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1. INTRODUCTION

Problems of distributed computations on graphs have a long history. The first problem of this
class was the firing squad synchronization problem, proposed by J. Myhill in 1957 and solved by
V. Levenshtein [1] and F. Moore [2]. It considers a chain of identical automata that, after activating
one of them, must pass to the same state in minimal time. Starting from the 1980s, many distributed
algorithms for solving various graph problems emerged. Among them, note the problems of finding
a minimum spanning tree (MST) [3–7] and a breadth-first search (BFS) tree [8–10]. Methods for
solving these and many other problems were reviewed in [11–13].

The general scheme of distributed algorithms is as follows. Processors located at the vertices of
a graph exchange messages in a synchronous or asynchronous mode. The computation process can
be initiated in two possible ways:

1) Processors in all vertices start working simultaneously.

2) The algorithm starts with activating one vertex, called the graph root; the remaining vertices
are activated after receiving messages.

Almost all these algorithms assume that the vertices are either numbered (see the surveys
[11–13]) or have some unique identifiers [10]. A distributed vertex numbering algorithm based on
the well-known Tarry’s algorithm for traversing graph edges [14] was described in [11].

This paper proposes a distributed algorithm for numbering the vertices of an undirected graph;
during the numbering process, the algorithm constructs a spanning tree that is also a BFS tree
and, accordingly, a tree of shortest paths from the root.

2. ALGORITHM DESCRIPTION

Consider a connected undirected graph with n vertices, m edges, and a specified initial vertex
(root), denoted by v0. Exactly such graphs, called rooted, will be studied below. Each vertex
contains a processor that can execute one of the local algorithms, depending on the state of this
vertex. All vertices can be in one of four states, indicated by colors: white, gray, black, and red.
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A particular local algorithm corresponds to each state (color). From this point onwards, the vertex
processor will be identified with the vertex itself: speaking of the actions of a vertex, we mean the
actions of its processor.

Each vertex has an ordered list of incident edges. Edges have an attribute that takes one of the
four values: incoming (upper), black (lower), dotted (chord), and red (see the details below).

Vertices can exchange messages of two types.

Type 1 has the form (i, c), where i is a number, i.e., i ∈ {1, . . . , n− 1}, and c is a color, i.e.,
c ∈ {black, red}. For brevity, messages of this type will be specified as “black (red) i” or “black
(red) number”. By default, we assume that the number is black, and the message is of type 1: the
expression “send i” means “send message (i, black)”.

Type 2 has the form (i, j), where i and j are black numbers; this type of messages arises when
a vertex, responding to an attempt to assign number i+ 1 to it, reports its number j.

In both types of messages, i is the last number assigned. It will be called the current i or current
number.

A vertex is white if:

— It is not numbered.

— It waits for messages to receive its number.

After that, a vertex becomes either gray (when, in addition to the incoming edge, it has other
incident edges) or red (when it has no such edges, i.e., it is pendant).

A vertex is gray if:

— It is numbered but has unnumbered neighbors.

— It waits for a type 1 message to start numbering the adjacent vertices or for a type 2 message
to label the edge via which this message has arrived as a chord.

A vertex is black if it is numbered, and all its neighbors are also numbered. Upon receiving the
current number, a black vertex transmits it to the next level.

A vertex is red if the vertices reachable from it at the next levels are either absent or numbered.
In both cases, this is reported upward: red i is sent via the incoming edge. The conditions of
transition to the red color will be described in detail below.

The idea of coloring vertices white, gray, and black is borrowed from [15], albeit with the following
modifications due to the distributed nature of computations: a particular algorithm corresponds
to each color; moreover, the red color is added to report the end of the numbering process on a
certain branch.

The vertex numbering algorithm proposed here is based on breadth-first search in a graph [15]
and is sequential: only one vertex is active at any time instant. Sending a message essentially means
transferring control: receiving a message activates the vertex (starts its algorithm, depending on the
current color of the vertex), whereas sending a message terminates activity. Due to the sequential
nature of the algorithm, during each activity period, a vertex can send only one message to one
address.

As will be shown below, the algorithm constructs a spanning tree consisting of incoming edges;
each vertex of this tree is at a minimum distance from the root. Therefore, the algorithm can be
described using two concepts, namely, level and branch. A branch of a vertex is a subtree with
this vertex as the root; the ith level is the set of vertices at distance i from the root of the original
graph. Breadth-first traversal means that the vertices of subsequent levels are not numbered until
the vertices of the current level are all numbered; thus, if i < j, the number of any vertex at the
ith level will be less than the number of any vertex at the jth level.

Recall that a chord is an edge not contained in a spanning tree.
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Fig. 1.

As an example, we will take the graph in Fig. 1 at various stages of the algorithm. The letters
labeling the vertices are introduced for convenient description and reading. The letters of the
vertices are unknown to their neighbors and to the root as well; therefore, they are not the identifiers
of vertices in the conventional sense and are not used in the algorithm’s operation.

In black-and-white graphics, vertex colors will be depicted as follows. White (unnumbered)
vertices are those labeled by letters. Gray vertices have a regular (thin) contour. Black vertices
are shaded. Red vertices and edges have a thicker contour. The root is depicted at the top, so the
expression “send upward” means “send toward the root.”

The scheme of the general vertex numbering algorithm

Initial state:

All vertices, except the root, are white; the root has no color; all edges are black. The set of
black edges (SBE) is ordered, so it makes sense to speak of the first edge of the SBE.

Start:

The root assigns number 0 to itself.

The root forms a queue from the SBE and sends 0 via the first edge of the queue.

Subsequently, it executes the local algorithm of the root, which is to manage the numbering
process of levels. The general process runs as follows.

In the first cycle, the root initiates the numbering process of level 1 vertices by sending 0 via
the first edge of the queue. At the end of this cycle, the queue becomes empty; this means that
the first level is numbered, and its vertices have become gray (and the pendant vertices of the first
level have become red). The kth cycle ends with the following results: all vertices of the kth level
have become gray or red, all vertices of the previous levels have become black or red, and a message
with the current number has arrived at vertex 0 via the last edge of the queue.

In the (k + 1)th cycle, upon receiving this current number, the root re-forms the queue from
the SBE and sends a message with the black number via the first edge of the queue. Upon passing
through k − 1 black vertices, this message arrives at a gray vertex v of the kth level; upon receiving
this message, the latter vertex numbers its neighbors connected to v by black edges (included
in the SBE); upon finishing the numbering process, vertex v sends the last number upward via
the incoming edge (u, v) and becomes black. If a neighbor vertex w has been already numbered,
edge (v,w) is labeled as a chord. If the SBE of vertex v becomes empty, this vertex becomes red
and sends a red number upward to its black vertex u, which makes edge (u, v) red. As soon as all
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lower edges of a black vertex have become red, this vertex becomes red itself and sends the red
number upward. The algorithm ends when all edges incident to the root become red.

By default, the expression “send message” means the end of the algorithm and waiting for the
next message.

Now we describe particular local algorithms: that of the root and those corresponding to different
vertex states (colors).

The local algorithm of the root

1a) Assign number 0 to itself.

1b) Start the algorithm for numbering neighbors with current i.

1c) Form a queue from the SBE.

1d) Send i via the first edge of the queue; wait for a message.

2) If black i has been received via the current edge of the queue (the next level of this branch
is numbered), then:

2a) remove this edge from the queue;

2b) if the remaining queue is non-empty, send i via the first edge of the queue;
else (the next level of the graph is numbered):

2c) form a queue from the black edges;

2d) send i via the first edge of the queue.

3) Else (a red number i has been received via the current edge of the queue; this means the
absence of unnumbered vertices on this branch):

3a) make this edge red and remove it from the queue;

3b) if the queue is non-empty, send i via the first edge;

3c) if the queue is empty and the SBE is non-empty, go to Step 2c);

3d) if the SBE is empty (all edges are red), end of the general algorithm.

At the first level, there are no chords, so the root receives only type 1 messages.

The local algorithm of a white vertex

A white vertex has no number. All its edges are black.

Upon receiving a type 1 message with number i :

1) Assign number i+ 1 to itself.

2) Label the edge via which i has arrived as incoming.

3) If the SBE is non-empty, then:

3a) send black i+ 1 upward via the incoming edge;

3b) become gray; end of the algorithm.

4) Else:

4a) send red i+ 1 upward via the incoming edge;

4b) become red; end of the algorithm.

Upon receiving its number and becoming gray, a white vertex “does not know” the status of
the numbering process of its level (completed or not); therefore, it does not number its neighbors
at the next level, but only reports its number upward via the incoming edge to its “upper” vertex
so that the latter continues numbering neighbors. But a white vertex may be pendant, i.e., have
only one neighbor connected to it by an incoming edge. In this case (see Step 4) of the algorithm),
it skips the gray and black stages and immediately becomes red.

The local algorithm of a gray vertex

1) If a message (x, y) of type 1 has been received via the incoming edge, then:
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1a) Form a queue from the SBE.

1b) Send i via the first edge of the queue.

1c) If black i+ 1 is returned via this edge, then:

1c1) remove this edge from the queue;

1c2) if the queue is non-empty, go to Step 1b) with i+ 1;

else:

1c3) send i+ 1 via the incoming edge;

1c4) become black; end of the local algorithm.

1d) If red i+ 1 is returned via this edge, then:

1d1) make this edge red;

1d2) remove it from the queue;

1d3) if the queue is non-empty, go to Step 1b) with i+ 1;

else

1d4) if the SBE is non-empty, go to Step 1c3);

else (all edges are red):

1d5) send red i upward;

1d6) become red.

2) Else (a message (x, y) of type 1 has been received via a black edge):

2a) make this edge dashed (this edge is a chord);

2b) send via this edge a type 2 message (i, j), where j is the number of this
vertex;

2c) if the SBE is non-empty, end of the algorithm;

2d) else:

2d1) send red i upward;

2d2) become red; end of the algorithm.

Step 2) corresponds to the situation when the vertex is already numbered and is the end of a
chord. As a result of Step 2b), the SBE may become empty, and then 2d) the vertex becomes red.
Case 2d) violates the sequential nature of the algorithm (see Example 4 below). The arrival of
a number via a black edge means that the numbering process runs on another branch q, and the
emptying of the SBE causes the parallel transmission of a red number upward via this branch p,

which may stop at any vertex of the branch. When the red number reaches the root (this will
happen when all vertices of branch p become red), the root receives two current numbers: from
branch p, numbered earlier, and from branch q, where the last numbering has occurred. In this
case: (a) the incoming edge of branch p becomes red and is removed from the root’s SBE; (b) the
current number remains the one received from branch q since it cannot be less than the number
received from branch p.

Example 1 (Fig. 2). Vertex 1 finished numbering its lower neighbors (vertices 5 and 6 became
gray and vertex 4 (pendant) red), sent the last number 6 upward, and became black. Upon receiving
number 6, the root removes edge (0, 1) from the queue and sends number 6 to gray vertex 2.

Example 2 (Fig. 3). Vertex 2 (gray) starts numbering neighbors and attempts to number gray
vertex 6, which has already been numbered by vertex 1. Step 2) of the gray algorithm is triggered
for vertex 6: it labels edge (2, 6) as dashed (chord) and sends a type 2 message (6, 6) via this edge
to vertex 2. Vertex 2 also labels edge (2, 6) as dashed and sends 6 to the next vertex, which receives
number 7 and sends it via the incoming edge to vertex 2. The numbering process of neighbors of
vertex 2 is now complete (the queue is empty); it reports this upward and becomes black.
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The local algorithm of a black vertex

1) If a black number i is received via the incoming edge, then:

1a) form a queue from the SBE;

1b) send i via the first edge of the queue.

2) If a black number i is received downward, then:

2a) remove this edge from the queue;

2b) if the queue is non-empty, go to Step 1b) with i.

Else send i via the incoming edge; end of the local algorithm.

3) If a red number i is received downward, then:

3a) make this edge red and remove it from the queue;

3b) if the queue is non-empty, send black i via the first edge;

3c) if the queue is empty, then:
if all edges are red, become red and send red i upward; end of the local
algorithm.
Else send black i upward; end of the local algorithm.
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Example 3. Figure 4 shows a stage of the general algorithm where the numbering process of
level 3 vertices of branch 2 is completed. Consider this process, which leads to the state demon-
strated in the figure. The root sent the current number 9 to vertex 1. Vertex 1 and edge (1, 4)
became red earlier, during the numbering process of level 2 (see Example 1), so edge (1, 4) is no
longer in the SBE of vertex 1. Vertex 5 numbered vertex 10; the latter detected itself to be red and
sent red number 10 to vertex 5, which also became red and sent red number 10 to vertex 1, making
edge (1, 5) red. Then vertex 1 sends number 10 to vertex 6, which attempts to number vertex 7,
receives a type 2 message from it, labels edge (6, 7) as a chord, becomes red (see Step 2d) of the
gray algorithm), and sends red number 10 to vertex 1. Vertex 1 makes edge (1, 6) red, detects itself
to have no black edges, becomes red, and sends red number 10 to the root. Edge (0,1) becomes
red, i.e., is removed from the root’s SBE, so branch 1 does not participate in further numbering
cycles.

Note the following. The levels of the chord ends may either coincide (such chords will be called
horizontal; see chord (6, 7) as an example) or differ at most by 1 (vertical chords; see chord (2, 6)
as an example). Indeed, let vertex x on an edge (x, y) be numbered and be at level k, and let y be
not numbered yet. Obviously, at this time instant, (x, y) is in the SBE of x. Therefore, during the
numbering process of the (k + 1)th level, vertex x either numbers y or detects that y has already
been numbered; in the latter case, (x, y) is labeled as a chord. In any case, as illustrated by the
example of edge (6, 7), a horizontal chord of level k is detected as a chord only during the numbering
process of the (k + 1)th level. As we will see below, this can affect the total numbering time.

Example 4 (continuation of Example 3). Upon receiving number 10 from vertex 1, the root
starts numbering branch 2, which ends with the arrival of black number 11 at the root, yielding no
new red vertices: Step 3) is triggered in the algorithm of white vertex 11 (the SBE still contains
edge (8, 11)), and it becomes not red but gray. After this, the numbering process of level 3 of
branch 3 begins, during which vertex 8 detects chords (8, 9) and (8, 11). When vertex 8 attempts
to number the already numbered (i.e., gray) vertex 11, Step 2) of the gray algorithm is triggered
for this vertex, it becomes red and sends its red number upward. Thus, for some time, two parallel

processes will run: along branch 2, red number 11 is transmitted to the root, and along branch 3,
numbering continues. In general, two options are possible: a) the processes run along different
branches; b) the processes run along different sub-branches of one branch. In the first case, they
converge at the root; in the second, they arrive at some vertex of one branch, which may either
change its color (if its SBE becomes empty) or not.
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Figure 5 shows the time instant when the numbering process is complete. Vertex 12 has just
received its number. At the next time instant, it will become red; and through vertices 9 and 3,
red number 12 will arrive at the root, which ends the numbering process.

Example 5. Now suppose that a horizontal chord (11, 12) is added to the graph in Fig. 5. As
noted at the end of Example 3, a horizontal chord of level k will be detected as a chord only during
the numbering process of the k+1th level. Therefore, the process will run not as described in
Example 4: vertices 11 and 12 do not become red; after completing the numbering of level 3, black
number 12 arrives at the root, and the root starts numbering level 4, unaware of its non-existence.
Vertices 11 and 12 become red only in the fourth cycle, and the corresponding messages are sent
in parallel along branches (11, 7, 2, 0) and (12, 9, 3, 0).

3. MAIN RESULTS. ALGORITHM COMPLEXITY ESTIMATION

Theorem 1. The incoming edges of an original graph G, labeled by the algorithm, form a tree
that is (a) spanning and (b) a tree of shortest paths from the root, i.e., a BFS tree.

Consider the graph G∗ formed by the incoming edges. Each vertex has only one incoming edge.
This follows from the fact that an edge is labeled as incoming only when the vertex is white, which
then becomes gray. Moreover, if an edge (u, v) is incoming for v, then the number of u is less than
the number of v: vertex v has received its number via the edge (u, v), and vertex u has already been
numbered by that time. Therefore, on any path from v via incoming edges, the vertex numbers
decrease. Hence, (1) a path of incoming edges from any vertex v cannot be a loop, and (2) it can
end only at the root, because only the root has no incoming edge. Thus, the graph G∗ is connected
(any two vertices are either on the same path to the root or connected by two paths leading to the
root) and contains no loops, thereby representing a tree. Since each vertex has an incoming edge,
the tree G∗ contains all vertices of the original graph, i.e., it is spanning.

Now we prove that for any vertex v, its path to the root v0 in the graph G∗ is the shortest one
in the graph G. The proof is by induction on the cycles of the numbering process.

The 1st cycle is to number the root’s neighbors. Obviously, after its completion, all neighbors
of the root become gray, they are numbered, the edges connecting them to the root are incoming,
and their distance to the root is 1. Suppose that they form level 1. Clearly, there are no other
vertices with unit distance to the root.
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Next, assume that the kth numbering cycle has been completed, resulting in new gray vertices
whose distance to the root is k, and there are no other vertices with distance k to the root.
These vertices form level k. Then all vertices with distance k + 1 to the root are neighbors of
level k vertices; consequently, the former vertices will be numbered by the latter vertices in the
k + 1th cycle, becoming gray and forming level k + 1. The edges via which they have been numbered
will become incoming for them and enter the tree G∗. Thus, for any k, a vertex with distance k

to the root will enter level k of the tree G∗, proving that the graph G∗ composed of the incoming
edges of the original graph G is a tree of shortest paths to the root, i.e., a BFS tree.

Thus, the algorithm produces the following results:

(1) All vertices of the graph are numbered, and the total number of vertices is found.

(2) A spanning tree of the graph is constructed from the incoming edges; the chords of the graph
are found, thereby determining its cyclomatic number.

(3) This spanning tree is a BFS tree.

Thus, the algorithm simultaneously solves two problems: distributed vertex numbering and
distributed construction of a BFS tree. Therefore, this algorithm will be called the NBFS algorithm.

Note that the local parallelism, arising sometimes during the operation of the NBFS algorithm
(see Example 4), does not require synchronization: the final state of the vertex, where two parallel
messages arrive, is independent of the order of their arrival.

The spanning tree constructed is not unique and depends on the order of edges in the queues
formed by the local algorithms.

For the current example, the BFS tree is shown in Fig. 6. If in the second cycle the queue at the
root had the form bac, vertex f would receive number 4, and the edge (b, f) would not be a chord.

Complexity. Henceforth, by the complexity of the NBFS algorithm we mean its communication
complexity, i.e., the number of messages generated during the operation of this algorithm. Let us
introduce the following notation:

CNBFS(n) is the complexity of the NBFS algorithm for rooted graphs with n vertices;

CNBFS(G) is the complexity of the NBFS algorithm for a particular graph G;

e(G) is the eccentricity of the root of the graph G, i.e., the maximum of the distances from v0
to the other vertices;

γ(G) is the cyclomatic number (and, accordingly, the number of chords) of the graph G;
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Fig. 7.

GBFS is the spanning tree of the graph G. From this point onwards, we will simply write e

and γ.

Any numbering algorithm for the vertices of a rooted graph must sequentially traverse all vertices
starting from the root. A distributed algorithm must traverse all edges: in the absence of initial
information about global properties of the graph, there is no guarantee of visiting all vertices
until visiting all edges. The well-known Tarry’s algorithm [14] for traversing all edges is based on
splitting each edge into two “half-edges,” resulting in an Euler graph where each half-edge can be
traversed once; this is equivalent to traversing the original edge twice in different directions, with
the traversal necessarily ending at the root. Therefore, for the distributed Tarry algorithm [11],
the communication complexity equals the number of visits to each edge, i.e., 2m. Obviously, due
to the sequential nature of any numbering algorithm, the estimate O(m) cannot be lowered.

Note that there are e levels in G and GBFS ; hence, they have e numbering cycles as well.
Obviously, among all rooted undirected graphs with n vertices, the chain Chn has the greatest
eccentricity, i.e., a connected graph with n vertices where two end vertices have degree 1, one
representing the root, and all other vertices have degree 2. In this case,

e(Chn) = n− 1. (1)

Let us estimate the complexity of the chain Chn.

Lemma 1.

CNBFS(Chn) = (n− 1)n. (2)

Due to (1), the chain Chn has n− 1 levels; therefore, its numbering requires n− 1 cycles. The
kth cycle (k = 1, . . . , n− 1) involves k+1 vertices (including the root). The messages they generate
can be represented as a chain of length k + 1 of the form 12 . . . 21, where the ith element of the
chain (i 6 k + 1) corresponds to the number of messages generated by the level (i− 1) vertex.
Indeed, the root and the last vertex of the chain generate one message each, and the remaining
vertices generate two each: one to number the next vertex, and the other to report the current
number towards the root. The total number of messages in one such chain is 2k; accordingly, the
total number of messages generated by the numbering process of a chain of length n is the sum
of messages over all n− 1 cycles, i.e., twice the sum of the corresponding arithmetic progression:
2
∑n−1

k=1
k = (n − 1)n.

Since the kth numbering cycle involves all black edges of the first k levels in message exchange,
obviously, eccentricity significantly affects the value of CNBFS. A more precise assertion is as follows.

Lemma 2. Among all rooted trees with n vertices, the tree with the greatest eccentricity—the
chain Chn—has the highest NBFS complexity.

We prove this result by induction.

The minimum n for which this statement makes sense is 3. For n = 3, two trees are possible
(Fig. 7).
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Tree 7a has one level and therefore requires one numbering cycle, which corresponds to the
chain 211 (two messages from the root and one message from each of the other vertices), i.e.,
4 messages. Tree 7b is a chain with two levels and two numbering cycles: the first cycle corresponds
to chain 11 and the second cycle to chain 121; in total, 2 + 4 = 6 messages. Thus, the value of
CNBFS is greater for tree 7b than for tree 7a, so the lemma is valid for n = 3.

Assume now that the desired assertion is true for all trees with a number of vertices not ex-
ceeding k, i.e., the complexity CNBFS(Chk) = (k − 1)k is maximum for all trees with k vertices.
Based on this inductive hypothesis, we will establish the lemma’s validity for k + 1: the chain’s
complexity CNBFS(Chk+1) = (k + 1)k is maximum for all trees with k + 1 vertices.

Any tree with k + 1 vertices can be obtained from some tree Gk with k vertices by attaching an
edge (x, y) so that vertex x is identified with some vertex of Gk and vertex y becomes pendant in
the new tree Gk+1. Two options are possible here.

(a) Gk is a chain. Attaching an edge (x, y) to the chain’s end yields the chain Chk+1 with
complexity (k+1)k. If an edge (x, y) is attached to any other level i vertex of Gk (i < k), the level
of the resulting tree Gk+1 will not change; hence, the (k + 1)th numbering cycle will be absent,
and during the numbering of the (i+ 1)th level, two new messages will appear, from vertex y

and back; and y will become red and will not generate further messages. Thus, CNBFS(Gk+1) =
CNBFS(Chk)+2 < CNBFS(Chk+1) and, consequently, the chain Chk+1 has the maximum complexity
in the class of all trees with k + 1 vertices obtained by attaching an edge to the chain Chk.

(b) Gk is not a chain. Then e(Gk) 6 k − 1 and, by the inductive hypothesis,

CNBFS(Gk) 6 (k − 1)k. (3)

Let an edge (x, y) be attached to a pendant vertex v at level i 6 k − 1. Any pendant vertex is the
end of some chain attached at the other end to a vertex with a degree above 2, and its length does not
exceed k − 1. During the numbering process of the tree Gk, vertex v (and the entire chain) becomes
red at the ith numbering cycle and does not participate in further cycles. In the new tree Gk+1,

this chain is lengthened by one edge, and its former end v is replaced by vertex y at level i+ 1 6 k.

Hence, this chain will participate in the (i+ 1)th numbering cycle, where at most 2(i+ 1) 6 2k mes-
sages will be added to the complexity CNBFS(Gk). Therefore, CNBFS(Gk+1) 6 CNBFS(Gk) + 2k, and,
using (3), we have CNBFS(Gk+1) 6 (k − 1)k + 2k = (k + 1)k = CNBFS(Chk+1). Thus, in case (b) as
well, the chain’s complexity turns out to be maximum, which finally proves Lemma 2.

Consider now the NBFS complexity of an arbitrary rooted undirected graph G with n vertices
and m edges. The cyclomatic number (equivalently, the number of chords) of such a graph is
calculated by the well-known formula γ = m− n+ 1.

Theorem 2.

CNBFS(n) = O(n2 − n). (4)

The complexity CNBFS(G) of a particular graph G can be represented as the sum of two terms:

CNBFS(G) = CNBFS(GBFS) + Cγ(G). (5)

The first term is the complexity of the spanning tree of the graph G. It is determined by messages
related to the numbering itself (assigning a number and reporting the current number back); they
are transmitted only via incoming edges, i.e., through the future spanning tree. According to
Lemmas 1 and 2, CNBFS(GBFS) 6 n2 − n.

The second term is the number of messages generated when detecting chords. In general,
detecting a chord (x, y) is associated with two messages: vertex x attempts to number vertex y;
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vertex y reports that it is already numbered. After this, the edge (x, y) is removed from the SBE of
vertices x and y; no subsequent messages are transmitted via it. However, a more complex situation
is possible, see Example 4. We study it in detail.

Figure 8 shows a fragment of some graph where vertices p, q are at the ith level and the (i+1)th
numbering cycle is in progress. Along branch dkpr it has already been completed, vertex r has
received its number and sent it back to vertex p; meanwhile, the edge (r, q) remains in the SBE of
vertex r. After its activation, vertex q attempts to number vertex r and receives a message from this
vertex that the latter has already been numbered. Then, both vertices remove the edge (r, q) from
their SBE. If the resulting SBE of vertex r is empty (possible only if this vertex is pendant in the
future spanning tree), then it becomes red and sends another message to vertex p. Upon receiving
this message, vertex p may also become red, which will generate a message from it to vertex k, etc.
Thus, simultaneously with the numbering process in branch dlq, an additional chain of messages
will arise in branch dkpr , contributing to the term Cγ(G). All these messages make some edges red,
causing their removal from the SBE; therefore, only one such message can be transmitted via each
edge. Hence, their total number does not exceed m (the total number of edges in the graph); as is

well known, m 6
n2−n

2
.

Another option in this situation has been described in Example 5, where a horizontal chord
connects two pendant vertices of the tree GBFS . In this case, an additional numbering cycle arises.
The messages of this cycle will be transmitted, at most twice, via all incoming edges of the graph.
In this case, the chord’s contribution to Cγ(G) does not exceed 2m 6 n2 − n.

Thus, both terms are smaller than or equal to n2 − n, which completes the proof of Theorem 2.

For different classes of graphs, the ratio between the two terms in (5) can vary significantly.
In particular, in sparse graphs (graphs with a small number of chords), the main contribution
to CNBFS is made by the complexity of the spanning tree, which, in turn, is determined by the
root’s eccentricity. Therefore, even within the same graph, the complexity will change appreciably
depending on the choice of the root; as naturally expected, it takes the minimum value when the
root is the graph’s center and the maximum value when the root is the end of one of the diameters.
According to Lemmas 1 and 2, the upper bound is achieved when the graph is a chain with the
root at one of its ends.

The other extreme case is the complete graph Kn, in which e = 1 for any choice of root and there
are m = n2−n

2
edges; of these, n− 1 are incoming edges, and the rest are chords: γ = n2−n

2
− n+ 1.

From e = 1 it follows that all chords are horizontal. Due to these formulas, the main contribution
to CNBFS(Kn) is made by the value of Cγ(G), and the upper bound is reached by the number of
chords.

The operation of the NBFS algorithm on the graph Kn consists of two numbering cycles.
In the first cycle, all vertices receive their numbers, but owing to the horizontality of all chords,
no vertex becomes red; therefore, the root does not know that the numbering is complete and starts
the second cycle, in which all chords are detected.
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4. CONCLUSIONS

The numbering problem has universal significance for distributed algorithms. Almost all dis-
tributed algorithms on graphs assume that vertex numbering has already been performed. More-
over, with the uniform numbering for all vertices, the root can request from each vertex the lists
of incident edges and thus reconstruct a complete description of the graph.

The efficiency of the NBFS algorithm can be judged by comparing it with Tarry’s algorithm. For
“dense” graphs, close in the number of edges to Kn, the complexity estimates of both algorithms
are of the same order, and consequently, the NBFS algorithm is preferable since it simultaneously
constructs a BFS tree. Conversely, for sparse graphs, close to trees, the NBFS algorithm should
not be used: firstly, for such graphs, it is much inferior to Tarry’s algorithm in terms of complexity
(obviously, a chain can be numbered in one traversal); and secondly, the main advantage of the
NBFS algorithm (the simultaneous construction of a BFS tree during numbering) does not work
here since any tree is itself a BFS tree.

Among potential applications of the NBFS algorithm, in addition to communication networks
as a usual application of distributed algorithms, we mention swarm robotics. One possible scenario
is as follows: a group of robots starts a patrolling mission in an area, having a complete graph
of connections within the group. By the end of the mission, some connections are disrupted, and
the leader needs to reconstruct the graph of remaining connections. The percentage of disrupted
connections is small, and the graph of remaining connections is close to complete; therefore, the
NBFS algorithm will be effective.

Another algorithm that constructs a BFS tree and numbers the vertices was described in [16].
It first constructs a BFS tree and then performs vertex numbering on this tree using a tree traversal
similar to Tarry’s algorithm, with the significant difference that m = n− 1 for trees. Combined
with the use of parallelism (in [16], vertices send messages to all their neighbors simultaneously),
this gives a time complexity estimate of O(n), which is better than the complexity of the NBFS
algorithm. However, this improvement comes at the cost of introducing synchronization, which may
either require additional hardware or simply be difficult to implement in real applications, e.g., the
above swarm robotics scenario. Moreover, the numbering described in [16] appears irregular: the
vertex number value says nothing about the vertex’s proximity to the root (i.e., the numbers are
merely unique identifiers). In contrast, the numbers in the NBFS algorithm possess the following
property (see the beginning of Section 2): if i < j, any level i vertex will have a number smaller
than any level j vertex. This property has been utilized in the proof of Theorem 1 and may be
valuable in applications.
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