental variable (2.5), the regression equation (2.3) is extended by means of
averaging and sliding window filters:

ϑ̇ (t) = ζiv (t) z (t)− ζiv (t− T ) z (t− T ) , ϑ (t0) = 0n+m+1,

ψ̇ (t) = ζiv (t)ϕ
� (t)− ζiv (t− T )ϕ� (t− T ) , ψ (t0) = 0(n+m+1)×(n+m+1),

(3.8)

Ẏ (t) = − 1

F (t)
Ḟ (t) (Y (t)− ϑ (t)) , Y (t0) = 0n+m+1,

Φ̇ (t) = − 1

F (t)
Ḟ (t) (Φ (t)− ψ (t)) , Φ (t0) = 0(n+m+1)×(n+m+1),

Ḟ (t) = ptp−1, F (t0) = F0 > 0,

(3.9)

where T > 0 denotes a sliding window width, p � 1, F0 � tp0 stand for the filter parameters.

Application of filtration (3.8) and (3.9) in case θ = const allows one to obtain the following
regression equation [32]:

Y (t) = Φ (t) θ +W (t) , (3.10)

where the disturbance W (t) satisfies the following equations:

Ẇ (t) = − 1

F (t)
Ḟ (t) (W (t)− ε (t)) , W (t0) = 0n+m+1,

ε̇ (t) = ζiv (t)w (t)− ζiv (t− T )w (t− T ) , ε (t0) = 0n+m+1.

(3.11)

Having multiplied (3.10) by adj {Φ (t)}, the set of scalar regression equations is obtained:

Y (t) = Δ (t) θ +W (t) ,

Y (t) : = adj {Φ (t)}Y (t) , Δ(t) : = det {Φ (t)} , W (t) : = adj {Φ (t)}W (t) .
(3.12)

Based on the regression equation (3.10), the estimate of the parameters θ can be obtained
via application of the gradient descent method. However, in order to implement the compensation
component (3.1), (3.7), the estimates of the parameters ψb (θ) and ρ are required. It should be noted
that, owing to the equality ψb (θ) = ρLψLbθ, it is sufficient to have estimates of the parameters ρ

and θ to obtain ψ̂b (t). The value of θ̂ (t) can be calculated via (3.12), and therefore, now we need
to derive a regression equation with respect to ρ.

Having multiplied (3.12) by e�1 Lb, we have

e�1 LbY (t) = Δ (t) e�1 Lbθ + e�1 LbW (t)

⇒ e�1 LbY (t) = Δ (t) bm + e�1 LbW (t) ,

from which the required regression equation is obtained via multiplication by ρ

Yρ (t) = Mρ (t) ρ+Wρ (t) ,

Yρ (t) : = Δ (t) , Mρ (t) : = e�1 LbY (t) , Wρ (t) = −ρe�1 LbW (t) .
(3.13)

Based on the regression equations (3.12) and (3.13), the laws are designed to estimate all pa-
rameters that are necessary for the implementation of (3.1), (3.7):

˙̂
θ (t) = −γΔ(t)

(
Δ(t) θ̂ (t)− Y (t)

)
, θ̂ (t0) = θ̂0,

˙̂ρ (t) = −γρMρ (t) (Mρ (t) ρ̂ (t)− Yρ (t)) , ρ̂ (t0) = ρ̂0,

ψ̂b (t) = ρ̂ (t)LψLbθ̂ (t) .
(3.14)
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Theorem 2. If Assumption 3 is met and additionally

C1) y (t) and uc (t) are bounded,

C2) Δ /∈ L2,

then the identification laws (3.14) ensure that:

1) the parametric errors θ̃(t) = θ̂(t)− θ, ρ̃(t) = ρ̂(t)− ρ, ψ̃b(t) = ψ̂b(t)− ψb(θ) converge asymp-
totically to zero:

lim
t→∞ θ̃ (t) = 0, lim

t→∞ ρ̃ (t) = 0, lim
t→∞ ψ̃b (t) = 0,

2) θ̃ ∈ L2 ∩ L∞, ρ̃ ∈ L2 ∩ L∞, ψ̃b ∈ L2 ∩ L∞.
Proof of Theorem 2 is presented in Appendix.

As, according to the problem statement, the component ub (t) of the control law is stabilising
and the polynomial Rcl (θcl, s) is Hurwitz one, then C1 requires to form a bounded compensation
signal uc (t), for example, using a standard saturation function (see Section 3.3). Following proof
from [32], a sufficient condition to meet C2 is that the reference signal r (t) is sufficiently rich, e.g.,
when m = n− 1, it has to include at least n different frequencies. Assumption 3 (inequality (2.6))
is met, for example, if the spectra of the reference r (t) and the perturbation f (t) signals do not
have common frequencies. The convergence conditions for identification laws of type (3.14) are
given in more detail in [32].

One of the freedom degrees of the used parameterization (2.3) and the whole proposed iden-
tification scheme is the choice of the type of regressor ϕ (t). If the initial values of the unknown
parameters estimates are such that |uc (t) + f (t)| > |f (t)| (in the sense of mean integral value or
variance), then use of (2.3) results in a parameterization with a smaller perturbation value w (t)
in a similar sense. In contrast, if the initial values of the unknown parameters estimates are such
that |uc (t) + f (t)| < |f (t)| is achieved even without parametric adaptation (in the sense of mean
integral value or variance), then the choice of the following regressor

ϕ (t) =

[
−α

�
n−1 (s)

Λ (s)
z (t)

α�
m (s)

Λ (s)
ub (t)

]�

allows one to obtain a parametrization with smaller value of the disturbance w (t) in a similar sense.

The further parameterization as well as the premises and results of Theorem 2 do not depend
on whether the regressor is calculated using ub (t) or u (t).

The states of filters (3.9) lose their awareness to new values of ϑ (t) and ψ (t) signals, and thus,

the parameters θ too, at the rate of Ḟ (t)
F (t) . It is currently not possible to completely prevent such

loss of awareness, since the coefficient Ḟ (t)
F (t) ensures that the parametric error converges to zero in

the presence of an external perturbation.

However, by redefining:

Y (t) : =
1

T
ϑ (t) ,

Φ (t) : =
1

T
ψ (t)

(3.15)

an identification law can be derived, which properties are more acceptable for practical scenarios.

Theorem 3. If Assumption 3 is met and additionally

C1) y (t) and uc (t) are bounded,

C2) there exist scalars ΔUB � ΔLB > 0 such that ΔLB � |Δ(t)| � ΔUB, ∀t � te,
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then there exist a scalar δ0 > 0 and a signal δ1 ∈ L1, lim
t→∞ δ1 (t) = 0 such that∥∥∥∥∥∥∥

⎡
⎢⎣ θ̃ (t)ρ̃ (t)

ψ̃b (t)

⎤
⎥⎦
∥∥∥∥∥∥∥ � δ1 (t) + δ0T

−1, ∀t � t0. (3.16)

Proof of Theorem 3 can be found in Appendix.

Thus, the identification law (3.14) based on the signals (3.8) + (3.15) provides awareness to new
values of the parameters θ, but at the same time parametric errors converge not to zero, but to its
neighbourhood, which is proportional to the parameter T > 0, and under a more strict condition
in comparison with Δ /∈ L2.

3.3. Adaptive Auxiliary Loop

Being motivated by (3.1), (3.5a)–(3.5c), (3.6) and requirement C1 and using the estimates (3.14),
the compensation component of the control law is formed as:

uc (t) = satfmax

{
−f̂ (t)

}
,

f̂ (t) = ψ�
a (Θ) ĥε (t) +

(
ψ̂�
a (t)− ψ�

a (Θ)
)
ĥy (t) ,

(3.17)

where⎧⎪⎪⎪⎨
⎪⎪⎪⎩

˙̂
Hε
i (t) =

(
G0 + en+1M

�
0 (t)

)
Ĥε
i (t) + en+1 (K0(t)ε̂f (t)− v̂ε(t))

ĥεi (t) = e�i+1Ĥ
ε
i (t) , v̂ε (t) =

i∑
j=0

v̂εj (t, M0, K0),

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

˙̂
Hy
i (t) =

(
G0 + en+1M

�
0 (t)

)
Ĥy
i (t) + en+1 (K0(t)ŷf (t)− v̂y(t))

ĥyi (t) = e�i+1Ĥ
y
i (t) , v̂y (t) =

i∑
j=0

v̂yj (t, M0, K0),

∀i = 0, . . . , n, (3.18a)

˙̂
ξε (t) =

(
A0 − ψ̂b (t) e

�
1

)
ξ̂ε (t) + ρ̂ (t) emε (t) ,{

ε̂f (t) = e�1 ξ̂ε (t) , if m � 1

ε̂f (t) = ρ̂ (t) ε (t) , if m = 0,
˙̂
ξy (t) =

(
A0 − ψ̂b (t) e

�
1

)
ξ̂y (t) + ρ̂ (t) emy (t) ,{

ŷf (t) = e�1 ξ̂y (t) , if m � 1

ŷf (t) = ρ̂ (t) y (t) , if m = 0,

(3.18b)

{
˙̂x (t) = A0x̂ (t)−Θŷ (t) + θ̂b (t) u (t)
ŷ (t) = e�1 x̂ (t) ,

(3.18c)

and ε (t) = y (t)− ŷ (t), ψ̂a (t) : = ψa
(
θ̂a
)
, θ̂a (t) = Laθ̂ (t), satfmax {.} is a conventional saturation

function to bound the absolute value of the signal uc (t) by fmax. The signals v̂ε (t) and v̂y (t) are
calculated via equations given in Proposition 1.

Theorem 4. If

1) Assumptions 1–3 are met and the premise C2 from Theorem 2 is satisfied,
2) |f (t)| < fmax for all t � t0 and a sufficiently large scalar fmax > 0,

then the control signal (2.2) + (3.17) + (3.14) ensures lim
t→∞ |ỹ (t)| = 0.

Proof of Theorem 4 is given in Appendix.
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Fig. 1. Structural scheme of adaptive auxiliary loop.

The application of time-varying filters (3.18a) may be inappropriate for practical scenarios,
for example, due to the requirement of the control signal noise resistance or inaccuracies related
to the discretization/numerical solution of time-varying differential equations (3.18a). Therefore,
in Theorem 5 we investigate the stability of the closed-loop control system for the case when
μ (t) = const and Assumption 2 is not satisfied (in the sense that λ /∈ Lp). Note that the situation
when μ (t) = const but Assumption 2 is met (i.e., λ /∈ Lp) has already been considered in Theorem 4.

Theorem 5. If

1) Assumptions 1, 3 are met and the premise C2 from Theorem 2 is satisfied,

2) μ (t) = μ > 0, λ ∈ L∞,

3) |f (t)| < fmax for all t � t0 and sufficiently large scalar fmax > 0,

then the control signal (2.2) + (3.17) + (3.14) ensures lim
t→∞ |ỹ (t)| � ε for arbitrarily small value of

ε > 0.

Proof of Theorem is postponed to Appendix.

Therefore, if (n+ 1) derivatives of the perturbation are bounded, then the proposed adap-
tive compensation system (3.17), (3.18a)–(3.18c), (3.9)+(3.14) of the external disturbance with
time-invariant observers of the derivatives (3.18a) ensures convergence of the tracking error to an
arbitrarily small neighbourhood of zero.

Now we use the identifier (3.14) based on (3.15) instead of (3.9) to adjust the parameters of the
compensator (3.17), (3.18a)–(3.18c).

Theorem 6. If

1) Assumptions 1, 3 are met and the premise C2 from Theorem 3 is satisfied,

2) μ (t) = μ > 0, λ ∈ L∞,

3) |f (t)| < fmax for all t � t0 and sufficiently large scalar fmax > 0,

then the control signal (2.2) + (3.17) with the identification laws (3.14) + (3.15) ensures
lim
t→∞ |ỹ(t)|� ε for an arbitrarily small scalar ε > 0.

Proof of Theorem 6 can be found in Appendix.
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The proposed adaptive system to compensate for an external bounded perturbation consists of an
adaptive auxiliary model (3.18c), adaptive filtering algorithms (3.18b), filtered derivative observers
with high-gain feedback (3.18a), compensation law (3.17) and identification algorithms (3.14) based
on the signals calculated with the help of the instrumental model (2.5) and filters (2.3), (3.8), (3.9)
or (2.3), (3.8), (3.15). The structural diagram of such a control system is shown in Fig. 1.

Unlike the existing solutions [2–26], if the conditions of parametric convergence are met, the
proposed adaptive compensator separates estimation of the additive and parametric perturbations
and asymptotically compensates for the perturbation f (t), which affects the system with unknown
parameters. At the same time, the stabilising component of the controller is designed independently
of the compensation one, which allows one to obtain a control system with two degrees of freedom.
In fact, three different schemes of external perturbation compensation are proposed in this study,
which can be classified as follows:

—time-varying observers of filtered derivatives (3.18a) + the identifier (3.14) based on the signals
obtained with the help of the filtering with averaging (3.9),

—time-invariant observers of the filtered derivatives (3.18a) + the identifier (3.14) based on the
signals obtained with the help of the filtering with averaging (3.9),

—time-invariant observers of the filtered derivatives (3.18a) + the identifier (3.14) based on the
signals obtained with the help of the sliding window filtering (3.8) + (3.15).

The first two schemes are of theoretical significance, but due to the loss of awareness of the (3.9)
filters to the unknown parameters changes and the potentially infinitely large gain of the filtered
derivatives observers (3.18a), they are of little practical value. The third scheme is free from
the disadvantages of the first two schemes, but ensures convergence of the tracking error only to a
bounded neighbourhood of the equilibrium point and under a stricter condition (C2 from Theorem 3
instead of C2 from Theorem 2).

Remark 5. The use of time-varying derivative observers (3.18a) together with an identifier based
on signals obtained by sliding window filtering (3.15) is not reasonable, as, due to the properties
of the identifier, the convergence of the tracking error will be ensured only to a bounded set.

4. NUMERICAL EXPERIMENTS

A differential equation has been considered:

m
d2

dt2
y (t) = F (y, u, t) .

We assumed that 1
mF (y, u, t) could be approximated as:

1

m
F (y, u, t) : = θ2

d

dt
y (t) + θ1y (t) + θ3 (u+ f (t)) , θ3: =

1

m
,

from which, owing to s [.] : = d
dt [.], the second-order dynamic system was obtained:

y (t) =
θ3

s2 + θ2s+ θ1
[u (t) + f (t)] . (4.1)

The stabilizing component of the control law was defined as a PID-controller with proper dif-
ferential summand:

ub (t) = KP (r (t)− y (t)) +
KI

s
[r (t)− y (t)] +

KDs

KF s + 1
[r (t)− y (t)] . (4.2)
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Fig. 2. Behavior of Δ (t) and ||W (t) ||.

The parameters of the system (4.1) and the control law (4.2) were chosen as:

θ1 = 2, θ2 = 5, θ3 = 1,

KP = 6, KI = 2.5, KD = 1.5, KF = 0.01,

f (t) = 2.5 + 1.25 cos (πt) + 2.5 sin (0.3πt) ,

r (t) = 10sgn (sin (0.05πt)) .

(4.3)

The parameters of the adaptive auxiliary loop (3.18a)–(3.18c), the parametrization (2.3), the
instrumental model (2.5), the filters (3.8), (3.9) and the identification laws (3.14) were set as follows:

Θ =
[
20 100

]�
, m0 = 1, m1 = 3, m3 = 3, μ = 104,

Λ (s) = s2 + 20s+ 100, Z (θiv, s) = 4,
R (θiv, s) = s2 + 2s+ 4, p = 2, T = 4,

θ̂0 =
[
2 4 2

]�
, ρ̂0 = 0.5, γ = γρ = 1013, fmax = 10.

(4.4)

The parameters of the adaptive auxiliary loop (3.18a)–(3.18c), the parameterization (2.3) and
the instrumental model (2.5) were chosen to guarantee the stability of the corresponding differential
equations. The values of gains γ, γρ were picked by trial and error so as to ensure approximately
the following proportionality:

γ ∼ 1

Δ2 (t)
, γρ ∼ 1

M2
ρ (t)

. (4.5)

Considering practical scenarios, we need a priori data on the amplitude values of the regres-
sor Δ (t) calculated for typical system trajectories at fixed p and T to choose γ, γρ, γρ, γψb

. In case
such information is not available, the parameters (4.5) have to be picked online by trial and error.

Figure 2 presents the behavior of the regressor Δ (t) and the norm of the disturbance W (t) from
the regression equation (3.12).

The transients presented in Fig. 2 demonstrate that throughout the simulation, starting from
t = T = 4, the regressor Δ (t) was bounded away from zero and the perturbation W (t) was asymp-
totically decreasing. According to the analysis from [32], these two observations verify that As-
sumption 3 and the premise C2 from Theorem 2 were met.

Figure 3a depicts behavior of the tracking error |ỹ (t)|. In Fig. 3b transients of the compensation
error |uc (t) + f (t)| are given. Figures 3c and 3d are to show behavior of estimates θ̂ (t) and ρ̂ (t),
respectively.

The presented transients illustrate the result proved in Theorem 4. If the parametric convergence
conditions C2 from Theorem 2 and Assumption 3 are met (see comments to Fig. 2), then the
asymptotic convergence of the estimates θ̂ (t) and ρ̂ (t) to the unknown parameters θ and ρ is
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Fig. 3. Behavior of |ỹ (t)|, |uc (t) + f (t)| and θ̂ (t) , ρ̂ (t).

Fig. 4. Behavior of |uc (t) + f (t)| and θ̂ (t) , ρ̂ (t).

ensured, which leads to the asymptotic convergence to zero of the compensation error uc (t)+ f (t),
which, in its turn, results in asymptotic compensation of the effect of the perturbation f (t) on
the transient quality. Note that from the practical point of view, due to the use of the integral
summand in the control signal (4.2), it is sufficient to guarantee uc (t)+f (t) ≈ const to compensate
for the perturbation f (t). Considering the conducted experiment, the parametric error convergence
was achieved when we used a typical for practical scenarios reference signal in the form of a
rectangular periodic signal. This result allows one to conclude that the conditions of parametric
error convergence are not restrictive and met for typical practical cases.

The next aim was to demonstrate that, if the reference signal had a special form, then the
transient quality for θ̂ (t) , ρ̂ (t) and uc (t) + f (t) could be improved. So r (t) and gains γ, γρ were
chosen as:

r (t) = 10 [sin (0.2πt) + sin (3πt)] , γ = γρ = 1010, (4.6)

whereas all other parameters values were set in accordance with (4.3) and (4.4).

The reference signal (4.6) spectrum has no common frequencies with the one of the disturbance,
and r (t) includes n = 2 frequencies. According to [32], together with the boundedness of y(t),
uc(t), it immediately results in satisfaction of the premise C2 from Theorem 2 and Assumption 3.

Figure 4 depicts behavior of uc (t) + f (t) and θ̂ (t) , ρ̂ (t) for the experiment with the reference
signal (4.6).
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Such choice of the reference signal improved the transient quality for θ̂ (t) , ρ̂ (t) and uc (t)+f (t).
Therefore, the conducted numerical experiments validated the theoretical conclusions made in this
study and illustrated the properties of the proposed system for different reference signals.

Remark 6. Results of numerical experiments, which were not included in the paper, showed that
for any choice of initial conditions θ̂0, ρ̂0 the proposed solution provided asymptotic perturbation
compensation. However, the transients quality could be arbitrarily poor in this case. Therefore, for
practical scenarios, it is recommended to make the initial conditions θ̂0, ρ̂0 equal to the ‘nominal’
parameters of the system, for example, the ones for which the stabilising component of the control
law was designed. In this case, it is possible not only to ensure that the goal of (2.8) is achieved,
but also to obtain an admissible transient quality.

5. CONCLUSION

A method of output-based compensation of a bounded additive perturbation affecting a linear
minimum-phase system with unknown parameters is developed. The basis of the proposed solution
is the perturbation compensation algorithm grounded on A.M. Tsykunov’s auxiliary loop method
[26, p. 196], which requires knowledge of the system parameters for asymptotic estimation and
compensation of the additive perturbation. To relax this requirement, the identification law based
on the method of instrumental variables and the DREM procedure is used to provide exact online
asymptotic identification of the system unknown parameters in a closed loop. The convergence
conditions of the parameter identification process are:

C1) boundedness of the compensation signal (for example, via sat {.} function),
C2) sufficiently rich reference signal,
C3) no common frequencies in spectra of the reference and disturbance signals.

The obtained estimates are used instead of the unknown parameters in the perturbation com-
pensation algorithm based on the auxiliary loop method [26]. It is shown that the substitution of
unknown parameters with their estimates is feasible in the sense that under the conditions C1)–C3)
the proposed system of perturbation adaptive compensation, as well as its non-adaptive equivalent,
provides asymptotic estimation and compensation of the disturbance.

The properties of the proposed solution are demonstrated via numerical simulation. It is shown
that the conditions C1)–C3) are not restrictive and met for typical control systems with PI-, PID-
controllers and conventional reference signals. The authors believe that the proposed approach has
a potential for practical application, but note that the method has a drawback related to the need
for trial and error selection of some parameters of the algorithm for identification and estimation
of unmeasured derivatives.

The scope of further research is to improve the quality of transients for perturbation estimation
and increase the convergence rate of the unknown parameters estimates to their true values.

APPENDIX A

This appendix contains auxiliary lemmas, which are axiomatically used to prove main result of
this study.

Lemma A1. For any stable and proper operator H (t, s) [.] and corresponding signal y (t) =
H (t, s) [u (t)] the following holds: u ∈ Lp ⇒ y ∈ Lp, p ∈ [1, ∞] .

Proof is presented in [35, p. 75].

Lemma A2. If ḟ ∈ L∞ and f ∈ Lp, p ∈ (0, ∞), then lim
t→∞ f (t) = 0.

Proof is given in [35, p. 80].
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Lemma A3. Consider the scalar system defined by

ẋ (t) = −a2 (t)x (t) + b (t) , x (t0) = x0,

where x (t) ∈ R and a, b: R+ �→ R are piecewise continuous bounded functions. If a /∈ L2 and
b ∈ L1, then lim

t→∞x (t) = 0.

Proof can be found in [36, Section 3.A.1].

Lemma A4. Consider the nonnegative scalar functions f : [t0, ∞) �→R, g: [t0, ∞) �→R. If f (t) �
g (t) for all t � t0 and g ∈ Lp, p ∈ (0, ∞), then f ∈ Lp.
Proof is presented in [28, p. 74].

Lemma A5. If f ∈ Lp, 1 � p <∞, then g (t) = H (s) [f (t)] ∈ L∞ and lim
t→∞ g (t) = 0 for any sta-

ble and strictly proper transfer function H (s) [.].

Proof is given in [35, p. 83].

APPENDIX B

Proof of Statement 1. A linear time-varying operator is defined as:

H (t, s) [.] = e�1
(
sIn+1 −G0 − en+1M

�
0 (t)

)−1
en+1K0 (t) [.] .

In order to prove the proposition under consideration, firstly, an auxiliary lemma is proved for
the above-given time-varying operator.

Lemma B1. Define signals
(
s [.] : = d

dt [.]
)
:

Y ∗ (t) = H (t, s)
[
si [U (t)]

]
, (B.1a)

Yi (t) = e�i+1

(
sIn+1 −G0 − en+1M

�
0 (t)

)−1
en+1K0 (t) [U (t)− v (t)] , (B.1b)

where

v (t) =
i∑

j=0

vj (t, M0, K0),

v0 (t, M0, K0) = 0,

v1 (t, M0, K0) = s−1
[
s
[
M�

0 (t)
]
X (t)

]
+ s−1 [s [K0 (t)]U (t)] ,

...

vj (t, M0, K0) = vj−1 (t, M0, K0)− s−1
[
vj−1

(
t, Ṁ0, K̇0

)]
, j = 2, . . . i,

(B.2)

and X (t) =
(
sIn+1 −G0 − en+1M

�
0 (t)

)−1
en+1K0 (t) [U (t)− v (t)].

Then for all i = 0, . . . , n and t � t0 it holds that Y ∗ (t) = Yi (t).

Proof. Equations (B.1a) and (B.1b) are represented in the state-space form:⎧⎨
⎩ Ẋ∗ (t) =

(
G0 + en+1M

�
0 (t)

)
X∗ (t) + en+1K0 (t) s

i [U (t)]

Y ∗ (t) = e�1 X∗ (t) ,⎧⎨
⎩ Ẋ (t) =

(
G0 + en+1M

�
0 (t)

)
X (t) + en+1 (K0 (t)U (t)− v (t))

Yi (t) = e�i+1X (t) .
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Owing to the structure of the matrix G0 + en+1M
�
0 (t), it is easy to check that the following

equations hold:

e�1 X (t) = Y0 (t) ,

e�1 s [X (t)] = e�1
(
G0 + en+1M

�
0 (t)

)
X (t) = e�2 X (t) = Y1 (t) ,

e�1 s
2 [X (t)] = e�1 s

[(
G0 + en+1M

�
0 (t)

)
X (t)

]
= e�1

(
G0 + en+1M

�
0 (t)

)
Ẋ (t)

= e�1
(
G0 + en+1M

�
0 (t)

)2
X (t) = e�2 s [X (t)] = e�3 X (t) = Y2 (t) ,

...

e�1 s
i [X (t)] = e�i s [X (t)] = e�i+1X (t) = Yi (t) , i = 0, . . . , n,

which allows one to define the error vector as:

E (t) = si [X (t)]−X∗ (t) ,

e�1 E (t) = Yi (t)− Y ∗ (t) .

Equations for si+1 [X (t)] for all i = 0, . . . , n are written as:

s [X (t)] =
(
G0 + en+1M

�
0 (t)

)
X (t) + en+1

⎛
⎝ṽ0 (t) +K0 (t)U (t)−

i∑
j=1

vj (t)

⎞
⎠ ,

s2 [X (t)] =
(
G0 + en+1M

�
0 (t)

)
s [X (t)] + en+1

⎛
⎝ṽ1 (t) +K0 (t) s [U (t)]− s

⎡
⎣ i∑
j=2

vj (t)

⎤
⎦
⎞
⎠ ,

s3 [X (t)] =
(
G0 + en+1M

�
0 (t)

)
s2 [X (t)] + en+1

⎛
⎝ṽ2 (t) +K0 (t) s

2 [U (t)]− s2

⎡
⎣ i∑
j=3

vj (t)

⎤
⎦
⎞
⎠ ,

s4 [X (t)] =
(
G0 + en+1M

�
0 (t)

)
s3 [X (t)] + en+1

⎛
⎝ṽ3 (t) +K0 (t) s

3 [U (t)]− s3

⎡
⎣ i∑
j=4

vj (t)

⎤
⎦
⎞
⎠ ,

...

si+1 [X (t)] =
(
G0 + en+1M

�
0 (t)

)
si [X (t)] + en+1

(
ṽi (t) +K0 (t) s

i [U (t)]
)
,

where

ṽ0 (t) = v0 (t) ,

ṽ1 (t) = ˙̃v0 (t) + s
[
M�

0 (t)
]
X (t) + s [K0 (t)]U (t)− s [v1 (t)] ,

ṽ2 (t) = ˙̃v1 (t) + s
[
M�

0 (t)
]
s [X (t)] + s [K0 (t)] s [U (t)]− s2 [v2 (t)] ,

ṽ3 (t) = ˙̃v2 (t) + s
[
M�

0 (t)
]
s2 [X (t)] + s [K0 (t)] s

2 [U (t)]− s3 [v3 (t)] ,

...

ṽi (t) = ˙̃vi−1 (t) + s
[
M�

0 (t)
]
si−1 [X (t)] + s [K0 (t)] s

i−1 [U (t)]− si [vi (t)] , i = 1, . . . , n.
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Owing to the recurrent sequence (B.2), it is obtained:

ṽ0 (t) = v0 (t) ,

s [v1 (t)] = s
[
M�

0 (t)
]
X (t) + s [K0 (t)]U (t) ,

s2 [v2 (t)] = s2
[
M�

0 (t)
]
X (t) + s2 [K0 (t)]U (t) + s

[
M�

0 (t)
]
s [X (t)]

+ s [K0 (t)] s [U (t)]− s2
[
M�

0 (t)
]
X (t)− s2 [K0 (t)]U (t)

= s
[
M�

0 (t)
]
s [X (t)] + s [K0 (t)] s [U (t)] ,

...

sj [vj (t)] = s
[
M�

0 (t)
]
sj−1 [X (t)] + s [K0 (t)] s

j−1 [U (t)] , j = 3, . . . i,

from which ṽi (t) = 0 for all i = 0, . . . , n.

Then the derivative of E (t) is written as:

Ė (t) = si+1 [X (t)]− Ẋ∗ (t)

=
(
G0 + en+1M

�
0 (t)

)
si [X (t)] + en+1

(
ṽi (t) +K0 (t) s

i [U (t)]
)

−
(
G0 + en+1M

�
0 (t)

)
X∗ (t)− en+1K0 (t) s

i [U (t)]

=
(
G0 + en+1M

�
0 (t)

)
E (t) , E (t0) = 0n+1,

and therefore, owing to the facts that G0 + en+1M
�
0 (t) is a Hurwitz matrix and E (t0) = 0n+1, it

is obtained that Y ∗ (t) = Yi (t) for all i = 0, . . . , n and t � t0.

Proof of Lemma B1 is completed.

Now we are in position to continue proof of Proposition 1. Having applied the operator H (t, s) [.]
to the left- and right-hand sides of (3.5a), it is obtained:

ff (t) : = H (t, s) [f (t)] = ψ�
a (Θ)hε (t) +

(
ψ�
a (θa)− ψ�

a (Θ)
)
hy (t) ,

where

hy (t) =

⎡
⎢⎢⎢⎢⎣

H (t, s) [yf (t)]
...

H (t, s)
[
sn−1 [yf (t)]

]
H (t, s) [sn [yf (t)]]

⎤
⎥⎥⎥⎥⎦, hε (t) =

⎡
⎢⎢⎢⎢⎣

H (t, s) [εf (t)]
...

H (t, s)
[
sn−1 [εf (t)]

]
H (t, s) [sn [εf (t)]]

⎤
⎥⎥⎥⎥⎦.

The application of Lemma B1 yields:

hy (t) =

⎡
⎢⎢⎢⎢⎣

H (t, s) [yf (t)]
...

H (t, s)
[
sn−1 [yf (t)]

]
H (t, s) [sn [yf (t)]]

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

hy0 (t)
...

hyi (t)
...

hyn (t)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
, hε (t) =

⎡
⎢⎢⎢⎢⎣

H (t, s) [εf (t)]
...

H (t, s)
[
sn−1 [εf (t)]

]
H (t, s) [sn [εf (t)]]

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

hε0 (t)
...

hεi (t)
...

hεn (t)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
,

so, consequently, the definition (3.6) is obtained.

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 9 2024



854 GLUSHCHENKO, LASTOCHKIN

The original f (t) and filtered ff (t) disturbances are represented in the state-space form:{
Ḟ (t) = G0F (t) + en+1s

n+1 [f (t)]

f (t) = e�1 F (t) ,⎧⎨
⎩ Ḟf (t) =

(
G0 + en+1M

�
0 (t)

)
Ff (t) + en+1K0 (t) [f (t)]

ff (t) = e�1 Ff (t) .

Then the error f̃ (t) satisfies the below-given equation:

˙̃F =
(
G0 + en+1M

�
0 (t)

)
Ff (t) + en+1K0 (t) [f (t)]

−
(
G0 ± en+1M

�
0 (t)

)
F (t)− en+1s

n+1 [f (t)] =
(
G0 + en+1M

�
0 (t)

)
F̃ (t)

+ en+1K0 (t)

(
f (t)− 1

m0μn+1 (t)

(
sn+1 [f ] +

n∑
i=0

miμ
n−(i−1) (t) si [f (t)]

))

=
(
G0 + en+1M

�
0 (t)

)
F̃ (t) + en+1K0 (t)λ (t) ,

f̃ (t) = e�1 F̃ (t) ,

or, representing it in the operator form, we have:

f̃ (t) = H (t, s) [λ (t)] . (B.3)

In accordance with Assumption 2, it holds that λ ∈ Lp ∩ L∞ for some p ∈ [1, ∞), and then
application of Lemma A1 allows one to obtain f̃ ∈ Lp ∩ L∞.

Equation (B.3) is rewritten in the observer canonical form:⎧⎨
⎩ Ė (t) =

(
G0 + In+1M0 (t) e

�
1

)
E (t) + en+1K0 (t)λ (t)

f̃ (t) = e�1 E (t) .
(B.4)

The normalized error is defined as

η (t) = Γ−1 (t)E (t) ,

where Γ (t) = diag {1, μ (t) , . . . , μn (t)}, and therefore, f̃ (t) = e�1 η (t) = e�1 E (t).

Having differentiated η (t) and used (B.4), it is obtained:

η̇ (t) =
dΓ−1 (t)

dt
E (t) + Γ−1 (t)

(
G0 + In+1M0 (t) e

�
1

)
E (t) + Γ−1 (t) en+1K0 (t)λ (t)

=

(
dΓ−1 (t)

dt
Γ (t) + μ (t)G

)
η (t) + en+1m0μ (t)λ (t) , G = G0 − In+1Me�1 ,

where the following equalities are used (they can be easily checked via substitution):

Γ−1 (t)G0Γ (t) = μ (t)G0, Γ−1 (t)In+1M0 (t) = −μ (t)In+1M, e�1 Γ (t) = e�1 .

According to Assumption 2, it holds that μλ ∈ L∞, and, as the autonomous differential equation

ẋ (t) =

(
dΓ−1 (t)

dt
Γ (t) + μ (t)G

)
x (t) , x (t0) = x0
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is asymptotically stable, then μλ ∈ L∞ ⇒ η̇ ∈ L∞, therefore, owing to
˙̃
f (t) = η̇1 (t) it holds that

˙̃f ∈ L∞, and, following Lemma A2, we have lim
t→∞ f̃ (t) = 0.

Proof of Theorem 1. Having substituted (2.2) + (3.7) into (2.1) and subtracted (2.7) from the
obtained result, it is written:

ỹ (t) =Wcl (θcl, s)
[
f̃ (t)

]
.

According to Proposition 1, we have f̃ ∈ Lp ∩ L∞ for p ∈ [1, ∞), then ỹ ∈ L∞ and, following
Lemma A5, it is obtained that lim

t→∞ ỹ (t) = 0.

Proof of Theorem 2. The identification laws (3.14) are rewritten in general terms:

˙̂κ (t) = −γMκ (t) (Mκ (t) κ̂ (t)− Yκ (t)) , κ̂ (t0) = κ̂0, (B.5)

where κ ∈ {θ, ρ} , κ̂ ∈
{
θ̂, ρ̂

}
and Yκ (t) = Mκ (t)κ+Wκ (t).

Taking into consideration Proposition 5 from [32], if C1 and Assumption 3 are met, thenW ∈ L2.
Thus, asMρ ∈ L∞, Yρ ∈ L∞ (owing to C1), then on the basis of (3.12) and (3.13) we haveWρ ∈ L2.
As, owing to (3.13), it holds that

Δ /∈ L2 ⇒ Mρ /∈ L2,

then Theorem 2 can be proved via analysis of properties of the general law (B.5) in case the
conditions Wκ ∈ L2 and Mκ /∈ L2 are satisfied.

Considering Theorem 2 from [32] and Proposition 1 from [37], if Wκ ∈ L2 and Mκ /∈ L2, then
lim
t→∞ κ̃ (t) = 0, κ̃ ∈ L∞. Therefore, to complete proof, we need to show κ̃ ∈ L2.

To that end, the following upper bound of the derivative of the function V = 1
2 κ̃

�κ̃ is obtained:

V̇ (t) � −γκ̃�M2
κ (t) κ̃+ γκ̃�Mκ (t)Wκ (t)

� −γ (1− χ) κ̃�M2
κ (t) κ̃+ γχ−1‖Wκ (t)‖2

� −2γM2
κ (t) (1− χ)V (t) + γχ−1‖Wκ (t)‖2,

(B.6)

where χ ∈ (0, 1).

Having integrated (B.6), it is written:

V (t) � V (t0)− γ (1− χ)

t∫
t0

M2
κ (s) ‖κ̃ (s)‖2ds+ γχ−1

t∫
t0

‖Wκ (s)‖2ds.

As V ∈ L∞ (it was shown above) and Wκ ∈ L2, then the following integral is bounded:

t∫
t0

M2
κ (s) ‖κ̃ (s)‖2ds �

−V (t) + V (t0) + γχ−1
t∫
t0

‖Wκ (s)‖2ds
γ (1− χ)

<∞.

There exists the following lower bound for the integrand (here Mκ (t) > 0 is assumed to hold
almost everywhere and, consequently, ess inf

t
M2

κ (t) 
= 0):

ess inf
t
M2

κ (t) ‖κ̃ (t)‖2 � M2
κ (t) ‖κ̃ (t)‖2,

which, following Lemma A4, means that κ̃ ∈ L2.
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Considering the error ψ̃b (t), the following is obtained:

ψ̃b (t) = ρ̂ (t)LψLbθ̂ (t)− ρLψLbθ ± ρ̂ (t)LψLbθ
= ρ̂ (t)LψLbθ̃ (t) + ρ̃ (t)LψLbθ ± ρLψLbθ̃ (t)
= ρ̃ (t)LψLbθ̃ (t) + ρ̃ (t)LψLbθ + ρLψLbθ̃ (t) ,

from which it is written that

θ̃ ∈ L2 ∩ L∞
ρ̃ ∈ L2 ∩ L∞

}
⇒ ψ̃b ∈ L2 ∩ L∞,

lim
t→∞ θ̃ (t) = 0

lim
t→∞ ρ̃ (t) = 0

⎫⎬
⎭ ⇒ lim

t→∞ ψ̃b (t) = 0.

Proof of Theorem 3. Owing to (3.11) and using (3.15), it is written for W (t):

W (t) =
1

T
ε (t) ,

ε (t) =

t∫
max(t0,t−T )

ζiv (s)w (s) ds,

from which, if Assumption 3 is met, it is obtained that |Wi (t)| � 1
T c.

If C1 is satisfied, the following holds for the regressor Φ (t):

‖Φ (t)‖= 1

T

∥∥∥∥∥∥∥
t∫

max(t0,t−T )
ζiv (s)ϕ

� (s) ds

∥∥∥∥∥∥∥�
1

T
T sup

t

∥∥∥ζiv (t)ϕ� (t)
∥∥∥ = sup

t

∥∥∥ζiv (t)ϕ� (t)
∥∥∥ ,

therefore, there exists a scalar cW > 0 such that

‖W (t)‖ � 1

T
cW , ‖Wρ (t)‖ � 1

T
cW . (B.7)

Based on (B.7), the errors θ̃ (t) , ρ̃ (t) , ψ̃b (t) are defined as:

θ̃ (t) = φθ̃ (t, t0) θ̃ (t0) +

t∫
t0

φθ̃ (t, τ)Δ (τ)W (τ) dτ,

ρ̃ (t) = φρ̃ (t, t0) θ̃ (t0) +

t∫
t0

φρ̃ (t, τ)Mρ (τ)Wρ (τ) dτ,

ψ̃b (t) = ρ̃ (t)LψLbθ̃ (t) + ρ̃ (t)LψLbθ + ρLψLbθ̃ (t) ,

(B.8)

where φθ̃ (t, τ) = e
−γ

t∫
τ

Δ2(s)ds

, φρ̃ (t, τ) = e
−γ

t∫
τ

Δ2(s)ds

.

Owing to (B.7), (3.13), if C1 is met, then it holds that ΔW, MρWρ ∈ L∞, and if C2 is satisfied,
then φθ̃, φρ̃ ∈ L1, from which, using (B.8) and owing to (B.7), it immediately follows that there
exist δ0 > 0 and δ1 ∈ L1, lim

t→∞ δ1 (t) = 0 such that the inequality (3.16) is satisfied.

Proof of Theorem 4. Having substituted (2.2) + (3.17) into (2.1) and subtracted (2.7) from the
obtained result, it is written:

ỹ (t) =Wcl (θcl, s)
[
satfmax

{
−f̂ (t)± ff (t)± f (t)

}
+ f (t)

]
=Wcl (θcl, s)

[
satfmax

{
f̃f (t)− f̃ (t)− f (t)

}
+ f (t)

]
,

(B.9)
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where

f̃f (t) =− f̂ (t) + ff (t)

=− ψ�
a (Θ) ĥε (t)−

(
ψ̂�
a (t)− ψ�

a (Θ)
)
ĥy (t)± ψ̂�

a (t)hy (t)

+ ψ�
a (Θ) hε (t) +

(
ψ�
a (θa)− ψ�

a (Θ)
)
hy (t)

=− ψ�
a (Θ) h̃ε (t)− ψ̃�

a (t)hy (t)−
(
ψ̂�
a (t)− ψ�

a (Θ)
)
h̃y (t)

=− ψ�
a (Θ) h̃ε (t)− ψ̃�

a (t)hy (t)−
(
ψ�
a (θa)− ψ�

a (Θ)
)
h̃y (t)− ψ̃�

a (t) h̃y (t) ,

(B.10)

and (owing to Lemma B1)

h̃y (t) =

⎡
⎢⎢⎢⎢⎣

H (t, s) [ỹf (t)]
...

H (t, s)
[
sn−1 [ỹf (t)]

]
H (t, s) [sn [ỹf (t)]]

⎤
⎥⎥⎥⎥⎦, h̃ε (t) =

⎡
⎢⎢⎢⎢⎣

H (t, s) [ε̃f (t)]
...

H (t, s)
[
sn−1 [ε̃f (t)]

]
H (t, s) [sn [ε̃f (t)]]

⎤
⎥⎥⎥⎥⎦. (B.11)

As (B.9)–(B.11) depend from the errors ε̃f (t) = ε̂f (t)− εf (t) and ỹf (t) = ŷf (t)− yf (t), then,
using (3.5a)–(3.5c) and (3.18b), the differential equations for such errors are obtained:

Σ1:

⎧⎪⎪⎨
⎪⎪⎩

˙̃
ξy =

(
Ab − ψ̃be

�
1

)
ξ̃y − ψ̃byf + ρ̃emy

ỹf =

{
e�1 ξ̃y, if m � 1
ρ̃y, if m = 0,

Σ2:

⎧⎪⎪⎨
⎪⎪⎩

˙̃
ξε =

(
Ab − ψ̃be

�
1

)
ξ̃ε − ψ̃bεf + (ρ+ ρ̃) emε̃+ ρ̃emε

∗

ε̃f =

{
e�1 ξ̃ε, if m � 1
ρ̃ε̃+ ρε̃+ ρ̃ε∗, if m = 0.

(B.12)

The system Σ3 depends form the error ε̃ (t) = ε (t) − ε∗ (t) = y (t) − ŷ (t) − y (t) + ŷ∗ (t), thus
the differential equation for it is obtained as:

Σ3:

{
˙̃x (t) =

(
A0 −Θe�1

)
x̃ (t) + θ̃b (t)u (t)

ε̃ (t) = e�1 x̃ (t) .
(B.13)

Further proof of this theorem is based on Lemma A5. In order to apply it, first of all, we need
to show that f̃f ∈ L2 ∩ L∞ and lim

t→∞ f̃f (t) = 0. To that end, equation (B.13) is rewritten in the

operator form as

ε̃ (t) = e�1
(
sI −A0 +Θe�1

) [
θ̃b (t) u (t)

]
,

and, as θ̃b ∈ L2 ∩ L∞ (see Theorem 2) and u ∈ L∞ (owing to Assumption 1 and equation (3.17)),
then, using Lemma A1, it holds that ε̃ ∈ L2 ∩ L∞.

Further proof differs for cases m = 0 and 1 � m � n− 1.

A) If m = 0, then we have{
ρ̃, ε̃ ∈ L2 ∩ L∞
y, ε∗ ∈ L∞

}
⇒

{
ε̃f ∈ L2 ∩ L∞
ỹf ∈ L2 ∩ L∞

}
.

B) As for 1 � m � n− 1, the following quadratic form is introduced:

V = ξ̃�ε P ξ̃ε, (B.14)

where A�
b P + PAb = −Q, Q = Q� > 0.
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Considering the system Σ2, the derivative of (B.14) is written as:

V̇ = ξ̃�ε
(
P
[
Ab − ψ̃be

�
1

]
+
[
Ab − ψ̃be

�
1

]�
P

)
ξ̃ε + 2ξ̃�ε P

(
−ψ̃bεf + (ρ+ ρ̃) emε̃+ ρ̃emε

∗)
= −ξ̃�ε

(
Q+ Pψ̃be

�
1 + e1ψ̃

�
b P

)
ξ̃ε + 2ξ̃�ε P

(
−ψ̃bεf + (ρ+ ρ̃) enε̃+ ρ̃enε

∗)
� −

(
λmin (Q)− 2λmax (P )

∥∥∥ψ̃b∥∥∥− χ−1
1 λ2max (P )

) ∥∥∥ξ̃ε∥∥∥2 + ε,

(B.15)

where χ1 > 0 and ε = χ1

(∥∥∥ψ̃bεf∥∥∥+ ‖(ρ+ ρ̃) enε̃‖+ ‖ρ̃enε∗‖
)2
.

For all Q and P there exist scalars χ1 > 0 and χ2 > 0 such that

λmin (Q)− χ−1
1 λ2max (P ) � χ2 > 0.

This fact allows one to rewrite (B.15) as:

V̇ � −
(
χ2 − 2λmax (P )

∥∥∥ψ̃b∥∥∥) ∥∥∥ξ̃ε∥∥∥2 + ε. (B.16)

As ψ̃b ∈ L∞ and ψ̃b (t) → 0 when t→ ∞ (see Theorem 2), then there always exist scalars σ1 > 0
and σ2 > 0 and time instant ∞ > tV � t0 such that

0 <
−
(
χ2 − 2λmax (P )

∥∥∥ψ̃b∥∥∥)
λmax (P )

� σ1, for all t � tV ,

χ2 − 2λmax (P )
∥∥∥ψ̃b∥∥∥

λmax (P )
� σ2 > 0, for all t � tV .

Using it, equation (B.16) is rewritten as follows:

V̇ (t) �
{
σ1V (t) + ε (t) , for all t � tV

−σ2V (t) + ε (t) , for all t > tV .
(B.17)

As ψ̃b, ρ̃, ε̃ ∈ L2 ∩ L∞ (see Theorem 2 and above-given proof) and εf ∈ L∞, ε∗ ∈ L∞ (owing to
Assumption 1 and equation (3.17)), then ε ∈ L1 ∩ L∞. As∞ > tV � t0 and ε ∈ L1 ∩ L∞, then V (t)
is bounded for all t ∈ [t0, tV ]. Given ε ∈ L1 ∩ L∞, then, using Lemma A1, the solution of (B.17)
is also bounded for all t � tV and, consequently, V ∈ L∞.

Having integrated (B.17), it is obtained:

V (t) � V (tV )− σ2

t∫
tV

V (s) ds+

t∫
tV

ε (s) ds. (B.18)

As V ∈ L∞ and ε ∈ L1, then the following integral is bounded:

σ2

t∫
tV

V (s) ds � −V (t) + V (tV ) +

t∫
tV

ε (s) ds <∞,

from which it holds that ε̃f ∈ L2 ∩ L∞.
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Having repeated the above reasoning (B.14)–(B.18), it is obtained that ỹf ∈ L2∩L∞. Therefore,
using Lemma A1, for all 0 � m � n− 1 in the sense of the following implication

ε̃f ∈ L2 ∩ L∞
ỹf ∈ L2 ∩ L∞

}
⇒ si [ε̃f (t)] ∈ L2 ∩ L∞

si [ỹf (t)] ∈ L2 ∩ L∞

}
∀i = 0, . . . , n (B.19)

we almost always have h̃ε ∈ L2 ∩ L∞, h̃y ∈ L2 ∩ L∞ (for example, if d
dt [μ (t)] = 0, then

H (t, s)
[
si [.]

]
= H (t, s) si [.] and h̃ε ∈ L2 ∩ L∞, h̃y ∈ L2 ∩ L∞ follow directly from Lemma A1).

Taking into consideration ψ̃a ∈ L2 ∩ L∞ (see Theorem 2), on the basis of equation (B.10) it is
finally obtained that f̃f ∈ L2 ∩L∞. As f̃f ∈ L2 ∩L∞, f̃ ∈ Lp ∩L∞ for p ∈ [1, ∞) (see Proposition
1), then there exists a sufficiently large scalar fmax such that the following holds

satfmax

{
f̃f (t)− f̃ (t)− f (t)

}
= f̃f (t)− f̃ (t)− f (t) ,

thus, equation (B.9) is rewritten as:

ỹ (t) =Wcl (θcl, s)
[
f̃f (t)− f̃ (t)

]
,

from which, owing to f̃f ∈ L2 ∩ L∞, f̃ ∈ Lp ∩ L∞ and using Lemma A5, it is obtained that
lim
t→∞ ỹ (t) = 0.

Proof of Theorem 5. In accordance with proof of Proposition 1 and Theorem 4, when μ (t) =
μ > 0, the closed-loop system is described by the following equations:{

η̇ (t) = μGη (t) + en+1m0μλ (t)

f̃ (t) = e�1 η (t) ,
(B.20a)

ỹ (t) =Wcl (θcl, s)
[
satfmax

{
f̃f (t)− f̃ (t)− f (t)

}
+ f (t)

]
, (B.20b)

f̃f (t) = −ψ�
a (Θ) h̃ε (t)− ψ̃�

a (t)hy (t)−
(
ψ�
a (θa)− ψ�

a (Θ)
)
h̃y (t)− ψ̃�

a (t) h̃y (t) , (B.20c)

where f̃ ∈ L∞ as μλ ∈ L∞ and G is a Hurwitz matrix, and, if Assumption 1 is met, repeating proof
(B.12)–(B.19) from Theorem 4, we have for f̃f (t) that

ρ̃, θ̃, ψ̃b ∈ L2 ∩ L∞ ⇒ f̃f ∈ L2 ∩ L∞.

Then there exists a sufficiently large scalar fmax such that the following holds:

ỹ (t) =Wcl (θcl, s)
[
f̃f (t)

]
︸ ︷︷ ︸

ỹ1(t)

−Wcl (θcl, s)
[
f̃ (t)

]
︸ ︷︷ ︸

ỹ2(t)

,

and, owing to f̃f ∈ L2 ∩ L∞ and using Lemma A5, it is obtained that lim
t→∞ ỹ1 (t) = 0.

In order to complete the proof, equation (B.20a) is considered together with the system

ż (t) = Aclz (t) + encl
f̃ (t) ,

ỹ2 (t) =
[
01×(ncl−(mcl+1)) θ�b.cl

]
z (t) ,

(B.21)

where

Acl = A0 + encl
θ�a.cl, A0 =

[
0ncl

Incl−1

01×(ncl−1)

]
, encl

=

[
0ncl−1

1

]
,
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and the parameters θa.cl, θb.cl are equivalents of θa, θb and match the parameters of the numerator
and denominator of the transfer function of the closed-loop system (2.4).

The following quadratic form is introduced to analyze stability of (B.20a) + (B.21):

V = z�Pzz +
1

μ
η�Pηη, (B.22)

where PzAcl +A�
clPz = −Qz, PηG+G�Pη = −Qη and matrices Qz = Q�

z > 0, Qη = Q�
η > 0 are

chosen such that for some scalars χz ∈ (0, 1) , χη ∈ (0, 1) it holds that:

0 < cz � λmin

(
Qz − χ−1

z Pzencl
e�ncl

Pz
)
,

0 < cη � λmin

(
Qη −m0χ

−1
η Pηen+1e

�
n+1Pη − χze1e

�
1

)
.

Owing to equations (B.20a) and (B.21), the derivative of (B.22) is written as:

V̇ = z�
[
PzAcl +A�

clPz
]
z + 2z�Pzencl

e�1 η + η�
[
PηG+G�Pη

]
η + 2η�Pηen+1m0λ

= −z�Qzz − η�Qηη + 2z�Pzencl
e�1 η + 2η�Pηen+1m0λ.

(B.23)

Having applied the inequalities:

2z�Pzencl
e�1 η � χ−1

z z�Pzencl
e�ncl

Pzz + χzη
�e1e�1 η,

2η�Pηen+1λ � χ−1
η η�Pηen+1e

�
n+1Pηη + χηλ

2,

it is obtained that:

V̇ =− z�
[
Qz − χ−1

z Pzencl
e�ncl

Pz
]
z

− η�
[
Qη −m0χ

−1
η Pηen+1e

�
n+1Pη − χze1e

�
1

]
η + χηm0λ

2

�−min

{
cz

λmax (Pz)
,

μcη
λmax (Pη)

}
V + χηm0λ

2.

(B.24)

As, owing to Assumption 2, it holds that lim
μ→∞λ2 (μ) = 0, then we have from (B.24) that

lim
t→∞ ỹ1 (t) = 0 and lim

t→∞ |ỹ (t)| � ε for arbitrarily small scalar ε > 0.

Proof of Theorem 6. In case μ (t) = μ > 0, owing to Theorem 5, the closed-loop control system
is described by equations (B.20a)–(B.20c) and (B.21). Moreover, considering forced motion com-
ponent ỹ2 (t) and repeating analysis (B.21)–(B.24), we have lim

t→∞ |ỹ2 (t)| � ε2 for arbitrarily small

scalar ε2 > 0. Using the upper bound (3.16) and equations (B.10)–(B.13), the following upper
bound for f̃f (t) is obtained via simple but tedious reasoning:∣∣∣f̃f (t)∣∣∣ � f̃1f (t) + T−1f̃0f , (B.25)

where f̃1f ∈ L2 and 0 < f̃0f <∞.

Then, in order to complete proof, the following system remains to be considered

ż (t) = Aclz (t) + encl
f̃f (t) ,

ỹ1 (t) =
[
01×(ncl−(mcl+1)) θ�b.cl

]
z (t) .

(B.26)
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The below-given quadratic form is introduced to analyze stability of (B.26):

V = z�Pzz, (B.27)

where PzAcl + A�
clPz = −Qz and the matrix Qz = Q�

z > 0 is chosen such that for some scalar
χz ∈ (0, 1) it holds that 0 < cz � λmin (Qz)− χ−1

z ‖Pzencl
‖2.

Owing to (B.26), the derivative of (B.27) is written as:

V̇ = z�
[
PzAcl +A�

clPz
]
z + 2z�Pzencl

f̃f . (B.28)

Using (B.25), the following is obtained:

2
∥∥∥z�Pzencl

f̃f
∥∥∥ � 2 ‖z‖ ‖Pzencl

‖
∣∣∣f̃f ∣∣∣ ,

2 ‖z‖ ‖Pzencl
‖
∣∣∣f̃f ∣∣∣ � χ−1

z ‖Pzencl
‖2‖z‖2 + χz f̃

2
f ,

f̃2f � f̃21f (t) + 2T−1f̃1f f̃0f + T−2f̃20f ,

2T−1f̃1f f̃0f � f̃21f (t) + T−2f̃20f ,

and therefore, we have:

V̇ � −cz‖z‖2 + 2χz f̃
2
1f (t) + 2T−2χz f̃

2
0f . (B.29)

As f̃1f ∈ L2 and f̃0f <∞, then from (B.29) it holds that lim
t→∞ |ỹ1 (t)| � ε1 for arbitrarily small

scalar ε1 > 0, which allows one to conclude that lim
t→∞ |ỹ (t)| � ε for arbitrarily small scalar ε > 0.
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Abstract—This paper considers nonlinear continuous–discrete (hybrid) systems containing two
subsystems of differential and difference equations, respectively, and one-dimensional (scalar)
or multidimensional (vector) control. The transition from a nonlinear hybrid system with a
constant sampling step h > 0 to an equivalent, in a natural sense, nonlinear discrete dynamic
system is presented. Sufficient conditions are established, first, for reducing the first approx-
imation systems of nonlinear discrete systems to the Brunovský canonical form and, second,
for stabilizing such systems and nonlinear hybrid systems with control of different dimensions.
Algorithms for constructing stabilizing control laws for nonlinear hybrid systems are developed.
Numerical examples are provided to illustrate the effectiveness of this approach to stabilizing
nonlinear hybrid dynamic systems.

Keywords : continuous–discrete system, discrete system, hybrid system, controlled system, equi-
librium, stabilizable system, Brunovský canonical form
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1. INTRODUCTION

Stabilization of dynamic systems is one of the most important problems in control theory, which
is due to the demands of control practice and open (unsolved) scientific issues in this area [1–4].
The solution of this problem will ensure stable operating modes of dynamic systems and contribute
to solution of control problems for these systems.

Hybrid dynamic systems serve as mathematical models of real mechanical, technical, technolog-
ical, and other processes of a heterogeneous nature that cannot be described only by differential
equations. For example, control of aircraft and electric trains can be modeled only using a discrete
thrust regulator [5, 6]. Therefore, the main feature of such hybrid (continuous–discrete) dynamic
control systems is their adequacy to modeled objects [7], which, as a rule, have nonlinear operation
processes. Hence, the corresponding hybrid dynamic systems are nonlinear continuous–discrete
systems.

Among hybrid systems, there is a large class of systems stabilized by switching at appropriate
time instants [8]. However, the issues of stabilizing real dynamic control systems are inseparably
connected with their controllability issues.

Methods for stabilizing controlled dynamic systems have been created and developed for over
150 years [4]. Much experience has been gained in stabilization of continuous systems and dis-
crete systems; for example, see [9–16]. There are R&D results in the field of stabilizing linear
hybrid [3, 7, 17] and nonlinear hybrid systems described by differential equations with different
nonlinearities and a discrete state- or output-feedback controller [18–22]. However, the issues of
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stabilizing nonlinear hybrid systems with operation processes described by differential and dif-
ference equations and states containing both continuous and discrete components have not been
sufficiently studied so far.

This paper presents a general approach to stabilizing such nonlinear continuous–discrete (hybrid)
systems with one-dimensional (scalar) or multidimensional (vector) control and a constant sampling
step. The approach is based on the transition from a given nonlinear hybrid system to an equivalent,
in the natural sense, nonlinear discrete dynamic system.

The novelty of this study is as follows:

1) The concept of the Brunovský canonical form is introduced for the first approximation system
of a nonlinear discrete dynamic system with scalar control.

2) Sufficient conditions are established for reducing the first approximation system of an equiv-
alent nonlinear discrete system with scalar (vector) control to the Brunovský canonical form (i.e.,
to a set of independent subsystems each having the Brunovský canonical form).

3) Algorithms for reducing the first approximation systems of equivalent nonlinear discrete
systems (with both scalar and vector control) to the Brunovski canonical form are developed and
demonstrated by examples.

4) Sufficient conditions for stabilizing the first approximation systems of equivalent nonlinear
discrete dynamic control systems (both with scalar and vector control) are established.

5) Sufficient conditions for stabilizing nonlinear hybrid dynamic control systems with control of
different dimensions are established.

6) Algorithms for constructing stabilizing control laws for nonlinear hybrid systems with control
of different dimensions are developed and demonstrated by examples.

2. PROBLEM STATEMENT

Consider a nonlinear continuous–discrete control system of the form{
x′(t) = f(x(t), y(tk)), tk � t < tk+1

y(tk+1) = g(x(tk+1), y(tk), u(tk)), k = 0, 1, 2, . . .
(1)

with initial conditions

x(t0) = x0, y(t0) = y0, (2)

where x∈Rn and y ∈Rm are the state vectors of system (1) characterizing the behavior of its
continuous and discrete parts, respectively; u∈Rq is the control vector (input) of system (1); the
time instants tk define a uniform grid on R with a constant step h > 0, i.e., tk+1 − tk = h > 0,
k = 0, 1, 2, . . . and tk = kh; the functions f(x, y) and g(x, y, u) are continuously differentiable in
the aggregate of variables.

Assume that without control (u = 0),

f(0, 0) = 0, g(0, 0, 0) = 0. (3)

In other words, system (1) with u = 0 has the trivial equilibrium x = 0, y = 0.

System (1), (2) with a chosen control law u = u(tk), k = 0, 1, 2, . . . , operates in accordance with
the following standard scheme:

1) Initial conditions z0 = (x0, y0) are specified.
2) The solution x = ϕ0(t) of the Cauchy problem x′ = f(x, y0), x(t0) = x0, is found, and the

vectors x1 = ϕ0(t1) and y1 = g(x1, y0, u0), where u0 = u(t0), are constructed.
3) The solution x = ϕ1(t) of the Cauchy problem x′ = f(x, y1), x(t1) = x1, is found, and the

vectors x2 = ϕ1(t2) and y2 = g(x2, y1, u1), where u1 = u(t1), are constructed. And so on.
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Hence, the solution of system (1) with the initial point z0 = (x0, y0) and a chosen control law
u = u(tk), k = 0, 1, 2, . . . , is the function

z(t) = (x(t), y(t)) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(ϕ0(t), y0), t0 � t < t1
(ϕ1(t), y1), t1 � t < t2
(ϕ2(t), y2), t2 � t < t3

...

(4)

The components of the solution (4) have the following features: the function x(t) is continuous for
all t � 0, continuously differentiable on any interval (tk, tk+1), but not necessarily differentiable at
time instants t = tk, where k = 0, 1, 2, . . .; the function y(t) is piecewise constant and changes its
values at time instants t = tk, k = 0, 1, 2, . . . .

The main problem of this paper is to establish sufficient conditions for stabilizing systems (1)
and to design stabilizing control laws for such systems. The solution of this problem is based on
the transition from the nonlinear hybrid system (1) to an equivalent nonlinear discrete dynamic
system.

3. TRANSITION TO THE DISCRETE SYSTEM.
CONTROLLABILITY AND STABILIZABILITY OF SYSTEMS

Due to the relations (3), the functions f(x, y) and g(x, y, u) can be represented as

f(x, y) = A1x+B1y + a(x, y), g(x, y, u) = A2x+B2y +Cu+ b(x, y, u),

where A1 = f ′x(0, 0), B1 = f ′y(0, 0), A2 = g′x(0, 0, 0), B2 = g′y(0, 0, 0), and C = g′u(0, 0, 0) are ma-
trices of compatible dimensions and the smooth nonlinearities a(x, y) and b(x, y, u) satisfy the
relations

a(x, y) = o(‖x‖ + ‖y‖) as ‖x‖+ ‖y‖ → 0,

b(x, y, u) = o(‖x‖+ ‖y‖+ ‖u‖) as ‖x‖+ ‖y‖+ ‖u‖ → 0.

By denoting x(tk) = xk, y(tk) = yk, and u(tk) = uk, we write system (1) as the equivalent hybrid
system {

x′(t) = A1x(t) +B1yk + a(x(t), yk) , tk � t < tk+1

yk+1 = A2xk+1 +B2yk + Cuk + b(xk+1, yk, uk), k = 0, 1, 2, . . . .
(5)

Let detA1 
= 0; by applying the shift operator along the trajectories of system x′ = f(x, y) over the
time from t = 0 to t = h > 0 (see [23]), we perform the transition from system (5) to a discrete
system of the form{

xk+1 = eA1hxk +A−1
1 (eA1h − I)B1yk + ε(xk, yk;h)

yk+1 =A2e
A1hxk+(A2A

−1
1 (eA1h− I)B1+B2)yk+Cuk+ δ(xk, yk, uk;h),

(6)

where

ε(xk, yk;h) = e(tk+h)A1

tk+h∫
tk

e−sA1a(p(s, xk, yk), yk)ds,

x = p(t, xk, yk) is the solution of the Cauchy problem

x′ = A1x+B1yk + a(x, yk), x(tk) = xk ;

δ(xk, yk, uk;h) = A2ε(xk, yk;h) + b(xk+1, yk, uk). (7)
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Note that the case of a singular matrix A1 can also be considered, but it will lead to substantially
more complicated formulas.

The discrete system (6) can be written in the compact form

zk+1 = A(h)zk +Buk + ξ(zk, uk, h), k = 0, 1, 2, . . . , (8)

where

zk =

[
xk
yk

]
, B =

[
O
C

]
, ξ(zk, uk, h) =

[
ε(xk, yk;h)
δ(xk, yk, uk;h)

]
,

A(h) is a block matrix of order (n+m) :

A(h) =

[
eA1h A−1

1 (eA1h − I)B1

A2e
A1h A2A

−1
1 (eA1h − I)B1 +B2

]
. (9)

System (6) with u = 0 (equivalently, system (8)) has the trivial equilibrium.

Based on [23] and condition (7), it can be established that

ε(x, y;h) = o(‖x‖+ ‖y‖) as ‖x‖+ ‖y‖ → 0,

δ(x, y, u;h) = o(‖x‖ + ‖y‖+ ‖u‖) as ‖x‖+ ‖y‖+ ‖u‖ → 0 .

Then the function ξ(z, u, h) in system (8) satisfies the condition

ξ(z, u, h) = o(‖z‖ + ‖u‖) as ‖z‖+ ‖u‖ → 0 . (10)

For a chosen control law u = u(tk), k = 0, 1, 2, . . . , the hybrid system (1) and the discrete system (6)
are equivalent in the following sense [8]:

• If (x(t), yk) is the solution of system (1), (xk, yk) will be the solution of system (6), where
xk = x(tk).

• If (xk, yk) is the solution of system (6), (x(t), yk) will be the solution of system (1), where x(t)
is the solution of the Cauchy problem x′ = f(x, yk), x(tk) = xk.

Therefore, systems (1) and (8) are equivalent as well.

Following [24–26], we introduce several notions.

Definition 1. The hybrid system (1) is said to be controllable for h = h0 > 0 if for any vectors
z(0), z(1) ∈Rn+m, there exists a control law u = u(tk), k = 0, 1, . . . , l − 1 (l∈N), such that z(tl) =
z(1), tl = t0 + lh0, for the solution z = z(t) of system (1) with the initial condition z(t0) = z(0).

Definition 2. The discrete system (8) is said to be controllable for h = h0 > 0 if for any states
z(0), z(1) ∈Rn+m, there exists a control law uk, k = 0, 1, . . . , l − 1 (l∈N), such that zl = z(1),
zl = z(tl) = z(t0 + lh0), for the solution zk, k = 0, 1, . . . , l, of system (8) with the initial condition
z0 = z(0).

For some h > 0, the equilibrium of systems (1) and (8) may be unstable.

Definition 3. The hybrid system (1) is said to be stabilizable for h = h0 > 0 if there exists a
piecewise constant function u = ϕ(t)∈Rq, tk � t < tk+1 , k = 0, 1, 2, . . . , such that system (1) with
the control law u = ϕ(t) has the asymptotically stable solution x = 0, y = 0 for h = h0 > 0.

Definition 4. The discrete system (8) is said to be stabilizable for h = h0 > 0 if there exists a
control law uk = Φ(zk), k = 0, 1, 2, . . . , such that system (8) has the asymptotically stable solution
z = 0 for h = h0 > 0.

Direct comparison of Definitions 1 and 2 yields the following result.
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Theorem 1. The hybrid system (1) is controllable for h = h0 > 0 if and only if the discrete
system (8) is controllable for h = h0 > 0.

The proof of this theorem, as well as those of other important results of the paper, is postponed to
the Appendix.

The linear discrete system

zk+1 = A(h)zk +Buk, k = 0, 1, 2, . . . , (11)

is the first approximation system of the nonlinear discrete system (8).

Now we proceed to the issues of stabilizing system (1) considering its control peculiarities.

4. STABILIZATION OF THE HYBRID SYSTEM (1) WITH SCALAR CONTROL

Let u∈R1 in system (1); then the first approximation system of the corresponding discrete
system (8) takes the form

zk+1 = A(h)zk + buk, k = 0, 1, 2, . . . , (12)

where z ∈ Rn+m, A(h) is the matrix (9), b is a matrix of dimensions (n+m)× 1, and u∈R1.

Assume that for h = h0 > 0, system (12) satisfies the complete reachability condition, i.e.,

rank [b,A(h0)b,A
2(h0)b, . . . , A

n+m−1(h0)b] = n+m. (13)

which implies the controllability of system (12) for h = h0 > 0.

Note that condition (13) can be relaxed, e.g., by imposing the complete controllability condition
on system (12) for h = h0 > 0; for details, see [11, pp. 268–269].

We have the following result.

Theorem 2. Assume that the linear discrete system (12) satisfies condition (13). Then there
exists a transformation

z∗k = Szk, u∗k = αzk + uk, (14)

where detS 
= 0 and α is a matrix of dimensions 1× (n+m), reducing this system to⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

z∗k+1,1 = z∗k,2
z∗k+1,2 = z∗k,3

...
z∗k+1,n+m−1 = z∗k,n+m

z∗k+1,n+m =u∗k,

(15)

where z∗k,i denotes the ith component of the vector z∗k.
System (15) will be called the Brunovský canonical form of system (12) for h = h0 > 0.

Theorem 3. Assume that for h = h0 > 0, system (12) satisfies condition (13). Then it is stabi-
lizable for h = h0 > 0.

From the proof of Theorem 3 (see the Appendix) and equalities (14) we arrive at the following
fact.

Corollary 1. A control law uk = S∗zk, k = 0, 1, 2, . . . , where S∗ = pS − α, u∗k = pz∗k, stabilizes
the linear discrete system (12), and all eigenvalues of the matrix (A(h0) + bS∗) are smaller than 1
by their magnitude.
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Theorem 4. If the first approximation system (12) of the corresponding nonlinear discrete sys-
tem (8) satisfies condition (13), the corresponding hybrid system (1) will be stabilizable for
h = h0 > 0.

Example 1. It is required to construct a stabilizing control law for a hybrid system of the form⎧⎪⎨
⎪⎩
x′(t) = −x(t) + yk,1 + a(x(t), yk), tk � t < tk+1

yk+1,1 = x(tk+1) + yk,2 − uk + b1(x(tk+1), yk, uk)

yk+1,2 = −x(tk+1) + yk,1 + 0.5uk + b2(x(tk+1), yk, uk), k = 0, 1, 2, . . . ,

(16)

where x∈R1, y∈R2, u∈R1, a(x, y), b1(x, y, u), and b2(x, y, u) are smooth nonlinearities in accor-
dance with system (5), by reducing the corresponding discrete first approximation system to the
Brunovský canonical form.

For a nonlinear discrete system equivalent to (16), the first approximation system is a discrete
system of the form (12) with the matrices

A(h) =

⎡
⎢⎣ e−h 1− e−h 0
e−h 1− e−h 1
−e−h e−h 0

⎤
⎥⎦ , b =

⎡
⎢⎣ 0
−1
0.5

⎤
⎥⎦ .

It can be proved that this discrete system with all h : 0 < h 
= ln 4 is controllable.

Letting h0 = ln2 yields A(h0) =

⎡
⎢⎣ 0.5 0.5 0

0.5 0.5 1
−0.5 0.5 0

⎤
⎥⎦ ; note that the solution x = 0, y = 0 of sys-

tem (16) with u = 0 is stable (but not asymptotically stable). We compile the matrix F (h0) =
[b,A(h0)b,A

2(h0)b] :

F (h0) =

⎡
⎢⎣ 0 −0.5 −0.25
−1 0 −0.75
0.5 −0.5 0.25

⎤
⎥⎦ ; then F−1(h0) =

⎡
⎢⎣ 6 −4 −6

2 −2 −4
−8 4 8

⎤
⎥⎦ ,

f(h0) = [−8 4 8], S =

⎡
⎢⎣ f(h0)

f(h0)A(h0)

f(h0)A
2(h0)

⎤
⎥⎦ =

⎡
⎢⎣−8 4 8
−6 2 4
−4 0 2

⎤
⎥⎦ .

Then z∗k = Szk, which corresponds to the system⎧⎪⎪⎨
⎪⎪⎩
z∗k,1 = −8xk + 4yk,1 + 8yk,2

z∗k,2 = −6xk + 2yk,1 + 4yk,2

z∗k,3 = −4xk + 2yk,2.

Consequently, ⎧⎪⎪⎨
⎪⎪⎩
z∗k+1,1 = −8xk+1 + 4yk+1,1 + 8yk+1,2 = −6xk + 2yk,1 + 4yk,2 = z∗k,2
z∗k+1,2 = −6xk+1 + 2yk+1,1 + 4yk+1,2 = −4xk + 2yk,2 = z∗k,3
z∗k+1,3 = −4xk+1 + 2yk+1,2 = −3xk − yk,1 + uk = u∗k.

Thus, for h0 = ln2, the Brunovský canonical form of the discrete first approximation system cor-
responding to system (16) is given by ⎧⎪⎪⎨

⎪⎪⎩
z∗k+1,1 = z∗k,2
z∗k+1,2 = z∗k,3
z∗k+1,3 =u

∗
k,

where u∗k = −3xk − yk,1 + uk. As is easily verified, u∗k = αzk + uk, where α = f(h0)A
3(h0).
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Let us find a stabilizing control law for system (16).

We have uk = S∗zk, S∗ = pS − α, u∗k = pz∗k, where p = [p1 p2 p3], p1, p2, and p3 are the coef-
ficients of the characteristic equation of the last system of equations:

λ3 − p3λ
2 − p2λ− p1 = 0.

Since the choice of these coefficients is arbitrary, we assign them so that the roots λ1, λ2, and λ3
of the characteristic equation lie inside the unit circle.

Taking λ1,2,3 =
1
2 yields λ3 − 3

2λ
2 + 3

4λ− 1
8 = 0, and p = [18 −3

4
3
2 ], α = [−3 −1 0]; hence,

S∗ = [12 0 1], and uk =
1
2xk+yk,2 is the desired control law.

Indeed, for h0 = ln2, substituting this control law into the discrete system (12) corresponding
to system (16) gives the matrix (A(h0) + bS∗), for which all eigenvalues are equal to 1

2 (smaller
than 1 by their magnitude). Based on the proof of Theorem 4 (see the Appendix), we conclude
that system (16) is stabilizable for h0 = ln2 by the control law uk =

1
2xk + yk,2.

Consider an important special case of system (1) in which n = m = q = 1. In this case, system (1)
contains scalar equations and is equivalent to the hybrid system{

x′(t) = a1x(t) + b1yk + a(x(t), yk) , tk � t < tk+1

yk+1 = a2xk+1 + b2yk + cuk + b(xk+1, yk, uk) , k = 0, 1, 2, . . . ,
(17)

where a1 = f ′x(0, 0), b1 = f ′y(0, 0), a2 = g′x(0, 0, 0), b2 = g′y(0, 0, 0), and c = g′u(0, 0, 0) are numbers,
and the smooth nonlinearities a(x, y) and b(x, y, u) satisfy the relations

a(x, y) = o(|x|+ |y|) as |x|+ |y| → 0,

b(x, y, u) = o(|x|+ |y|+ |u|) as |x|+ |y|+ |u| → 0 .

The nonlinear discrete system equivalent to system (17) has the first approximation system (12)
with

A(h) =

⎡
⎢⎢⎢⎣

ea1h
b1
a1

(ea1h − 1)

a2e
a1h

a2b1
a1

(ea1h − 1) + b2

⎤
⎥⎥⎥⎦ , b =

[
0
c

]
. (18)

Then the following result is true.

Theorem 5. If the hybrid system (1) contains scalar equations, and a1 
= 0, b1 
= 0, and c 
= 0 in
the equivalent system (17), system (1) will be stabilizable for any h > 0.

In this case, the stabilizing control law is found by the algorithm demonstrated in Example 1.

5. STABILIZATION OF SYSTEM (1) WITH VECTOR CONTROL

Let n � 1, m > 1, and q > 1 in the hybrid system (1), i.e., the discrete system (11) serves as
the first approximation system for the equivalent discrete system (8). Assume that system (11)
satisfies the complete reachability condition for h = h0 > 0 :

rank [B,A(h0)B,A
2(h0)B, . . . , A

n+m−1(h0)B] = n+m. (19)

Theorem 6. If system (11) satisfies condition (19), there will exist a transformation

z∗k = Szk, u∗k,l = αlzk + uk,l, detS 
= 0, l = 1, . . . , q, (20)

reducing system (11) to a set of q independent subsystems, each having the Brunovský canonical
form.
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By the proof of this theorem (see the Appendix), the original system (11) decomposes into
q independent subsystems of the form (15) whose dimensions are s1, . . . , sq, with s1+s2+ . . .+sq =
n+m. Then we have the following result.

Theorem 7. If the linear discrete system (11) satisfies condition (19), it will be stabilizable for
h = h0 > 0.

The proof of Theorem 7 (see the Appendix) and equalities (20) lead to another fact.

Corollary 2. The stabilizing control law for the discrete system (11) has the form

uk = S∗zk,

where uk,l = s∗l zk, s
∗
l = pSl − αl, u

∗
k,l = pz∗kl, Sl is part of the matrix S corresponding to the lth sub-

system (l = 1, . . . , q), p is a vector of dimension sl, z
∗
kl is the vector containing sl components of

the vector z∗k corresponding to the lth subsystem, and s∗l are the rows of the matrix S∗. In addition,
all eigenvalues of the matrix (A(h0) +BS∗) are smaller than 1 by their magnitude.

Theorem 8. If the linear discrete system (11) satisfies condition (19), the corresponding nonlin-
ear hybrid system (1) will be stabilizable for h = h0 > 0.

Example 2. It is required to construct a stabilizing control law for a hybrid system of the form⎧⎪⎨
⎪⎩
x′(t) = −2x(t) + 2yk,1 − 2yk,2 + a(x(t), yk), tk � t < tk+1

yk+1,1 = −xk+1 + uk,1 − uk,2 + b1(xk+1, yk, uk)

yk+1,2 = xk+1 − yk,1 + yk,2 + uk,1 + 2uk,2 + b2(xk+1, yk, uk), k = 0, 1, 2, . . . ,

where x∈R1, y∈R2, u∈R2, a(x, y), b1(x, y, u), and b2(x, y, u) are smooth nonlinearities in accor-
dance with system (5), by reducing the corresponding discrete first approximation system to a set
of independent subsystems written in the Brunovský canonical form.

For this system, the corresponding discrete system (11) has the matrices

A(h) =

⎡
⎢⎣ e−2h 1− e−2h e−2h − 1
−e−2h e−2h − 1 1− e−2h

e−2h −e−2h e−2h

⎤
⎥⎦ , B =

⎡
⎢⎣ 0 0
1 −1
1 2

⎤
⎥⎦ .

Then we obtain

[B,A(h)B,A2(h)B] =

⎡
⎢⎣ 0 0 0 3(e−2h − 1) 0 (e−2h − 1)(9e−2h − 3)

1 −1 0 3(1 − e−2h) 0 (e−2h − 1)(3 − 9e−2h)

1 2 0 3e−2h 0 e−2h(9e−2h − 6)

⎤
⎥⎦ ,

and rank [B,A(h)B,A2(h)B] = 3 for any h > 0. Hence, the corresponding linear discrete system (11)
is controllable for any h > 0.

Let h0 = ln3, and let b1 and b2 be the columns of the matrix B. Then

A0 = A(h0) =

⎡
⎢⎣ 1/9 8/9 −8/9
−1/9 −8/9 8/9
1/9 −1/9 1/9

⎤
⎥⎦ .

From the column sequence (b1, b2, A0b1, A0b2, A
2
0b1, A

2
0b2) we compile the matrix F0 of order 3 and

rank 3. Note that the matrix A0b1 is a zero column, so the columns A0b1, and A
2
0b1 are excluded

from consideration.
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We have A0b2 = [−8/3 8/3 1/3]T ; therefore, s1 = 1, s2 = 2, and F0 = [b1, b2, A0b2], i.e.,

F0 =

⎡
⎢⎣ 0 0 −8/3
1 −1 8/3
1 2 1/3

⎤
⎥⎦ , F−1

0 =

⎡
⎢⎣ 17/24 2/3 1/3
−7/24 −1/3 1/3
−3/8 0 0

⎤
⎥⎦ ,

k = 1, 2, since rankB = 2.

k = 1 :
k∑
j=1

sj = s1 = 1, hence, f1 is the first row of the matrix F−1
0 .

k = 2 :
k∑
j=1

sj = s1+ s2 = 3, hence, f2 is the third row of the matrix F−1
0 .

S =

⎡
⎢⎣ f1

f2
f2A0

⎤
⎥⎦ , i.e., S =

⎡
⎢⎣ 17/24 2/3 1/3

−3/8 0 0
−1/24 −1/3 1/3

⎤
⎥⎦ .

z∗k = Szk, then

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

z∗k,1 =
17

24
xk +

2

3
yk,1 +

1

3
yk,2

z∗k,2 = −3

8
xk

z∗k,3 = − 1

24
xk − 1

3
yk,1 +

1

3
yk,2, k = 0, 1, 2, . . . ,

z∗k+1,1 = u∗k,1, where u
∗
k,1 = f1A

s1
0 zk + uk,1 = f1A0zk + uk,1 =

1

24
xk + uk,1;

z∗k+1,2 = z∗k,3; z
∗
k+1,3 = u∗k,2, where u

∗
k,2 = f2A

s2
0 zk + uk,2 =

5

72
xk +

2

9
yk,1 − 2

9
yk,2 + uk,2.

Thus, for h0 = ln3, the set of the Brunovský canonical forms for the linear discrete system
corresponding to the original system has the form⎧⎪⎨

⎪⎩
z∗k+1,1 = u∗k,1
z∗k+1,2 = z∗k,3
z∗k+1,3 = u∗k,2.

Now we find a stabilizing control law for the corresponding linear discrete system for h0 = ln3.

1) u∗k,1 = pz∗k1, where p = p1, z
∗
k1 = z∗k,1, since s1 = 1, z∗k+1,1 = pz∗k,1, and then λ = p. Letting

λ = 1
3 yields p = 1

3 , α1 = f1A0 = [ 1
24 0 0], S1 = f1, and, hence, s

∗
1 = pS1 − α1 = [ 7

36
2
9

1
9 ],

uk,1 = s∗1zk, i.e., uk,1 =
7
36xk +

2
9yk,1 +

1
9yk,2;

2) u∗k,2 = pz∗k2, where p = [p1 p2], z
∗
k2 = [z∗k,2 z∗k,3]

T , since s2 = 2, z∗k+1,3 = p1z
∗
k,2 + p2z

∗
k,3, and

then λ2 − p2λ− p1 = 0.

Letting λ1,2 =
1
3 yields λ2 − 2

3λ+ 1
9 = 0, and p = [−1

9
2
3 ];

α2 = f2A
2
0 = [5/72 2/9 − 2/9], S2 =

[
−3/8 0 0
−1/24 −1/3 1/3

]
,

s∗2 = pS2 − α2 = [−1/18 −4/9 4/9], i.e., uk,2 = − 1

18
xk − 4

9
yk,1 +

4

9
yk,2.

Thus, the stabilizing control law has the form

uk =

⎡
⎢⎢⎣

7

36
xk +

2

9
yk,1 +

1

9
yk,2

− 1

18
xk − 4

9
yk,1 +

4

9
yk,2

⎤
⎥⎥⎦ .
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This law also stabilizes the original nonlinear hybrid system because

S∗ =

[
7/36 2/9 1/9
−1/18 −4/9 4/9

]
, A0 +BS∗ =

⎡
⎢⎣ 1/9 8/9 −8/9
5/36 −2/9 5/9
7/36 −7/9 10/9

⎤
⎥⎦ ,

and the matrix (A0 +BS∗) has the eigenvalues λ1,2,3 =
1
3 , i.e., |λ1,2,3| < 1.

6. CONCLUSIONS

This paper has established a general sufficient condition for stabilizing nonlinear continuous–
discrete systems of the form (1) with both one-dimensional (scalar) and multidimensional (vector)
control. This condition is based on the complete reachability of the first approximation systems of
the corresponding equivalent nonlinear discrete dynamic systems.

A general approach to stabilizing the nonlinear hybrid systems (1) with control of different
dimensions has been presented, and stabilizing control laws for such systems have been designed.
The approach can be used to ensure stable operation modes for real technical, mechanical, and
other control systems with a heterogeneous structure as well as to construct admissible and optimal
control laws for such systems.

APPENDIX

Proof of Theorem 1. The desired result follows from the equivalence of systems (1) and (8),
which considers the relation of their solutions, and from the definitions of controllable systems.

The proof of Theorem 1 is complete.

Proof of Theorem 2. Since the linear discrete system (12) satisfies condition (13), the matrix

F (h0) =
[
b, A(h0)b, A

2(h0)b, . . . , A
n+m−1(h0)b

]
is nonsingular, i.e., there exists the inverse F−1(h0).

Let the vector f(h0) ∈ Rn+m be composed of the elements of the last row of the matrix F−1(h0)
[27]. In view of the definition of an inverse, we obtain

f(h0)b = f(h0)A(h0)b = . . . = f(h0)A
n+m−2(h0)b = 0, (A.1)

f(h0)A
n+m−1(h0)b = 1. (A.2)

Letting ⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

z∗k,1 = f(h0)zk

z∗k,2 = f(h0)A(h0)zk

z∗k,3 = f(h0)A
2(h0)zk

...
z∗k,n+m = f(h0)A

n+m−1(h0)zk

(A.3)

yields z∗k = Szk, where S =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

f(h0)

f(h0)A(h0)

f(h0)A
2(h0)

...
f(h0)A

n+m−1(h0)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
, and detS 
= 0 since the discrete system (12)

satisfies condition (13).
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For h = h0 > 0, system (12) takes the form

zk+1 = A(h0)zk + buk, k = 0, 1, 2, . . . ;

due to (A.1) and (A.2), from equalities (A.3) it follows that

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

z∗k+1,1 = f(h0)zk+1 = z∗k,2
z∗k+1,2 = f(h0)A(h0)zk+1 = z∗k,3

...
z∗k+1,n+m−1 = f(h0)A

n+m−2(h0)zk+1 = z∗k,n+m
z∗k+1,n+m = f(h0)A

n+m−1(h0)zk+1 = αzk + uk,

(A.4)

where α = f(h0)A
n+m(h0).

Therefore, system (A.4) is given by (15) with u∗k = αzk + uk and is equivalent to the discrete
system (12) for h = h0 > 0.

The proof of Theorem 2 is complete.

Proof of Theorem 3. As the discrete system (12) satisfies condition (13), by Theorem 2 it can
be represented in the form (15).

Let u∗k = pz∗k, where p = [p1 p2 . . . pn+m]; then system (15) takes the form

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

z∗k+1,1 = z∗k,2
z∗k+1,2 = z∗k,3

...
z∗k+1,n+m−1 = z∗k,n+m

z∗k+1,n+m = p1z
∗
k,1 + p2z

∗
k,2 + . . .+ pn+mz

∗
k,n+m.

(A.5)

In addition, let z∗k,1 = λ0 = 1, z∗k,2 = z∗k+1,1 = λ, z∗k,3 = z∗k+1,2 = z∗k+2,1 = λ2, . . . , z∗k,n+m = λn+m−1,
and z∗k+1,n+m = λn+m. Then system (A.5) is reduced to the equation

λn+m − pn+mλ
n+m−1 − pn+m−1λ

n+m−2 − . . . − p2λ− p1 = 0. (A.6)

Equation (A.6) is characteristic for the matrix of system (A.5). Since the choice of the coefficients
of equation (A.6) is arbitrary, we assign them so that |λi| < 1, i = 1, . . . , n+m. Then system (15)
with the control law u∗k = pz∗k has the asymptotically stable solution z∗k = 0. Hence, the discrete
system (12) represented in the form (15) is stabilizable for h = h0 > 0, and the proof of Theorem 3
is complete.

Proof of Theorem 4. The desired result is immediate from Corollary 1, the relation (10),
and the sufficient condition for the asymptotic stability of the trivial equilibrium of the nonlinear
continuous–discrete system (1) obtained in [23]. The proof of Theorem 4 is complete.

Proof of Theorem 5. It can shown that if a1 
= 0, b1 
= 0, and c 
= 0 in the nonlinear hybrid sys-
tem (17), the corresponding discrete system (12) with the matrices (18) will satisfy condition (13).
In this case, the desired result is true based on Theorem 4. The proof of Theorem 5 is complete.

Proof of Theorem 6. Without losing generality, we suppose that rankB = q, q > 1. Let b1, . . . , bq
be the columns of the matrix B, A0 = A(h0), and the discrete system (11) satisfy condition (19).

From the column sequence (see [27])
(b1, b2, . . . , bq, A0b1, A0b2, . . . , A0bq, A

2
0b1, A

2
0b2, . . . , A

2
0bq, . . . , A

n+m−1
0 b1, . . . , A

n+m−1
0 bq)
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we compile the matrix F0 = F (h0) of the same order and rank (n+m) :

F0 = [b1, A0b1, A
2
0b1, . . . , A

s1−1
0 b1, b2, A0b2, A

2
0b2, . . . ,

As2−1
0 b2, . . . , bq, A0bq, A

2
0bq, . . . , A

sq−1
0 bq].

(A.7)

For each column bk, the matrix (A.7) should include all columns bk, A0bk, A
2
0bk, . . . , A

sk−1
0 bk, where

sk = 1, . . . , n+m, k = 1, . . . , q, with each column Aj0bk (j = 0, 1, . . . , n +m− 1) being included if
it forms a linearly independent system with all preceding columns in this matrix. Otherwise, the
columns Aj0bk, A

j+1
0 bk, . . . , A

n+m−1
0 bk are excluded from consideration.

Since rankF0 = n+m, there exists the inverse F−1
0 . Let fk (k = 1, . . . , q) denote the row of the

matrix F−1
0 numbered by

k∑
j=1

sj. According to the definition of an inverse, we obtain the conditions

fkA
j−1
0 bi = 0, (k 
= i) ∨ (j 
= sk), (A.8)

fkA
sk−1
0 bk = 1. (A.9)

Let ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

z∗k,1 = f1zk

z∗k,2 = f1A0zk
...

z∗k,s1 = f1A
s1−1
0 zk

z∗k,s1+1 = f2zk

z∗k,s1+2 = f2A0zk
...

z∗k,s1+s2 = f2A
s2−1
0 zk

...

z∗k,s1+s2+...+sq = fqA
sq−1
0 zk,

(A.10)

where s1 + s2 + . . . + sq = n + m. Then z∗k = Szk, where S =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

f1

f1A0
...

f1A
s1−1
0

f2

f2A0
...

f2A
s2−1
0
...

fq
...

fqA
sq−1
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, S is a matrix of

order (n+m) with detS 
= 0 because the discrete system (11) satisfies condition (19).

Then z∗k+1 = Szk+1; for h = h0 > 0, the discrete system (11) takes the form

zk+1 = A0zk +Buk.
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Considering (A.8)–(A.10), we obtain

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

z∗k+1,1 = f1A0zk + f1Buk = f1A0zk = z∗k,2
z∗k+1,2 = f1A

2
0zk + f1A0Buk = f1A

2
0zk = z∗k,3

...

z∗k+1,s1
= f1A

s1
0 zk + f1A

s1−1
0 Buk = f1A

s1
0 zk + uk,1 = u∗k,1

z∗k+1,s1+1 = f2A0zk + f2Buk = z∗k,s1+2
...

z∗k+1,s1+s2
= f2A

s2
0 zk + f2A

s2−1
0 Buk = f2A

s2
0 zk + uk,2 = u∗k,2

...

z∗k+1,s1+s2+...+sq
= fqA

sq
0 zk + fqA

sq−1
0 Buk = fqA

sq
0 zk + uk,q = u∗k,q .

Thus, for h = h0 > 0, the transformation (20) reduces the discrete system (11) to a set of q inde-
pendent subsystems in the Brunovský canonical form:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

z∗k+1,1 = z∗k,2
z∗k+1,2 = z∗k,3

...
z∗k+1,s1

= u∗k,1
z∗k+1,s1+1 = z∗k,s1+2

...
z∗k+1,s1+s2

= u∗k,2
...

z∗k+1,s1+s2+...+sq−1 = z∗k,s1+s2+...+sq
z∗k+1,n+m = u∗k,q .

(A.11)

The dimensions of these subsystems (the number of equations figuring in them) are s1, s2, . . . , sq,
respectively. In addition, u∗k,l = αlzk + uk,l (l = 1, . . . , q) are the components of the control vector,
and αl = flA

sl
0 . The discrete system (11) is equivalent to system (A.11) for h = h0 > 0.

The proof of Theorem 6 is complete.

Proof of Theorem 7. By the proof of Theorem 3, each of the q subsystems in (A.11) has an
asymptotically stable solution z∗ = 0 under appropriate control laws. In this case, system (A.11)
has the asymptotically stable trivial solution. Hence, the equivalent system (11) is stabilizable for
h = h0 > 0.

The proof of Theorem 7 is complete.

Proof of Theorem 8. It follows from Theorem 7 that the discrete system (11) is stabilizable for
h = h0 > 0 and, according to Corollary 2, all eigenvalues of the matrix (A0 +BS∗) are smaller than
1 by their magnitude. Then the desired result is immediate from the relation (10) and the sufficient
condition for the asymptotic stability of the trivial equilibrium of the nonlinear continuous–discrete
system (1) obtained in [23].

The proof of Theorem 8 is complete.
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Abstract—Stability of regular precessions of a rigid body bounded by the ellipsoid of revolution
in a free molecular flow of particles is studied. Conditions of stability of regular precessions of
the body are obtained and the Poincare–Chetaev bifurcation diagrams are constructed.
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1. INTRODUCTION

The problem of motion of a rigid body with a fixed point under the action of external forces
and moments is a generalization of the classical problem of motion of a heavy rigid body with
a fixed point. One of the cases of integrability of this problem was discovered by Lagrange [1].
Subsequently many papers devoted to study the dynamics of the Lagrange top were published.
Regular precessions of the Lagrange top were firstly considered in [2, 3], and their stability were
studied in [2, 4, 5].

The mathematical model of interaction of a free molecular flow of particles with a rigid body was
proposed by Karymov [6, 7] and Beletsky [8, 9]. In their papers the dynamics of satellites moving
in the upper layers of the atmosphere or moving under the action of solar radiation pressure is
considered. For the first time the corresponding model of interaction of a free molecular flow with
a rigid body was applied to the problem of motion of a rigid body with a fixed point by Burov
and Karapetyan [10]. In the paper by Burov and Karapetyan [10] the equations of motion of the
body were obtained, and the integrable case, similar to the Lagrange case in the classical problem
of motion of a heavy rigid body with a fixed point, was found. The problem of stability of steady
motions of a satellite under the action of solar radiation pressure was considered, for example, by
Sidorenko [11].

In this paper we study the stability of regular precessions of a dynamically symmetric body,
bounded by the ellipsoid of revolution, in a flow of particles. Using the Routh theory of analyzing
the stability of steady motions of mechanical systems with known first integrals, we obtain stability
conditions for regular precessions of a rigid body with a fixed point located in a flow of particles.

2. PROBLEM FORMULATION

Let us consider the problem of motion of a rigid body with a fixed point O in a free molecular
flow of particles of constant density ρ (see Fig. 1). The particles in the flow move with a constant
velocity

−v = v0γ,
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Fig. 1. Rigid body with a fixed point in a flow of particles.

where γ is a unit vector, fixed in inertial space and directed along the oncoming flow. Thus, particles
move in a fixed direction, their thermal motion is neglected. The following model of particle—body
interaction is chosen: a particle makes an inelastic collision with the body, transferring all its energy
to the body and not being reflected. We will also consider sufficiently slow rotations of the body,
i.e., we will assume that the flow velocity v0 considerably exceeds the product of characteristic
value of the angular velocity of the body and the characteristic length from any point of the body
to a fixed point. Using the method, proposed by Beletsky [8, 9], we can write equations of motion
of the body in the following form (see [10, 19–21]):

J0ω̇ + [ω × J0ω] = −ρv20S (γ) [γ × c (γ)] ,

γ̇ + [ω × γ] = 0,
(1)

where J0 = diag (A1, A2, A3) is the inertia matrix of the body relative to a fixed point O, written
in the coordinate system Oxyz, which is rigidly connected with the body. The origin of this
coordinate system is located at the fixed point O and its axes are directed along the principal axes
of inertia of the body at O. We denote the unit vectors of this coordinate system by ex, ey, ez.
Let ω = ω1ex + ω2ey + ω3ez be the absolute angular velocity of the body in the same coordinate
system. The expression S (γ) is the area of the figure S0—the orthogonal projection of the surface
of the body onto the plane Π, perpendicular to the direction of the oncoming particle flow γ. We
can say that S0 is the shadow of the body on the plane Π, i.e., the projection of the body on the Π
plane along the γ direction. Vector c (γ) is the vector drawn from the projection O′ of the fixed
point O to the centroid of the shadow—coinciding with the center of mass of a homogeneous plate
occupying the region S0 (see Fig. 1).

3. REGULAR PRECESSIONS OF THE BODY

Let us consider a dynamically symmetric rigid body (A1 = A2) with a fixed point lying on the
axis of dynamical symmetry. Assume that the body is bounded by the ellipsoid of revolution with
semiaxes a1 = a2 = a, a3 = b, the axis of symmetry of which coincides with the axis of dynamical
symmetry of the body. In this case, the equations of motion of the body (1) admit the quadratic
and two linear in generalized velocities first integrals [19–22]:

U0 =
A1

2

(
ω2
1 + ω2

2

)
+
A3

2
ω2
3 − f

γ3∫
0

S (γ3) c3 (γ3) dγ3 = k0 = const, (2)

U1 = A1 (ω1γ1 + ω2γ2) +A3ω3γ3 = k1 = const, (3)

U2 = ω3 = k2 = const, (4)
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where f = ρv20 . In this case, to study the steady motions of the system, one can use the Routh theory
for holonomic systems with explicitly known first integrals [12–15, 18]. The effective potential in
the case, when the body is bounded by the elongated ellipsoid of revolution is explicitly written as
follows:

W (θ) =
(k1 −A3k2 cos θ)

2

2A1 sin
2 θ

− fπa2bl

2
cos θ

√
sin2 θ

a2
+

cos2 θ

b2

− fπbl

2

√
1

a2
− 1

b2

arctan

⎛
⎜⎜⎜⎜⎝

√
1

a2
− 1

b2
cos θ√

sin2 θ

a2
+

cos2 θ

b2

⎞
⎟⎟⎟⎟⎠ .

(5)

Here l is the distance from the fixed point O to the center of the ellipsoid of revolution, bounding
the rigid body and θ is the angle between the axis of dynamical symmetry of the body and the
direction of the flow of particles γ, measured so that at θ = 0 the body is oriented along the flow
of particles. For any values of contants of the first integrals, the system of equations (1) admits a
two-parametric family of particular solutions of the following form:

ω1 = ωγ1, ω2 = ωγ2, ω3 = ω cos θ +Ω,

γ21 + γ22 = 1− γ23 = sin2 θ, γ3 = cos θ,
(6)

where ω and Ω are constants connected with the constants k1 and k2 of the first integrals (3) and (4)
by the equations

ω =
k1 −A3k2 cos θ

A1 sin
2 θ

, Ω =

(
A1 sin

2 θ +A3 cos
2 θ
)
k2 − k1 cos θ

A1 sin
2 θ

,

and the constant angle θ is determined from the condition of existence of regular precessions

dW (θ)

dθ
= 0,

which is explicitly written as follows:

(k1 −A3k2 cos θ) (A3k2 − k1 cos θ)

2A1 sin
3 θ

+ fπa2bl sin θ

√
sin2 θ

a2
+

cos2 θ

b2
= 0. (7)

Let us write the equation (7) in dimensionless form. For this purpose, we introduce dimensionless
constants of the first integrals

p1 =
k1√

A3fπa2l
, p2 = k2

√
A3

fπa2l
(8)

and dimensionless parameters

y =
A1

A3
∈
[
1

2
, +∞

)
, z =

b2

a2
.

Then the condition for the existence of regular precessions (7) is dimensionless form is rewritten
as follows:

(p1 − p2 cos θ) (p2 − p1 cos θ)

y sin3 θ
+ sin θ

√
z sin2 θ + cos2 θ = 0,
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or, multiplying by −y sin3 θ,

a11p
2
1 + 2a12p1p2 + a22p

2
2 + a1 = 0, (9)

a11 = cos θ, a12 = −1 + cos2 θ

2
, a22 = cos θ,

a1 = −y sin4 θ
√
z sin2 θ + cos2 θ.

It is easy to see that for each fixed value of θ the equation (9) defines the second order curve. Let
us transform it to its canonical form. To do this, we introduce new variables x1 and y1 according
to the formulae:

x1 = p1 − p2, y1 = p1 + p2. (10)

In order to understand the physical meaning of the variables x1 and y1, let us recall the definition
of the constants k1 and k2 (see (3), (4)). For a dynamically symmetric body we can write

k1 = A1 (ω1γ1 + ω2γ2) +A3ω3γ3 = (JOω, γ) , k2 = ω3 =
(JOω, ez)

A3
.

Substituting these expressions into (8), we obtain the following equations:

p1 =
1√

A3fπa2l
(J0ω, γ), p2 =

1√
A3fπa2l

(J0ω, ez).

According to the formula (10) we can conclude that x1 is, up to a constant factor, the projection
of the angular momentum of the body onto the vector γ − ez:

x1 = p1 − p2 =
1√

A3fπa2l
(J0ω, (γ − ez)).

Similarly, y1 is the projection of the angular momentum of the body onto the vector γ + ez

y1 = p1 + p2 =
1√

A3fπa2l
(J0ω, (γ + ez)).

Vectors γ − ez and γ + ez are orthogonal

((γ − ez) , (γ + ez)) = γ2 − e2z = 0.

The third orthogonal vector is perpendicular to γ and ez and therefore it is directed along the
nodal line.

[(γ − ez)× (γ + ez)] = 2 [γ × ez ] .

Thus, γ − ez and γ + ez are orthogonal vectors in the plane, perpendicular to the nodal line,
and x1 and y1, up to a constant factor, are projections of the angular momentum of the body onto
these vectors.

Let us write the equation (9) in the variables x1, y1

1

4
(1 + cos θ)2 x21 −

1

4
(1− cos θ)2 y21 + a1 = 0. (11)

The given equation, up to a constant factor, is the canonical equation of a second-order curve.
Let us determine the type of this curve. For θ 
= πn we have a1 < 0, and the coefficients in the
quadratic part are nonzero. This means (see, for example, [16, 17]), that in each section by planes
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θ 
= πn of the surface, defined by the equation (11), we have a hyperbola. For θ = πn we have
a1 = 0, as well as one of the coefficients in the quadratic part will be equal to zero. Thus, in the
section by planes θ = πn of the surface, defined by the equation (11) we have a straight line of the
form

p1 = (−1)n p2.

These straight lines correspond to a single parametric family of solutions of equations of motion
of the body in a flow of particles, which correspond to permanent rotations of the body about its
axis of dynamical symmetry, coinciding with the direction of the flow of particles. The stability of
these permanent rotations has been studied in [10, 22].

The condition of stability of steady motions (6) in the case when a rigid body with a fixed point,
located in the flow of particles, is bounded by the elongated ellipsoid of revolution, has the form

d2W (θ)

dθ2
� 0

of, if we write it explicitly,(
1 + 2 cos2 θ

)
y sin4 θ

p21 −
(
5 + cos2 θ

)
cos θ

y sin4 θ
p1p2 +

(
1 + 2 cos2 θ

)
y sin4 θ

p22 +

(
2z sin2 θ + 2cos2 θ − 1

)
cos θ√

z sin2 θ + cos2 θ
� 0.

After multiplying by the positive factor y sin4 θ, this inequality takes the form

b11p
2
1 + 2b12p1p2 + b22p

2
2 + b1 � 0, (12)

b11 = 1 + 2 cos2 θ, b12 = −
(
5 + cos2 θ

)
cos θ

2
, b22 = 1 + 2 cos2 θ,

b1 =
y
(
2z sin2 θ + 2cos2 θ − 1

)
sin4 θ cos θ√

z sin2 θ + cos2 θ
.

Let us write the inequality (12) using the variables x1 and y1:

1

4
(1 + cos θ)2 (2 + cos θ)x21 +

1

4
(1− cos θ)2 (2− cos θ) y21 + b1 � 0. (13)

For each fixed θ, the boundary of the stability region (i.e., the curve, corresponding to the equal
sign in the inequality (13)) will also be the second-order curve. The type of this curve depends on
the sign of b1. For b1 < 0 the boundary of the stability region is an ellipse with the center at x1 = 0,
y1 = 0. On the plane of dimensionless variables x1, y1 for each fixed θ, outside the corresponding
ellipse there will be a stability region of regular precessions (6), and inside it—an instability region.
For b1 > 0 the boundary of the stability region degenerates into an imaginary ellipse, and for b1 = 0
the boundary is a straight line. We can note here, that for b1 � 0 the inequality (13) is satisfied
for any values of x1, y1, and therefore the regular precessions of the body will be stable.

Considering simultaneously the condition of existence of regular precessions (11) and the con-
dition of stability of regular precessions (13) of a body with a fixed point in the flow of particles,
we can draw a conclusion about stability of such motions. Namely, if for some fixed θ the hyper-
bola (11) and the ellipse (13) do not intersect, then the steady motion (6), corresponding to this
value of θ, is stable (Figs. 2–4).

Let us study the problem of stability of regular precessions in more details. From the condition
of existence of regular precessions (11) we express y21:

y21 =
(1 + cos θ)2

(1− cos θ)2
x21 +

4a1

(1− cos θ)2
. (14)
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Fig. 2. Relative position of the hyperbola and the ellipse for y = 5
6 , z = 8, θ = 2π

3 .

Fig. 3. Relative position of the hyperbola and the ellipse for y = 5
6 , z = 8, θ = 3π

4 .

Since y21 � 0, then from (14) we obtain that x1 should satisfy the condition:

x21 �
4y sin4 θ

(1 + cos θ)2

√
z sin2 θ + cos2 θ = (x1)

2
∗. (15)

Let us substitute the obtained expression (14) for y21 into the stability condition (13). We obtain
the following inequality

(1 + cos θ)2 x21 + (2− cos θ)a1 + b1 � 0. (16)
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Fig. 4. Relative position of the hyperbola and the ellipse for y = 5
6 , z = 8, θ = 5π

6 .

Fig. 5. Relative position of x210 and (x1)
2
∗ for y = 5

6 , z = 8.

The left hand side of defines a parabola whose branches are directed upwards. Let x10 be the
abscissa of the intersection point of the parabola with the positive semiaxis Ox1. Let us find x10
explicitly

x210 = −(2− cos θ) a1 + b1

(1 + cos θ)2
.

After substitution the values of a1 and b1, we write the expression for x210 in explicit form:

x210 =
y sin4 θ

√
z sin2 θ + cos2 θ

(1 + cos θ)2

(
2− 3 cos θ +

cos θ

z sin2 θ + cos2 θ

)
. (17)
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For x21 � x210 the stability condition (3) will be satisfied. Thus, regular precessions exist when
the condition (15) is satisfied, and they will be stable if the condition (3) is satisfied. From this
fact we can draw the following conclusions (Fig. 5):

1. For x210 < (x1)
2∗, regular precessions of the body are stable for any admissible values of x1, y1

(and, accordingly, for any values of constants p1 and p2 of the first integrals).

2. For x210 > (x1)
2∗, regular precessions are stable only if the condition x21 > x210 holds.

3.1. The Case z > 1

First of all let us consider the case of elongated ellipsoid of revolution, z > 1. We will find the
conditions under which x210 > (x1)

2∗. We obtain

3 (1− z) cos3 θ + 2 (1− z) cos2 θ + (3z − 1) cos θ + 2z < 0.

By factoring the left hand side, we obtain the following inequality:

3 (z − 1) (cos θ + 1)

(
cos θ − 1

6
− 1

6

√
25z − 1

z − 1

)(
cos θ − 1

6
+

1

6

√
25z − 1

z − 1

)
> 0. (18)

The first three factors in the left hand side of inequality (18) are positive. It can be shown that
for z > 1 the following condition is valid:

1

6
+

1

6

√
25z − 1

z − 1
> 1.

Thus, the factor

cos θ − 1

6
− 1

6

√
25z − 1

z − 1

in the left hand side of (18) is always negative. Therefore the condition (18) is equivalent to the
condition

cos θ − 1

6
+

1

6

√
25z − 1

z − 1
< 0. (19)

Let us consider the latter condition. The function

1

6
− 1

6

√
25z − 1

z − 1

increases monotonically for z > 1. It takes the value −1 for z = 2 and then it asymptotically tends
to −2

3 . Thus for 1 < z � 2 we obtain

cos θ − 1

6
+

1

6

√
25z − 1

z − 1
� 0,

and therefore the condition (19) is not satisfied. From this fact we conclude that for 1 < z � 2
regular precessions of the rigid body are stable for any value of θ and for any admissible values of
the parameters x1 and y1 (and accordingly, for any admissible values of the constants p1 and p2 of
the first integrals).

Figure 6 presents the Poincare–Chetaev bifurcation diagram for y = 2, z = 12
11 at the level y1 = 0.

On this figure the straight line θ = π corresponds to permanent rotations of the body about its axis
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Fig. 6. Section of the surface (11) by the plane y1 = 0 for y = 2, z = 12
11 .

Fig. 7. Relative position of the hyperbola and the ellipse for y = 2, z = 12
11 , θ =

5π
6 .

of dynamical symmetry. It is easy to see the stable regular precessions of the body which branch
off from this straight line. In addition, on the plane of dimensionless variables x1 and y1 for the
fixed values of θ the corresponding hyperbola (11) and ellipse (13) were constructed (see Fig. 7).
It is easy to see, that they do not intersect in the considered case.
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Fig. 8. Section of the surface (11) by the plane y1 = 0 for y = 2, z = 5
2 .

Fig. 9. Relative position of the hyperbola and the ellipse for y = 2, z = 5
2 , θ = θ2.

Let us introduce the new value θ = θ2:

θ2 = arccos

(
1

6
− 1

6

√
25z − 1

z − 1

)
. (20)

We can conclude that for z > 2 the inequality (19) holds for cos θ < cos θ2 and does not hold for
cos θ � cos θ2.
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Figure 8 presents the Poincare–Chetaev bifurcation diagram for y = 2, z = 5
2 at the level y1 = 0.

It is easy to see, that the regular precessions of the body, branching off the permanent rotations,
are unstable near the value θ = π, and then, passing through the inflection point, become stable.
The inflection point corresponds to θ = θ2, where θ2 is determined by (20).

In addition Fig. 9 shows the hyperbola (11) and the ellipse (13) on the plane of dimensionless
variables x1 and y1 for θ = θ2, where θ2 is determined by (20). It is clear that for θ = θ2 the
hyperbola and the ellipse touch but do not intersect.

Taking into account all the obtained results we can conclude that the condition (18) is valid for
z > 2 and cos θ < cos θ2. And it is not satisfied for any other values of the parameters. Thus, regular
precessions of the rigid body located in the flow of particles are stable for any values of x1, y1 (and,
accordingly, for any values of dimensionless constants p1 and p2 of the first integrals), if 1 < z � 2
or if z > 2 and cos θ > cos θ2. If z > 2 and cos θ < cos θ2, then the regular precessions of the body
are stable under condition x21 > x210.

3.2. The Case z < 1

Now we study the stability of regular precessions of the body bounded by the oblate ellipsoid of
revolution, z < 1. All previously find expressions for x210 and (x1)

2∗ will have the same form (15), (17)
for the oblate ellipsoid. The conditions, under which x210 > (x1)

2∗, will be the same (18). Simplifying
them, we obtain the following condition:

(
cos θ − 1

6
− 1

6

√
1− 25z

1− z

)(
cos θ − 1

6
+

1

6

√
1− 25z

1− z

)
< 0. (21)

It is easy to see, that for z ∈ [ 1
25 , 1

)
the condition (21) does not hold. Thus, we can conclude,

that for z ∈ [
1
25 , 1

)
we have x210 � (x1)

2∗ and therefore regular precessions of the body in the flow
of particles will be stable for any values of x1, y1.

3.3. The Case z < 1
25

Finally, let us consider the case z < 1
25 . The condition (21) will be satisfied for the following

values of θ:

θ ∈
(
arccos

(
1

6
+

1

6

√
1− 25z

1− z

)
, arccos

(
1

6
− 1

6

√
1− 25z

1− z

))
. (22)

Let us introduce the value θ = θ1 such that

θ1 = arccos

(
1

6
+

1

6

√
1− 25z

1− z

)
.

It is easy to obtain that for θ ∈ (0, θ1)∪(θ2, π) the condition (21) will not satisfied, and therefore,
regular precessions of the body will be stable for any values of x1, y1. If θ ∈ (θ1, θ2), then regular
precessions will be stable only for x21 > x210.

Figure 10 presents the Poincare–Chetaev bifurcation diagram for y = 101
200 , z = 1

100 at the level
y1 = 0. It is easy to see, that the regular precessions of the body, branching off from the permanent
rotations, are stable near θ = π, and its stability is preserved as the angle θ decreases to θ2. Further,
for θ ∈ (θ1, θ2), the regular precessions of the body become instable, and for θ < θ1 they become
stable again.
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Fig. 10. Section of the surface (11) by the plane y1 = 0 for y = 101
200 , z =

1
100 .

y
1

x
1

2

0

–2

–4

1 2–1–2

4

3

1

–1

–3

Fig. 11. Relative position of the hyperbola and the ellipse for y = 101
200

, z = 1
100

, θ = arccos
(

1
6
+ 1

6

√
1−25z
1−z

)
.

Figures 11 and 12 shows the hyperbola (11) and the ellipse (13) on the plane of dimensionless
variables x1 and y1 for

z =
1

100
, θ = arccos

⎛
⎝1

6
+

1

6

√
1− 25z

1− z

⎞
⎠ and θ = arccos

⎛
⎝1

6
− 1

6

√
1− 25z

1− z

⎞
⎠ .

It is clear that for these values of θ the hyperbola (11) and the ellipse (13) touch, but do not
intersect.
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y
1

x
1

2

0

–2

–4

1 3–1–2

4

3

1

–1

–3

–3 2

Fig. 12. Relative position of the hyperbola and the ellipse for y = 101
200

, z = 1
100

, θ = arccos
(

1
6
− 1

6

√
1−25z
1−z

)
.

Thus we can finally conclude that all the regular precessions (6) of a dynamically symmetric rigid
body with a fixed point, bounded by the ellipsoid of revolution and located in a flow of particles,
will be stable for any values of x1, y1 (and, accordingly, for any values of the dimensionless constants
p1 and p2 of the first integrals), if the ratio of the squares of the semiaxes of the ellipsoid is satisfied
to the condition

1

25
� z � 2.

For z > 2 the regular precessions of the body will be stable for any values of x1 and y1 if θ lies
in the interval

θ ∈
⎡
⎣0, arccos(1

6
− 1

6

√
25z − 1

z − 1

)⎞⎠ .
For values of θ, belonging to the interval

θ ∈
⎡
⎣arccos(1

6
− 1

6

√
25z − 1

z − 1

)
, π

⎞
⎠

the regular precessions are stable if the following condition is valid

x21 >
y sin4 θ

√
z sin2 θ + cos2 θ

(1 + cos θ)2

(
2− 3 cos θ +

cos θ

z sin2 θ + cos2 θ

)
.

For

0 < z <
1

25
the regular precessions of the body will be stable for any values of x1 and y1, if θ belongs to the set

θ ∈
⎛
⎝0, arccos

⎛
⎝1

6
+

1

6

√
1− 25z

1− z

⎞
⎠
⎞
⎠⋃⎛

⎝arccos

⎛
⎝1

6
− 1

6

√
1− 25z

1− z

⎞
⎠ , π

⎞
⎠ .
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For any θ, belonging to the interval

θ ∈
⎡
⎣arccos

⎛
⎝1

6
+

1

6

√
1− 25z

1− z

⎞
⎠ , arccos

⎛
⎝1

6
− 1

6

√
1− 25z

1− z

⎞
⎠
⎤
⎦

the regular precessions will be stable if the following condition is valid

x21 >
y sin4 θ

√
z sin2 θ + cos2 θ

(1 + cos θ)2

(
2− 3 cos θ +

cos θ

z sin2 θ + cos2 θ

)
.

These are the main results of study the stability of regular precessions of a dynamically sym-
metric body with a fixed point, bounded by the ellipsoid of revolution, in a flow of particles.
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Abstract—A smooth autonomous system of general form is considered. A global family of non-
degenerate periodic solutions by the parameter h is constructed; the period varies monotonically
on this family. The problem of stabilizing the oscillations of the reduced controlled system is
solved. A smooth autonomous control law with a parameter depending on h is applied, and
an attracting cycle is constructed. The results are concretized for an nth-order differential
equation. The relation of these results with the conclusions obtained for the reversible mechan-
ical system is established. An adaptive control scheme for the reduced conservative system is
proposed to stabilize any oscillation of the family. Some applications are presented.
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1. INTRODUCTION

Consider the problem of controlling the oscillations (periodic solutions) of an autonomous sys-
tem of general form. In the nondegenerate case, the following alternative is valid: either a cycle
(isolated oscillation) or a family of oscillations. On a family of nondegenerate oscillations, the
period monotonically depends on the family parameter h. Therefore, when stabilizing a family of
oscillations, it is natural to look for a control law with a parameter depending on h. In an adaptive
control system, the “controller automatically changes its structure or its parameters depending on
the changes of plant parameters or disturbance properties” [1, p. 108].

In this paper, we apply an autonomous control law in which the controller parameter is found
depending on the parameter h of the stabilized oscillation of the family: the controller has adaptivity.
In this sense, the control scheme is said to be adaptive.

In the example

ẍ+ ω2x = εu, u = (1−Kx2)ẋ, (1)

the control law u contains the parameter K; ω is the frequency of a linear oscillator. For ε = 0,
equation (1) admits the family of oscillations x = A cosϕ with amplitude A and energy h = ω2A2/2.
Let K = 2ω2/h∗ in (1) to stabilize the selected oscillation family with energy h = h∗. Then an
attracting cycle close to the oscillation of the linear oscillator with energy h∗ is implemented in (1).
The formula for K is valid for any oscillation of the family. An adaptive stabilization scheme is
applied.

1 This paper was written on the occasion of the Tercentenary of the Russian Academy of Sciences.
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Equation (1) is called a van der Pol oscillator. The van der Pol equation [2] is obtained from (1)
for K = 1 : in a regerative receiver, ω is tuned to the frequency of the received signal.

A linear oscillator admits a family of isochronous oscillations. In a mathematical pendulum, the
oscillation period is a monotonic function of the family parameter. Such a family of oscillations is
called nondegenerate [3].

When studying oscillations in a multidimensional autonomous system, it is necessary to describe
the entire set of nondegenerate oscillations. The problem of the global family of oscillations arises:
existence, construction, and properties. Besides the interest for the theory of ordinary differential
equations (ODEs), the knowledge of the global family ensures the complete solution of the control
problem.

The main point about the global family is the possibility of continuing any local nondegenerate
family of periodic solutions to the global family on which the family parameter will take all possible
values for the solutions of the family. The global family for a particular case was constructed in [3].
An adaptive stabilization scheme for the oscillations of a reduced system on the plane was presented
in [3]: an attracting cycle was constructed.

A global family is described by a reduced system whose dimension coincides with the dimension k
of this family. In the general case (a system of n differential equations), we have 1 < k � n. The
existence of the global family, the isolation of the reduced system, and the design of an adaptive
oscillation stabilization scheme for this system are considered below. The results are concretized
for an nth-order differential equation. Also, we relate these conclusions to the results for systems
possessing the properties of reversibility and conservativeness.

Some applications are presented. The three-body problem was introduced by L. Euler in 1764
when studying the motion of the Moon; it was published later in [4]. We demonstrate the con-
struction of the global families of periodic orbits in this problem and apply the adaptive scheme
for orbital stabilization. V.V. Beletskii’s problem [5] describes the oscillations of a satellite in the
elliptical orbit plane. In a particular case (a circular orbit), we stabilize any oscillation of the
satellite using the adaptive control scheme.

2. GLOBAL FAMILY THEOREM

Consider a smooth autonomous equation of the form

ż = Z(z), z ∈ Rn. (2)

Let z(z01 , . . . , z
0
n, t) denote the general solution of this equation, where z0 = (z01 , . . . , z

0
n) is an initial

point (for t = 0). A T -periodic solution of system (2) exists under the necessary and sufficient
condition

f ≡ z(z01 , . . . , z
0
n, T )− z0 = 0. (3)

Assume that equation (3) has a solution z0 = z∗, T = T ∗, not coinciding with the trivial equi-
librium: Z(z∗) 
= 0. Then equation (3) admits a family of solutions in the parameter γ :

z0 = z∗(γ), T = T ∗, (4)

where γ is the shift of the initial time instant along the trajectory. In addition, the rank Ra of
the functional (Jacobi) matrix Af for the function f with the parameter T satisfies the inequality
Ra � n− 1 at the point z∗ for T = T ∗.

The case Ra = n− 1 is said to be nondegenerate for a periodic solution; for details, see [3]. The
case Ra = n− 1 will be considered below.
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In the nondegenerate case, the matrix Af has a simple zero eigenvalue or a kth-order Jordan
block of zero eigenvalues, 1 < k � n. In the first situation, equation (3) admits a unique solution
of the form (4). Therefore, the autonomous equation (2) admits an isolated periodic solution, i.e.,
a cycle with the period T ∗.

The second situation is called the case of a family of periodic solutions.

In the neighborhood of the solution of equation (4), we introduce the linear system

ξs ≡ ∂fs
∂z01

dz01 + . . . +
∂fs
∂z0n

dz0n +
∂fs
∂T

dT = 0, s = 1, . . . , n,

f = (f1, . . . , fn),

(5)

which is valid for arbitrary γ. The matrix Af in (5) has rank Ra = n− 1. The cycle is obtained
from the simple zero eigenvalue: in (5) we have the solution dz1(γ) = . . . = dzn(γ) = 0, dT = 0.

The family case is implemented under dT 
= 0. The derivatives

dfs
dT

= Zs(z
∗(γ)), s = 1, . . . , n,

are calculated at the point (4) and ensure that the rank of the augmented matrix in (5) is equal to
the number (n− 1). The values dz01(γ), . . . , dz

0
k(γ) are computed from (5) as linear functions of dT.

Varying dT yields a family of solutions. The period T changes from solution to solution, i.e., it is
a function of the scalar parameter h : z0 = z0(γ, h), T = T (h). Thus, the local h-family is found
from system (5). The derivative is T ′(h∗) 
= 0 for the parameter value h = h∗. Therefore, on the
family, the period T (h) changes monotonically together with the family parameter h. In this sense,
the h-family is nondegenerate [3].

Definition 1. A family of periodic solutions of equation (2) is said to be nondegenerate if the
period T (h) on this family monotonically depends on the parameter h.

According to the presentation, the point z0 = z∗ of a periodic solution of equation (2) has the
property of leading to a nondegenerate family of periodic solutions. The reference periodic solution
also belongs to the family. In this sense, it is said to be nondegenerate. Any periodic solution of a
nondegenerate family is also nondegenerate.

Definition 2. A solution belonging to a nondegenerate family of periodic solutions called a non-
degenerate solution.

A nondegenerate periodic solution can be continued in the period T or, equivalently, in the
family parameter h. This is called local extensibility property. A nondegenerate periodic solution is
continued simultaneously toward increasing and decreasing the period.

The concept of a global family of periodic solutions was introduced in [3].

Definition 3. A nondegenerate family of periodic solutions on which the parameter h takes all
possible values for the family solutions is called a global family.

When reducing the matrix Af to the canonical form, system (5) decomposes into two subsystems;
one subsystem, with a zero kth-order Jordan block, leads to a family of periodic solutions, whereas
the other subsystem has a zero solution in (5). Therefore, in the new variables, a family of periodic
solutions is described by k variables. In the phase space, a global family is represented by a
connected k-dimensional set of points.

In the case Ra = n− 1 (nondegenerate for a periodic solution), we have the following result.

Theorem 1. Assume that equation (2) admits a nondegenerate periodic solution. Then it extends
in the period T to a global family Σ. On Σ the period T (h) monotonically depends on the family
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parameter h. The family Σ fills the global domain Σ̂; Σ is described by a reduced system of order k.
For the points of the domain Σ̂, the rank is Ra = n−1; on its boundary ∂Σ̂, the condition Ra = n−1
fails.

Proof. A nondegenerate periodic solution has local extensibility. This property is independent
of the dimension k of the Jordan block with zero eigenvalues of the matrix Af . Therefore, the
proof of Theorem 1 coincides, within the dimension of the zero kth-order Jordan block and minor
editorial changes, with that of [3, Theorem 1] for the case k = 2. The reduced system is described
by a kth-order system.

Remark 1. When approaching the boundary ∂Σ̂, the derivative T ′(h) may tend to zero, infinity,
or cease to exist.

Remark 2. System (2) may simultaneously have several global families of periodic solutions
with the same k. Also, there are no obstacles to the simultaneous existence of global families with
different k.

3. ADAPTIVE CONTROL SCHEME FOR THE REDUCED SYSTEM

According to Theorem 1, the global family of periodic solutions Σ = {ϕs(h, t)} can be described
by a reduced system in Rk :

ẋs = Xs(x1, . . . , xk), s = 1, . . . , k. (6)

The problem is to stabilize any T (h)-periodic oscillation ϕ from the family Σ chosen by the value
of the parameter h. We apply a control law containing the parameter K, assigning the value of K
depending on h : K = K(h). The control law is defined by a smooth function F of the variables
x1, . . . , xk that acts with a small gain ε of the controller signal. In the controlled system

ẋs = Xs(x1, . . . , xk) + εFs, s = 1, . . . , k, (7)

and the stabilized oscillation will be ε-close to the oscillation of system (7). The parameter K in the
control law ensures the existence of a periodic solution in (7) identically in h. Then the oscillation
with the parameter h = h∗ is stabilized by substituting into the control function F the number
K = K(h∗) for which dK(h∗)/dh 
= 0. In the special case k = 2, the adaptive control scheme was
implemented in [3].

The stabilization problem is posed in small. It is solved by constructing an attracting cycle.
Therefore, we will find existence conditions for such a cycle and calculate its characteristic exponent
(CE). These problems are solved in the neighborhood of the reference (basic) oscillation x = ϕ(h∗, t)
by a linearized system. The control value Fs is computed on the reference oscillation. The deviations
from the reference oscillation and the number ε are considered of the same order.

Letting Δs = xs − ϕs, s = 1, . . . , k, in system (7), we write equations for the variables Δs. In
the linear approximation with respect to Δs, the resulting equations contain the variations of δxs.
Then it is necessary to analyze the periodic solution of the controlled system

δẋs = ps1δx1 + . . .+ pskδxk + εFs, s = 1, . . . , k. (8)

System (8) coincides with the system derived from (7) for the increments Δs within the nonlinear
terms. The cycle of system (8) is obtained from the linearized system (7) in the neighborhood of
the reference oscillation.

On the manifold Σ̂ the variables

δxj =
∂xj
∂h

, j = 1, . . . , k,
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are functions of h and t. We denote by {y1, . . . , yk} the solution of the adjoint system. Then the
expression

y1δx1 + . . .+ ykδxk = const (9)

is the first integral of the linear homogeneous system in (8). The set of these integrals are used to
reduce the homogeneous linear system with periodic coefficients in (8) to a system with constant
coefficients. In the case of the zero kth-order Jordan block, we obtain the equations

u̇1 = 0, u̇2 = −u1, . . . , u̇k = −uk−1. (10)

All solutions of the adjoint system have the form

ys1 = ψs1,

ys2 = tψs1 + ψs2,

. . .

ysk =
tk−1ψs1
k − 1

+ . . .+ tψs,k−1 + ψsk,

(11)

where ψsj are functions with the period T (h). Then the Lyapunov transform is given by

uj = ψ1jδx1 + . . . + ψkjδxk, j = 1, . . . , k, (12)

with a nonsingular periodic matrix ||ψsj(h, t)||. Hence, the corresponding derivatives are

u̇j = ψ1j
dδx1
dt

+ . . .+ ψkj
dδxk
dt

+ ψ̇1jδx1 + . . . + ψ̇kjδxk, j = 1, . . . , k.

As a result, the controlled system (8) in the variables uj differs from (10) by the inhomogeneous
terms:

u̇1 = ε(ψ11F1 + . . .+ ψk1Fk) = εF̂ ,

u̇j = −uj−1 + ε(ψ1jF1 + . . .+ ψkjFk), j = 2, . . . , k.
(13)

For T = T ∗, system (13) defines a mapping t : 0 → T ∗ on the manifold Σ̂. For ε = 0, the mapping
admits a zero fixed point. Given ε 
= 0, a fixed point exists under the necessary conditions in the
form of the amplitude equation

I(h) ≡
T ∗∫
0

F̂ dt =

T ∗∫
0

k∑
s=1

ψs1Fsdt = 0; (14)

for details, see [6, Ch. VI, § 8, p. 413, §9, p. 417]). Equation (14) is with respect to the unknown h,
with the function F̂ containing the parameter K = K(h∗) along with h. A particular form of (14)
is provided in the example below for (21). The simple root h = h∗ of the amplitude equation (14)
corresponds to an isolated periodic solution of system (13), hence, that of system (8). System (8)
describes the cycle of system (7) within the nonlinear terms (in the neighborhood of the oscillation
under study). Therefore, the cycle of system (7) is derived from the amplitude equation (14). The
inequality dI(h∗)/dh 
= 0 is a sufficient condition for the existence of this cycle.

The CE of the cycle are found from the equations in variations. In the case of the zero kth-order
Jordan block, a single number α is calculated to determine the CE [6, Ch. 3, § 11]. It shows

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 9 2024



AN ADAPTIVE STABILIZATION SCHEME 899

the change in the variation over the period. The variations are found as the derivatives of the
functions us with respect to the parameter h.

The first equation of system (13) has the form

u̇1(h
∗, t) = ε

[
F̂∗ +

k∑
s=1

(
∂F̂

∂xs

∂xs
∂h

)
∗
Δh+ . . .

]
,

where the asterisk denotes the values calculated for h = h∗. Then the increment Δh satisfies

d(Δu1)

dt
= ε

[
k∑
s=1

(
∂F̂

∂xs

∂xs
∂h

)
∗
Δh+ . . .

]
,

and we obtain the following equation for the derivative:

d

dt

(
∂u1
∂h

)
∗
= ε

k∑
s=1

(
∂F̂

∂xs

∂xs
∂h

)
∗
= ε

∂F̂ (h∗, t)
∂h

.

The change in the derivative over the period leads to the CE of the cycle

(
∂u1
∂h

)
∗
=

ε

T ∗

T ∗∫
0

∂

(
k∑
s=1

ψs(h
∗, t)Fs(h∗, t)

)

∂h
dt.

Thus, the CE α of the cycle is given by

α =
ε

T ∗

T ∗∫
0

∂F̂ (h∗, t)
∂h

dt. (15)

Theorem 2. For the reduced controlled system (7), the cycle stabilization problem is solved for
any chosen parameter value h = h∗ by a smooth control function F acting with a small gain of
the controller signal. A sufficient condition for cycle stabilization is the inequality dI(h∗)/dh < 0
imposed on the root of the amplitude equation (14). The characteristic exponent of the cycle is
calculated using formula (15).

Theorem 2 is applied to all oscillations of the global family. The control law contains the param-
eter h, is found from the amplitude equation holding identically in h, and is designed by generalizing
the universal control from [7]. In the case k = 2, several particular control laws satisfying Theorem 2
were given in [3]. For the nth-order equation, the adaptive control law is presented in Section 4.

Remark 3. According to Theorem 2, the cycle stabilization problem is solved by the control
function F̂ . Therefore, we can choose in system (8), e.g., the control function F̂ with Fs ≡ 0; s =
2, . . . , k. For the second-order equation (k = 2), the control function is applied with F1 ≡ 0, F2 
= 0.

4. nTH-ORDER DIFFERENTIAL EQUATION

An nth-order Jordan block with the zero eigenvalues of the matrix Af is the only case for a
single nth-order differential equation

x(n) = X(x, x′, . . . , x(n−1)), (16)

where x(j) denotes the jth derivative of x.
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Indeed, equation (16) turns into the system

ẋs = xs+1, s = 1, . . . , n− 1,

ẋn = X(x1, . . . , xn),
(17)

where the functions in (2) are Xs = xs+1, s = 1, . . . , n− 1. Therefore, due to equation (3), the
matrix Af represents an nth-order Jordan block with zero eigenvalues.

Thus, if system (17) has a nondegenerate periodic solution, it belongs to the global family of
T (h)-periodic solutions on which the period monotonically depends on the parameter h (Theo-
rem 1). The solutions are defined in the space (x, x′, . . . , x(n−1)), and the periodic solution of
equation (16) is denoted by x = ϕ(h, t).

Let us formulate the following problem: it is required to stabilize the solution of equation (16)
selected by a value h = h∗. For this purpose, we consider system (7) with a vector control function
F = (F1, . . . , Fn) satisfying the amplitude equation (14) with a simple root. Theorem 2 is applied
with a scalar control function F̂ formed from the coordinates of the vector F. In the particular case
of system (7) (i.e., equations (17)), we take F1 = . . . = Fn−1 = 0 and the explicit-form function Fn.
As a result, the controlled system is described by

x(n) = X(x, x′, . . . , x(n−1)) + σε[1−Kx2]x′, (18)

where the control value Fn acts with a small gain and the number σ is 1 or (−1). The coefficient K
is assigned depending on the value of the parameter h : K = K(h). To stabilize the oscillation with
h = h∗, we let K = K(h∗).

Thus, the adaptive control scheme is designed.

The control law applied in (18) is an analog of the universal control proposed in [7]. It satisfies
the amplitude equation (14), which has a simple root for almost all points of the family in the
parameter h.

The function K(h) is obtained from the amplitude equation (14) holding identically in h. This
function is calculated using the formula

K(h) =

T (h)∫
0
ψnn(h, t)ϕ

′(h, t)dt

T (h)∫
0
ϕ2(h, t)ψnn(h, t)ϕ′(h, t)dt

;

the function ψnn(h, t) is taken from (12). Then we have

dI(h∗)
dh

= χν(h∗), χ =
dK(h∗)
dh

, ν(h∗) =
T (h∗)∫
0

ψnn(h
∗, t)ϕ′(h∗, t)dt (19)

for the function I(h) (14) at the point h = h∗.

Theorem 3. If the nth-order differential equation admits a nondegenerate periodic solution, it
belongs to the global family in the scalar parameter h. The solution with the parameter value h = h∗,
χν 
= 0, is stabilized by the adaptive control scheme (18) with K = K(h∗): the sign of the number σ
ensures the attraction to the cycle.

Remark 4. By writing equation (16) as (17) and applying the adaptive control system of Sec-
tion 4 to (17), we establish the attraction to the cycle in the space (x, x′, . . . , x(n−1)) in equation (18).
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5. SYMMETRIC PERIODIC MOTIONS

An autonomous system of the general form (2) may have additional properties such as conserva-
tiveness or reversibility, be written in the Hamiltonian form, etc. In this case, Theorem 1 remains
valid as well. However, for some systems, this theorem needs to be clarified.

In what follows, the concept of a global family of periodic solutions of ODEs will be concretized
for symmetric periodic motions.

A reversible dynamic system with the phase vector z and a nondegenerate mapping G has
spatiotemporal symmetry in the sense of invariance with respect to the transformation (z, t) →
(Gz,−t). It describes models in various fields of knowledge; see the survey in [8]. In the case

G =

∥∥∥∥∥ Il 0
0 −In

∥∥∥∥∥ , l � n

(Ij is an identity matrix of dimensions (j × j)), we obtain a reversible mechanical system [9]. The
phase space of this system is described by vectors u and v such that dimu = l, dim v = n, and
the symmetry transformation is (u, v, t) → (u,−v,−t). In mechanics, u and v are usually taken
to be the vectors of generalized coordinates (quasi-coordinates) and generalized velocities (quasi-
velocities), respectively. The setM = {u, v : v = 0} is called the fixed set of a reversible mechanical
system.

The phase portrait of a reversible mechanical system is symmetric with respect to the setM. The
trajectories intersectingM are called symmetric. The twofold intersection of the set by a trajectory
leads to a symmetric periodic motion (SPM). On an SPM of period T/2, the trajectory intersects
the set M at the time instants t = 0, T/2. An SPM of period T/2 exists under the necessary and
sufficient conditions

vs(u
0
1, . . . , u

0
l , τ) = 0, τ = 0, T/2; s = 1, . . . , n, (20)

where u0 ∈M is the value on the SPM. Let us introduce the matrix

A(u0, T/2) = ||asj || =
∥∥∥∥∥ ∂vs(u

0
1, . . . , u

0
l , T/2)

∂u0j

∥∥∥∥∥ .
Definition 4. The case detA(u0, T/2) 
= 0 is said to be nondegenerate for an SPM, and the latter

is called a nondegenerate SPM.

An SPM is a periodic solution. By Definition 4, the nondegenerate SPMs form a family on
which the period varies monotonically: Definition 1 is valid for it. Inequality (20) also holds on the
period. Conditions (3) written for an SPM are satisfied identically in the (l − n) values u0j . Hence,
the matrix Af in (5) contains (l − n) simple zero eigenvalues. Therefore, the nondegeneracy con-
dition rankAf = Ra = l + n− 1 introduced for the general-form system (2) is true for a reversible
mechanical system only if l = n. Accordingly, Theorem 1 applies to an SPM only in the case l = n.

On the other hand, without the nondegeneracy condition Ra = l + n− 1 for a reversible mechan-
ical system, Definition 3 remains valid for an SPM in the general situation. Therefore, Theorem 1
on the global family is true in the following formulation.

Theorem 4. A nondegenerate SPM of a reversible mechanical system always extends to a global
family of nondegenerate SPMs described by a reduced reversible mechanical system with the vector
u ∈ Rl−n and scalar v as the variables.

The most complete proof of Theorem 4 was given in [10]. An adaptive oscillation stabilization
scheme for a reduced reversible mechanical system was designed in [11].

Theorem 4 settles an important case of SPMs, which is degenerate for Theorem 1.
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6. CONSERVATIVE SYSTEM

For definiteness, assume that a conservative system is given by the Lagrange equations of the
second kind and subjected to the action of potential forces. Then it is described by a system of
second-order equations. Let q and q̇ denote the coordinate and velocity vectors, respectively. Then
the dynamic equations are invariant with respect to the change of variables (q, q̇, t) → (q, q̇,−t).
Therefore, a conservative system belongs to the class of reversible mechanical systems with the
coinciding dimensions of the vectors q and q̇. The equilibria of the system belong to its fixed set.
The nondegenerate equilibria are divided into centers and saddles. According to Lyapunov’s center
theorem [12], a local family of nonlinear periodic motions (a Lyapunov family) adjoins to a center.
For such a family, the zero Jordan block has dimension k = 2. Due to the energy integral present
in the system, the period on the family will be a monotonic function of the constant energy h.
Therefore, the Lyapunov family consists of nondegenerate periodic motions. By Theorem 1, it
extends to a global family of nondegenerate periodic solutions, with the reduced system containing
two first-order equations. The same conclusion follows from Theorem 4, but the latter specifies
that the reduced system is a reversible mechanical system. Due to the conservativeness of the
original system, we obtain a reduced conservative (RCC) system with one degree of freedom;
see [13, Lemma A.1].

Thus, the Lyapunov families of a conservative system always extend to global families of sym-
metric periodic motions: the global Lyapunov center theorem is valid, first derived in [3].

A conservative system can be described by equations not belonging to the class of reversible
mechanical systems. In this case, applying Theorem 1 to the system also yields an RCC system:
the energy integral is preserved.

For an RCC system, a controlled system stabilizing almost all oscillations was constructed
in [7, Theorem 1]. As it turns out, all oscillations of the family are stabilized in the reduced
conservative system.

Consider a controlled RCC system of the form

ẍ+ f(x) = εσ(1 −Kx2)ẋ (21)

that contains a parameter K and admits, for ε = 0, the energy integral

ẋ2

2
+

∫
f(x)dx = h(const).

(Here, σ takes value 1 or (−1).) By assumption, for ε = 0 system (21) admits a family of nonde-
generate periodic motions x = ϕ(h, t).

An attracting cycle close to an oscillation with a system parameter h = h∗ exists under the
necessary and sufficient conditions

I(h) ≡
T (h∗)∫
0

[1−K(h∗)ϕ2(h, t)]ϕ̇(h, t)dt = 0

(the simple root of the amplitude equation). The function K(h) is calculated using the formula

K(h) =

T (h)∫
0
ϕ̇2(h, t)dt

T (h)∫
0
ϕ2(h, t)ϕ̇2(h, t)dt

, (22)

and the inequality dK(h∗)/dh 
= 0 ensures the simple root of the amplitude equation.
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Theorem 5. System (21) with the parameter K stabilizes any oscillation close to that of a con-
servative system with one degree of freedom.

Proof. With the new time variable τ = t/T (h), the oscillation period becomes independent of h
and equal to 1, whereas formula (22) is written as

K(h) =

1∫
0
z2(τ)dτ

1∫
0
ϕ2(h, T (h)τ)z2(τ)dτ

.

On the family of oscillations, the function ϕ2(h, t) with fixed t monotonically depends on h. This
is true for any family, nondegenerate or degenerate. Hence, the function K(h) is monotonic on the
family of oscillations of a conservative system.

Thus, the sufficient condition in [7, Theorem 1] always holds for any family (nondegenerate and
degenerate), and the proof of Theorem 5 is complete.

Remark 5. For a degenerate family, the function K(h) is calculated in explicit form; for details,
see [13].

Remark 6. According to Theorem 5, the adaptive scheme provides a complete solution of the
stabilization problem for any oscillation from the family of an RCC system.

Remark 7. The result remains valid for a conservative system with an arbitrary number of
degrees of freedom.

7. APPLICATIONS

1. The bounded planar three-body problem is described by the equations [14]

ẍ− 2ẏ =
∂Ω

∂x
, ÿ + 2ẋ =

∂Ω

∂y
,

Ω =
1

2
(x2 + y2) +

1− μ

r0
+
μ

r1
, Ω(x, y) = Ω(x,−y),

r20 = (x+ μ)2 + y2, r21 = (x− 1 + μ)2 + y2.

(23)

They contain a single dimensionless mass parameter μ.

System (23) admits an energy integral. Due to its invariance with respect to the transformation

{x, y, ẋ, ẏ, t} → {x,−y,−ẋ, ẏ,−t},

system (23) also belongs to the class of reversible mechanical systems.

The relative equilibria (libration points) are found from the equations

∂Ω

∂x
= 0,

∂Ω

∂y
= 0.

The problem admits five libration points Li, i = 1, . . . , 5. In addition, L1, L2, and L3 lie on the
abscissa axis x, whereas the points L4 and L5 are located symmetrically with respect to the axis x
and form equilateral triangles with the main bodies on the axis x.

The points L1, L2, and L3 belong to the equilibria of a reversible mechanical system. They are
adjoined by a symmetric Lyapunov family for which the matrix Af (Section 2) has a zero second-
order Jordan block. Therefore, Theorem 4 can be applied here. The global family is described
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by an conservative system with one degree of freedom and symmetric orbits. By Theorem 5, the
orbital stabilization problem of any orbit is solved by the adaptive control scheme.

Theorem 1 can be applied to the points L4 and L5. System (23) is conservative, so the global
family is described by an RCC system. Any orbit of the global family is stabilized using Theorem 5.

The bounded three-body problem is basic in the theory of orbits [15]. In the theory of controlled
orbital motion, the problem of orbital stabilization is solved. The corresponding results will be
considered in detail in a separate paper.

2. Stabilization of satellite oscillations. Under gravitational forces, the motion of a satellite
in an orbital plane is described by V.V. Beletskii’s equation [5]. Consider a particular case of a
circular orbit. The corresponding Beletskii equation takes the form

α̈+ μ sinα cosα = 0, α̇ =
dα

dv
, (24)

where μ is the inertial parameter (||μ| � 3); α is the angle between the radius vector of the center of
mass and the main central axis of inertia of the satellite in the orbital plane; v is the true anomaly
chosen as the independent variable. As a result, we obtain the mathematical pendulum equation

ÿ + μ sin y = 0, μ > 0, y = 2α,

or

ÿ + |μ| sin y = 0, μ < 0, y = 2α + π.

The satellite oscillations form a family from an initial deviation in the angle y, and the period T (h)
increases on this family.

A mechatronic oscillation stabilization scheme with a van der Pol oscillator was proposed in [13].
The mechatronic scheme is adaptive in the sense of this paper.

According to Theorem 5, any oscillation is locally stabilized using the adaptive scheme

ẍ+ |μ| sinx = εσ(1 −Kx2)ẋ,

where x = 2α and μ > 0 or x = 2α+ π and μ < 0, and σ = 1. Here, the van der Pol oscillator is
not applied.

Note that for the problem of rotational motion of a satellite, an equilibrium stabilization scheme
was proposed, e.g., in [16].

8. CONCLUSIONS

In the nondegenerate case, the periodic solution of an autonomous system of general form can be
a cycle or belong to a family. For a cycle, the Jacobi matrix has one zero eigenvalue, whereas a family
corresponds to a zero kth-order Jordan block. For k = 2, the case usually considered, a global family
of nondegenerate periodic solutions was constructed in [3]; this family is described by a reduced
second-order system. The results are valid for the general case of dimension 1 < k � n, where n
denotes the dimension of the autonomous system. An adaptive oscillation stabilization scheme
is designed for the reduced system of order k. An autonomous control with the parameter K(h)
depending on the global family parameter h is applied. It represents a generalization of the universal
control [7] to a system of arbitrary order; the value of h separates an oscillation in the global family.
Stabilization is achieved by implementing an attracting cycle.

For an nth-order differential equation in the variable x, the reduced system coincides with
the original one. The periodic solution is stabilized by a control law that represents nonlinear

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 9 2024



AN ADAPTIVE STABILIZATION SCHEME 905

dissipation, being linear in velocity, acting in the neighborhood of the cycle, containing a parameter,
and ensuring attraction to the cycle in the space (x, x′, . . . , x(n−1)).

Similar results are known for symmetric periodic motions of reversible mechanical systems [10].
In the spatiotemporal symmetry case, the Jacobi matrix admits zero eigenvalues: simple ones and
those of a single 2nd-order Jordan block. This block corresponds to a conservative system. The
stabilization problem of family oscillations finds an exhaustive solution for the conservative system
with one degree of freedom: the stabilization conditions of the selected oscillation are automatically
satisfied in the controlled system.
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Abstract—The article introduces the concept of Marked Markov processes, which are used to
study a repairable hot double redundant system with a single repair facility. It is assumed that
components’ life- and repair times follow arbitrary distributions. The proposed approach allows
for calculating the system’s reliability function, and its mean lifetime, as well as conducting the
sensitivity analysis to the shape of input distributions. The new method was validated with
numerical examples by comparing it with previously obtained analytical results and showed
high accuracy.
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1. INTRODUCTION

Ensuring the reliability of systems, objects, and processes is one of the primary goals during their
creation and subsequent operation. One of the methods for enhancing the structural reliability of a
system is redundancy. It involves duplicating its critically important components or implementing
higher-order redundancy. A system consisting of a primary element and one duplicate element
is the simplest type of redundant system, and its study is intriguing from both theoretical and
practical perspectives.

Redundant systems with various types of redundancy, as well as with the capability to restore
failed elements, have been well-studied by many authors. Key findings regarding Markovian redun-
dant systems, both repairable and non-repairable, can be found in classical works on mathematical
reliability theory (see, for example, [1, 2], and others).

The extensive practical applications of redundant systems have led to the development of new
mathematical models for more complex systems. For instance, in [3, 4], the reliability of a redun-
dant system with heterogeneous elements, which have different lifetime distributions, is examined.
The papers [5, 6] focus on systems with preventive and priority servicing of failed elements. The
studies [7, 8] are dedicated to redundant systems with various types of system repair, where the
failures of elements adhere to the Marshall-Olkin model. In the context of implementing redun-
dancy in systems, it is also essential to consider optimization issues related to redundancy based on
different criteria. Numerous studies have addressed this problem as well (see, for example, [9, 10]).
Another challenge is determining the fundamental parameters of the system, specifically the shape
of life- and repair times distributions of system elements.
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Often in practice, the shape of life- and repair times distributions of system elements is unknown.
In the earliest research on the reliability of redundant systems, assumptions were made regarding
the exponential distribution of the corresponding random variables1. However, the emergence
of new mathematical methods has enabled the examination of systems where one time follows
the exponential distribution while the other one follows an arbitrary distribution. There exists a
number of studies dedicated to the application of methods such as the introduction of supplementary
variables, semi-Markov processes, and others to address these issues (see, for example, [11–14]).
An extension of these studies is the sensitivity analysis of reliability metrics to the shape of initial
distributions.

In [15], the study of a k-out-of-n system with exponentially distributed lifetime and arbitrary
repair time distribution utilized the theory of decomposable semi-regenerative processes, which was
previously proposed by V.V. Rykov as a generalization and development of Smith’s regeneration
idea [16]. Later, this approach was applied to investigate the reliability of cold redundant sys-
tems [17, 18], featuring arbitrary initial distributions for elements’ life- and repair times. However,
it turned out that this approach is not suitable for analyzing similar systems with hot redundancy
and other more complex models.

In this article, a novel approach is proposed for the study of a repairable hot double redundant
system, based on the new concept of Marked Markov processes (MMP).

The concept of MMP is introduced as an extension of the notion and theory of point pro-
cesses [19]. In queuing theory, a point process is defined as an increasing sequence of non-negative
random variables that describe the moments of occurrence of certain events along the positive
half-axis of time [20]. Specific instances of point processes include the Poisson process and the Cox
point process, where the times of event occurrences are governed by the exponential distribution.
Another generalization of the Poisson process is the renewal process, in which the intervals between
the occurrences of events follow a distribution that is different from the exponential one [21].

To describe a point process that possesses the Markov property, the concept of Markov point
processes was introduced in 1977 [22]. Later, it was generalized to the concept of a Marked Markov
point process, which is defined as a pair of random variables, where the first component is the time
of occurrence of a random event, and the second is a mark, also a random variable, that additionally
describes the corresponding event.

Since the introduction of the concept of point processes, the corresponding theory has been hotly
developed, as it has found applications in various fields of science and engineering. The paper [23]
is devoted to constructing a mathematical model for controlling automobile traffic at intersections
using marked point processes. In [24], a multivariate point process is investigated for the problem
of monitoring the state of a telecommunication connection. The applicability of spatial Poisson
processes for modeling interactions between wireless devices is discussed in [25].

Introduced in this investigation, MMP differs from known concepts in that it consists of two
components: the first represents the number of failed elements of the system, while the second
one is a set of random marks that define their residual life- and repair times. Using the proposed
approach, it is possible to compute the reliability function and the mean lifetime of a hot double
redundant system with arbitrary life- and repair time distributions of its elements.

The article is organized as follows. The problem statement, key notations, and assumptions are
provided in the next Section 2. Section 3 presents the transformation of marks over a separate
regeneration period. In Section 4, the main characteristics of the model are obtained in terms of
marks, and Section 5 proposes an algorithm for their computation. The validation of the proposed
algorithm and examples of numerical analysis are presented in Section 6. Finally, the main results
of the work are formulated, and directions for future research are outlined.

1 Following the classical works by A.Y. Khinchin, B.V. Gnedenko, and others, from now on, whenever distributions
of times are mentioned, it is understood that these refer to distributions of the corresponding random variables.
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2. PROBLEM STATEMENT. MMP

2.1. Problem Statement, Notations, and Assumptions

Let’s consider a repairable hot double redundant system with a single recovery device for failing
elements, denoted as < GI2|GI|1 >. Here, the angle brackets <> indicate a closed system, and
the symbols GI refer to a recurrent failure flow and a recurrent servicing mechanism with arbitrary
distributions of life- and repair times at the first and second positions, respectively. The subscript
index on the first symbol indicates the total number of elements in the system. The last position
denotes the number of repair units. Introduce the following notations and assumptions:

• Ai : (i = 1, 2, . . . ): lifetimes of system elements, which are assumed to be independent identi-
cally distributed (i.i.d.) random variables (r.v.) with common cumulative distribution function
(c.d.f.) A(t) = P{Ai � t}, probability density function (p.d.f.) a(t) = A′(t), and finite mean
time μa = E[Ai] <∞ and variance σ2a = D[Ai] <∞.

• Bi : (i = 1, 2, . . . ): repair times of system elements, which are assumed to be i.i.d. r.v. with
common c.d.f. B(t) = P{Bi � t}, p.d.f. b(t) = B′(t), and finite mean μb = E[Bi] < ∞ and
variance σ2b = D[Bi] <∞.

2.2. Definition of MMP

To study such a model, we introduce the concept of MMP with a discrete parameter,

Z(n) = {(J(n),X(n)), n = 0, 1, . . . },
the first component of which is a conditional Markov chain J(n) := J with at most countable state
space J , and the second is a set of random marks X(n) := Xi(n), where i ∈ J , with values in a
measurable space (Ei, Ei). Such a process is determined by:

• transition probabilities pij(Xi) of the process J , which depend on the content of the mark Xi

in state i;
• marks transformation operators Φij(Xi) for the transition from state i to state j of Markov
chain and their distributions.

Remark 1. This process can be considered as a special type of Markov sequence with a common
state space and specified using a transition kernel (process generator). However, for the study of
various applications, it is more convenient to start from the concept of MMP.

Remark 2. Based on such a model, it is possible to study a wide class of processes, such as
semi-Markov, semi-regenerative processes, Markov renewal processes, etc.

2.3. MMP Construction

Consider MMP construction on an example of < GI2|GI|1 > system. In this case, J(n) repre-
sents the number of failed elements. As the marks Xi(n), we choose multidimensional r.v.’s whose
contents are

— residual lifetime X
(1)
0 (n) of one element and residual repair time X

(2)
0 (n) of another element

in state i = 0,

— residual lifetime X
(1)
1 (n) of one element and newly assigned repair time X

(2)
1 (n) of other one

in state i = 1,
— residual repair time X2(n) of the element being under repair in state i = 2.

In this representation, the upper index indicates the serial number of the mark, the lower index
indicates the system state as it was introduced above, and the variable in brackets stands for the
step number.

Suppose that at the initial time (at step n = 0) both elements of the system are operational,
J(0) = 0. Therefore, the initial content of the marks corresponds to the time to failure for each of
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Fig. 1. Transition graph of the chain J(n).

the system elements, X
(1)
0 (0) = A

(1)
0 , X

(2)
0 (0) = A

(2)
0 , where both A

(1)
0 and A

(2)
0 are i.i.d. r.v.’s with

cdf A(·). Subsequently, the process finds itself in state i = 0 with a certain set of marks, the values
of which will be calculated further.

The possible transitions of the considered chain and the marks transformations, describing the
behavior of the system under consideration, are shown in Fig. 1.

From state 0, the process moves to state 1 regardless of the value of the marks with probability
p01(X(n)) = 1. In this case, at the first step, the marks in state 1 are transformed as follows,

X1(1) = Φ01[X0(0)] : X
(1)
1 (1) = A

(1)
0 ∨A(2)

0 −A
(1)
0 ∧A(2)

0 , X
(2)
1 (1) = B1. (1)

From state 1, transitions can occur to state 0 if the failed element is restored, or to state 2 if
the second element fails. The probability of transitioning to state 0 in the first step is,

p10(X1(1)) = P{X(1)
1 (1) > X

(2)
1 (1)}.

At that, the marks in state 0 are transformed as follows,

X0(1) = Φ10[X1(0)] : X
(1)
0 (1) = (X

(1)
1 (1) −B1)1{X(1)

1 (1)>B1}, X
(2)
0 (1) = A1. (2)

Similarly, when transitioning to state 2, the corresponding transition probability takes the form,

p12(X1(1)) = P{X(1)
1 (1) � X

(2)
1 (1)},

then, the mark in state 2 is transformed as follows,

X2(1) = Φ12[X1(1)] : X2(1) = (B1 −X
(1)
1 (1))1{X(1)

1 (1)�B1}. (3)

Finally, from state 2, there is only one possible transition to state 1, so p21(X2(1)) = 1. The
marks transformation in the new state (at the second step) has the form,

X1(2) = Φ21[X2(1)] : X
(2)
1 (2) = A1, X

(1)
1 (2) = B2. (4)

Thus, it is clear that the transitions from state 2 to state 1 signify the regeneration of the system.
Consequently, it suffices to focus on the system’s behavior during a separate regeneration period.

3. BEHAVIOR OF THE PROCESS IN A SEPARATE REGENERATION PERIOD

Taking into account the regenerative nature of the system’s behavior, consider the behavior of
the process Z(n) during a separate regeneration period. Similarly to the previous section, we will
outline the transformation of marks during the regeneration period of the system. Denote W (l)
the residual lifetime of the system after failure of one of its elements at lth step,

W (l) = X
(1)
0 (l) ∨X(2)

0 (l)−X
(1)
0 (l) ∧X(2)

0 (l) (l = 0, 1, 2, . . . ).

Then, taking into account transformations of the marks (1)–(4) the following lemma is valid.
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Lemma 1. Between transitions from state 2 to state 1 (i.e. during the regeneration period), the
marks are transformed as follows:

X
(1)
0 (l) = (X

(1)
1 (l − 1)−X

(2)
1 (l − 1))1{X(1)

1 (l−1)>X
(2)
1 (l−1)}, X

(2)
0 = Al ∈ A(·),

X
(1)
1 (l) =W (l − 1), X

(2)
1 = Bl ∈ B(·),

X2(l) = (X
(1)
1 (l)−X

(2)
1 (l))1{X(1)

1 (l)�X(2)
1 (l)},

(5)

where the initial contents of the marks are

X
(1)
0 (0) = X

(2)
0 (0) = 0, X

(1)
1 (0) = A0, X

(2)
1 (0) = B0, X2(0) = 0.

Proof. Indeed, with the initial marks defined as X
(1)
1 (0) = A0 and X

(2)
1 (0) = B0, the process

goes directly to state 2 from state 1 if the failure of the operational elements occurs before the
restoration of the repaired one, specifically when A0 � B0. In this scenario, the process will find
itself in state 2 with the following mark:

X2(1) = (X
(1)
1 (0) −X

(2)
1 (0))1{X(1)

1 (0)�X(2)
1 (0)}.

From state 1, the process will move to state 0 if the repair of the failing element occurs before the
failure of the working one, i.e., when A0 > B0; thus, the marks are transformed as follows:

X
(1)
0 (1) = (X

(1)
1 (0)−X

(2)
1 (0))1{X(1)

1 (0)>X
(2)
1 (0)}, X

(2)
0 (1) = A1.

Then the process will return to state 1 with probability 1 and the following marks,

X
(1)
1 (1) = X

(1)
0 (1) ∨A1 −X

(1)
0 (1) ∧A1 ≡W (1), X

(2)
1 (1) = B1.

From state 1 the process can go to state 2 with probability

P{X(1)
1 (1) � X

(2)
1 (1)} ≡ P{W (1) � B1}

and residual repair time (the mark)

X2(2) = (X
(2)
1 (1) −X

(1)
1 (1))1{X(1)

1 (1)�X(2)
1 (1)},

after which it will return to state 1 with probability 1. This will end the regeneration period.

Otherwise, the regeneration period will continue and the process will go to state 0 with proba-
bility

P{X(1)
1 (1) > X

(2)
1 (1)} ≡ P{W (1) > B1}

and marks

X
(1)
0 (2) = (X

(1)
1 (1)−X

(2)
1 (1))1{X(1)

1 (1)>X
(2)
1 (1)}, X

(2)
0 (2) = A2.

Similarly, the transformation of the marks at the lth step occurs. From state 1, the process will
return to state 0 l times if, during the l− 1th visit to state 1 from state 0, the repair of the element
completes before the residual operational time of the working element expires,

X
(2)
1 (l − 1) = Bl−1 < W (l− 1) = X

(1)
1 (l − 1).
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In this case, the residual time to failure will decrease by X
(2)
1 (l− 1) = Bl−1, and the content of the

mark in state 0 transforms as

X
(1)
0 (l) = (X

(1)
1 (l − 1)−X

(2)
1 (l − 1))1{X(1)

1 (l−1)>X
(2)
1 (l−1)} ≡ (W (l − 1)−Bl−1)1{W (l−1)>Bl−1}.

The repaired element initiates a new time to failure given by X
(2)
0 (l) = Al. Thus, considering the

contents of the marks, this transition confirms the first of the formulas stated in (5).

From state 0, the process will return to state 1 with probability 1. Then, the residual time to
failure of the system W (l) is defined as the difference between the maximum and minimum of the

r.v.’s X
(1)
0 (l) and Al, and the repair of the second element begins, i.e., the second mark takes the

value Bl,

X
(1)
1 (l) = X

(1)
0 (l) ∨Al −X

(1)
0 (l) ∧Al ≡W (l), X

(2)
1 (l) = Bl,

that proves the second of the formulas (5).

Finally, from state 1, in case of a failure of the working element, i.e.,

X
(2)
1 (l) = Bl �W (l) = X

(1)
1 (l)

the process goes to state 2 with the mark

X2(l) = (X
(1)
l (l)−X

(2)
1 (l))1{X(1)

1 (l)�X(2)
l

(l)} ≡ (Bl −W (l))1{W (l)�Bl},

that proves the last of the formulas (5) and completes the proof of the lemma. ��
In the next section, the obtained expressions are used to calculate the main characteristics of

the system reliability.

4. CALCULATION OF THE MAIN RELIABILITY CHARACTERISTICS

The main reliability characteristics of the considered system during the regeneration period with
the initial value of the marks

X
(1)
0 (0) = X

(2)
0 (0) = 0, X

(1)
1 (0) = A0, X

(2)
1 (0) = B0, X2(0) = 0,

are:

• the distribution πl = P{ν = l} of the number of steps ν until the system failure;
• transition durations Tij(l), (i, j = 0, 1, 2, l = 1, 2, . . . ) for moving from state i to state j at
the lth step and their characteristics;

• the time R from the moment the process returns from state 2 to state 1 until the next moment
of transition to state 2, the corresponding distribution R(t), i.e. the reliability function of the
system, as well as the corresponding mean system lifetime μR;

• the distribution of the regeneration period of the system Π = R+ T21(ν).

Calculate further the main characteristics of the model in terms of the marks. Denote by

T (l) = T10(l − 1) + T01(l), l = 1, 2, . . . ,

the time until returning to state 1 at the lth step of the regeneration period. Denote by Ωl and Ω̂l
the sets of elementary events for which the following relations are satisfied,

Ωl = {ω :W (0) > B0,W (1) > B1, . . . ,W (l) > Bl} (l = 1, 2, . . . ),

Ω̂l = Ωl−1 ∩ {W (l) � Bl}, Ω̂0 = {A0 � B0},
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as well as the corresponding probability

p0 = P{A0 > B0}, pi = P{W (i) > Bi |W (i− 1) > Bi−1}. (6)

Thus, the following holds.

Theorem 1. The distribution πl of the number of steps ν during the regeneration period, tran-
sition durations Tij(l) in state i before transition to state j at the lth step, the system operating
time R before its failure, its regeneration period Π in terms of the marks are expressed as follows:

πl = P{ν = l} = P(Ω̂l), (7)

T10(l) = X
(2)
1 (l)1{X(1)

1 (l)>X
(2)
1 (l)}, T01(l) = X

(1)
0 (l) ∧X(2)

0 (l), (8)

T (l) = T10(l − 1) + T01(l), (9)

T12(l) = X
(1)
1 (l)1{X(1)

1 (l)�X(2)
1 (l)}, T21(l) = X2(l), (10)

R =
∑
l�0

[T (l) + T12(l)]1{Ω̂l}, (11)

Π = R+ T21(l)1{Ω̂l}. (12)

At that, the condition for the finiteness of the regeneration period mean time is the convergence of
the series,

P{ν � l} =
∑

P(Ω̂l) =
∑
l�0

(1− pl)
l−1∏
i=0

pi <∞. (13)

Proof. Indeed, according to lemma 1, starting from state 1 with the marks X
(1)
1 (0) = A0,

X
(2)
1 (0) = B0, the process immediately goes to state 2 if the failure of the working element oc-

curs before the restoration of the one being repaired, i.e., when X
(1)
1 (0) � X

(2)
1 (0), having spent

time in this state equal to

T12(1) = X
(1)
1 (0) ∧X(2)

1 (0) = X
(1)
1 (0)1{X(1)

1 (0)�X(2)
1 (0)}.

In this case, the process will be in state 2 with the mark X2(1) = (B0−A0)1{A0�B0} and will spend
a random time in it equal to this value,

T21(1) = (B0 −A0)1{A0�B0}.

Thus,
π0 = P{A0 � B0}, R = A0, Π = B0,

which corresponds to formulas (7), (10)–(12) for l = 0.

The number of returns to state 1 will be equal to 1 if the element being repaired is restored
before the working element fails, i.e., when A0 > B0; in this case, the process will spend a random
time in state 1 before transitioning to state 0, equaled to

T10(1) = X
(1)
1 (0) ∧X(2)

1 (0)1{X(1)
1 (0)>B0} ≡ A0 ∧B01{A0>B0}

and will go to state 0 with marks

X
(1)
0 (1) = (A0 −B0)1{A0>B0}, X

(2)
0 (1) = A1.

Then the process will return to state 1 with probability 1 and the marks

X
(1)
1 (1) = X

(1)
0 (1) ∨A1 −X

(1)
0 (1) ∧A1 ≡W (1), X

(2)
1 (1) = B1

during random time T01(1) = X
(1)
0 (l) ∧X(2)

0 (l).
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Then, from state 1 the process will go to state 2 with probability P{W (1) � B1} and the mark

X2(1) = (B1 −W (1))1{W (1)�B1},

spending time T12(1) =W (1)1{W (1)�B1} in it, after which with probability 1 during time T21(1) =
(B1 −W (1))1{W (1)�B1} it will return to state 1. This will end the cycle. Thus, we have

π1 = P{ν = 1} = P(Ω̂1),

R = T10(1) + T01(1) + T12(1),

Π = R+ T21(1),

which corresponds to the formulas (7)–(12) for l = 1.

Similarly, the number of returns to state 1 will be equal to l if the event Ω̂l occurs, i.e., if the
process l − 1 times goes from state 1 to 0 and back, and at the lth step goes to state 2. The
probability of this event is,

πl = P{ν = l} = P(Ω̂l),

which proves formula (7). In this case, the transformations of the marks are carried out by lemma 1,
and transitions durations T10(l) from state 1 to 0 and back T01(l) at the lth step are equal to

T10(l) = X
(2)
1 (l)1{X(1)

1 (l)>X
(2)
1 (l)}, T01(l) = X

(1)
0 (l) ∧X(2)

0 (l)1{X(1)
0 (l)>X

(2)
0 (l)},

T12(l) = X
(1)
1 (l)1{X(1)

1 (l)�X(2)
1 (l)}, T21(l) = X2(l).

The idea that the system’s operating time R before failure consists of sequences of repair times
and residual operating times before failure of elements, i.e., transitions durations between states 1
and 0 before transition to state 2, combined with the regeneration period Π that encompasses the
time T21(l) spent in state 2, substantiates the validity of equations (11), (12).

Find the condition for the finiteness of the regeneration period mean time. Since the time of
return from state 2 to state 1 is finite with probability 1 for any step of the cycle, it is sufficient
that the system operates until failure with probability 1,

P{R <∞} = 1.

First, consider the condition of the finiteness of the number of steps in the regeneration period,
P{ν <∞} = 1. Noting that

P{ν <∞} =
∑
l�0

P{ν = l} =
∑
l�0

P(Ω̂l),

calculate the probability of the event occurrence Ω̂l using the Markov dependence of the marks,

P(Ω̂l) = P{W (l) � Bl |Ωl−1}P(Ωl−1) = P{W (l) � Bl |W (l − 1) > Bl−1}P(Ωl−1)

= (1− pl)P(Ωl−1) = (1− pl)P(Ωl−1|Ωl−2)P(Ωl−2) = · · · = (1− pl)pl−1 · · · p0,
where the notations (6) are used. Summing up the obtained expressions, we find∑

l�0

πl = 1− p0 + p0(1− p1) + . . . p0 · · · pl−1(1− pl) + · · · = 1−
∏
l�0

pl.

Thus, the condition for the finiteness of the number of steps in the regeneration period is the
divergence of the product

∏
l�0 pl or, equivalently, the divergence of the series

∑
l�0

ln pl. Moreover,

for the finiteness of the regeneration period mean time E[R] <∞ it is sufficient

E[R] =
∑

P{ν > l} =
∑

P(Ω̂l) =
∑
l�0

(1− pl)
l−1∏
i=0

pi <∞

which coincides with the formula (13) and completes the proof of the theorem. ��
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The obtained expressions show that the main characteristics of the model are expressed in terms
of the marks. However, analytical expressions of their distributions and numerical indicators are
quite cumbersome and require the introduction of special transformations. At the same time, the
computational procedures for presenting the final results are quite problematic. Therefore, the next
section proposes an algorithm for calculating the main characteristics of the model by simulation
modeling, based directly on the proposed approach.

5. ALGORITHM FOR CALCULATING THE MAIN RELIABILITY CHARACTERISTICS

This section presents an algorithm for calculating the reliability characteristics of a repairable
hot double redundant system based on the proposed method.

Algorithm 1.

Initial data:
A(·), B(·) – the distributions of r.v.’s Ai, Bi, corresponding means (μa, μb) and coefficients of

variation (va, vb),
N – total number of model realizations,
n – the current number of realizations,
νl – the array of the number of cycles length l during the regeneration period,
l – regeneration period length counter,
R – the array of times to system failure,
Π – system regeneration period array.

Input: A(·), B(·), N , n = 1, νl = [0] ∗max(l), R = [0] ∗N , Π = [0] ∗N .

Beginning. Put: l = 0, X
(1)
1 (0) = A0 ∈A(·), X(2)

1 (0) =B0 ∈B(·), X(1)
0 (0) =X

(2)
0 (0) =X2(0) = 0,

T (0) = 0.
Step 1. If n < N , go to Step 2, if no, go to Step 4.

Step 2. While X
(1)
1 (l) > X

(2)
1 (l) ∀ l = 0, 1, . . . , repeat:

l := l + 1

T10(l) = X
(2)
1 (l − 1)

X
(1)
0 (l) = X

(1)
1 (l − 1)−X

(2)
1 (l − 1), X

(2)
0 (l) = Al ∈ A(·)

T01(l) = X
(1)
0 (l) ∧X(2)

0 (l)

T (l) := T (l − 1) + T10(l) + T01(l)

X
(1)
1 (l) = X

(1)
0 (l) ∨X(2)

0 (l)−X
(1)
0 (l) ∧X(2)

0 (l), X
(2)
1 (l) = Bl ∈ B(·),

in another case X
(1)
1 (l) < X

(2)
1 (l)

T12(l) = X
(1)
1 (l)

T21(l) = X2(l) = X
(2)
1 (l)−X

(1)
1 (l).

Go to Step 3.
Step 3. Collect statistics:
– Filling the array νl := νl + 1,
– Filling the array Rn := T (l) + T12(l),
– Filling the array Πn := Rn + T21(l).

Put n := n+ 1 and go to the Beginning.
Step 4. Processing statistics:
– calculating of the estimate of the distribution of steps number ν during the regeneration
period,

π̂ =
νl∑
l>0 νl

,
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– calculating of the empirical reliability function R,

R̂(t) = 1− 1

N
Rn, Rn � t � Rn+1,

– calculating of the system mean lifetime,

μ̂R =
1

N

N∑
n=1

Rn,

– Results printing.
STOP.

6. EXAMPLES

In this section, we will consider several examples of numerical analysis, and compare the results
obtained using the proposed approach and methods of Markov process theory. The choice of initial
data does not refer to any example from a practical problem and is only demonstrative.

6.1. < M2|M |1 > System

Let life- and repair times of elements follow an exponential distribution with parameters α and β,
respectively, A(t) ∼ Exp(α), B(t) ∼ Exp(β). The reliability characteristics of such a system can
be calculated by a direct method from the birth and death process. Thus, the reliability function
of < M2|M |1 > system is calculated as

R(t) =
1

2r
e−

1
2
(3α+β+r)t

(
ert(α+ β + r)− (α + β − r)

)
, (14)

where r =
√
α2 + 6αβ + β2, from which we obtain the mean system lifetime μR,

μR =

∞∫
0

R(t)dt =
1 + 2αβ−1

2α2β−1
. (15)

To illustrate the example, suppose that α = β = 1. In this case, the mean life- and repair times
are μa = μb = 1. For the experiment, the number N = 105 of algorithm realizations is chosen
experimentally to achieve high accuracy of the algorithm results. The direct implementation of the
algorithm is performed using Python programming language. To assess the accuracy of the results

Fig. 2. Absolute and relative errors of the reliability function estimation for < M2|M |1 > system.
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obtained using the proposed algorithm, we consider the absolute Δ and relative ε errors,

Δ =
∣∣Rth(t)− R̂(t)

∣∣, ε =
Δ

Rth(t)
,

where Rth(t) denotes the values of the reliability function, calculated by the formula (14), and R̂(t)
presents the values obtained using the algorithm. Figure 2 shows the graphical results of calculating
these estimates on the interval t = [0, 1.5], where t = 1.5 corresponds to the mean lifetime of the
system μR, calculated by the formula (15). It is evident from the graph that on the considered
interval t the maximum value of the absolute error is Δ ≈ 0.0017, and the maximum value of
the relative error is max(ε) ≈ 0.0025. At the same time, mean values of estimates on the entire
interval t are equal to E[Δ] = 0.0008 and E[ε] = 0.0014, respectively.

The values of the mean system lifetime μR, calculated analytically and using the algorithm,
are equal to μR = 1.5 and μ̂R = 1.502127, respectively, and emphasize the comparability of the
obtained results.

6.2. < M2|GI|1 > System

Consider further the case when lifetime of elements has an exponential distribution and repair
time follows an arbitrary distribution, i.e., consider < M2|GI|1 > system.

To calculate the analytical expression for the reliability function of such a system, the method
of introducing supplementary variables is used [26], which leads to the need to solve the system of
Kolmogorov partial differential equations,

d

dt
π0(t) = −2απ0(t) +

t∫
0

β(x)π1(t, x)dx,

(
∂

∂t
+

∂

∂x

)
π1(t;x) = −(α+ β(x))π1(t, x),

d

dt
π2(t) = α

t∫
0

π1(t, x)dx,

jointly with initial π0(0) = 0, π1(0) = 1, π2(0) = 0 and boundary conditions π1(t, 0) = 2απ0(t) using
the method of characteristics. By solving this system in terms of Laplace transform (LT), LT of the
reliability function is obtained, which has the following form in terms of LT of components repair
time b̃(s),

R̃(s) =
s+ α(2− b̃(s+ α))

(s+ α)(s + 2α(1 − b̃(s + α)))
, (16)

from where we calculate the mean system lifetime,

μR = R̃(0) =
2− b̃(α)

2α(1 − b̃(α))
.

To compare the analytical results and their estimates obtained using the new algorithm, we
assume that the repair time of the elements has a Gamma distribution (Γ = Γ(l, θ)) with the fol-
lowing characteristics, i.e., p.d.f. b(t) = θltl−1e−θtΓ(l)−1, t > 0, mean μb = lθ−1 = 1 and coefficient
of variation vb =

√
l/l = 0.5. For the remaining parameters, we again use α = 1, N = 105. To

evaluate the obtained results, we also consider the absolute Δ and relative ε errors (see Fig. 3). To
calculate these estimates, the inverse LT of the reliability function (16), calculated numerically us-
ing the built-in function of Python programming language, is taken as the theoretical value Rth(t).
The argument t is considered on the interval t = [0, 1.35], where max(t) = 1.35 corresponds to μR
for the given parameters.
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Fig. 3. Absolute and relative errors of the reliability function estimation for < M2|Γ|1 > system.

Fig. 4. Absolute and relative errors of the reliability function estimation for < M2|GI |1 > system.
(a) — vb = 0.5. (b) — vb = 5.

According to the results of the experiment, the maximum value for Δ is max(Δ) ≈ 0.0017, and
for ε it is max(ε) ≈ 0.0028. The mean values over the entire interval t are E[Δ] = 0.0007 and
E[ε] = 0.0012. In this case, the mean system lifetime is μR = 1.3469 for the analytical result and
μ̂R = 1.3478 for the algorithm. The results of the algorithm evaluation again demonstrate high
accuracy relative to the analytical results.

For additional verification, we consider the simulation modeling of a repairable hot double redun-
dant system using the discrete-event modeling (DEM) method [27]. The method is implemented
using Python programming language, for which the total simulation time is taken as T = 105. As
an example, consider Γ and Gnedenko-Weibull (GW ) distributions of the repair time of elements,
while fixing the mean μb = 1 and the coefficient of variation vb = 0.5, 5 for both distributions. The
remaining parameters are the same as previously.

Figures 4a and 4b show the absolute and relative errors of estimating the reliability function
of < M2|GI|1 > system.

Parameter t is chosen as the maximum value of the mean system lifetime for vb = 0.5 and vb = 5,
respectively, for each figure. The results of the reliability function assessment using DEM method
are taken as Rth(t). The obtained results demonstrate that among the considered repair time
distributions and the corresponding coefficients of variation, the maximum errors were max(Δ) ≈
0.006 and max(ε) ≈ 0.014.
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Fig. 5. The reliability function of < M2|GI|1 > system.

The mean values of these errors for all cases are presented in Table 1. The results of this exper-
iment confirm the accuracy of the reliability characteristics obtained using the proposed approach.

Below is the graph of the reliability function of < M2|GI|1 > system obtained using the pro-
posed approach (see Fig. 5). The legend of the figure defines the line type for the selected repair
time distributions and the corresponding coefficients of variation. To identify the influence of the
coefficient of variation of repair time on the reliability function, the figure also shows the case of
the Markov model (Exp).

The results of this example show that the shape of repair time distribution and coefficient of
variation significantly affect the reliability function. However, it is worth noting that the reliability
function curves as vb = 0.5 and vb = 1 are located quite close to each other. Moreover, as vb = 0.5,
despite the different repair time distributions, these curves merge on the considered interval t. In
the case of vb = 5, on the contrary, the curves of the reliability function for the same repair time
distributions differ significantly from each other. Thus, we can conclude that the reliability function
is insensitive to the shape of repair time distribution for fixed mean μb and coefficient of variation vb
as vb < 1 and, conversely, about its sensitivity as vb > 1.

Table 2 presents the mean system lifetime for this example and also demonstrates the corre-
sponding values obtained using DEM method. The results show the insensitivity of the mean μR
to the shape of repair time distribution for fixed μb and vb as vb < 1. In addition, the mean system
lifetime turns out to be sensitive to the shape of repair time distribution and coefficient of variation
as vb > 1.

Table 1. Mean errors Δ and ε

B(·), vb E[Δ] E[ε]

Γ, vb = 0.5 0.0034 0.0070
Γ, vb = 5 0.0006 0.0007

GW , vb = 0.5 0.0014 0.0024
GW , vb = 5 0.0023 0.0031

Table 2. Mean lifetime of < M2|GI|1 > system

B(·), vb DEM Algorithm

Γ, vb = 0.5 1.34619 1.34457
Γ, vb = 5 4.63125 4.64059

GW , vb = 0.5 1.34111 1.352305
GW , vb = 5 2.80304 2.82017

6.3. < GI2|GI|1 > System

In the last example, we consider a system whose life- and repair time of elements have arbitrary
distributions. We again take Γ and GW as these distributions. Denote va the coefficient of variation
of components’ lifetime and put va = 0.5. The remaining initial parameters are retained from the
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Fig. 6. Absolute and relative errors of the reliability function estimation for < Γ2|GI |1 > system.
(a) — vb = 0.5. (b) — vb = 5.

Fig. 7. Absolute and relative errors of the reliability function estimation for < GW2|GI |1 > system.
(a) — vb = 0.5. (b) — vb = 5.

Fig. 8. The reliability function of < GI2|GI |1 > system. (a) — A ∼ Γ, va = 0.5. (b) — A ∼ GW ,
va = 0.5.

previous example. Figures 6 and 7 demonstrate the estimates of the absolute Δ and relative ε errors
for various initial distributions and coefficients of variation. The legend of the figure determines
the line type for errors with Γ and GW repair time distributions. As Rth(t), we again consider the
estimate of the reliability function obtained by DEM method.

According to the obtained graphical results, the maximum absolute error among the consid-
ered cases is max(Δ) < 0.005. The maximum value of the relative error varies in the interval is
max(ε) ≈ [0.003, 0.014]. Given the given values N = 105 and T = 105, these results are objectively
satisfactory.

Figure 8 shows the graphs of the reliability function for Γ and GW distributions of elements’
lifetime. The experiment demonstrates results similar to those in the previous example. The value
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of the coefficient of variation of repair time vb = 5 leads to an increase in the values of the reliability
function on the considered interval t. In addition, the shape of repair time distribution affects the
behavior of this curve as vb > 1. It is obvious that the reliability function curves are quite close to
each other for different initial distributions, but fixed values of the parameters μa and va.

Table 3 presents the mean system lifetime, including estimates obtained by DEM method.
Tables 3a and 3b demonstrate close results for different components’ lifetime distributions. The
mean system lifetime μR differs only at the second or third decimal places. Thus, we can conclude
that the mean system lifetime is insensitive to the shape of lifetime distribution for fixed mean μa
and coefficient of variation va.

Table 3. Mean lifetime of < GI2|GI|1 > system

B(·), vb DEM Algorithm B(·), vb DEM Algorithm

Γ, vb = 0.5 1.4059 1.4003 Γ, vb = 0.5 1.4061 1.4044
Γ, vb = 5 4.1305 4.2208 Γ, vb = 5 4.1637 4.2347

GW , vb = 0.5 1.3900 1.3877 GW , vb = 0.5 1.3983 1.3985
GW , vb = 5 2.6242 2.6349 GW , vb = 5 2.6329 2.6433

(a) A ∼ Γ, va = 0.5 (b) A ∼ GW, va = 0.5

Additionally, comparing the values in Tables 2 and 3, we can conclude that the mean lifetime of
the system has low sensitivity to the shape of components’ lifetime distribution for fixed mean μa
and coefficient of variation va � 1.

7. CONCLUSION

The article introduces the concept of the Marked Markov process, which is used to study a re-
pairable hot double redundant system with arbitrary initial distributions. A method and algorithm
for calculating the reliability function of such a system are proposed. The results obtained using
the new approach were validated by comparing them with the results of analytical calculations
and discrete-event modeling. The new approach showed high accuracy in comparison with known
methods.

The main advantage of the proposed modeling algorithm compared to discrete-event modeling
is that the presented procedure is entirely based on a mathematically formulated approach and,
in essence, consists of implementing marks’ transformation that uniquely determines the system
operation. Moreover, this algorithm eliminates the need to write additional code for the discrete-
event modeling program, which significantly simplifies the process of studying a repairable hot
double redundant system with arbitrary initial distributions.

In the future, it is planned to apply this approach to the study of other complex stochastic
systems, including the study of the reliability characteristics of a k-out-of-n system with arbitrary
initial distributions and an arbitrary number of repair units.

FUNDING

This work was partially supported by the Russian Science Foundation, project no. 22-49-02023
(recipient N. Ivanova).

REFERENCES

1. Gnedenko, B.V., Belyayev, Y.K., and Solovyev, A.D., Mathematical Methods of Reliability Theory,
Elsevier Science, 2014. Translated under the titleMatematicheskiye metody v teorii nadezhnosti , Moscow:
Nauka, 1965.

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 9 2024



ON RELIABILITY OF REPAIRABLE HOT DOUBLE REDUNDANT SYSTEM 921

2. Barlow, R.E. and Proschan, F., Mathematical Theory of Reliability, SIAM, 1996. Translated under the
title Matematicheskaya teoriya nadezhnosti , Moscow: Sovetskoe Radio, 1969.

3. Sugasawa, Y. and Murata, K., Reliability and Preventive Maintenance of a Two-Unit Standby Re-
dundant System with Different Failure Time Distributions, Lecture Notes Econom. Math. Syst., 1984,
vol. 235. https://doi.org/10.1007/978-3-642-45587-2 6

4. Houankpo, H.G.K. and Kozyrev, D., Mathematical and Simulation Model for Reliability Analysis of a
Heterogeneous Redundant Data Transmission System, Mathematics, 2021, vol. 9, 2884.
https://doi.org/10.3390/math9222884

5. Yali, M. and Haiying, Z., Reliability analysis of warm standby redundant repairable system without
being repaired “as good as new”, 2012 IEEE Symposium on Robotics and Applications (ISRA), 2012,
pp. 141–143. https://doi.org/10.1109/ISRA.2012.6219142

6. Takemoto, Y. and Arizono, I., A study of MTTF in two-unit standby redundant system with priority
under limited information about failure and repair times, Proceedings of the Institution of Mechanical
Engineers, Part O: Journal of Risk and Reliability, 2015, vol. 230, no. 1, pp. 67–74.
https://doi.org/10.1177/1748006X15584235

7. Rykov, V., On steady state probabilities of renewable system with Marshal-Olkin failure model, Stat
Papers, 2018, vol. 59, pp. 1577–1588. https://doi.org/10.1007/s00362-018-1037-6

8. Rykov, V., Zaripova, E., Ivanova, N., and Shorgin, S., On Sensitivity Analysis of Steady State Probabil-
ities of Double Redundant Renewable System with Marshall-Olkin Failure Model, Commun. Comput.
Inform. Sci., 2018, vol. 919, pp. 234–245. https://doi.org/10.1007/978-3-319-99447-5 20

9. Peiravi, A., Nourelfath, M., and Zanjani, M.K., Universal redundancy strategy for system reliability
optimization, Reliabil. Engin. Syst., 2022, vol. 225. https://doi.org/10.1016/j.ress.2022.108576

10. Parveen, P., Singh, D., and Taneja, A.K., Redundancy optimization for a system comprising one op-
erative unit and N hot standby units, Reliabil.: Theor. Appl., 2023, vol. 18, no. 4(76), pp. 547–562.
https://doi.org/10.24412/1932-2321-2023-476-547-562

11. Osaki, S. and Nakagawa, T., On a Two-Unit Standby Redundant System with Standby Failure, Oper.
Res., 1971, vol. 19, no. 2, pp. 510–523. https://doi.org/10.1287/opre.19.2.510

12. Rykov, V., Efrosinin, D., and Vishnevsiy, V., On Sensitivity of Reliability Models to the Shape of Life
and Repair Time Distributions, 2014 Ninth International Conference on Availability, Reliability and
Security, Fribourg, Switzerland, 2014, pp. 430–437. https://doi.org/10.1109/ARES.2014.65

13. Koutras, V.P. and Platis, A.N., Semi-Markov Availability Modeling of a Redundant System with Partial
and Full Rejuvenation Actions, 2008 Third International Conference on Dependability of Computer
Systems DepCoS-RELCOMEX, 2008. https://doi.org/10.1109/depcos-relcomex.2008.13

14. Mishchenko, V.I., Kravtsov, A.N., and Mamleev, T.F., A Semi-Markov Model of the Functioning of
Redundant Measuring Instruments Relative to the Frequency of Verification, Meas Tech., 2021, vol. 64,
pp. 289–295. https://doi.org/10.1007/s11018-021-01931-3

15. Rykov, V., Ivanova, N., and Kozyrev, D., Application of Decomposable Semi-Regenerative Processes to
the Study of k-out-of-n Systems, Mathematics, 2021, vol. 9, 1933. https://doi.org/10.3390/math9161933

16. Smith, W., Regenerative stochastic processes Proc. Royal Soc. Ser. A., 1955, vol. 232, pp. 6–31.

17. Rykov, V., Efrosinin, D., Stepanova, N., and Sztrik, J., On Reliability of a Double Redundant Renewable
System with a Generally Distributed Life and Repair Times, Mathematics, 2020, vol. 8, 278.
https://doi.org/10.3390/math8020278

18. Rykov, V. and Ivanova, N., On Reliability of a Double Redundant Renewable System with Arbitrarily
Distributed Life- and Repair Times of its Units J. Math. Sci., In print.

19. Ibe, O.C., Markov Processes for Stochastic Modeling, Elsevier, 2013.

20. Daley, D.J. and Vere-Jones, D., An Introduction to the Theory of Point Processes, Springer, 2003.

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 9 2024



922 RYKOV, IVANOVA

21. Cox, D.R. and Isham, V., Point processes, Chapman & Hall/CRC, 1980.

22. Ripley, B.D. and Kelly, F.P., Markov Point Processes, J. London Math. Soc., 1977, vol. 15, 1.
https://doi.org/10.1112/jlms/s2-15.1.188

23. Litvak, N.V. and Fedotkin, M.A., A probabilistic model of the adaptive control of conflict flows. A qual-
itative and numerical investigation, Autom. Remote Control, 2000, no. 6, pp. 952–960.

24. Borisov, A.V., Miller, B.M., and Semenikhin, K.V., Filtering of the Markov jump process given the
observations of multivariate point process, Autom. Remote Control, 2015, vol. 76, pp. 219–240.
https://doi.org/10.1134/S0005117915020034

25. Abaev, P.O., Beschastny, V.A., and Gaidamaka, Yu.V., On the application of spatial point processes in
solving optimization problems for wireless networks with direct connections, Sovremennyye informat-
sionnyye tekhnologii i IT-obrazovaniye, 2015, vol. 11, no. 2, pp. 160–165.

26. Rykov, V., Ivanova, N., and Kozyrev, D., Sensitivity Analysis of a k-out-of-n : F System Characteristics
to Shapes of Input Distribution, Lecture Notes Comp. Sci., 2021, vol. 12563.
https://doi.org/10.1007/978-3-030-66471-8 37

27. Ivanova, N., Modeling and Simulation of Reliability Function of a k-out-of-n : F System, Commun.
Comput. Inform. Sci., 2021, vol. 1337. https://doi.org/10.1007/978-3-030-66242-4 22

This paper was recommended for publication by V.M. Vishnevskii, a member of the Editorial
Board

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 9 2024



ISSN 0005-1179 (print), ISSN 1608-3032 (online), Automation and Remote Control, 2024, Vol. 85, No. 9, pp. 923–933.
c© The Author(s), 2024 published by Trapeznikov Institute of Control Sciences, Russian Academy of Sciences, 2024.
Russian Text c© The Author(s), 2024, published in Avtomatika i Telemekhanika, 2024, No. 9, pp. 124–138.

CONTROL IN SOCIAL ECONOMIC SYSTEMS

Aggregate Estimates of Reflexive Collective Behavior

Dynamics in a Cournot Oligopoly Model

G. I. Algazin∗,a and D. G. Algazina∗,b
∗Altai State University, Barnaul, Russia

e-mail: aalgaz46@yandex.ru, bdarya.algazina@mail.ru

Received May 31, 2024

Revised July 10, 2024

Accepted July 25, 2024

Abstract—This paper considers an oligopoly model with an arbitrary number of Cournot-
reflexive agents under incomplete information in the classical case of linear cost and demand
functions. Agents make decisions based on a collective behavior model. The problem of iden-
tifying convergence conditions to the model equilibrium is studied, with an emphasis placed
on the trajectory of the sum of the action residuals of all agents. Aggregate estimates of this
trajectory are obtained. They can be used to judge how the trajectory of each agent evolves
towards the equilibrium.
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vergence conditions
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1. INTRODUCTION

In research areas dealing with behavioral models of rational agents under incomplete information,
considerable attention is paid to the oligopoly market. Game theory was the first scientific method
to analyze oligopoly [1]. Recent advances in oligopoly game theory were reviewed in [2].

Collective behavior theory models complement game-theoretic models by providing an opportu-
nity to study the behavior dynamics of rational agents under rather weak assumptions about their
awareness [3, 4]. The agent’s dynamic decision process is based on reflexive thinking about his best
choice considering the best responses of the other competitors. The dynamics are guided by the
agents’ choices. The determinative effect of reflexion is reaching an equilibrium [4, 5].

A significant number of studies of game-theoretic and collective behavior models in competitive
markets are devoted to the problem of identifying conditions for the existence and uniqueness of
an equilibrium as well as the convergence of agents’ trajectories to it. For example, see [6–16] and
many other related publications.

By accepting a certain hypothesis about the behavior of agents and their interaction, it is possible
to calculate the trajectory of each agent (the first approach). However, an aggregate description of
the behavior of the entire system, without characterizing the behavior of each agent in detail, seems
more appropriate (the second approach) for several reasons. Obviously, the activity of individual
agents at separate time instants cannot noticeably affect the convergence of trajectories. Besides,
the growth of the number of agents in the market, their trajectories, and the computing time
make the first approach less and less attractive. In some cases, the asymptotic convergence of the
calculated trajectories can be judged only after a considerable time, particularly when the process
evolves ambiguously or slowly, and the trend appears late. An intuitively aggregate description of
the collective behavior of a system of agents on considerable time intervals can be no less accurate
than a detailed one.
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2. FORMAL PROBLEM STATEMENT

As the basic model, we consider the Cournot oligopoly of n agents [1] competing in the outputs
of homogeneous products. By assumption, demand is determined by the function (the inverse
demand function depending on the total output of agents)

p(Q) = a− bQ, (1)

where p(Q) is the uniform market price, Q =
∑
i∈N qi is the total output of all n agents; qi is the

output of agent i, i ∈ N = {1, . . . , n}; a and b are parameters. The parameter a characterizes the
maximum possible price of the product under which the demand will tend to zero; the parameter b
characterizes the slope of the demand curve.

The total costs of agents have the form

φi(qi) = ciqi + di, (2)

where ci and di are the marginal and fixed costs of agent i, respectively. The goal functions of
agents are given by

Πi(p(Q), qi) = p(Q)qi − φi(qi) → max
qi

. (3)

By assumption, everything produced is sold, no capacity constraints are imposed, and no coali-
tions are allowed. The market state at a time instant t (t = 0, 1, 2, . . .) is described by the n-dimen-
sional vector qt = (qt1, . . . , q

t
i , . . . , q

t
n).

Agents are said to be collectively competitive in a Cournot market if each agent i satisfies the
marginal costs constraint

ci <
a+

∑
j∈N\{i} cj
n

. (4)

In this case, each agent is supposed to be competitive and, as in a normal form game, there
exists a unique (static Nash) equilibrium [17] q∗ = (q∗1 , . . . , q∗i , . . . , q∗n) with q∗i > 0 ∀i ∈ N in the
Cournot oligopoly model; for example, see [18].

Under game uncertainty (about the actions chosen by the competitive environment) and incom-
plete knowledge (of costs, goal functions, and other attributes of competitors), market equilibrium
can usually be reached not by one-time decision-making by agents but as the result of an iterative
reflexive process [3, 4, 18–20].

Consider a reflexive discrete process where the change of market states satisfies the axiom of
indicator behavior [4] as follows: at each time instant (t+ 1), each agent observes the outputs of
all agents chosen at the previous time instant t and adjusts his output by taking a step towards
the current position of his goal, xi(q

t−i), in the iterative procedure

qt+1
i = qti + γt+1

i (xi(q
t
−i)− qti), i ∈ N. (5)

Here, the parameter γt+1
i ∈ [0, 1], independently chosen by each agent i, determines his step

towards the current position of his goal. An agent can take a full step with γt+1
i = 1 (his best

response), remain on the spot with γt+1
i = 0, or take a partial step with γt+1

i ∈ (0, 1).

For agent i, the current position xi(q
t−i) of his goal is an output maximizing his goal function

provided that at the current time instant, the other agents choose the same output as at the previous
time instant [4, 21]. Here, qt−i = (qt1, . . . , q

t
i−1, q

t
i+1, . . . , q

t
n) is the opponents’ output profile for

agent i (the output vector of all agents except agent i) at the time instant t. According to [10, 18]),

xi(q
t
−i) =

hi −∑
j 	=i qtj

2
=
hi −Qt−i

2
, (6)
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where hi =
a−ci
b is the volume of a perfectly competitive market under the marginal cost pricing

p(Q) = ci (the perfectly competitive output of firm i); Qt−i =
∑
j 	=i qtj is the total output of the

environment of agent i (i, j ∈ N).

Let us derive the variable xi(q
t−i) to show its relation to qti . Using (1)–(3) for time instant t, we

obtain

∂
∏t
i

∂qti
= a− bqti − bQt−i +

(
−b− b

∂Qt−i
∂qti

)
qti − ci = 0

and

qti =
(a− ci)/b−Qt−i
2 + ∂Qt−i/∂qti

.

Under the Cournot assumption, the output of the agent’s environment output will not change if he

changes his output. Therefore,
∂Qt

−i

∂qti
= 0 and the agent’s optimal output qti is

(a−ci)/b−
∑

j∈N\{i} q
t
j

2 .

This optimal output will be the current position xi(q
t−i) of the agent’s goal in (6).

For model (5)–(6), the trajectory of agent i is understood as the sequence of outputs q0i , q
1
i , . . . ,

qti , . . . realized within this model.

The problem of identifying convergence conditions of agents’ trajectories (5)–(6) to equilibrium
and its modifications in the classical Cournot oligopoly model (1)–(4) were considered by many
researchers; for example, see [18–20, 22–26] and other publications on the subject.

The peculiarity and novelty of the study presented below are the development of an aggregate
description of the entire system’s behavior to judge how the trajectory of each agent evolves towards
the equilibrium.

In this study, we sequentially solve the following tasks:

1) reduce agents’ models to a homogeneous form;

2) investigate the effect of total residuals on the convergence of agents’ trajectories;

3) describe in aggregate terms the transformation (recalculation) of the total residuals during
the transition between time instants;

4) describe in aggregate terms (estimate) the dynamics of the total residuals over the set of time
instants;

5) form convergence conditions of agents’ trajectories to the equilibrium using the aggregate
estimates of collective behavior model dynamics.

As intuition suggests, aggregates are preferably formed from homogeneous elements. Ideally,
homogeneous agents may differ only by their choice of the parameter γ. Let us analyze the possibility
of the ideal case for the market model (1)–(4) and the iterative process (5)–(6).

The next section begins with this task.

3. THE METHODS AND RESULTS OF THIS STUDY

Assume that within model (1)–(4), the process (5)–(6) converges under step parameters {γt+1
i }

(i ∈ N ; t = 0, 1, 2, . . .) and the marginal costs c = (c1, . . . , ci, . . . cn) of the agents.

Will this process converge under the same step parameters if the marginal costs of agents or
market parameters change?

To answer this question, we introduce the change of variables

εti = q∗i − qti (i ∈ N ; t = 0, 1, 2, . . .), (7)

where q∗i and qti are the equilibrium and current outputs of agent i, respectively.
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Using the well-known Cournot equilibrium relations hi = Q∗ + q∗i , we transform (5)–(6) as fol-
lows:

q∗i − qt+1
i = q∗i − qti − γt+1

i

(
hi −Qt−i

2
− qti

)
= q∗i − qti − γt+1

i

(
Q∗ + q∗i −Qt−i

2
− qti

)

= q∗i − qti − γt+1
i

(∑
j 	=i(q∗j − qtj) + 2q∗i

2
− qti

)
.

As a result,

εt+1
i = εti + γt+1

i

(
−
∑
j 	=i εtj
2

− εti

)
. (8)

Here, by analogy with (1)–(6),

(
−
∑

j �=i
εtj

2

)
is the current position of the goal of agent i, and

(8) is the indicator behavior model, and the agent’s goal function has the form

Πi(ε) = −
⎛
⎝∑
j∈N

εj

⎞
⎠ εi → max

εi
, (9)

where ε = (ε1, . . . , εi, . . . , εn).

Let us demonstrate this fact. For time instant t, we find the optimal residuals of agent i using (9):

∂
∏t
i

∂εti
= −εti −

∑
j∈N\{i}

εtj −
(
1 +

∂
∑
j∈N\{i} εtj
∂εti

)
εti.

Consequently,

εti = −
∑

j∈N\{i}
εtj

/(
2 +

∂
∑
j∈N\{i} εtj
∂εti

)
.

By the Cournot assumption, the agent’s environment will not change its output if he does so.

Obviously, this assumption also applies to the residuals. Therefore,
∂
∑

j∈N\{i} ε
t
j

∂εti
= 0, and the

current position of his goal (the optimal residuals at the current time instant) is

(
−
∑

j∈N\{i} ε
t
j

2

)
.

For model (8), the trajectory of agent i will be understood as the sequence of residuals ε0i , ε
1
i , . . . ,

εti, . . . realized within this model.

The convergence of (8) means that εti → ε∗i = 0 as t→ ∞.

Proposition 1. The indicator behavior process (8) converges if and only if the process (5)–(6)
converges within the model (1)–(4).

The proof of this proposition is provided in the Appendix.

The next proposition shows that the convergence of the trajectory of the total residuals of all
agents is sufficient for the convergence of the trajectory of each agent.

Proposition 2. If
∑
j∈N εtj → 0 as t→ ∞, then εtj → ε∗j = 0 ∀j ∈ N.

This fact is proved in the Appendix using mathematical induction.

Note. The equality
∑
j∈N εtj = 0 for (8) implies the equalities |εt+1

j | = (1− γt+1
j /2)|εtj | and the

inequalities |εt+1
j | < |εtj | under γt+1

j 
= 0 ∀j ∈ N. They indicate that, in the case under consideration,
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the trajectories of all agents at time instant (t + 1) will be closer to the equilibrium than at time
instant t.

The final result for model (1)–(6), which essentially follows from Proposition 1, is presented
below.

Theorem 1. In the linear Cournot model (1)–(4) with competitive agents, the market parameters
a and b and the agents’ parameters ci and di do not affect the steps {γti}t=1,2,... ensuring the
convergence of the indicator behavior model (5)–(6).

Let us mention the advantages of studying the equilibrium problem based on model (8):

– The model is indifferent to the market and agents’ cost parameters (a, b, ci, di), which simplifies
the analysis procedure.

– The agents and their trajectories differ merely in the choice of the parameter γ and initial
data. Only the first factor matters here, since we are interested in convergence conditions for any
initial data.

– In model (5)–(6), economic constraints may require that the agents’ current outputs be non-
negative. In model (8), there is no basis for such nonnegativity requirements.

Now we proceed to the next problem, which is important for the convergence of the trajectory
of each agent (see Proposition 2). Let us discuss conditions on the parameters γ under which∑
j∈N εtj → 0.

Within model (8), we have
∑
j∈N

εt+1
j =

(
1− ∑

j∈N
γt+1
j /2

) ∑
j∈N

εt+1
j − ∑

j∈N
εtjγ

t+1
j /2.

For γt+1
j ≡ 1 ∀j ∈ N, it follows that

∑
j∈N

εt+1
j = (1− (1 + n)/2)

∑
j∈N

εt+1
j .

For γt+1
j ≡ 0 ∀j ∈ N, the result is

∑
j∈N

εt+1
j =

∑
j∈N

εtj .

Thus, if
∑
j∈N εtj 
= 0, then there exists a value of the parameter γ̃t+1 such that

∑
j∈N

εt+1
j = (1− γ̃t+1(1 + n)/2)

∑
j∈N

εtj . (10)

The value of the parameter γ̃t+1 is given by

γ̃t+1 =

⎛
⎝∑
j∈N

γt+1
j +

∑
j∈N

γt+1
j εtj/

∑
j∈N

εtj

⎞
⎠ / (1 + n) , (11)

where γ̃t+1 is the arithmetic weighted mean of the set of the parameters {γt+1
j }j∈N with weights

{ωtj}j∈N , i.e., γ̃t+1 =

∑
j∈N

ωt
jγ

t+1
j∑

j∈N
ωt
j

and the weights are the real numbers ωti =
∑
j∈N εtj + εti.

The negative contribution of an agent to the parameter γ̃t+1 is possible if the sign of his residuals
does not coincide with that of the total residuals

∑
j∈N εtj = Q∗ −Qt of all agents.

Let some time instants t0 and τ, τ > t0, be fixed. Assuming that
∑
j∈N ε

t0
j 
= 0 and γ̃t 
= 2

1+n ,
for t0 + 1 � t � τ we sequentially obtain

∑
j∈N

εt0+τj =
∑
j∈N

εt0j

τ∏
t=t0+1

(1− γ̃t(1 + n)/2) (12)

based on (10). (The cases in which γ̃t = 2
1+n and, accordingly,

∑
j∈N εtj = 0, have been discussed

in the note to Proposition 2.)
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Let us introduce the notations

T = {t0 + 1, . . . , τ}, T+ = {t ∈ T |1− γ̃t(1 + n)/2 > 0},
T− = {t ∈ T |1− γ̃t(1 + n)/2 < 0}.

Two cases of possible inequalities can occur at some time instants from set T+ : 1 � 1−γ̃t(1+n)/2
(if γ̃t � 0) and 0 < γ̃t(1 + n)/2 < 1 (if 0 < γ̃t < 2

1+n). The first case is “unfavorable” and the
second “favorable” for the convergence of the process. Similarly, in the set T−, there also exist
favorable time instants when −1 < 1− γ̃t(1 + n)/2 < 0 (if 2

1+n < γ̃t < 4
1+n), and unfavorable ones

when 1− γ̃t(1 + n)/2 < −1 (if 4
1+n � γ̃t).

Using the Cauchy inequality between the arithmetic mean and the geometric mean, we have

∏
t∈T+

(1− γ̃t(1 + n)/2) �

⎡
⎣ 1

t+

∑
t∈T+

(1− γ̃t(1 + n)/2)

⎤
⎦t+ =

[
1− ¯̃γτ+(1 + n)/2

]t+ ,
∏
t∈T−

(γ̃t(1 + n)/2− 1) �

⎡
⎣ 1

t−

∑
t∈T−

(γ̃t(1 + n)/2− 1)

⎤
⎦t− =

[
¯̃γτ−(1 + n)/2− 1

]t− ,
where ¯̃γτ+ = 1

t+

∑
t∈T+ γ̃

t and ¯̃γτ− = 1
t−
∑
t∈T− γ̃

t are the mean values of the weighted parameter γ̃t

over the sets T+ and T−, respectively; t+(t−) is the number of time instants in the set T+
(T−, respectively), and τ = t+ + t−.

In view of (12), it follows that∣∣∣∣∣∣
∑
j∈N

εt0+τj

∣∣∣∣∣∣ �
[
1− ¯̃γτ+(1 + n)/2

]t+ ∣∣1− ¯̃γτ−(1 + n)/2
∣∣t−

∣∣∣∣∣∣
∑
j∈N

εt0j

∣∣∣∣∣∣ . (13)

Inequality (13) and Proposition 2 lead to the following result regarding the convergence of the
process (8).

Proposition 3. Model (8) converges to the equilibrium if, for an arbitrary t0 and τ > t0, the ex-
pression

[
1− ¯̃γτ+(1 + n)/2

]t+ ∣∣1− ¯̃γτ−(1 + n)/2
∣∣t− (τ = t+ + t−) vanishes as τ → ∞.

Corollary 1. If ∃t0 such that 0 < ¯̃γτ+ and ¯̃γτ− < 4
n+1 ∀τ > t0, then model (8) converges to the

equilibrium.

Let us explain the validity of this corollary. If t∈T+, then γ̃t< 2
1+n and ¯̃γτ+<

2
1+n . If t∈T−,

then γ̃t> 2
1+n and, consequently, ¯̃γτ−>

2
1+n . Therefore, for the inequalities

[
1− ¯̃γτ+(1 + n)/2

]
< 1

and
∣∣1− ¯̃γτ−(1 + n)/2

∣∣ < 1 to be true, it suffices to require 0 < ¯̃γτ+ and ¯̃γτ− < 4
1+n .

In addition, by Propositions 1 and 3, model (5)–(6) converges for the sets of parameters {γti}
whose averaged estimates satisfy the inequalities 0 < ¯̃γτ+ and ¯̃γτ− < 4

1+n .

Corollary 2. Let the parameters γ̃t, t = (1, 2, . . . , τ), be random variables, and let ¯̃γτ = 1
τ

∑τ
t=1 γ̃

t

converge in probability to the overall mean ¯̃γ. Then model (8) converges in probability to the equi-
librium as τ → ∞ if ¯̃γ < 4

1+n .

Numerical calculation: a brief example. Consider model (1)–(3) with n = 4, a = 100, b = 0.1,
c = (20; 25; 20; 30), and q0 = (250; 250; 100; 200). All agents bear the same fixed costs of 500. By
the formula hi =

a−ci
b we find h = (800; 750; 800; 700).

When the agents are completely informed, the static Nash equilibrium q∗ is the solution of the
system of linear algebraic equations qi +Q = hi (i = 1, 4). As a result, q∗i = hi − 1

5

∑4
j=1 hj and

q∗ = (190; 140; 190; 90).
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One fragment of the dynamics for n = 4

Time instants Residuals of agents’ actions Step parameters

t ε1 ε2 ε3 ε4 γ1 γ2 γ3 γ4
∑
εj γ̃ ¯̃γ+ ¯̃γ−

1 2 3 4 5 6 7 8 9 10 11 12 13

0 −60.0 −110.0 90.0 −110.0 −190.0

1 −10.0 −65.0 105.0 −72.5 0.40 0.30 0.30 0.25 −42.5 0.31 0.31

2 0.5 −48.9 95.6 −61.0 0.40 0.30 0.30 0.20 −13.8 0.27 0.29

3 3.2 −39.5 62.9 −51.7 0.40 0.30 0.80 0.25 −25.1 −0.33 0.08

4 7.5 −29.8 57.2 −42.1 0.40 0.30 0.30 0.25 −7.1 0.29 0.13

5 7.5 −22.4 39.7 −35.9 0.40 0.40 0.70 0.25 −11.2 −0.23 0.06

6 8.2 −15.7 35.4 −30.0 0.40 0.40 0.30 0.25 −2.1 0.32 0.11

7 6.1 −13.0 30.4 −26.0 0.70 0.30 0.30 0.25 −2.5 −0.08 0.08

8 5.4 −9.9 26.2 −22.4 0.40 0.40 0.30 0.25 −0.7 0.28 0.10

9 5.1 −8.3 22.4 −19.5 0.10 0.30 0.30 0.25 −0.3 0.24 0.12

10 4.7 −7.0 19.1 −17.1 0.20 0.30 0.30 0.25 −0.3 −0.03 0.10

11 3.4 −3.3 14.4 −10.1 0.60 1.00 0.50 0.80 4.3 5.61 5.61

12 −0.5 −3.8 5.0 −7.2 1.00 1.00 1.00 1.00 −6.5 1.00 3.31

13 3.0 1.3 5.4 −0.4 1.00 1.00 0.50 1.00 9.3 0.98 2.53

14 −3.2 −4.0 −2.0 −4.9 1.00 1.00 1.00 1.00 −14.0 1.00 2.15

15 5.4 5.0 6.0 4.6 1.00 1.00 1.00 1.00 21.0 1.00 1.92

16 −7.8 −8.0 −7.5 −8.2 1.00 1.00 1.00 1.00 −31.5 1.00 1.77

17 11.9 11.8 12.0 11.7 1.00 1.00 1.00 1.00 47.3 1.00 1.66

18 −17.7 −17.8 −17.6 −17.8 1.00 1.00 1.00 1.00 −71.0 1.00 1.57

19 26.6 26.6 26.7 26.6 1.00 1.00 1.00 1.00 106.5 1.00 1.51

20 −39.9 −6.7 −26.6 −39.9 1.00 0.50 0.80 1.00 −113.1 0.82 1.44

21 36.6 23.3 8.3 36.6 1.00 0.50 0.50 1.00 104.8 0.77 0.77

22 −34.1 −8.7 −19.9 −34.1 1.00 0.50 0.50 1.00 −96.9 0.77 0.77

23 31.4 17.7 9.3 31.4 1.00 0.50 0.50 1.00 89.7 0.77 0.77

24 −11.0 −9.2 −15.5 −29.2 0.70 0.50 0.50 1.00 −64.8 0.69 0.75

25 26.9 9.3 4.6 −5.7 1.00 0.50 0.50 0.50 35.2 0.62 0.72

26 −4.1 −1.8 −5.3 −20.4 1.00 0.50 0.50 1.00 −31.7 0.76 0.73

27 13.8 6.6 3.9 5.6 1.00 0.50 0.50 1.00 29.9 0.78 0.74

28 5.0 −2.5 −4.5 −12.1 0.40 0.50 0.50 1.00 −14.2 0.59 0.72

29 9.6 1.6 0.1 1.0 1.00 0.50 0.50 1.00 12.4 0.75 0.72

30 −1.4 −1.9 −3.0 −5.7 1.00 0.50 0.50 1.00 −12.0 0.79 0.73

Note: the notations in the table header are provided without the superscript “t,” which is
supposed to be the corresponding time instant (period or iteration) from column 1.

The transition to model (8) is performed using the formula for calculating the residuals εti =
q∗i − qti . We have ε0 = (−60;−110; 90;−110).

For each time instant (column 1), the current values of the residuals εti (columns 2–5), and
the current values of the parameters γti (columns 6–9), the table presents the arithmetic weighted
means γ̃t of the sets of parameters {γtj} (column 11) calculated using formulas (8) and (11).

The convergence of the process depends on what steps γ the agents choose. As is known, if
the agents take the maximum (unit) steps γ, the process converges only in the case n = 2. For
n = 4, the process diverges if all agents take steps exceeding 0.8. Generally speaking, for n = 4 the
question of convergence remains open if the agents act differently: some agents choose steps greater
than 0.8 while the others smaller.
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Fig. 1. The dynamics of action residuals of individual agents.

Fig. 2. The dynamics of total residuals.

To visualize the conditions introduced above and indicate the convergence of the process, we
separate 3 intervals containing 10 time instants each. During the first 10 time instants, the agents
intentionally take small steps to ensure convergence. During the next 10 time instants, larger steps
are selected to show the divergence of the process. During the final 10 time instants, the process is
again made convergent due to small steps taken by some agents.

Consider the process dynamics in more detail. At each of the first 10 time instants, the weighted
means γ̃t do not exceed 2/(1 + n) = 0.4 (there are two negative values), and the aggregate esti-

mate ¯̃γτ+ (their arithmetic mean over t time instants, see column 12) lies in the range (0, 0.4).
Therefore, we observe a trend for decreasing the absolute value of the total residuals: from

ε0=(−60;−110; 90;−110) and
∣∣∣∑4

j=1 ε
0
j

∣∣∣=190 to ε10=(4.7;−7.0; 19.1;−17.1) and
∣∣∣∑4

j=1 ε
10
j

∣∣∣=0.3.

During the next 10 time instants (from the 11th to the 20th), γ̃t and the aggregate dynam-
ics estimate ¯̃γτ− (column 13) exceed 4/(1 + n) = 0.8, which determines a trend for increasing the

absolute value of the total residuals to ε20 = (−39.9;−6.7;−26.6;−39.9) and
∣∣∣∑4

j=1 ε
20
j

∣∣∣ = 113.1.

From the 21st to the 30th time instants, the arithmetic weighted means γ̃t and their arithmetic
mean ¯̃γτ− lie in the range (0.4, 0.8). In other words, the convergence conditions of Proposition 3
and Corollary 1 are satisfied for t0 = 21, and we observe a trend for decreasing the total residuals:

ε30 = (−1.4;−1.9;−3.0;−5.7) and
∣∣∣∑4

j=1 ε
30
j

∣∣∣ = 12.0.

Also, we have ¯̃γ30 = 1
30

∑30
t=1 γ̃

t = 0.76. According to the table data, the dynamics evolve towards
the static Nash equilibrium.

Figures 1 and 2 demonstrate the “synchronization” of the dynamics of individual and total costs.
Obviously, if the residuals of each agent converge, the total residuals of all agents will converge as
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well. The converse also follows from Proposition 2: if the total residuals vanish, the residuals of
each agents will vanish too.

4. CONCLUSIONS

This paper has considered the problem of identifying convergence conditions of collective behav-
ior models to equilibrium. The peculiarity and novelty of the approach presented above consist in
the following. Traditionally, such conditions are formulated as admissible ranges for the values of
the parameters γ for each agent at each time instant: if each agent chooses his parameter within
such a range at each time instant, the dynamics surely converge. In this study, the convergence
conditions have been formulated for a set of time instants (i.e., over a time interval) as an admis-
sible range for the arithmetic mean of the parameters, which are the arithmetic weighted means of
the set {γtj}j∈N for each time instant t included in the time interval. If the mean over the time
interval belongs to the range, the dynamics of each agent will evolve towards the equilibrium. In
addition, if the set of time instants is unbounded, the dynamics of each agent will surely converge
to the equilibrium.

APPENDIX

Proof of Proposition 1. First, we note the existence of a unique static Nash equilibrium in
model (9) and ε∗i = 0 ∀i ∈ N.

The validity of Proposition 1 follows from the fact that one process is obtained from the other
via a transformation based on the residuals as the change of variables. Therefore, the convergence
of the process (5)–(6) directly implies the convergence of the process (8).

Now we employ mathematical induction to show that the convergence of the process (5)–(6)
follows from the convergence of the process (8).

Let ε0 be the initial data vector of the process (8) under which it converges. We define by
q0 = q∗ − ε0 the initial data vector of the process (5)–(6) and calculate ε1 using formula (8). In
view of hi = Q∗ + q∗i and (6), we establish that q1 = q∗ − ε1 :

q∗i − ε1i = q∗i − ε0i − γ1i

(
−
∑
j 	=i ε0j
2

− ε0i

)
= q0i − γ1i

(
−
∑
j 	=i(q∗j − q0j )

2
− (q∗i − q0i )

)

= q0i + γ1i

(
2q∗i +

∑
j 	=i(q∗j − q0j )

2
− q0i

)
= q0i + γ1i

(
Q∗ + q∗i −

∑
j 	=i q0j

2
− q0i

)

= q0i + γ1i

(
hi −∑

j 	=i q0j
2

− q0i

)
= q0i + γ1i (xi(q

0
−i)− q0i ) = q1i .

By analogy, it can be shown that qt = q∗ − εt implies qt+1 = q∗ − εt+1 for εt+1 calculated using
formula (8). Therefore, if εt → 0, then qt → q∗.

The proof of Proposition 1 is complete.

Proof of Proposition 2. Suppose that
∑
j∈N εtj → 0. Then ∀δ > 0 ∃t′ such that

∣∣∣∑j∈N εtj
∣∣∣ < δ for

t > t′.
Letting t = t′ + 1 and using (8) yield

∣∣∣εt+1
i

∣∣∣ � (1− γt+1
i /2)

∣∣∣εti∣∣∣+ γt+1
i /2

∣∣∣∣∣∣
∑
j∈N

εtj

∣∣∣∣∣∣ < (1− γt+1
i /2)

∣∣∣εti∣∣∣+ δγt+1
i /2 < (1− γt+1

i /2)
∣∣∣εti∣∣∣+ δ.

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 9 2024



932 ALGAZIN, ALGAZINA

Based on (8) and the previous inequality, we have

∣∣∣εt+2
i

∣∣∣� (1−γt+2
i /2)

∣∣∣εt+1
i

∣∣∣+γt+2
i /2

∣∣∣∣∣∣
∑
j∈N

εt+1
j

∣∣∣∣∣∣< (1−γt+2
i /2)

∣∣∣εt+1
i

∣∣∣+ δγt+2
i /2

< (1− γt+2
i /2)(1 − γt+1

i /2)
∣∣∣εti∣∣∣+ [

(1− γt+2
i /2) + γt+2

i /2
]
δ

< (1− γt+2
i /2)(1 − γt+1

i /2)
∣∣∣εti∣∣∣+ δ.

Following the method of mathematical induction, we assume that at some time instant (t+m),

∣∣∣εt+mi

∣∣∣ < ∣∣∣εti∣∣∣× m∏
l=1

(1− γt+li /2) + δ.

Based on (8) and the last inequality,

∣∣∣εt+m+1
i

∣∣∣ � (1− γt+m+1
i /2)

∣∣∣εt+mi

∣∣∣+ γt+m+1
i /2

∣∣∣∣∣∣
∑
j∈N

εt+mj

∣∣∣∣∣∣ < (1− γt+m+1
i /2)

∣∣∣εt+mi

∣∣∣+ δγt+m+1
i /2

< (1− γt+m+1
i /2)

[∣∣∣εti∣∣∣× m∏
l=1

(1− γt+li /2) + δ

]
+ δγt+m+1

i =
∣∣∣εti∣∣∣× m+1∏

l=1

(1− γt+li /2) + δ.

In other words, the same inequality holds at time instant (t+m+ 1).

In the inequalities derived for each time instant, the first term vanishes as m→ ∞ under γ 
= 0
and an arbitrarily small number δ. Therefore, the conclusion follows, and the proof of Proposition 2
is complete.
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