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Abstract—This paper proposes a novel approach to suppressing nonrandom bounded exogenous
disturbances in linear control systems using a PID controller. The approach involves reducing
the original problem to a nonconvex matrix optimization problem. A gradient method for
finding the PID controller parameters is derived and justified. The recursive procedure proposed
is simple to implement and yields controllers that are quite satisfactory in terms of engineering
performance indices.
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1. INTRODUCTION

PID controllers are the most common type of automatic controllers; according to various esti-
mates, they account for over 90% of controllers used today. In 2019, the IFAC Industry Committee
conducted a survey [1] of its members to identify the control technologies mostly demanded by
modern industry; multiple answers were allowed. PID control was ranked first with a large gap: by
91% of respondents. Furthermore, according to medium-term forecasts, this share will even remain
exceptionally high, nearly 80%. The extensive application of PID controllers in industry is due to
several circumstances. In addition to their suitability for solving most practical problems and low
cost, a high demand for such controllers is associated with their simplicity: one needs to correctly
choose only three coefficients (gains) to tune a PID controller.

However, the procedures for their practical tuning remain much heuristic: in real plants, PID
controllers are often tuned manually, based on an intuitive understanding of the industrial process
and the influence of separate PID control components on the latter. Known analytical approaches to
PID controller design consider “fixed” models of plants, i.e., they are not universal; moreover, they
often neglect the effect of uncertainties. Accordingly, the problem of developing regular approaches
to PID controller tuning still retains its meaningfulness and topicality.

Among the publications devoted to this range of problems, note [2], where PID controllers were
designed based on genetic algorithms, and [3], where evolutionary algorithms were used for this
purpose. Also, we mention the works [4, 5], related to the so-called active disturbance rejection
control (ADRC, belonging to model-free control), and [6, 7], with the magnitude optimum method
applied for these purposes. The internal model method is also widespread for tuning PID con-
trollers [8-10]. The interested reader will find an extensive bibliography in the recent review [11]
as well.

The general trend of the latest decades is the transition to numerical PID controller design
methods based on solving optimization problems. The optimization approach to the problem of
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1016 KHLEBNIKOV

suppressing bounded exogenous disturbances, proposed in [12] and originating from [13], lies in this
vein. Recall that the classical problem of suppressing nonrandom bounded exogenous disturbances
is stated as follows. Consider a linear control system

& = Az + Bu+ Dw, x(0)= xo,
y = Ciz,
z = Cox + Biu

with the state vector z(t) € R”, the measured output y(t) € RY, the controlled output z(t) € R,
the control input u(t) € RP, and an exogenous disturbance w(t) € R™ such that ||w(t)|| < @ for
all ¢ > 0. The problem is to find a stabilizing feedback to reduce the “peak” of the output z,
i.e., the value of sup,.,max|,|<q [|2(t)|. In [12], this problem was reduced to a nonconvex matrix
optimization problem, a gradient method for finding a static linear state-feedback (u = Kx) or
output-feedback (u = Ky) control law was derived, and its justification was provided.

On the other hand, the optimization approach was applied to the PID controller design problem
in [14]. More precisely, a regular approach to finding its parameters was proposed, involving the
solution of a nonconvex matrix optimization problem. In this case, the controller’s performance
was evaluated by a quadratic criterion of the system output: the controller was tuned against
uncertainty in the initial conditions to make the system output uniformly small. The recursive
procedure proposed therein proved to be very effective and yielded quite satisfactory controllers
in terms of engineering performance indices. Later on, the optimization approach was adopted for
suppressing bounded exogenous disturbances using a PI controller [15]. This paper continues and
develops the above line of research: we design a PID controller for suppressing bounded exogenous
disturbances. Note that the approach presented below can be extended to various robust statements
of the problem.

From now on, || - || is the Euclidean norm of a vector and the spectral norm of a matrix; || - ||p
indicates the Frobenius norm of a matrix; T is the transpose symbol; tr stands for the trace of
a matrix; I denotes an identity matrix of appropriate dimension; A;(A) are the eigenvalues of a
matrix A; finally, o(A) = — max Re(\;(A)) > 0 means the stability degree of a Hurwitz matrix A.

2. PROBLEM STATEMENT
Consider a linear SISO control system described by
&= Az +bu+ Dw, x(0) = x,
y=cla, (1)
z=Cr,

where A € R"*" b e R", D € R ¢ € R", C € R™", with the state vector z(¢) € R", the control
input u(t) € R, the measured output y(¢) € R, the controlled output z(t) € R", and an exogenous
disturbance w(t) € R™ satisfying the constraint

|lw(t)|| <w forallt>0. (2)

By assumption, the pair (A, D) is controllable, and the pair (A4, C) is observable.
We will find the control input in the form of a PID controller

u(t) = ~kpy(t) ~ kit [ y(r)dr ~ kpi(t 3)
0

that stabilizes the closed-loop system and suppresses the effect of exogenous disturbances w, mini-
mizing the bounding ellipsoid for the output z.
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PID CONTROLLER DESIGN FOR SUPPRESSING... 1017

Let us conceptually recall the method of invariant ellipsoids; more details can be found in [17].
Consider a linear time-invariant dynamical system described by

& = Ax + Dw, xz(0) = xo,

z=Cr )

with the state vector z(t) € R", the output z(t) € R", and a measurable exogenous disturbance
w(t) € R that is bounded at each time instant: |Jw(t)|| < 1 for all ¢ > 0. Assume that system (4)
is stable (i.e., the matrix A is Hurwitz), and the pair (A, D) is controllable.

An ellipsoid centered at the origin is said to be invariant for the dynamical system (4) if any of
its trajectories evolving from a point inside the ellipsoid will remain in this ellipsoid at any time
instant under all admissible exogenous disturbances of the system.

When evaluating the effect of exogenous disturbances on the system output, it is natural to
consider the minimal ellipsoids containing this output (in a certain sense). Obviously, if an ellipsoid

E={zeR": 2TP <1} (5)

with a positive definite matrix P (P > 0) is invariant, then the output of system (4) with z¢ € £
belongs to the so-called bounding ellipsoid

E.={zeR": T(crch)'z<1}. (6)

In the literature, the linear function f(P) = tr CPC?T (the sum of the squared semi-axes of the
bounding ellipsoid) is often introduced as a minimality criterion.

An invariance criterion for ellipsoids in terms of linear matrix inequalities (LMIs) was established
in the book [16]. Here, we formulate it as follows [17].

Theorem 1. Assume that the matriz A is Hurwitz, the pair (A, D) be controllable, and the matriz
P(a) = 0 satisfies the Lyapunov equation

T
1
(A+31)P+P(A+91) +-DDT =0
2 2 o

on the interval 0 < a < 20(A).

Then the minimal bounding ellipsoid for system (4) is obtained by minimizing the function
f(a) = tr CP(a)CT on the interval 0 < a < 20(A).

The strict convexity of the function f(«) on the interval 0 < o < 20(A) was shown in [12] (under
assumptions that can certainly be weakened). Also note that if o* is the minimum point in the
above problem of Theorem 1 and z(0) = z satisfies the condition xd P=!(a*)xo < 1, then the
uniform estimate

l=(0)ll < ICP(@)CT] < \/f(a%)
obviously holds for all ¢ > 0.

3. SOLUTION APPROACH

Let us introduce an auxiliary scalar variable £ as follows:

=y, £0)=0.

_ z n+1
g‘@eR |
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1018 KHLEBNIKOV

system (1) can be written as

. A0 b D x
g= (CT 0>g+ <0> u+ <0> w, g(0) = <00> :
y= (T 0)g,

z= (C’ 0) g.

According to (1) and (3), we have
¢
w=—kpy(t) k[ y(r)dr ~ kpy(t

0
kpctae — ki€ —kpe's = —kpe'a — kré — k:DcT(A:c + bu + Dw)

= —kp (CT 0) g—kr (0 1) g—kp (CTA O) g— kpctbu — chTDw;

consequently,
(1+ chTb)u = —kp (cT 0) g — kg (0 1) g—kp (CTA O) g — kpctDw,

and
kp - k;
____Fr M (o1
1+ kpclh <C 0) S Ry (O ) g
P __(T»y - P Tpuy.
1+ kpcTh <C 0) I T 5 kpetp” 7Y
With the new variables
kp k; kb
P T 1+ kpcThy’

= — P =L
YT 14 ket T 1+ kpcth

the expression (8) takes the form

u=— (klcT + kscTA kg) g— ksc® Dw,
and the original PID controller parameters are uniquely given by

k1 k2 k3

kp=—2 k=2 kp=-—3
P Tkl T T 1 T ksl P T T~ kgcTh

Thus, system (7) with the feedback control law (9) is described by

. A — kibet — ksbeT A —kob I — ksbeT)D T
g=< ! ¥ 2>g+<( ’ )>w, 9(0):<00>,

ct 0 0
z = (C 0) g.
It can be represented as
9= (Ao + k1A + ks Ay + ks A3)g + (Do + ksDs)w,  g(0) = (“’%0> : o)
z =Cyg,
No. 11 2025
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_beT _ _ 3T
-’40:(;'4} 8)) A1:<%c 8)5 A2:<8 Ob>) A3:<b8A8>a
T
D0:<107>, Dg,:<b%D>, C:(C 0).

Remark 1. Note that the pair (A, Dy) is controllable. Indeed, otherwise there would exist a
vector 0 # v € C™! such that, for some \ € C,

YA o) T Ylo) T

By writing the vector v as v = <v1> , v1 € C", vy € C, we obtain

where

U2

) (300 () (8) -

or vfA = Mvj, vi D = 0, which obviously contradicts the controllability of the pair (A, D).
Thus, the “nominal” system

Q:AOQ"'DOU%
z=Cg

(11)

is controllable.

Similarly, the pair (Ao, C) is observable. Indeed, otherwise there would exist a vector 0 # v € C**!

such that, for some A € C,
(c{lf 8)1):)\1), (C’ O)v:O.

. . v .
Again, by representing the vector v as v = <v1> ,v1 € C", vy € C, we arrive at
2

(A0 () () @)

or Av; = Ay, Cv; = 0, which contradicts the observability of the pair (A, C'). Thus, the “nominal”
system (11) is observable as well.

Following the method of invariant ellipsoids, let the state g of system (10) belong to the invariant
ellipsoid (5) generated by a matrix 0 < P € S"*1. We will minimize the size of the corresponding
bounding ellipsoid (6) with respect to the output z = Cg.

In view of condition (2), according to Theorem 1, we appropriately scale the matrix D to arrive
the problem of minimizing tr CPCT subject to the constraint

T
C%+mm+@m+%@+%gP+P@%+mm+@&+@&+%ﬂ

—2
+ 2 (Dy + ksD3) (Do + ksD3) " = 0.

o
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1020 KHLEBNIKOV

By introducing the designations
A =Ag+{A k} = Ap + k1 Ay + ko Az + ks A3,

D = ((I - k:%bcT)D>

for convenience, we write this constraint as
T =2
Q « w T
(Ao+{A,k}+§I)P+P(Ao+{A,k:}+§I) +EDka =0. (12)

Here, optimization is performed with respect to the matrix variable 0 < P € S"*!, the vector vari-
able k € R3, and the scalar parameter a > 0.

Finally, as the performance criterion, we take the function
f(k, ) = trCPCT + p[[K|?, p >0, (13)

which includes a control penalty. (The coefficient p > 0 adjusts its significance.)

Thus, the original problem (the design of a PID controller to suppress exogenous disturbances)
has been reduced to the nonconvex matrix optimization problem (13)—(12). Note that for given k
and «, the matrix P is found from the Lyapunov equation (12); thus, the independent variables
are k and «.

Nonconvexity in this optimization problem is due to the presence of the bilinear terms A;k; P,
i=1,...,3, in the Lyapunov equation (12), which defines the constraint in the parameter space.
Essentially, we are dealing with a bilinear matrix equation, and its solution (as in the case of bilin-
ear matrix inequalities) is an NP-hard problem [18-20]. In some particular cases, bilinear matrix
equations (or inequalities) can be linearized by special variable changes, e.g., the problem of sta-
bilizing a linear time-invariant system of the form & = Az + Bu by a proportional (P) controller
u = Kx. However, even in the problem of stabilizing this system by the output y = Cz (i.e., with
a controller uw = KCz), such an approach becomes fundamentally impossible, and other solution
methods are required; one alternative is to impose stronger conditions on the system, e.g., in the
spirit of the passification conditions (see the feedback Kalman—Yakubovich-Popov lemma [19]). De-
spite the fundamental difference between stabilization and suppression of exogenous disturbances,
similar challenges arise in such problems, which demonstrates the complexity of solving the problem
stated above. In the next section, after studying some properties of the objective function, we will
apply direct optimization in the parameter space to solve this problem.

4. SOME PROPERTIES OF THE FUNCTION f(k, «)

The objective function f(k,«) can be minimized with respect to a, e.g., using Newton’s method,
as proposed in [12]. Consider the problem

min f(a), f(a)= tr PCTC,

subject to the constraint
T
1
<A+%I> P+P<A+ %I) +=DDT =0
o

with respect to the matrix variable P € S and the scalar parameter 0 < o < 20(A); the matrix A
is assumed stable (Hurwitz).

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 11 2025
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Let us choose an initial approximation 0 < oy < 20(A) and apply the iterative process

f'(a)

iy = —
J J f//(aj)’

where

fla)=trY (P - éDDT> , fa)=20rY <X + %DDT) ’

and the matrices Y and X are the solutions of the Lyapunov equations
a \T « T

and -
1
<A+91)X+X<A+91) +P-—DDT =0,
2 2 o?

respectively. The method converges globally (faster than the geometric progression with a ratio
of 1/2), with quadratic convergence in the neighborhood of the solution.

On the other hand, due to the convexity of the function f(«) (see [12]), it can be effectively
minimized on the interval (0,20 (A)) by simpler techniques, e.g., the golden section method.
Next, we introduce the function

(k) = min £ ().

Obviously, f(k) is well-defined and nonnegative on the set S of all stabilizing controllers (their
gains k). Moreover, the set S can be nonconvex and disconnected, and its boundaries can be
nonsmooth.

Assumption. Let

KO — | 1O

be the gains of a known stabilizing PID controller, i.e., the matriz Aoy = Ao+{A, k(o)} 18 Hurwitz.
We proceed to some properties of the gradient of the objective function.

Lemma 1. The function f(k,«) is well-defined on the set of stabilizing gains k for 0 < a<20(Ag).
It is differentiable on this admissible set, and the gradient is given by

! U_)Q T
fa(k,a) =trY (P — EDka. s

bt D 5
0 b

1 -2

i=1,... 14
Ok; a t=1-9 (14)

where ;5 denotes the Kronecker delta, and the matrices P and Y are the solutions of equation (12)
and the Lyapunov equation

T
(Ao +{A k) + %1) Y +Y (Ao +{A kY + %1) +c%c =0, (15)

respectively.

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 11 2025
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The function f(k,«) achieves minimum at an inner point of the admissible set that is determined
by the conditions

folk,0) =0,  fi.(k,a)=0, i=1,...,3.
In addition, f(k,«a) as a function of « is strictly conver on 0 < a < 20(Ayx) and achieves minimum
at an inner point of this interval.

The Jacobian of the function f(k) has the following properties.
Lemma 2. The function f(k) is twice differentiable, and

2

_ T
(f"(k)v,v) =2tr PY'{A,v} + p(v,v) — %’Ug tr [2Y’Dk —u3Y <bCED>] (bCED> , (16)

N | —

where v € R and the matrices P, Y, and Y' are the solutions of equation (12), equation (15), and
the Lyapunov equation

(Ao AR + %1) Yy (Ao AR + %1) FIATY 4 Y (A0} =0, (17)

respectively.

The gradient of the function f(k) is not Lipschitz on the set S of all stabilizing controllers, but
it possesses this property on a subset Sg C S§. The corresponding result will be presented below.

For obtaining simple quantitative estimates in Lemmas 3 and 4 below, we incorporate the
regularizing terms ¢ and 0 into the optimization problem (13), (12) as follows:

min f(k,a), f(k,a)= tr P(CTC +cl)+p|k|?>, 0<e<1,

subject to the constraint
« a \T @? T
(Ak+§I>P+P<Ak+EI> + Y DuDF 461 =0, 0<5< 1. (18)
o

The requirement for their introduction can be significantly weakened, but the current aim is to
obtain the simplest and most illustrative results.

Lemma 3. The function f(k) is coercive on the set S of all stabilizing controllers (i.e., tends to
infinity on its boundary) and, moreover,
w? £

1000 T4+ o (A
F06) > ol

f(k) = Dy %, (19)

Let us introduce the level set
So={keS: f(k)< ()}
Obviously, Corollary 1 is immediate from Lemma 3.

Corollary 1. For any controller k©) € S, the set Sy is bounded.

On the other hand, the function f(k) has a minimum point on the set Sy (as a continuous
function on a compact set), but the set Sp shares no points with the boundary of S due to (19).
According to the above considerations, f(k) is differentiable on Sp. Consequently, Corollary 2 is
true.

Corollary 2. There exists a minimum point ki on the set S, and f'(k.) = 0.

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 11 2025
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Lemma 4. On the set Sy, the gradient of the function f(k) is Lipschitz with the constant

£ (ko) 2(n + 1) f (ko)

€ w2ed

L=2/3(n+1)

w2

2
Af2(k 3
x { f7(ko) (HAOH —|—mZaXHAZ‘H ;f(%)) —|—531(11;3%”-"‘2‘”2

3
x (quu +mae | Ay [ f (ko) ) max | A + 2

w2ed w2

2
+ 25 (2(”+1)f (ko) [4f (ko) (HAOH + mae A %f(ko)> + 3max [ 4]

ko ko
x <1+ L)HbcTu) Dl + L4 )HbcTDHF> 6™ Dl
P w2
These properties of the objective function and its derivatives allow constructing an optimization
procedure and justifying its convergence.

5. OPTIMIZATION ALGORITHM

We propose an iterative approach to solve the problem posed. This approach is based on the
application of the gradient method with respect to variable k and convex minimization with respect
to . The corresponding algorithm includes several steps as follows.

(1) Choose some values of the parameters € >0, v > 0, and 0 < 7 < 1 and an initial stabilizing
approximation k(). Compute

ap = (Ao + {A,kO}).

(2) On the jth iteration, the values of k) and a; are given. Compute A, ;) = Ao + {A, k@)} and
solve equations (12) and (15) to find the matrices P and Y. Compute the gradient

H; =V (kD) a;)

from the relations (14). If | H,|| < ¢, then take k) as an approximate solution and terminate
the algorithm.
(3) Perform the gradient method step:

pU+D) — G _ v;Hj.

Adjust the step length ~; > 0 by fractionating until the following conditions are satisfied:
(a) The matrix Ag + {A, KUV} + LT is Hurwitz.
(b) f(RUFTD) < f(RU)) — ;| Hj|
(4) Minimize f(kUtD), o) with respect to o (see the beginning of Section 4) and find ajy1. Revert
to Step 2.

This method converges in the following sense.

Theorem 2. In Algorithm 1, only a finite number of fractions are realized for y; on each iteration,
the function f (k(j )) 1s monotonically decreasing, and its gradient vanishes with an exponential rate
(like a geometric progression):

lim ||| = 0.
J—00

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 11 2025
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Indeed, Algorithm 1 is well-defined at the initial point since k() is a stabilizing controller by
the above assumption. For sufficiently small +;, the function f(k) monotonically decreases (moves
in the direction of its antigradient); with this step adjustment, the values of kU) remain in the
domain Sy, where Lemma 4 ensures the Lipschitz property of the gradient. Thus, the gradient
method for unconstrained minimization is convergent [21]. In particular, condition (b) at Step 3
of Algorithm 1 will be satisfied after a finite number of fractions, and the gradient method will
demonstrate gradient convergence with a linear rate.

Naturally, it is difficult to expect convergence to a global minimum: the definitional domain
of f(k) may even be disconnected.

Let us finally emphasize the following aspect.

Remark 2. With the Euclidean norm in the objective function (13) being replaced by the

weighted
lzllo = [>_pixi,  pi >0,
i

one can tune the PID controller parameters more flexibly via assigning different weights.

6. EXAMPLES
Consider an illustrative example from the paper [22]. The transfer function has the form
1

O = T i rant Tt ety +ads) @~ 0%

MATLAB’s procedure tf2ss gave the following matrices of system (4) in the state space:

-15 =70 —-120 —-64 1 0
1 0 0 0 0 0
A=l 0o 1 o ol "lolr o
0 0 1 0 0 64
Let us choose the matrix
10
0
D= 0
0

and the controlled output matrix
1000
¢= (0 10 0) '
We assign p = 0.1 and the stabilizing PID controller

0.6389
ko = | 0.9853
0.3243

as an initial one.
The iterative process of the optimization algorithm terminated with the PID controller

0.6670
k. = | 0.5466
0.1081

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 11 2025
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J(K)

4 1 1 1 |
0 5 10 15 20

N,

iter

Fig. 1. Optimization procedure.

Amplitude, dB

—-180

Phase, deg

—225

270 .
107 107

10° 10' 10° 10°
Frequency, rad/s

Fig. 2. Bode plots of the closed-loop system.

and the bounding ellipse matrix

p_ 4.0336 —0.1999
7\ —0.1999 0.3259

) . tr P, = 4.3595.

The dynamics of the criterion f(k) are shown in Fig. 1.

The closed-loop system with the PID controller k, is stable by the Nyquist criterion; its minimal
gain and phase margins are 23.3 dB and 70.3°, respectively (Fig. 2).

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 11 2025
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Fig. 3. Bounding ellipses.

By setting p = 10, we arrived at the PID controller

0.1232
kK, = 0.2410
—0.0710

and the bounding ellipse matrix

P, =

4.8090 —0.1560
—0.1560 0.3453

) , tr P, = 5.15437.

Therefore, the norm of the vector of PID controller gains was reduced three times, at the “price”
of a less than 20% increase in the size of the bounding ellipse.

Figure 3 shows the resulting bounding ellipses and the trajectory of the closed-loop system with
the PID controller k, under some admissible exogenous disturbance.

All computations were carried out in MATLAB using cvx [23].

In the future, we intend to conduct extensive numerical simulations and discuss all computational
aspects thoroughly. In this paper, it is important to demonstrate the principal effectiveness of the
novel approach in disturbance suppression.

7. CONCLUSIONS

This paper has proposed a novel and easily implementable approach to the design problem of PID
controllers suppressing nonrandom bounded exogenous disturbances in linear control systems. The
approach is based on reducing the original problem to a nonconvex matrix optimization problem,
which is then solved by the gradient method. The corresponding algorithm has been constructed
and justified.

Although only SISO systems have been considered, the approach is fully transferable to the
multidimensional case; here, the constructs will become somewhat more cumbersome, while the
conceptual side will change little.

An important direction for further research is to extend the above results to systems with
uncertainties.

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 11 2025
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APPENDIX

Lemma A.1 [12]. Let X and Y be the solutions of the dual Lyapunov equations with a Hurwitz
matrix A :
ATX + XA+W=0 and AY +YAT"+V =0.

Then tr (XV) = tr (YW).
Lemma A.2 [24]. 1. Real matrices A and B of compatible dimensions satisfy the relations
[AB|r < [[Allr] B,

[tr AB| < [[Al[r|[ Bl F,
Al < |All#,

<
<

1
AB + BTAT <cAAY + BB for any e > 0.
€

2. Positive semidefinite matrices A and B satisfy the relations

0 < Min(A) Amax(B) < Amin(A) tr B < tr AB < Apax(A) tr B < tr Atr B.

Proof of Lemma 1. Differentiating equation (12) with respect to a gives

oP oP
(Ao +{A k}+ %I) —

a T ’11_)2
B %(AojL{A, k}+ 51) +P - EDkD/? =0. (A1)

With Lemma A.1 applied to the dual Lyapunov equations (A.1) and (15), we obtain

P P 72
fLk,q) = trcg—aCT — tr g—acTc — Y (P - %DkD,;F> .

To differentiate with respect to k, we add the increment Ak and denote the corresponding
increment of P by AP :

(Ao +{A k+ A} + %I) (P + AP)

’11_)2

T
+(P + AP) (Ao +{A k+ Ak} + %I) + EDkJrAkD/;FJrAk =0,
where

I — (ks + Ak3)beT)D ber' D
Dk+Ak:<< (ks 0 3)6) )sz—Ak3<CO )

Let us apply linearization and subtract this and the previous equations to get

(Ao +{AK) + %1) AP+ AP (Ao +{AK) + %I)T (A.2)

T
beTD beTD

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 11 2025
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The increment of f(k) is calculated by linearizing the corresponding terms:
Af(k) = trC(P + AP)CT + p||k + AK||? — (trCPCT + p||k|?) = tr APCTC + 2pkT Ak.

Due to Lemma A.1, for the dual Lyapunov equations (A.2) and (15), we have

2 TH\ L
Af(k) = 2trY |{A, AK}P — Ak Dy, (bCOD ) + 20k Ak
a
9 TH\ T
=2tr PY{A, Ak} — 2% Y D, (chD> Aks + 2pkT Ak.
a
Thus,
3 w2 betD T 3
df (k) = 2tr PY idk; —2—trY D dks + 2 k;dk;.
if (k) r ;A b k;< 0 ) 3+ P;
The proof of Lemma 1 is complete.
U1
Proof of Lemma 2. Let v = [ vy | € R3. The value of (f”(k)v,v) is obtained by differentiat-
U3

ing f’(k) in the direction v. For this purpose, linearizing the corresponding terms and using the
convenient designation
tr PY Ay
[tr PYA] = | tr PY A |,
tr PY As

we calculate the increment of f/(k) in the direction v :

1, ., w? bt D B
§Af (kv = [tr (P4 AP)(Y + AY)A] + p(k + ov) — - tr (Y + AY)Djis0 0 es

beT'D

T
0 ) 63) = [tr (P + 6P'(k)v) (Y + 6Y'(k)v).A] + p(k + 6v)

’Ll_)2
— | [tr PYA] + pk — — tr Y Dy,
a
5 T\ T 2 T\ T
_w tr (Y + 5Y/(k)U)Dk+6v (bc D) e3 — ([tr PY A| + pk — v trY Dy, (bCOD> 63)
o (6%

0
beTD beTD\ "
(Y—|— (5Y/) Dy — dvs 0 —-YDy 0 €3

— §[tr (PY'(k)v + P'(k)vY).A] + 6pv — 5% or [Y/Dk Y <bc D)] <bc D) N

—2
= §[tr (PY'(k)v + P'(k)vY)A] + 6pv — % tr

0 0
0
where e3 = | 0| and
1
AP = P(k + dv) — P(k) = 0P'(k)v,
AY =Y (k + 6v) =Y (k) = §Y'(k)v
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Thus, with P/ = P'(k)v and Y’ = Y'(k)v, we have

0 0

DN | =

w? be'D be'D B
(f"(k)v,v) =tr (PY'+ P'Y){A,v} + p(v,v) — o tr [Y’Dk —u3Y < )] ( ) V3.

Furthermore, P = P(k) is the solution of equation (12). We write it in increments in the
direction v :

(Ao +{A k+ v} + %I) (P+46P)

T -2
+ (P + 4P (Ao + {A, k+ év} + %I> + %DkaD/;FMv =0,

or

T
(Ao b AR+ o) + %I) (P+6F) + (P +6P') (Ao b {A K+ 60} + %I)

T
T T
Dk — 5?)3 (bCOD>‘| [Dk — 5?)3 <bCOD>‘| = 0.

(Ao b AR} + %1) (P+6P') + (P + 6P (Ao b {AR) + %I)T

11_12
+_
«

After linearization,

72 TP\’ T
+8 ({4 0}P + PLA0YT) + % DD - 5wy, (bCOD ) ~ by (”COD ) Df| =0
Subtracting equation (12) termwise from this expression gives
o , , a \T
(Ao F{AK) T 51) PP (Ao L AR+ 51) (A3)
_9 T T T
D D
+ {A,0}P + P{A,v}T - Ug% [Dk (bco ) + <bco ) Dl =o.

Similarly, Y = Y (k) is the solution of the Lyapunov equation (15). We write it in increments in
the direction v :

T
(Ao +{A K+ 6u} + %1) (Y +6Y") + (Y +6Y) (Ao +{A K+ du} + %1) +CTc =0,

or

(Ao +{A K} + %I)T(Y +8Y") + (Y +6Y7) (Ao +{A K} + %1)
+6({A,v}TY + Y{A,v}) +CTCc =0.

Subtracting equation (15) termwise from this expression yields the relation (17).
From (A.3) and (17) it follows that
T
T
tr P'Y{A,v} = trY’ be D)

bet D T
O )

0

—2
{Av}P — 03%1% (

-
=tr PY'{A,v} — ’Ugw— tr Y’Dk<
a
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SO
2

0 T
(F"(K)o,0) = tr (PY' + P'Y){A 0} + plo,v) — vy [Yfpk Y (bczDﬂ <b03D>

, w? , bet D B w? , betD b D *
=2tr PY'{A,v} + p(v,v) — v3— tr Y' Dy, 0 — —wstr |Y'Dy —v3Y 0 0
Q@ !

_9 T T T
= 2tr PY/{A,U} + p(’U,’U) - %03 tr lQY/Dk - UBY (bCOD>‘| (bCOD> .

N | —

The proof of Lemma 2 is complete.

Proof of Lemma 3. Consider a sequence of stabilizing controllers {k)} € S such that

kW) — k€8S, ie., o(Ar) =0. In other words, for any € > 0 there exists a number N = N (e)
such that

o(Api) — o(Ap)| = o(Aym) <e
for all j > N(e).
Let P; be the solution of the Lyapunov equation (12) associated with the controller kU
T 2
a; a; w
<Ak(j) + 7”) P+ F; <Ak(j) + 7”) +

—(kaDEm +4I) = 0.
Qj

Also, let Y be the solution of the dual Lyapunov equation

o\ Q) T
(Ak;(j) +71) Y;+Y; (Ak;(f) —1—71) +C ' C+el=0.

Then
F9) =t PCTC +eT) + plkD2
—2
w
> tr Pj(CTC +el) = tTYj;(kaD;;F(j) +4I)
j
w? W% Ain (CTC + 1)
> — Ain(Y5) tr (Dy.y Dy + 601) > — 228 —\ID,. 5 ||%
a; mln( ]) 1“( k(@) 10) + ) a; QHAk(J') +O;—]IH H k(])HF
w? € w2 €
> Diplt 2 — 757Dy |7 — 400
10 (A0 T T+ or ) Pk IF 2 o g e Pron I =5
since
0 <oy <20(Ag,)
and

Q; Q;
1w + LTI < 1Al + L < 140+ o(Ax,).
On the other hand,

FRV) = tr P(CTC +el) + pl kY |* = pl[ kY|P ———— +o0.
K@ |>-+00

The proof of Lemma 3 is complete.

Proof of Lemma 4. We establish several estimates useful for further considerations. First of all,

A b = 13 Aol < 3 [l Adll il < max Aol < v/3 max [ Al ][o] (A4)

since ||lally < v/nllal| for a € R™.
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In view of (A.4), o can be estimated as follows:

a < 20(Ao + {A k}) < 2| Ao + {A, K} < 2(1Aoll + II{A, k}) (A.5)

2(] Aol + V3 max A1) < 2( 1 o]+ max |4,y = £ o) )

k k
”k”gwi) g\/f(po)_
HDkuF:H<I ksbe!) )H (I~ ksbe™)D|p < [T — ksbe™ ||| D]l (A.6)

k
< (L+ ksl I DD < (1 n \/@WH) 1D]r-

Applying Lemma A.2 to (16), we have

since

Finally,

1 1
I R = 5 sup (f*(k)v,v) <2 sup [tr PY'{A v} +p sup |(v,0)] (A7)
llv]=1 llv]=1 llv]=1
92 T T\ T
+w— sup |vgtr [2Y'Dy — v3Y be” D be” D ‘
@ Jolj=1 0 0

<|PIellY'llr sup [{A v} +p+@* sup |vs| sup
Joll=1 oll=1 " floll=1

T T
2Y’Dk—v—3Y (bc D)H H(bc D)
o} 0 F 0
be'D
(=2)] Yo

_ 1 1

< V3| P|lg Y|l F max [ Aill + p + @ (2 —Y'Il [ Dllz+ = [IY] HbcTDHF) lbc” D]| -
—— —— (&% —_——

(A.6)

F

< V3| Pl ]lY |7 max LA +P+w2< —[[Y"Dillr + sup |v3|—

l[ol=1

F

(A.8) (A.12)

(A.11) (A.9)

The upper bound for ||P|| is derived as follows:
ellPll < Amin(CTC + D) |[P|| < tr P(CTC +el) = f(k) — pllk||* < f(k) < f(ko);

consequently,
f (ko)

1Pl < £

and

~—

—~
>
o

~

1Pl < v r 1)

3

Next, by Lemma A.1, equations (18) and (15) imply
tr Y (Dp D + 61) = tr P(CTC + €I).

As a result,

w29 )
—||YH Amin(DpDF + 1) trY < trY —(DyDF + 61)
[0

= tr P(C'C+el) = f(k) — pllkl* < f(k) < f(ko),

Q|§'3
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which gives

1 [ (ko)
IV < T35 (A.9)
and, due to (A.5),
2f(k 3
Y < ko) < 2100 (HAOH + max A, ;f(ko)> . (A.10)

Moreover, using Lemma A.2 together with the upper bounds (A.4) and (A.10), for ||v|| =1 we
have

Amax ({A,0}TY + V{A0}) = [{A,0}TY + Y{A 0} < [|[Y2+ {A 0} {A 0}

412 (ko)
w62

3 2
< IVIP + A o} < (1ol + max L4 2 £h0) )+ 3 max LA

By Lemma A.1, equations (18) and (17) lead to

—2
Y (DD +61) = tr P({A0}TY + Y {A}).

Therefore,
@25 / 11)2 T ! ,ZT}2 T
= tr P({A,0}"Y + Y {4, 0}) < Amax({A, 0} 1Y + Y{A,0}) tr P
412 (k 3 2
< [ (1ol + max iy 2 700)) 4 3mac 4] 0+ 1P
n+1)f (ko) [4f2(k 3 2
< DI FEOO) (4 iy 2 00|+ 3mase )
g w 7 1% 7
SO
1o (4 1) (ko) 4f2(ko)( w3 )2 2
aHY H < 26 w62 HAOH + mZaX ”AZH pf(kO) + 3mZaX HAZH . (A'll)

Accordingly, in view of (A.5), we obtain

w2ed w2

2
1) < o0 TSP (a4 sl 25000 )+ 3 A

2
. 2(n + 1) f (ko) l4f2(ko)<||AO||+m?x\|,4i\| %f(k:o)> +3m?x‘|Ai‘|2]

w2ed w462

(1l + max L4l 5 £0))

and
Ve < aTTIY| (A12
2(n +1)%2 f(ko) [4f3(k 3 ?
o Bt DT 0u) T2 (gl g A 21 000) 4 5 A

(1ol + ma LA = £ ) ).
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Returning to (A.7), based on the upper bounds above, we finally arrive at the relation

f ko) 2(n + 1)%2 f (ko)
€ w2ed

S < 3+ )

9 2
y lM(HAOH + e | A %f(ko)) +3m?XHAiH21

w162
3
(10l + e LA = 7)) A+

e <2<n + 1)/ (ko) l4f2(1€o)

w2ed w462

3 2
<\|A0||+m?XHAiH ;f(k0)> +3m?X||Az'H2]

G ik
< (1 2 ety o + %ubcTDnF> 6" Dl

The proof of Lemma 4 is complete.
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