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NONLINEAR SYSTEMS

State Estimation and Stabilization
of Continuous-Discrete Systems
with Uncertain Disturbances

A. 1. Malikov
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Abstract—A nonlinear continuous-discrete system subjected to bounded exogenous distur-
bances is considered. The method of matrix comparison systems and the technique of dif-
ferential-difference linear matrix inequalities are used to solve the following problems: state
estimation via a bounding ellipsoid and the attenuation of initial deviations and uncertain
disturbances via a state-feedback loop with discrete measurements. A discrete control design
method is proposed to attenuate, on a finite horizon, the initial deviations and uncertain dis-
turbances bounded by the L., norm.

Keywords: system with continuous and discrete subsystems, Lipschitz nonlinearities, uncertain
disturbances, state estimation, discrete control, differential-difference linear matrix inequalities

DOI: 10.31857/50005117925030019

1. INTRODUCTION

Ordinary differential-difference equations have long been a topic of research [1-6] in connection
with studying partial differential equations and delay equations. As noted in the literature (see [3, 7]
and references therein), many complex engineering systems described by partial differential or delay
equations can be approximated by or written as simpler models in the form of differential-difference
equations. Interrelated differential-difference equations are also an important class because they
represent models of systems with digital computation [3] or discrete data received over a commu-
nication network [1] to control continuous-time plants. In addition, they arise in the modeling of
production processes, road traffic, and biological processes in nature that evolve continuously in
time and are controlled by discrete events changing their parameters or state [3].

Differential-difference equations belong to the class of hybrid systems since they describe het-
erogeneous interacting processes occurring in continuous and discrete time. In recent years, much
attention has been paid to the stability analysis of systems with sampling (sampled-data systems),
which can also be represented by differential-difference equations; see the overview [8] and references
therein. This range of problems also includes control of a continuous-time system with a discrete
controller or control of a networked system in which many components have continuous-time dy-
namics while others evolve only at discrete time instants. The existing approaches to the stability
analysis and design of sampled-data systems based on the technique of linear matrix inequalities
(LMIs) were considered in [8]. As underlined by the authors, despite significant advances in the
field, the problems of obtaining constructive stability analysis methods remain open even in the
case of linear systems.
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192 MALIKOV

When designing discrete controllers for continuous-time systems, researchers strive to ensure
stability [14, 15] or optimal performance in terms of the Hy or Hy, criteria [16-18]. For the class
of linear continuous-time systems with aperiodic sampling, a method for constructing a stabiliz-
ing dynamic output-feedback controller was proposed in [14]. An observer-based discrete robust
controller was designed from stability conditions established using a vector Lyapunov function for
2D systems [15]. Bellman’s optimality principle was adopted to obtain dynamic full-order Hs-
and H,.-optimal output-feedback controllers with periodic data sampling for linear continuous
time-invariant systems [18]. In particular, stability conditions and performance indices for linear
systems with discrete controllers were formulated in terms of time-dependent LMIs, which can be
solved numerically. Continuous-time systems with Lipschitz nonlinearities, uncertain disturbances,
and discrete control were considered in [9]. State estimation methods with bounding ellipsoids
for processes with initial data from a given ellipsoid were proposed. Boundedness conditions on a
finite horizon were derived in the form of solvability of a constrained optimization problem with
differential-difference LMIs. With the piecewise linear approximation of the solution of differen-
tial LMIs, the problems of state estimation and discrete control design were reduced to a set of
constrained optimization problems with differential LMIs, and semidefinite programming methods
were used to solve them numerically. The approach developed in [9] was applied in [10-13] for state
estimation and control design of nonlinear systems with discrete measurements.

In all these works on stability analysis, performance indices, and discrete control design for
continuous-time systems, the discrete part determining the control change has a partial form and
is described, as a rule, by a linear difference equation with constant coefficients. Exogenous distur-
bances are neglected, and the impact of the discrete subsystem on the continuous one is implemented
only through the control variable. A new stability condition for coupled differential-functional
equations was proposed in [7]. A Lyapunov—Krasovskii functional was constructed for the special
case of linear differential equations with extra interaction (not only through the control variable).
The stability condition was represented in terms of LMIs, convenient for numerical computation.
As emphasized therein, the problem has other difficulties to overcome: stability analysis and con-
trol design require using mixed continuous- and discrete-time methods due to the hybrid nature of
the entire system. In addition, the controller is usually obtained as a discontinuous function at the
sampling points of the discrete subsystem. Finally, note alternative approaches to the stabilization
of discrete-continuous systems that have appeared recently [19-23].

In this paper, we present state estimation, in the form of a bounding ellipsoid, as well as discrete
control design methods for the class of continuous-discrete systems with Lipschitz nonlinearities
and uncertain norm-bounded disturbances. Originally proposed in [24] and further developed
in [25, 26], the approach involving a quadratic Lyapunov function with time-varying coefficients
and differential LMIs is applied to estimate the state and design a discrete controller for the above
class of systems. As a result, both problems (state estimation on a finite horizon and discrete
control design) are reduced to a set of constrained optimization problems with LMIs obtained by
the piecewise linear approximation of the solution of the differential LMIs [27]. The results are
illustrated by an example.

2. CONTINUOUS-DISCRETE SYSTEM

Consider a system consisting of continuous and discrete subsystems interacting with each other:

T (t) = Alxl(t) + ‘I’lgpl (t, €1 (t)) + A12$2(tk) + Diwn (t),

Ta(thy1) = Aoza(tr) + Powa(ty, va(tr)) + A21w1(tr) + Dawa(tr), o

where x1 € R™ and z9 € R™ are the state vectors of the continuous and discrete subsystems,
respectively, zo(t) = xa(ty) for t € [tg, thr1), tx € © = {tg, thx =tx—1+h, k=1,...,N}; his adis-
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STATE ESTIMATION AND STABILIZATION OF CONTINUOUS-DISCRETE SYSTEMS 193

crete time step (sampling period); wi(t) € Wy C R™ and ws(t) € Wy C R™ are the vectors of
uncertain exogenous disturbances; A; € R™*™ A9 € R™M*"2 Ay € R™*™ D, € R™*", and
®, € R"*% are known matrices with constant elements; t € T', T' = [to, tn], where ¢, and ty are
initial and final time instants.

The nonlinear vector functions ¢;(t, z;) are continuous, bounded, and satisfy the condition
it )| < pi |Cramil|? VEET, x;€ R™,i=1,2, (2)

where Cy; € R%*™ are known matrices with constant elements. From this point onwards,
||| denotes the Euclidean vector norm and u; > 0, i = 1,2, are known constants.

The uncertain disturbances are continuous bounded functions at each time instant:

Wi = {wi(t) eR™: Jwi()P <1 Wt eTh, i=1,2 (3)

3. STATE ESTIMATION

Assume that at the initial time instant, the states x;(t9) = x;p of the continuous and discrete
subsystems belong to given ellipsoids

B(Qu) = {2 € R™ 1 2T Q'ws <1}, (4)

where Q;0(i = 1,2) are given positive definite matrices.
Let z(t) = (21 (t), 23 (t) = 23 (tx))" denote the state vector of the continuous-discrete system.

We introduce the following notion.

Definition 1. An ellipsoid E(Q,(t)) = {z € R" : 2TQ; () < 1} is said to be bounding for the
processes x(t,tg,zo) of the continuous-discrete system (1) evolving from an initial ellipsoid
E(Qqo = diag(Q10,Q20)) if x(t,to,z0) € E(Qy(t)) for all ¢ € [to,tn], all nonlinearities from (2),
and all disturbances from (3).

Problem 1. On the finite horizon [ty,tx] under consideration, it is required to find the matrix
Q. (t) of a bounding ellipsoid E(Q.(t)) for the set of processes of the original system (1) with initial
data from (4), all nonlinearities from (2), and all disturbances from (3).

Note that a bounding ellipsoid will be an upper estimate of the reachability domain of the

system.

To solve this problem, we introduce an augmented state vector of the form z(t) = (21 (t), 4 (t) =

xa (ty), z3 (t) = =1 (t))" : on continuity intervals [ty, ¢ +h), its components z1 (¢) change according
to equation (1) while z5(t) and z3(t) remain invariable. At discrete time instants t; € O, the com-
ponents xo(t), x3(t) change jump-wise according to equation (2) and the relation x3(ty) = z1(tg).
Now the original continuous-discrete system (1) can be represented as the continuous system (5)
with the impulses (6):

Z(t) = Azlz =+ (I)Zlgo(t, Z(t)) + Dzlw(t), t 75 ti, (5)
2(tga1) = Aoz (ty) + Poop(ty, 2(tk)) + Daogw(ty), tr € O, (6)
where
T Al 0 A12 D,
w(t) = (wf @), wi(®) , Aa=|0 0 0 |, Da=|0 |,
0O 0 O 0
P, I 0 0 0 0
G.i=1| 0 |, Ap=|0 Ay Ay |, D= | Dy |, Po=| I
0 I 0 0 0 0
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194 MALIKOV

In addition,

2(to) = 20 = (219, 730, 219) " € E(Qo), Qo = diag(Qi0, Q20, Q10),
.7)1(75) = Clz(t), $2(t) = ng(t),
Cl = ( Inl 0711X(n2+n1) )7 02 - ( 0n2Xn1 In2 0n2Xn1 )7

where I,,, (i =1,2) is an identity matrix of dimensions (n; x n;).
First, we will find the matrix Q(t) of a bounding ellipsoid for the states of the augmented
system (5), (6). Then the matrix Q,(t) is given by Q, = C12Q(t)C},, where C1 = (Cf,C3)T.
On the continuity intervals [tg,tx4+1) (K = 0,1,..., N—1), the matrix Q(t) of a bounding ellipsoid
E(Q(t)) for the states of the augmented system will be obtained using Theorems 1 and 2 of [25],
provided below in a unified formulation under the constraint imposed on nonlinearities.

Theorem 1 (see [25]). An ellipsoid E(Q(t)) is bounding for the trajectories of system (5) evolving
from an initial ellipsoid E(Qy) if one of the following conditions holds for t € [ty tiy1), B1 > 0,
and oy > 0:

1) There ezists a solution Q(t) = Q(t,tr, Qx) > 0 of the differential matriz equation
1
dQ(1)/dt = AnQ + QA + mQ + DDz + /2 ®s + %QCF ChCnCiQ.  (7)
2) For a fized ay > 0, there ezists a solution Q(t) = Q(t,tx, Qr) > 0 of the differential LMI

—dQ(t)/dt + A.1Q + QAT + Q + 19,9, D1 QCTCH

ChCiQ 0 —%1

Here, Q(to) = Qo.

The proof of Theorem 1 was provided in [25].
Also, the following analytical expressions for the free parameters 51 and a; were derived in [9]:

ultrace(Q(t)ClTC'%CﬂClQ(t))

ALQ)) = +\l

trace(®,19Y)) ’
_[trace(D,1 DY)
a1 (Q(t)) = WQ@);

They yield locally optimal estimates by the trace criterion of the matrix Q(t) = Q(¢,tx, Qk), which
is the sum of the semi-axis of the bounding ellipsoid.

For each fixed ay and variable (31, the procedure for calculating the matrix Q(¢) of a bounding
ellipsoid for the states of (5) using the differential LMI (8) is reduced, via sampling, to a set
of optimization problems trace(Q(tx)) — ming,) g, (1) With LMI constraints. This procedure is
presented at the end of the current section.

At time instants tx41, K = 0,..., N — 1, the behavior of the system is described by the difference
equation (6). In this case, Theorem 1 of [26] will be used to calculate the matrix Q(tx41) of a
bounding ellipsoid for the states of the augmented system at discrete time instants ¢;;. Here, we
present it as applied to the difference equation (6).

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 3 2025
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Theorem 2 (see [26]). An ellipsoid E(Q(tr+1)) is bounding for the system states at a time instant
tpr1 under z(ty) € E(Q(tx)) if one of the following conditions holds for 0 < ag < 1:

1) There exists a solution Q(tgs1) > 0 of the difference matriz equation

-1

Qtrr1) = A2Q(tr) |a2Q(ty) — % (te)C3 CHCrCaQ(tr)|  Q(tr)AL
(9)
T T
DDl + fra0l,
2) There exists a solution Q(tx+1) > 0 of the difference LMI
[ Qtis1) — oP0®)y  AQ(tk) Do 0 |
Q(ty) AL a2Q(t) 0 Q(tx)Cy Cfy
DY, 0 (1—ag)l 0 20 (10)
0 CpaCaQ(1y) 0 %I

The proof of this theorem for the discrete-time system (6) with nonlinearities from (2) and
uncertain disturbances from (3) was presented in [26].

Assume that the discrete time varies with a constant step ty41 —tx = h =const, k=1,..., N.
Note that the case of varying the discrete time with a non-fixed known step hj can be considered by
analogy. The case where all steps hj, are unknown and vary within a given range, hi € [Amin, Pmax,
requires separate analysis.

Well, we have the following result for the continuous-discrete system with a constant step of the
discrete time.

Theorem 3. An ellipsoid E(Q(t)), where Q(t) = Q(t,to,Qo) is a solution of the matriz
system of differential-difference equations (7), (9) or the constrained optimization problem
trace(Q(t, to, Qo)) — min subject to the differential LMI (8) and the difference LMI (10), is bound-
ing for the states of system (5), (6) and the states of the original continuous-discrete system (1)
for all nonlinearities from (2) and all disturbances from (3).

The proof is based on Theorem 1, sequentially applied on the continuity intervals [tx,txt1)
(k=0,1,...,N — 1), to obtain the matrix Q(t,tx, Q(tx)) > 0 of a bounding ellipsoid for the state
z(t,tg, z(tr)) of system (5), (6) with initial data from the ellipsoid with the matrix Q(t;) for all
nonlinearities from (2) and all disturbances from (3), and Theorem 2, sequentially applied at the
points tx11, (k =0,1,..., N — 1), to obtain the matrix Q(tx+1) > 0 of a bounding ellipsoid for the
state z(tx11,tr, 2(tx)) of system (5), (6) at a time instant ¢;11 under the condition z(tx) € E(Q(tx)).

Thus, under a periodic change of discrete time, the state of system (5), (6) with initial data
from the ellipsoid E(Qp) will be bounded by an ellipsoid with the matrix function Q(t,tg, Qo)
representing the solution of the matrix comparison system (7) with the impulses (9) or the con-
strained optimization problem trace(Q(t,to, Qo)) — min subject to the differential LMI (8) and
the difference LMI (10) for ¢t € T'. In this case, the matrix Q.(t, g, Qo) is given by Q. (t,t9, Qo) =
Cng(t,to, QO)ClT27 where 012 = (ClT, CQT)T

When numerically solving the constrained optimization problem with the differential LMI (8),
sampling is performed on the time interval [to,¢x] [27]. The derivative dQ(t)/dt on the intervals
[tk,tk+1) is supposed to be constant, dQ(t)/dt = Z(ty), where t;, = to + kh, k =1,...,N, and N is
the integer part of the value (tx — to)/h. Then, for t € [ty, trt1), the matrix Q(¢) is given by

Q) = Q(tx) + (t — tr) Z(ty), (11)

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 3 2025
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and Q(tg) = Qp. The matrix Q(t) will satisfy the inequality Q(¢) > 0 and the differential LMI (8)
for all ¢t € [ty, tr11) iff it satisfies them at the two extreme points t; and t; + h. In other words, for
each k =0,...,N — 1, the following inequalities must hold simultaneously [27]:

Q(ty) >0, Q(tx +h) >0, (12)
—Z(ty) + F(Q(tr)) + f191®};  Da1 Q(tx)C{ Cy
Dy —onl 0 <0, (13)
CrC1Q(tr) 0 _@I
H1
—Z(ty) + F(Q(tr + 1) + f1®1®); D Q(tr +h)C{ Cy
DY —aql 0 <0, (14)
CrnC1Q(ty + h) 0 —%I

where Q(tx + h) = Q(ty) + hZ(t;) = Q(tys1 — 0) and F(G) = A,1G + GAL + G,

After the linear approximation (11) of the solution of the differential LMI (8), the matrix
Q(t) > 0 of a bounding ellipsoid for the system states is found by sequentially solving the set of con-
strained optimization problems trace(Q(tx+1)) =M1, 1)>0,8 (11,)>0 Subject to the LMIs (10),
(12)—(14) for k=0,...,N — 1. At the first iteration (k= 0), for a matrix Q(t9) = Qo, the ma-
trices Q(to + h) and Q(t1) with minimal trace are calculated by solving the above optimization
problem with the LMI constraints. These matrices determine the matrix of a bounding ellipsoid
for the states of system (5), (6) on the interval [to,1]. Then, for K =1,..., N — 1, the matrices
Q(tx + h) and Q(tr4+1) are calculated from the matrix Q)(¢x). These matrices determine the matrix
of a bounding ellipsoid for the states of system (5), (6) on the subsequent intervals [t, t541].

Note that at each iteration, semidefinite programming tools (CVX, Sedumi, Yalmip, etc.) can
be used for numerical solution of optimization problems with LMI constraints.

4. DISCRETE CONTROL DESIGN TO ATTENUATE THE INITTIAL DEVIATIONS
AND UNCERTAIN DISTURBANCES OF THE CONTINUOUS-DISCRETE SYSTEM

Consider the continuous-discrete system (1) with discrete control:

T1 (t) = A2y (t) + Blu(tk) + P10 (t, €1 (t)) + Ai9x9 (tk) + Diwn (t),
To(thy1) = Asxo(ty) + Bou(ty) + Powa(ty, w2(tr)) + Ao121(ty) + Dawa(ty).
Problem 2. 1t is required to find a state-feedback controller with available discrete measurements
at time instants ¢, k = 0,1,..., N — 1, that stabilizes the closed-loop system and attenuates initial

deviations and exogenous disturbances in the sense of the minimal bounding ellipsoid for the states
of the continuous-discrete system.

(15)

For each subsystem, the state-feedback controller is based on the state of the entire system at
time instants ¢y :

ul(t) =K (tk)xl (tk) + Kig(tk)xg(tk), te [tk, tk+1), 1=1,2, (16)

where Kjj(ty) — (m; x nj), i =1,2, j = 1,2, are the gain matrices of the discrete controllers and
k=0,1,....,N —1.

The controller u;(t) must satisfy the constraint
u;(t) € {uz cuf U g < 1} , teT, (17)
where U; is a given symmetric positive definite matrix of dimensions (m; x m;) (i = 1,2).
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We write system (15) with the discrete controller (16) as
Z(t) =Aaz+ (I)lepl(tv z(t)) + Dzlw(t)> t 7& lk, (18)
2(tps1) = Azoz(tr) + @oopa(ty, 2(t)) + Dogw(ty), tp €O, (19)

where z(t) = (21 (t), 23 (tr), o1 (tx), uT ()" is the state vector of dimension n = ny + ng+ny +m,
u(ty) = (uf (tg), ua (tx))T is the control vector of dimension m = my + ma, t € [tg, tpy1), and

Ay A 0 By I 0 0 0 d, Dy
0 0O 0 O 0 Ay Aoy By 0 0
A= 0 0 0 0|, Asx=|1 0 0 0|, &= 0|, D,= 0 |,
0 0O 0 O 0 K9 Ki1 O 0 0
0 0O 0 O 0 Kog Ko O 0 0
0 0
P,y Do
Kio(ty) Kii(ty)
®o=| 0|, Do=|01] K=
2 2 [K22(tk) Ko (t)
0 0
0 0

In view of the numerical solution method for the differential LMI (8) (Section 3), the control
design problem for system (18), (19) reduces to a constrained optimization problem with difference
LMIs. In this problem, the criterion is the trace of the matrix Q(¢), determining the size of a
bounding ellipsoid E(Q(tx)) for the state z(tx) for all ¢, k=1,... N.

The gain matrix K of the controllers appears only in the difference equation (6). Let us repre-
sent (6) in the form

Z(tk-I—l) = (AZQ + BKC)Z(tk) + @zggo(tk, Z(tk)) + Dz2w(tk)7 t, € O, (20)
I 0 0 0 0 0

0 Ay Ao B 0 0

0 0 0 0 Iy, O ny

0 0 0 0 0 I,

The following result is true.

Theorem 4. Assume that for some oy, B1, a9, 52 >0 and all ty, kK =0,1,..., N — 1, there exists
a solution Q(ty11) >0, Q(tg41 —0) = Q(ty + h) = Q(ty) + hZ(ty) > 0, Y(tx) of the problem

trace[Q(tx+1)] — min

subject to the constraints (12)—(14), (21), and (22):

[Q(ths1) — Ba®:0PL, AnQ(ty)CT+BY, Do 0 1
CQUNAL +YTBT  asCQ(t)CT 0 CQEICICT,
DY, 0 (1— )T 0 >0, (21)
0 CfgCgQ(tk)CT 0 &I
L H2 i
U Y
>0, 22
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where minimization is carried out with respect to the matriz wvariables Q(try1) € R™*™,
Y € R (m2tm) - 7(1,) € R™*™ and the scalar variables B1(ty) and Bo(ty) > 0. Then the gain ma-
triz of the discrete state-feedback controller stabilizing the continuous-discrete system is given by
K(ty) = Yi(CQ(tx)CT) L. In this case, the stabilization errors are estimated by a bounding ellipsoid
for the state vector z(t), and the matriz Q(t) of this ellipsoid is given by (11).

Note that the matrix CQ(t,)C" is positive definite since it represents the middle block of
dimensions (ng + nq) X (ng + n1) in the matrix Q(ty).

5. AN ILLUSTRATIVE EXAMPLE

Consider the continuous-discrete system (15) with nonlinearities ¢;(z;), ¢ = 1,2, from (2), dis-
turbances w;(t), i = 1,2, from (3), and the parameters

0 1 00 0 0

A= 0—5.04]’1412_[1 0]’31_[1.36 0]’
) 0

®1 = —1.87]’ Dl_[—o.%]’

(05 0 10 0 0
Az =17 1.25]’1421_[0 0]’32_[0 —1]’

0 0

=1, gy =05 Cp=Cp=[10].

It is required to design a discrete controller ensuring finite stabilization with the maximum
sampling period h.

Based on Theorem 4 and the numerical solution of the corresponding set of optimization prob-
lems with LMI constraints, ¢g; = 0.03, g2 = 0.79, Q¢ = diag{ 0.5 0.5 0.5 0.5 0.5 0.5 0 0 }, and
a sampling period of h = 2.5 s, we obtained the controller (16) with variable gains K (¢). Figure 1
shows these gains for the continuous and discrete subsystems on the horizon [0, 60] s.

The continuous-discrete system was simulated under the particular nonlinearities ¢q(z1) =
sin(Criz1) and @o(x2) = 0.7071 |Craxa|, which satisfy condition (2). The simulation results for

(2)

0.57
— K,(
pa == Ky =
0.0 p=ms == a
L R K1)
== K,
e
=057
‘.'
-1.0 y y =05 : . ,
0 20 40 60 0 20 40 60

t,s t,s
Fig. 1. The variable gains of the controller: (a) the continuous subsystem and (b) the discrete subsystem.

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 3 2025



STATE ESTIMATION AND STABILIZATION OF CONTINUOUS-DISCRETE SYSTEMS 199

b
40 @ 20 ®)
X, (7
30 15 u()
=== xzz(l)
20 10
10 5
0 0 —
-10 : : : : © =5 : : : : :
0 5 10 15 20 25 0 5 10 15 20 25
t,S t,S

Fig. 2. System state without the controller and disturbances: (a) the continuous subsystem
and (b) the discrete subsystem.

0.3 @ 15 ®)

xu(t)

- == X,

0.2 ¢

0.1¢

0 20 40 60

t,s

Fig. 3. System state without the disturbances: (a) the continuous subsystem and (b) the discrete subsystem.

®

X%, ()

Lo} == x50

Fig. 4. System state with the disturbances: (a) the continuous subsystem and (b) the discrete subsystem.

the system without the controller and disturbances with a sampling period of h = 2.5 s are pre-
sented in Fig. 2. According to the graphs, the system without the controller is unstable.

The continuous-discrete system with the resulting controller was simulated under different initial
conditions. Figure 3 shows the transients in the continuous and discrete subsystems with this con-
troller under the initial conditions zg = { 0.25 0 —-0.5 1,2 }T without disturbances. Next, Fig. 4
demonstrates the transients in the continuous and discrete subsystems with this controller under
the same initial conditions and the disturbances given by the functions wi (t) = sin(2 cos(3t))/5 and
wa(tx) = sin(k)/10. In this case, the control signals of the continuous and discrete subsystems are
presented in Fig. 5.
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Fig. 5. The control signals of the continuous and discrete subsystems:
(a) without the disturbances and (b) with the disturbances.

0.4 @ 0.5
x,(8)

==X

0.0 f

. . s —0.5 | . . ,
0 20 40 60 0 20 40 60
t’ S t, S

Fig. 6. System state without the disturbances and with the initial conditions zo = [ —0.4 0 0.4 0.2 ]":
(a) the continuous subsystem and (b) the discrete subsystem.

Finally, Fig. 6 shows the states of the continuous and discrete subsystems obtained by simulation
T
under other initial conditions: xy = [ -04 0 04 0.2 .

According to Figs. 3-6, the discrete controller designed stabilizes the continuous-discrete system
with a sampling period of h = 2.5 s.

6. CONCLUSIONS

This paper has been devoted to continuous-discrete systems with Lipschitz nonlinearities and
uncertain disturbances. We have proposed methods for solving two problems: state estimation via
bounding ellipsoids for the states of processes with initial data from a given ellipsoid and discrete
control design to attenuate initial deviations and uncertain disturbances. A quadratic Lyapunov
function with time-varying parameters has been used to obtain boundedness conditions on a finite
horizon in the form of the solvability of a constrained optimization problem with differential-
difference LMIs. With the piecewise linear approximation of the solution of the differential LMI, the
problems of state estimation and discrete control design have been reduced to a set of optimization
problems with LMIs, and semidefinite programming methods have been employed to solve them
numerically. The results have been applied to state estimation and discrete control design for
finite-horizon stabilization of a particular continuous-discrete system with uncertain disturbances.
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APPENDIX

Proof of Theorem 4. In the case of periodic discrete control (hy = h = const > 0, see Section 3), state
estimation via a bounding ellipsoid reduces to a set of optimization problems trace(Q(tx+1)) — min
subject to the LMIs (10), (12)—(14) for all k =0,...,N — 1. In view of (20), the matrix inequal-
ity (10) here takes the form

[ Qtks1) — (2P.0®), (Ase + BKC)Q(t) Dy 0 1
Q(ty) (A2 + BKC)T asQ(ty) 0 Qtr)CyCh
DY, 0 (1—as)l 0 >
0 C12CoQ(ty) 0 P2
L 12 |

Then, multiplying the last inequality by the matrices diag(,C,I,I) and diag(I,CT,I,1) on
the left and right, respectively, and introducing the change of variables Y, = KCQ(t;)CT, we
arrive at the difference LMI (21) with respect to the matrix variables Q(tx41) and Y. The control
constraint (17) is ensured by the LMI (22), where U = diag(Uy, Us).

The proof of Theorem 4 is complete.
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Abstract—The paper investigates the stability problem for a class of non-stationary mechanical
systems under the action of linear dissipative and nonlinear potential forces. It is assumed
that the system has a changeable structure. Switching between different operating modes is
associated with a change of the potential of the system, as well as with discontinuities of non-
stationary coefficients present in the system. Two approaches to the analysis of the stability of
such systems are considered. One is related to the construction of a discontinuous Lyapunov
function, the other is based on the construction of a continuous Lyapunov function. The paper
also studies the effect of non-stationary perturbed forces on the stability. The peculiarity of the
work is that the non-stationary parameters both in the system itself and in the perturbations
can be unbounded with respect to time, or, on the contrary, they can arbitrarily approach to
zero. Thus, the problem arises of comparing the rate of growth or decrease of all these non-
stationarities in order to obtain conditions that guarantee the asymptotic stability of the given
equilibrium position of the system.

Keywords: nonlinear non-stationary mechanical systems, switching, asymptotic stability, per-
turbations

DOI: 10.31857/50005117925030021

1. INTRODUCTION

In recent decades, the theory of differential systems with discontinuous right-hand sides has
been actively developing. Such systems find many practical applications in various fields of human
activity. A.M. Lyapunov’s methods, developed by him for analyzing the stability of continuous
systems, can be successfully extended to discontinuous systems. In particular, significant results in
this direction were obtained by E.A. Barbashin, A.I. Lurie, A.M. Letov, N.N. Krasovsky, V.I. Zu-
bov, A.F. Filippov, S.V. Yemelyanov, V.M. Matrosov and many other famous scientists (see, for
instance, [1]). An important class of discontinuous systems are switched systems capable to operate
in different modes [2]. The activation rule of a particular mode is set by some special function
called the switching law. A lot of works have been devoted to the problem of assessing the effect
of switching on various dynamic characteristics of the investigated systems, including in recent
years (see, for instance, [2-11] and references therein). So, currently relevant research areas related
to the analysis of the influence of switching in combination with some other factors such as non-
stationarity, perturbations, delay, randomness, impulse effects, complexity and hybridity of internal
relationships between various variables in the system, etc. The switching laws, depending on both
time and current state vector of the system, are considered. Approaches to the construction of
both a single Lyapunov function for all modes and a multiple Lyapunov function formed from
partial functions corresponding to different modes are actively developing. Non-stationary switched
systems are of particular interest [5-7]. Here, the smooth dynamics of the system caused by the
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continuous change of non-stationary parameters are superimposed by sharp fluctuations caused by
discontinuities of non-stationary parameters or a change in the structure of the system itself. The
peculiarity here is that the number of possible operating modes of the system becomes, generally
speaking, infinite. The analysis of such systems becomes more complicated if the non-stationary
parameters in the system can be unbounded or inseparable from zero.

An important class of dynamic systems are mechanical systems. It is known that the presence of
non-stationary parameters in mechanical systems can lead to fundamentally new dynamic effects
[12-14]. In this paper, we study one class of nonlinear mechanical systems with discontinuous
non-stationary parameters and switched force fields. The switching law is assumed to be time-
dependent. Thus, the right-hand sides of the considered system turn out to be discontinuous with
respect to time and continuous with respect to the state vector. Different ways of constructing a
suitable Lyapunov function are proposed. The most natural approach here is associated with the
use of separate continuous Lyapunov functions on smooth intervals of the system functioning and
with the construction of an itog discontinuous Lyapunov function from them on the entire time
interval. However, such an approach can lead to rather conservative stability conditions. Therefore,
the paper also develops an approach to constructing a single continuous Lyapunov function for the
entire hybrid system. In addition, the paper examines the effect of non-stationary perturbations
on the stability of the given equilibrium position of the mechanical system. It is important to note
that the desired conditions for perturbations, in general, will depend on the restrictions imposed on
the switching law in the original system. The results obtained in this work can be used to analyze
the robustness of non-stationary switched systems.

2. STATEMENT OF THE PROBLEM

Consider the non-stationary mechanical system under the influence of linear dissipative forces
and nonlinear potential forces

dor or _ . oL, (q) O

Here q € R™ and q € R are vectors of generalized coordinates and velocities, respectively; kinetic
energy T'=T(q,q) of the system is set by quadratic form T'(q,q) = %qTA(q)q with a symmetric
and continuously differentiable for q € R™ matrix A(q); o =o(t) : [0,+00) =S ={1,...,N} is
a piecewise constant function defining the switching law of potentials in the system; potentials I1¢(q)
are determined by continuously differentiable for g € R™ homogeneous functions of the order p + 1,
uw>1,s=1,...,N; elements of symmetric matrix B(¢) are piecewise continuous for ¢ > 0; scalar
function p(t) is piecewise continuously differentiable for ¢ > 0. Without loss of generality, we
suppose that the set of break points of function p(t) and its derivative is contained in the set of
break points of function o(t) (otherwise, we combine these two sets into one, and consider this new

set as a sequence of switching moments for potential forces).

Following the standard assumptions, we suppose that the kinetic energy satisfies for all q € R",
g € R" the estimates

ky lall® < T(a,a) < ko llall?,

IT(q,q) H . H IT(q,4) H 2
— <k . |—— <k ,
[T < kel [T <l
where ki1, ko, k3, k4 are positive constants.

Thus, the dynamics of system (1) is influenced by both smooth changes of non-stationary pa-
rameters and sharp jumps caused by discontinuities of non-stationary parameters or a change of
potential.
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The purpose of the article is to establish conditions that guarantee the asymptotic stability of
the equilibrium position q = g = 0 of system (1), as well as to assess the effect on the stability of
possible non-stationary perturbed forces. It should be noted that a switched system of form (1)
with stationary parameters was studied in [15]. There, switching took place between a finite set of
possible operating modes of the system. The presence of non-stationary parameters with, generally
speaking, an infinite number of break points complicates the problem, because now the number
of possible modes becomes infinite. In addition, if these non-stationary parameters can increase
unboundedly or, conversely, approach to zero arbitrarily close, then the results obtained in [15] will
not be applicable to such a non-stationary system.

3. USING THE DISCONTINUOUS LYAPUNOV FUNCTION

Let the sequence {7;}1%, where 0 = 79 < 71 < ..., determine the switching moments of potential
forces. We suppose that the number of these switching moments is finite on any finite time interval,
while their total number on the interval [0,+00) is infinite. For certainty, we assume that the
elements of matrix B(t), as well as functions o(t) and p(t) are right-hand continuous at their break
points.

Next, we will use the following assumptions.
Assumption 1. For all £ > 0 and z € R™ the inequalities

bi(t)||zl* < 2" B(t)z < ba(t)|z]

are valid, where by (), ba(t) are piecewise continuous positive functions with positive left-hand limits
at break points.

Assumption 2. Potentials II;(q) are positive definite.
It follows from Assumption 2 that there exist positive constants cqs, cos such that

ClsHQH#-H < Hs(q) < CQSHqH#+17 S = 17 e 7N7

for all q € R™.
Assumption 3. Let the following conditions be fulfilled:
1) function p(t) is positive for all ¢ > 0, and p(r; —0) > 0,7 =1,2,...;
2) the inequality

is valid for all ¢ € (73, Ti+1), @ =0,1,.... Here I = const € (0, 1).

If parameter p(t) increases at some time point ¢, then the inequality in condition 2) of Assump-
tion 3 will be automatically fulfilled for this moment. Thus, this inequality impose a restriction
only on the permissible rate of decrease of parameter p(t).

Construct the discontinuous Lyapunov function

V(ta,d) = %“q’ &) + Io(q) + r1(6) ng—Z, 2)

where r is a positive constant, (¢) is a piecewise continuously differentiable positive for ¢ > 0
function. As in the case of function p(t), we assume that the discontinuities of function ~y(¢) and
its derivative can occur only at the break points of function o(t).
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Let us differentiate function V' (t,q,q) with respect to solutions of system (1) on the intervals
(T4, Tit1), © = 0,1,.... We obtain

: 1, _ _
Vi = ~5d BOa—r®p@)(u+ D" L (a)
oT oT\T o
—ry() |lal* Tt qTB(#)¢ ) lgl* gt == ¢ (—) — "q) e
@ el a BO)a+ ) lal* " a 5o+ ) (56 ) 5 (lal* T a)a
p/(t) . / 1 70T
- T(q,q) +ry'(t) la[* " q 5=
(0 (a,q) + () |lal 2q
Then for q,q € R", t € (74, 7i+1), i = 0,1,..., one can find the estimates

kl -2 1 . .
MHQH + et all“ Tt = ey (ks lall llall” < V(t q,4)

ko ..o 1 :
< E2 gl 1 o Ll 5 08 Bl

Iy < =28 il = 2 (0p(0 0+ sl

+ry(0)ba(t) lal lall” +ry() ks llal® lall” +ry(t)ksa [l la) ™"

/
—p (t)ko . .
+ max {o; L el + vl @) ksl lal
P*(t)
Here a is a positive constant chosen so that for all @ € R™ the condition H (||qH“_1 q) H < allq|[Ft

takes place.
For further analysis, we will need one auxiliary result.
Let the function
W (t,z) = —a(t)z] — B(t)z3 + d(t)z1'z)

be given, where t > 0, z = (21,22)", 21, 20 € [0,+00); p and ¢ are positive constants; v and v are
nonnegative constants, u + v > 0; functions a(t), 5(t), d(t) are piecewise continuous and positive
for t > 0.

Lemma 1 [16]. Let the inequality

u v
—+->1 3
oty (3)

be valid and there be a constant € satisfying the condition

(o),

max{0; v — ¢} <& < min {v; v —
p

such that function
t al(t)\ ¢
ot (50 @
is bounded fort > 0. Then for any M € (0,1) one can choose H > 0 such that the estimate
W(t,z) < M (—a(t)z] — B(t)23) (5)
will be valid fort >0, ||z|| < H.
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Remark 1. Tt is easy to see that if function «(t)/B(t) is bounded from above for ¢ > 0, then
it is sufficient to check the boundedness of function (4) in conditions of Lemma 1 only for ¢ =
max{0;v — ¢}. If function a(t)/B(t) is bounded from below by a positive constant for ¢t > 0, then
it is sufficient to check the boundedness of function (4) only for ¢ = min{v;v — (p — u)q/p}. If
inequality (3) is replaced by equality and we assume that function (4) is bounded from above on
the interval [0, 400) by a sufficiently small positive constant, then for some M € (0, 1), estimate (5)
can be obtained for all t > 0, z1, 23 € [0, +00).

We apply Lemma 1 to the estimates obtained earlier for Lyapunov function (2) and its derivative
with respect to solutions of system (1). For any values of a; € (0,1) and as > 1 one can choose
function v(t) and positive constants 7, ag, ag, H so that

/ﬁ .2 _|_1> . k’2 .12 +1
ar | — llall” + cio [lall” <V(t,q,9) <a (—q + co0 || ) 6
l(p(t) lall® + e1q llal (ta, @) < ax (S 147 + 2o 1l (6)

for t >0, |(a",2")"|| < H,

Iy < —as (20 Jal? + @)+ Ve lal) < —adOVHSa) ()

for t € (15,7i11), i =0,1,..., |[(qT,z")T|| < H. Here z=¢/\/p@), £ = (u—1)/(u+1), \t) =
min{by (t); v(t)p(t)}. Really, according to Lemma 1, in order to obtain estimates (6), (7) it is
required that the functions

b3(t) v(t) p(t)
(v (1))
SO0 )

be bounded for ¢t > 0. To achieve the boundedness of functions (8), it is sufficient to construct
function v(t), according to the condition

0.< () <V min {1/y/p(0): (/B0 b ®)/pl0) ) for £ 0 (10)

where N is a positive constant. The boundedness of functions (9) will be guaranteed, for instance,
if to construct function v(¢) in the form of piecewise constant function (then we have ~/(t) = 0 for
t e (7’,;,7‘2'_1_1), 1 =0,1,.. )

Assume
;= a2 max ko p(7i = O); G20(n) , 1=1,2,....
a kip(ti)  Cio(r—0)

Then for ||(qt,z1)T|| < H we have
V(Tia(LQ) < %ZV(TZ _07q7 q)? 1= 1727"" (11)

For any t >ty > 0 one can find positive integer m and nonnegative integer k such that tg €
[Tm—1,Tm), t € [Tm—14k> Tm+k)- S0, we have that the value of m = m(ty) is defined by the choice
of tp, whereas the value of k = k(ty,t) is equal to the number of switching moments of potential in
the system on the interval [to, t].
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Construct auxiliary function (g, t) by the following formulas:

t

U(to,t) = /)\(7') dr for k=0,

to
Plt0,1) = G- sm 100 [ AT
to
t

k—1 Tm+j

—|—Z(mn+j-..%m_1+k)_5 / A7) dT + / Ar)dr for k=1,2,....

i=1 Tin—14j T —1+k

Function v (to,t) is positive and piecewise continuous on the interval [ty, +00). Switching moments
of potential forces are, in general, the break points of this function. Note that function ¥(to,t) for
some fixed value of t( differs from function (0, ¢) by shifting by a constant dependent on the choice
of ty. For the constructing function (0, ¢) one should set in the formulas written out above ty = 0,
m = m(0) = 1, and define k = k(0,t) as the number of switching moments on the interval [0, ¢].

Consider the solution (q(t),q(t)) of system (1), starting at time moment ¢, > 0 from the point
(do, o) such that ||(qf,zd)T|| < H (here zg = ¢o/+/p(to)). By integrating differential inequali-
ties (7) and using conditions (11), one gets that, if on the interval [t(,?] the solution remains in the
domain [|(qT,z")T|| < H, then the estimates

V=it a(t),alt) = V= (to, a0, o) + as Ed(to,t) for k=0,
V_g(tvq(t)vq(t)) = (%m---%m—1+k>_€ V_é(t(])quqO) +a4£w(t07t) for k= 1>27"' 3

hold.

Then, taking into account inequalities (6) and doing the same reasoning as in proving Theorem 1
from [17], we come to the following result.

Theorem 1. Let Assumptions 1-3 be fulfilled and estimates (6), (7), (11) be constructed. If
¥(0,t) — 400 and p~&(t)(0,t) — +oo as t — 400, then the equilibrium position q = ¢ =0 of
system (1) is asymptotically stable.

Remark 2. Conditions of the asymptotic stability formulated in Theorem 1 can be replaced by
a coarser but simpler discrete version. Denote

k—1
Nio= inf A(t), pe= sup p(t), Yp= (Gtit1...00) "N, k=1,2,....
[7i>7ita] [ThsTh+1] i=0
Here T; = 1,41 — 7, i =0,1,.... Then, for the asymptotic stability of the equilibrium position

q = =0 of system (1) it is sufficient to fulfill the conditions: 5 — 400 and p;;éibk — +00 as
k — 400. Thus, found conditions of the asymptotic stability are determined through relations
linking the lengths of the intervals between successive switches of potential forces in system (1),
the magnitude of jumps in the Lyapunov function caused by discontinuities of parameter p(¢) and
potential changes, as well as the rate of change of functions by (t), ba(t), p(t).

Now, let us suppose that considered system is under influence of some perturbed forces:

dor aT . O, (q) :

Assume that function Q(t,q,q) is defined in the region
t>0, [(a"a")" <A (13)
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and satisfies there the conditions guaranteeing the existence, uniqueness of the solutions of sys-
tem (12) and their continuous dependence on the initial data.

Let estimate
1Q(E a, q)|l < h@)]all* +g@)lal”
be valid in region (13), where w and 7 are positive constants, h(t) and g(¢) are nonnegative piecewise
continuous functions. Note that functions h(¢) and g(¢) can be unbounded on the interval [0, +00).

Sufficient conditions of the asymptotic stability of the equilibrium position q = ¢ = 0 of system
(12) can be obtained, as before, by applying Lemma 1 to Lyapunov function (2) and its derivative
with respect to solutions of system (12).

Corollary 1. Let conditions of Theorem 1 be fulfilled. If
w >, n>1, (14)

and, moreover, functions

h(t) g(t) p=D/2(2)
xi(t) = 172 ; xa(t) = B (15)
Y2(8) by () p(t) 1)
are bounded on the interval [0,400), then the equilibrium position q =q =0 of system (12) is
asymptotically stable.

Really, with the assumptions made in Corollary 1, the application of Lemma 1 will again lead us
to estimates of form (6), (7), (11), and accordingly, the fulfillment of the conditions of Theorem 1
will guarantee the required property for the perturbed system.

If some of functions (15) are unbounded on the interval [0, +00), then the approach proposed
in [18] can be used to establish the conditions of the asymptotic stability. In [18], continuous
Lyapunov functions were used. We show that the application of discontinuous Lyapunov functions
is also acceptable within the framework of this approach.

Corollary 2. Let conditions of Theorem 1 be fulfilled. If inequalities (14) are wvalid, and the

tendencies
Xi(t) = x1(t) =@ W/ (0,8 -0 as t— +o0,
Xo(t) = x2(t) = (7V/CO(#) 0 as t— +oo

hold, then the equilibrium position q = q = 0 of system (12) is asymptotically stable.

The proof of Corollary 2 is given in the Appendix.

Example 1. Let Assumptions 1-3 be fulfilled, and there exist positive constants L, Lo, L3, L4
and ¢ such that the inequalities

thgp(t)gLQt, Lgﬁgbl(t)gbg(t)<L4\/Z for t}f

are valid. Then, by choosing v(t) = N/,/Tit1 fort € [7;,7i41) (N = const > 0),7 =0, 1,..., one gets
that functions (8), (9) will be bounded. Note that, in the considered case, p(; —0)/p(7;) < Lo/Ly
for all values of index i such that 7; > £. Hence, there exists sz > 1 such that s < 2, i =1,2,....
We have

A(t) = min {Lg\/i; NL, t/q/TH_l} > min{Ls; NLi}t/\/Tit1

for t € [13,Tit1), T = t. Applying Theorem 1, we obtain that for the asymptotic stability of the
equilibrium position q = ¢ = 0 of system (1) it is sufficient to fulfill the condition

1 k—1

5— Z %_f(k_z)w E — 400 as k — +o00.
Tpa1 i=0 Ti+1
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Assume, for instance, that T; = const > 0,7 =0, 1,... (i.e. switching of the potential forces occurs
at fixed time intervals). Then, the found condition of the asymptotic stability will be fulfilled, if
£ < 1/2,ie. if u < 3. In this case, there is a constant Ls > 0 such that ¢(0,t) > Ls\/t for t > t.
Therefore, according to Corollary 2, the asymptotic stability of the given equilibrium position will
be preserved for perturbed system (12), if inequalities (14) are valid and tendencies

wHp—2 _ nt4€—26n—1

h(t)t 2=0 — 0, g(t)t i€ —0 as t— +oo

hold.

4. USING THE CONTINUOUS LYAPUNOV FUNCTION

The presence of multipliers s, ¢ = 1,2,..., in estimates (11) is caused by discontinuities of
Lyapunov function (2), and, in Theorem 1, it can lead to rather conservative restrictions on the
switching law of potential forces. In this section, we construct a continuous Lyapunov function for
the study of the asymptotic stability of the equilibrium position q = ¢ = 0 of systems (1) and (12).

Let us replace Assumption 2 with a weaker one.

Assumption 4. Potential II;(q) is positive definite.

Taking into account Assumption 4, we obtain that there exist positive constants ci1, Cas, C3s,
s=1,...,N, such that for all q € R” the inequalities

Cll“q“u+l < Hl(q) < 021HqHN+1’ ‘Hs(q)| < 628||q||u+17 S = 27 .. 7N7

H oll,(q)
dq

H <esllalf, s=1,...,N,

are valid.

For example, one can suppose that some stabilizing control is active for o(¢) = 1, and this control
is deactivated for o(t) # 1. Then it is necessary to find a ratio between the lengths of the intervals
of activity of the control and the lengths of the intervals for deactivating it, which guarantees the

preservation of the asymptotic stability of the given equilibrium position. Let the sequence {%Z-};-';OS,
where 0 = 7p < 71 < ..., set the switching moments in which the value of ¢(¢) changes from 1 to

some other, or vice versa. For the definiteness, we assume that o(t) =1 for t € [Ty}, T2j4+1), and
O'(t) #1forte [7:2j+177~—2(j+1)); j=0,1,....

Instead of Assumption 3, we will use the following assumption.

Assumption 5. Let the following conditions be fulfilled:

1) function p(t) is positive for t € [Ty;, T2j4+1), and p(T2j41 —0) >0, j =0,1,...;

2) for all t € (T2, To(j4+1)) the inequality

is valid and, moreover,

l
Toir1 — 0) — p(Tos < — (7o — Toit1 To(i inf bi(t).
P(Toj+1 — 0) — p(Tagjs1)) < T ( 2(j+1) — T2+ ) P(Ta(j41)) rari ) (t)
Here | = const € (0,1), 7 =0,1,....
Condition 2) in Assumption 5, imposes a restriction on the permissible rate of decrease of
parameter p(t) at o(t) =1, as well as on the permissible decrease of the value of p(t) from the
moment of deactiving the mode o(t) = 1 until the moment of activating this mode again.
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Construct continuous function p(t) such that p(t) = p(t) for t € [T2;, T2j+1), j = 0,1,.... On the
intervals [To;11,T2(j+1)), J = 0,1,..., one can determine function p(t) as linear (i.e. the continuous
pieces of function p(t) corresponding to the mode o(t) = 1 are “glued” using straight lines).

Let us construct continuous Lyapunov function

1 oT
—T : 1I X p=1 _TY+
P (q,q) + i(a) +r5(@) [all" " a o

where 7 is a positive constant, 4(t) is a continuous piecewise differentiable positive for ¢ > 0 function.

V(t,q,q) = (16)

On the intervals [To;,72j+1), 7 =0,1,..., we find function 7(¢), as in the previous section of
the paper, for instance, in form of constants satisfying estimate (10). Define function ¥(¢) by
continuously “gluing” the constructed pieces of found function ~(¢) so that the condition

0<A(t) <N min{1/\/%; bl(t)/ﬁ(t)} for >0

is fulfilled. On the intervals [Toj, 72j+1), 7 = 0,1,..., this condition follows from (10), therefore,
it is enough to “glue” 4(t) in such a way that the specified condition is preserved on the intervals
[Toj+1,To(j+1)), 3 = 0,1,.... Given the continuity of function p(¢) and the piecewise continuity of
function by(t), this can obviously be done if additional requirements:

. b1(Toj+1) - (a1 —0)
V(Foigr —0) S N ——L22_ 0 ~(Fy, <N———— i=0,1,...,
( 2541 ) p(7-2j+1 — 0) ( 2(j+1)) p(TQ(j+1))
are imposed on the choice of ().
Then, applying Lemma 1, as before, we get the estimates
ks 1
i (Nl + e fal ™) € Vi) < (S5l +ean o). )
(p( t) p(t)
for t >0, ||[(q%,20)T|| < Hy, and
> _(bi(t) :
Pl iomy < = (0 12+ 79000+ Den 0l ) < -aMOF*E(ta.a). (19
fort € (7oj, 72511), 5 = 0,1,..., (¥, 2")T|| < Hy. Herez = ¢//p(t), Hy, Gy, aa, Gz, a4 are positive

constants, \(t) = min{b; (¢); ( )p(t )} E=(pn—1)/(n+1).

Differentiate Lyapunov function (16) with respect to solutions of system (1) on the intervals
(7:2j+1, 7:2(]'_;,_1)), j = 0, 1, .... We obtain

Iy o = 5" BIOG = r0p(0 -+ 1) [l T )

oT oT\" 0
-~ p—1 T . ~ p—1 TY+L ~ et v pn—1 .
P ol Q" BOa -+ i ol a5 + 30 (52) g (lal " a)a

P'(t) : o 1 19T p@).p0l,(q) . rIlli(q)
- T(a,q) +r7' () lal" " a” - —=X4q +4q :
Py GOTTOlTa G = FH T g 54
Then for q,q € R", t € (Toj41,To(j+1)), J = 0,1,..., taking into account Assumption 5, we have

the estimate

VI oy < (1= D21 + r3OIpO] 1+ Dea Ll

+ 3tk llal® lall” + r () ksa [l [lal*

5 Ip(t)]
+(m<t>b2<t>+r| Ok + 2
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Next, use the Jensen inequality

2izg = (%) (0“/”22)v < u% + 00"V 2,

which is valid for any positive values of 2z, zo, u, v, 80, if u+v = 1.
Choose some constant L > 0 satisfying the condition

—(1—1)+1/(2L) < 0.

Then there exist Hy > 0 and as > 0 such that for ¢t € (T2j415 T2(j+1)), 3 = 0,1, (™, 20T < Hs
the following estimates are valid:

Vi o) < MOl < ash(6)V (2, q.4). (19)
Here
i o~ £ ~ ~ lp(t)] 2@
1) = OO+ Deas + 5 (P3O0 + 17 Ok + Ellless +en ) £

Construct function A(t) according to the rule: A(t) = asA(t) for t € [Taj, Toj11), A(t) = —asA(t)
for t € [Toj41,Togj+1))s 3 = 0,1,.... Denote ¥(tg,t) = ftf) A(7)dr for t > tg > 0. Then we have the
theorem.

Theorem 2. Let Assumptions 1, 4, 5 be fulfilled and estimates (17)—(19) be constructed. If
U(0,t) — 400 and p=§(t)¥(0,t) — +o0 as t — +o0, then the equilibrium position q = =0 of
system (1) is asymptotically stable.

Remark 3. All constants present in formulas (17)—(19) can be evaluated and chosen in a simple
way. Thus, the verification of the asymptotic stability conditions determined by Theorem 2 reduces
to the analysis of the behavior of the given functions p(t), bi(t), ba(t), as well as constructed
auxiliary functions p(t), v(t), 7(t). As in the previous section of the article (see Remark 2), to
facilitate calculations, all these functions can be coarsened with constants on each from the intervals
[TisTi+1), © = 0,1,.... Then we come to a coarser, but simpler discrete version of the asymptotic
stability conditions.

Ezample 2. Let Assumptions 1, 4, 5 be fulfilled, and there exist positive constants Lq, Lo, Lg,
L, and ¢ such that the inequalities

Lyt Sp(t) < Lyt for te [7:2]'77:2]'4-1)7 7:2]' > tA,
LyVt<bi(t) <bg(t) < Ly vVt for t>1

are valid. Then we obtain that Lt < p(t) < Lot for t >t. Choose 7(t) = N/\/Fj11 for

t € [T2j,T2j+1) (N = const >0), j =0,1,.... In the considered case, for the determination of con-
tinuous function (t) it is sufficient “to glue” constructed pieces of function ~(¢) by straight lines
on the intervals [T2j11,To(j+1)); 5 = 0,1,.... Then, we get estimates (17)-(19). Constants in these

estimates can be found for concrete given system (1) using both analytical and numerical methods.

Now, consider perturbed system (12).
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Corollary 3. Let conditions of Theorem 2 be fulfilled. If inequalities (14) are wvalid, and the
tendencies

Y@=/ (0, 8) 5 0 as t — +oo,

&@:WA@ﬂ/ﬁwhﬁﬂrﬁOast%+w

T

g(t) P2 (t)

U=0=D/2600,4) 50 as t— +oo,
bi(t) ©.%)

d2(t) =
@®:W4@0/®MMﬁMW%Oast%+m
T

hold (here T is a positive constant such that U (0,t) >0 fort> T), then the equilibrium position
q = q = 0 of system (12) is asymptotically stable.

The proof of Corollary 3 is given in the Appendix.

5. CONCLUSION

The paper considers various approaches to assessing the effect of switching, caused by both
structural changes in the mechanical system and discontinuities of non-stationary coefficients, on
the stability of a given equilibrium position. Since the choice of a suitable Lyapunov function,
as a rule, is based on the structure and coefficients of the system, this leads us to construct,
generally speaking, a discontinuous Lyapunov function. Taking into account the jumps made by
the Lyapunov function at the break points can impose too strict restrictions on the permissible
switching laws. Therefore, the possibility of constructing a continuous Lyapunov function is of
particular interest. In addition, in the work, the effect on the stability of possible non-stationary
perturbations acting on the system was investigated. It is shown that the known methods previously
applied to smooth systems can be adapted to discontinuous systems. Note that the restrictions on
the perturbations depend, generally speaking, on the restrictions on the switching law in the initial
mechanical system.
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APPENDIX

A.1. PROOF OF COROLLARY 2

Find the derivative of Lyapunov function (2) with respect to solutions of system (12) for ¢ €
(15,7i41), i =0,1,.... If | (q*,2D)T| < H and ||(q*,q")"|| < A, then we obtain

sy < —as (2 a1 + 1 0p(0) s+ Vs )
+ (S5 lall+ 0lal) (olal + oo lal-
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Let us show that constants Dy > 0, D > 0 and £ > 0 can be chosen so that if

. 1 . _
to > t, ) la(to)||* + [lalto) ' < Do =15(0, to), (A1)
then
1 . _
o0 la@®® + lla®)|“* < Dy=e(0,t) for t > to. (A.2)

Here (q(t),q(t)) is a solution of system (12). Really, set the specified constants, according to the
conditions

Dy <D, —(a2€Dg) *+ (as€)/2 <0, —(a1éD)™ + (as€)/2 >0, (A.3)
D0y, =2/ (=10 ¢) + Dp(t) = 4(0,8) < A% for t > 1, (A4)

DY WA y=2/=0 (0, ) 4+ D~YE(0,8) < H? for ¢ > 1, (A.5)

max {Y1(t); X2(t)} <d for t>1%, (A.6)

where ¢ = max{kg; ca1; ...; can'}, ¢ = min{ky; c11; ...; cin}, d is a positive constant. Conditions

(A.3)-(A.6) are compatible. At first, one can choose constants Dy and D according to inequalities
(A.3), then constant # can be chosen according to conditions (A.4)—(A.6).

Let the initial data of the solution (q(t),q(t)) satisfy the inequalities (A.1). Suppose that there
exists t; > to such that inequality (A.2) turns into equality for ¢t = ¢;. Applying Lemma 1, we have
that, if constant d in (A.6) is chosen sufficiently small, then estimates

. as bl(t)
Vigg < - (

2 Al +ry (Ot + et IIq(t)Hzﬂ) < _612_4/\(15)V1+£(t7 a(t), a(t)

are valid on the interval [to,t1] (except for the break points). Conditions (A.4) and (A.5) guarantee
that on the interval [tg,t1] the considered solution remains in the domains ||(qT,¢")"|| < A and

[(q*,z")"| < H.
Then we find that

V¥t alt), 4(0)) > V(o alto). (o)) + B uito, 1) for k=0,

V_é(tlaq(tl)aq(tl» P (%'m---%nl—l-i-k)_5 V_é(to,q(to),q(to)) + (:Lé—gw(t(]atl) for k= 172>"' .

Here the values of m = m(ty) and k = k(tg,t1) are determined in the same way as before in the
study of the unperturbed system. Note that 1 (to,t1) = ¥(0,t1) — (stm . . . 36m—14%) (0, t0). Then
one can obtain

(0, t1) (—(a1 D)™ + (4€)/2) < (m -+ 34m11) "0 (0,t0) (— (a2 Do) ™ + (as8)/2) .

The left side of this inequality is positive, while the right side is negative (see conditions (A.3)).
The resulting contradiction shows that the inequality (A.2) must be preserved for all ¢ > ty. Using
the proven property of the solutions of system (12), as well as their continuous dependence on the
initial data, we have the required. The corollary is proved.
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A.2. PROOF OF COROLLARY 3

As in the proof of Corollary 2, let us show that the constants Dy > 0, D > 0 and £ > 0 can be
chosen so that if the initial data of the solution (q(t),q(t)) of systems (12) satisfy the conditions

N 1 . _
o> sl + o) < Do wTE(0, 1), (A7)
then
1. _
50 a1 + la@®)|**" < DE=YE0,8) for ¢ > to. (A.8)
Set the specified constants, according to the conditions
Do <D, —(agcDg) *+€<0, —(a1¢D)™C+¢&>0, (A.9)
DY WA g=2/k=1 (0 t) + Dp(t) UHE(0,1) < A2 for t=i>T, (A.10)
DY WA g=2/(t=1) (0 ¢) + DOVE(0,¢) < H? for t>i>T, (A.11)
max {8, (t); 62(t)} < dy for t>i>T, (A.12)
max {31 (1); 6(t)} < dy for t>1>T, (A.13)

where ¢ = max{ks; c21}, ¢ = min{ky; c11}, H = min{fll; ﬁg}, d1 and dy are positive constants.
Let for the solution (q(t),q(t)) of system (12) inequalities (A.7) be valid. Suppose that there
exists t; > to such that inequality (A.8) turns into equality for ¢t = t;. On the interval [to,t1] the
considered solution remains in the domains ||(q*,¢")T|| < A and ||(q*,2")"|| < H (see conditions
(A.10) and (A.11)). If constant d; in (A.12) is chosen sufficiently small, then, applying Lemma 1
and Jensen inequality, we find on the interval [t,t1] (except for the break points) the estimate

Vi < (= A0+ Aba(1) (51(0) + 52(1)) ) V(0 a(). 4(1))-

Here A is a positive constant (depending on the choice of D). Integrating this differential inequality
on the interval [tg,¢;], one can obtain

V=t qtr),a(t) = V4 (to, qo, éo) + € U(to, t1) — Af/bl(T) (61(7) + 02(7)) dr.

Then we have
W(0,t1) (—(@16D) ¢ +€—2A48ds) < W(0,t0) (— (@28 Do) +¢). (A.14)

If constant dy in (A.13) is chosen sufficiently small, then (see conditions (A.9)) the left side of
inequality (A.14) is positive, while the right side is negative. The resulting contradiction shows
that the inequality (A.8) must be preserved for all ¢ > ty. Using the proven property of the solutions
of system (12), as well as their continuous dependence on the initial data, we have the required.
The corollary is proved.
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Abstract—This paper is devoted to the kinematic problem of the optimal, in terms of time,
program angular acceleration of a spacecraft as a solid body under arbitrary (given) boundary
conditions imposed on its angular position and angular velocity. A quasi-optimal analytical
solution of the problem is obtained within the classical Poinsot concept of the angular motion of
a solid body as a generalized coning motion and Pontryagin’s maximum principle. This solution
is brought to an algorithm. Supporting analytical and numerical examples are provided to show
either the proximity of the quasi-optimal and optimal solutions or their complete coincidence,
depending on the boundary conditions.
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1. INTRODUCTION

In many spacecraft guidance and control problems, it is required to know the optimal, in
some sense, program angular acceleration of a spacecraft under arbitrary (given) boundary condi-
tions [1-5]. In the literature, as a rule, such acceleration is either numerically found or analytically
constructed (e.g., [5]) based on polynomials (splines) by representing the spacecraft attitude quater-
nion via polynomials and expressing the angular velocity vector through this quaternion. However,
no guarantees (rigorously proved theorems or considerations from theoretical mechanics) are given
that these analytical solutions will approximate the optimal angular motion trajectory of the space-
craft well enough on the entire set of its angular motions under any boundary conditions.

In this paper, we study the kinematic problem of the optimal, in terms of time, program angular
acceleration of a spacecraft under arbitrary boundary conditions for its angular position and angu-
lar velocity. It is difficult to obtain the optimal analytical solution of this problem under arbitrary
boundary conditions: in the general case, the exact solution of the attitude problem of a solid
body by its known angular velocity (the Darboux problem) remains unknown [6, 7]. Following the
classical Poinsot concept of the angular motion of a solid body as a generalized coning motion, we
reformulate the optimal angular acceleration problem of a spacecraft in this class of motions. The
spacecraft trajectory is given by explicit expressions containing arbitrary quaternionic and scalar
constants and two arbitrary scalar functions (the parameters of the generalized coning motion).
These parameters and their derivatives are employed as variables to pose and solve an optimization
problem in which the second derivatives of the parameters act as controls. Note that the generality
of the original problem is almost not violated: the known exact solution of the classical optimal
angular acceleration problem in the planar rotation case [4] or in the new special case of regular
precession (considered below) and the similar solutions of the problem within the above concept
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completely coincide; in other cases, in numerical calculations of the solution of the original problem
and the analytical solution proposed, the relative error between the values of an optimization crite-
rion (the determinative characteristic of the problem) constitutes at most 1%, including spacecraft
rotations to large angles. Therefore, the analytical solution proposed in this paper can be treated
as quasi-optimal with respect to that of the classical optimal angular acceleration problem of a
spacecraft. Explicit expressions for the attitude quaternion and the angular velocity vector of a
spacecraft are derived. An explicit formula for the angular acceleration of a spacecraft is obtained
by differentiating the expression for the angular velocity vector. Finally, an analytical algorithm
for solving the problem is presented, which can be used aboard the spacecraft.

The analytical solution method proposed below has previously been successfully applied to dy-
namic optimal rotation problems for spacecraft of various configurations with different optimization
criteria [8, 9].

2. CLASSICAL PROBLEM FORMULATION

The angular motion of a spacecraft as a solid body around its center of gravity is described by
a system of differential equations in vector-matrix form:

Ao —A1 —A2 —A3 ot
A1 Ao A3 Ao
2 . = 2.1
Az A3 Ao —M zz ' (21)
A3 —A2 A1 Ao
. . . T T
[ w1 W2 Wws } = [ €1 €2 &3 } 5 (2.2)
which is equivalent to the short representation [4]
2A = Aow, (2.3)
w=e, (2.4)

where A = [Ao(t), A1(t), Aa(t), A3()]T or Ao(#) + A1 (t)i1 + Ao (t)iz + A3(t)i3 is the normalized quater-
nion that describes the angular position of the spacecraft (||A|] = M2+ X2 + M+ =1); w =
[w1 (1), wa(t), w3(t)]T or w(t) = wi(t)is +wa(t)iz +ws(t)iz is the angular velocity vector of the space-
craft, which can be treated as a quaternion with the zero scalar part w = [0, wy(t), wa(t), w3(t)]*;
e = [e1(t), e2(t), e3(t)]" is the angular acceleration vector of the spacecraft; the imaginary units
i1, 12, and 73 of the Hamiltonian correspond to the vectors of the orthonormal basis of the three-
dimensional vector space ij, io, and i3, respectively; o indicates the quaternion product; finally,
T means the vector transpose. Accordingly, the phase coordinates A and w are assumed to be con-
tinuous functions, and the angular acceleration € (control) is assumed to be a piecewise continuous
function [10].

The angular acceleration vector is bounded by magnitude:
| € |< Emax- (2.5)

The boundary conditions imposed on the attitude and angular velocity of the spacecraft are
arbitrary:

A(0) = Ay, A(T)=Ar, (2.6)
w(0) = wy, w(T)=wr. (2.7)
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It is required to find the optimal control €°P'(¢) that minimizes the criterion
J=T. (2.8)

The problem formulation (2.1)—(2.8) is kinematic since it neglects the dynamic configuration of
the spacecraft. Note that the optimal angular acceleration of the spacecraft can be found as the
derivative of its optimal angular velocity in the full dynamic optimal spacecraft attitude problem,
where the Euler dynamic equations are used instead of the vector equation (2.4) and the control
function is the vector of the external control moment applied to the spacecraft [8, 9].

3. DIMENSIONLESS VARIABLES

We reformulate the problem by replacing the original dimensional variables with dimensionless
ones:

1/2 dimless 1/2 dimless 1/2

dimless _ _
t max’ w _wEmax? € - E‘-Emax'

= te

In this case, all the expressions will not change, except for the magnitude constraint on the angular
acceleration vector:

le|< 1. (3.1)

Below we will solve problem (2.3), (2.4), (2.6)-(2.8), (3.1) in the dimensionless variables, with the
removed superscripts in the problem formulation.

4. APPLICATION OF THE MAXIMUM PRINCIPLE

Applying Pontryagin’s maximum principle [4, 10], we introduce two variables W(t) and ¢(t),
quaternion and vector, respectively, that are conjugate to the phase variables. The Hamilton—
Pontryagin function is given by

H= (P Aow)/2+ (¢, €), (4.1)

where (., .) means the inner product of vectors.
The conjugate system of equations has the form

{2@:@0%
(4.2)

@ = —vect ([X o \Il> /2,
where vect(.) and ~ are the vector part and conjugation of the quaternion, respectively. The linear

differential systems of equations for the variables ¥ and A coincide, hence their solutions differ by
a quaternion constant C :

¥ =CoA. (4.3)
The transversality condition [10] at the time instant ¢ = T is

scal (¥(T)o A(T)) =0, (4.4)

where scal(.) indicates the scalar part of the quaternion. The expression scal (¥ o A) is the first
integral for the system of equations (4.2). Therefore, in view of (4.4),

scal (®(t) o A(t)) = 0. (4.5)
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From (4.3) and (4.5) it follows that scal C = 0 and C = ¢,, where ¢, is a constant vector. Then
equality (4.3) takes the form

¥ =c,0A. (4.6)

By denoting [4]

p = vect (AO\II) =Aoc,0A, (4.7)
we write the system of equations (4.2) as

{pzixocvoA,

¢ =-p/2 48)

Thus, due to the self-conjugation of the linear differential system of equations (2.1) ((2.3)), the
dimension of the boundary value problem of the maximum principle is reduced by four [4].

The maximum condition for the Hamilton—Pontryagin function (4.1) on the bounded and closed
set (3.1) yields the following structure of optimal control:

) (4.9)

Note that the case of special control ¢ = 0 violates the requirement of the maximum principle
regarding the existence of nontrivial conjugate variables ¢ and W [10]. Indeed, formula (4.8) implies
p =0 and ¢, = 0; formula (4.6), ¥ =0.

According to (2.3), (2.4), (4.8), and (4.9), we obtain

p=[p v, (4.10)
d*w dw d| |
= 2Qp|l—=—% —2——— 4.11
where [.,.] means the cross product of vectors.

Substituting the expression (4.11) into equation (4.10) gives

1 (dle] {dw } d*w d?| | dw
— | — | | —2— | - — . 4.12
+ %] ( dt at’ dt? dt?  dt (412)
The optimal angular velocity of the spacecraft on the entire time interval of its motion satisfies
the third-order vector differential equation (4.12). (Previously, a similar fact was established for

special control regimes in the optimal turn problem of a spherically symmetric spacecraft [11].)
Based on (4.7), the Hamilton-Pontryagin function (4.1) takes the form

dt3 dt?’

H=(p,w)/2+ (g, €]). (4.13)

5. THE OPTIMAL ANGULAR ACCELERATION PROBLEM OF SPACECRAFT:
THE EXACT SOLUTION IN THE SPECIAL CASE

Now we present a new partial solution of the optimal angular acceleration problem of the space-
craft in the class of regular coning motions. For this purpose, let the magnitude of the vector ¢ be
constant on the entire time interval of spacecraft motion:

o= (5.1)
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In this case, the conjugate variables p and ¢ and the control € are expressed through the angular
velocity vector by the formulas

p=cw, p=-—2w, €=w, (5.2)
and the angular velocity vector satisfies the differential equation
W= [w, w. (5.3)

Thus, the optimal control problem (2.3), (2.4), (2.6)—(2.8), (3.1) is reduced to the boundary
value problem (2.3), (5.3), (2.6), (2.7). Without loss of generality, assume that ¢ = 1.

The optimal angular velocity of the spacecraft in the class of regular coning motions has the
form

w = K o (iyarsin Qf + ipa cos Qt 4 13Q) o K, (5.4)
where K (quaternion), «, and ) are arbitrary constants; in addition,
IK|| =K+ K} + K5+ K5 =1. (5.5)

The quaternion K is responsible for the rotation of the parenthesized vector in formula (5.4)
about some constant axis passing through a fixed point of the spacecraft. Let us show that the an-
gular velocity (5.4) satisfies equation (5.3). To this end, it is necessary to differentiate formula (5.4)
with respect to the variable ¢ sequentially three times: w = oK o (i1 cos Ut —ipsinQt) o K, & =
—a0?K o (iy sin Qt + iz cos ) o K, & = af¥3K o (—ij cos Qt + iy sin Q) o K. Substituting (5.4)
and the resulting expressions for the derivatives into (5.3), we arrive at the desired equality. In ad-
dition, W = [&, w| = (Wow —w o &) /2.

The trajectory of the spacecraft with the angular velocity (5.4) is found explicitly from (2.3)
and (2.6). It represents a regular precession of the form

A(t) = Ag o K o exp{izat/2} o exp{izQt/2} o K, (5.6)

where exp{.} denotes the exponential function with a quaternionic index [4].

The expressions (5.4)—(5.6) include five arbitrary constants «, 2, and K;, i = 0,1,2. (The con-
stant K3 is related to condition (5.5).) The magnitude constraint on the angular acceleration
vector € is true under the condition

a0 = 1. (5.7)

Let us satisfy the boundary conditions (2.6) and (2.7). Due to the insufficient number of arbitrary
constants in (5.4), we impose requirements on |wy| and wy during the problem solution, with the
unit vector wi = wy/ |wp| being arbitrary. At the point ¢t = 0, by formula (5.4),

wo = |wo| wl = Ko (izer + i3Q) 0 K, (5.8)
lwoll = [ o (oo +i52) o K| = [|K| ia + 152 K] = 0? + 0 (5.9)
at the right end of the spacecraft trajectory (for ¢ = T'), from (2.6) and (5.6) we have
A7 = Ag o K o exp{iraT/2} o exp{izQT/2} o K, (5.10)
and
scal(Ag o A7) = scal(exp{izaT/2} o exp{isQT/2}). (5.11)
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The values of T, |wpl, a, €2, and K can be determined using formulas (5.5) and (5.7)—(5.10).
Let (5.8) and (5.10) be written as

(iQCY—I—ng)OK—KOUJO =0,
exp{iza/2} o exp{izQ/2} c K — Ko Ago Ap = 0.

The same representation based on m— and n—matrices isomorphic to quaternions [12] yields

0 0 —a — 0 —Wo1 —WwWo2 —Wo3 KO 0
0 0 -Q « o wo1 0 w3 —Ww02 Kl _ 0 (5 12)
a Q 0 0 wWop2 —Wos 0 wo1 K2 0|’ ’
Q —« 0 0 w3  wWo2 —wWo1 0 K3 0
mo —myp —My —Ms3 ng —M1 —nNg —N3 KO 0
mq mo —ms3 mo n1 no ns —nN9 Kl 0
— = , (5.13)
mo ms mo —ma ng —N3 Ny s K2 0
ms3 —mo Mmip Mg ny ng —Ni Ng K; 0

where the coefficient matrix of the linear algebraic system (5.13) is defined by the components of
the quaternions m and n :

m = exp{irsa/2} o exp{izQ/2},

mo = cos(a/2) cos(Q/2), mq = sin(a/2)sin(2/2), (5.14)
mgy = sin(a/2) cos(€2/2), ms = cos(a/2)sin(2/2),
n=AgoAr. (5.15)

Their norms are |m| =1 and ||n|| = 1, and the coefficient matrices of systems (5.12) and (5.13)
have rank 2. By choosing linearly independent equations, two in (5.12) and two in (5.13), we obtain
the homogeneous system

0 wo1 Wo2 — & wWo3 — Q K() 0
—wo1 0 —(w03 + Q) w2 + o Kl o 0 (5 16)
mi1 — ny 0 —(mg + n3) mo + Ny Ky - 0 ’
0 ny —ma no — 1My n3 — 1ms K3 0

For the existence of nontrivial solutions, the determinant of the coefficient matrix of system (5.16)
must be 0. Proceeding from this requirement and (5.8), (5.14), and (5.15), we obtain

|UJO| = (mQCY + mgﬁ)/(nlwgl + ’I?QLUSQ + ngwgg). (5.17)

Due to (5.7)-(5.9), (5.11), and (5.17), o, 2, and T can be determined from the system of three
equations

a?0Q? —1 =0,

(a® + Q) (mw§; + nawsy + n3ws3)° — (maa +mzQ)* =0, (5.18)
scal(Ag o Ar) — cos(aT/2) cos(QT/2) = 0.

The components of the quaternion K are given by

2 2 9] —1/2
Ky =+ |14 (Ao/D)* + (41/D)* + (A2/D)’| ", Ko = AoKs/D,

K, = A1K3/D, Ky = A2K3/D,

(5.19)
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where
Ag = —(ma + n2)(wos + Q) + (m3 + n3)(wo2 + @),
Ar = (m1 — n1)wor + (M3 +n3)(2 — wo3) + (M2 + n2)(a — wo2),
Ay = (m1 —n1)(wo2 + @) + (M2 + na2)wor,
D = (m1 — nq)(woz + Q) + (m3 + n3g)wor .

(5.20)

The boundary condition for the angular velocity of the spacecraft at t = T takes the form
w(T) = wr = Ko (iyasin QT + iparcos QT + i30Q) o K. (5.21)

Well, if the boundary conditions for the angular velocity w of the spacecraft satisfy the require-
ments (5.17) and (5.21), its angular motion trajectory will be in the class of regular coning motions
and given by the explicit expressions (5.4) and (5.6). (For all ¢ € [0, T'], w(t) will belong to a conic
surface defined by arbitrary boundary conditions on the position, Ag and Ap, and an arbitrary
direction of its initial vector wyg.)

According to (2.4) and (5.4), the optimal angular acceleration is

e =w = aQK o (ij cos U — iz sin ) o K, (5.22)
e]? = Q% = 1. (5.23)

In other words, the magnitude constraint (3.1) on the control vector holds.

The conjugate variables ¢ and p are calculated from the expressions (5.2). Thus, the problem
with the above constraints has been completely solved.

Now we write an algorithm for finding the optimal angular acceleration of the spacecraft in the
class of regular coning motions:

1) Use the known values Ay and A7 from (2.6), w§ = wo/ |wp| from (2.7), (5.17), (5.18), and
formulas (5.14) and (5.15) to find the unknowns «, Q, T, and |wy| .

2) Use formulas (5.19) and (5.20) and the values of Ay, Ap, a, Q, T, and |wp| to find the
quaternion K.

3) Use formulas wi® = |wo|w§ and w$?! = K o (ijasin QT + iza cos QT + i30) o K to find the

boundary vectors w! and wsi.

4) Compare the calculated values w and w$! with the given boundary conditions (2.6).

5) If equality holds in item 4), then the optimal solution of the problem is in the class of regular
coning motions; the angular velocity of the spacecraft, its trajectory, angular acceleration vector,
and the performance time 7" are calculated by formulas (5.4), (5.6), and (5.22) and item 1).

6) The conjugate variables ¢ and p are calculated by formulas (5.2).

This optimal solution of the problem in the class of regular coning motions and the previously
known exact solution [4] in the class of flat Euler turns (under the condition wy, wr ||vect(Ag o Ar))
for the special cases of boundary conditions on the angular velocity of the spacecraft will be used
as analytical confirmations when constructing a quasi-optimal solution of the angular acceleration
problem of a spacecraft in the class of generalized coning motions. Also, we will provide some sug-
gestive considerations obtained through the numerical solution of the optimal angular acceleration
problem of a spacecraft under arbitrary boundary conditions.

6. JUSTIFICATION OF THE APPROACH BASED ON NUMERICAL SOLUTIONS
OF THE PROBLEM

Let us numerically solve the boundary value problem of the maximum principle (Section 3) for
the original kinematic optimal acceleration problem of a spacecraft, see (2.3), (2.4), (2.6)—(2.8),
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and (3.1):
2A = A ow,
w=e¢
: ’ 6.1
¢ =-p/2 (6.1)
p=Aoc,oA, ¢, =const,
A(O) = A(), w(O) = Wy, (6.2)
A(T) = AT, w(T) = wr, (63)
e = /|, (6.4)
H(T) = (p, w) /2 + (¢, €)lior = 1. (6.5)

It is required to find %P, TPt APt (,OP' and c,.
It seems reasonable to write the terminal conditions (6.3) in the phase space A X w of dimen-
sion 7 [8, 9, 11]:

vect (A(T)o A7) =0, w(T) = wr. (6.6)

A numerical solution method for such problems was described in [8, 9, 11]. Also, for comparison,
we provide kinematic characteristics based on the calculation results in the full dynamic optimal ro-
tation problem of a spacecraft as a solid body of various dynamic configurations [8] in dimensionless
variables under the same boundary conditions for its angular position and angular velocity:

Ao = (0.7951, 0.2981, —0.3975, 0.3478), wp = (0.2739, —0.2388, —0.3), (6.7)
Ar = (0.8443, 0.3984, —0.3260, 0.1485), wr = (0.0, 0.0, —0.59). (6.8)

Spacecraft 1. An arbitrary spacecraft, I; = 0.9869, Io = 1.1843, and I3 = 0.7895.

Spacecraft 2. I; = 0.9506, Iy = 1.3308, and I3 = 0.5704.

Spacecraft 3. The International Space Station (ISS) in its early version [13], I} =
4853000 kg x m?, Iy = 23601000 kg x m?, and I3 = 26278000 kg x m? or the dimensionless vari-
ables I1 = 0.2358, I, = 1.1466, and I3 = 1.2766.

Spacecraft 4. Space Shuttle, which has characteristics almost like a dynamically symmetric solid
body: I1 = 3400648 kg x m?, Iy = 21041672 kg x m? or I; = 0.1967, I, = 1.2168, and I3 ~ I5.

Table 1 shows the values of the attitude quaternion and angular velocity vector of the spacecraft
obtained by solving the optimal angular acceleration problem (6.1)—(6.6) and the dynamic opti-
mal rotation problem [8] for the four spacecraft at the intermediate points t, = 0.4508, t; = 0.4504,
ty = 0.4502, t3 = 0.4513, and t4 = 0.4515 and the time intervals of their motion [0, T°P], [0, T},°P'],
k=1,2,3,4 (the corresponding optimal reorientation times are T°P' = (0.8965, T1°P' = (.8858,

Table 1
Spacecraft Ao A1 A2 A3 w1 wo w3
) 0.80480 | 0.36812 | —0.37874 | 0.27082 | —0.03497 | —0.03416 | —0.57245
Spacecraft 2 (t2) 0.80582 | 0.36894 | —0.37740 | 0.26853 | —0.03943 | —0.03158 | —0.60068
Spacecraft 3 (3) 0.80405 | 0.36949 | —0.38005 | 0.26935 | —0.04073 | —0.04253 | —0.58311
Spacecraft 4 (t4) 0.80311 | 0.37231 | —0.37955 | 0.27171 | —0.03412 | —0.03576 | —0.55873

Values in problem | 50437 | 36758 | —0.37955 | 0.27171 | —0.03412 | —0.03576 | —0.55873
(6.1)-(6.6) (t.)

Values in télle modified | 5 9459 | 0.36763 | —0.37817 | 0.27309 | —0.03246 | —0.03050 | —0.55603
problem

Spacecraft 1 (¢
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Table 2
Spacecraft Ao A1 Ao A3 w1 wa w3
Spacecraft 3 (t3°) 0.82396 | 0.35523 | —0.36235 | 0.25220 | 0.02834 | —0.05283 | —0.61018
Spacecraft 4 (t4°) 0.82698 | 0.35296 | —0.36222 | 0.24560 | 0.02813 | —0.04666 | —0.61162

Values in problem 43191 | 0 36278 | —0.35560 | 0.22588 | 0.02843 | —0.04552 | —0.60910
(6.1)-(6.6) (t2)

Values in the modified | () 33995 | ) 36140 | —0.35278 | 0.22855 | 0.02987 | —0.05517 | —0.60373
problem

TsP' = 0.8654, TsP" = 0.8774, and T = 0.8728.) The intermediate points t,, t; are as close to
each other as the calculation program with a variable step ¢ allows; they are oriented approximately
at the middle of the largest time interval of motion [0, 7°P] in the kinematic problem (6.1)(6.6).
For comparison, the last line of Table 1 contains the data obtained by solving the modified angular
acceleration problem of a spacecraft (at the point ¢ = 7, = 0.4491). This problem will be discussed
in Sections 7 and 8 of the paper.

Table 2 presents the values of the spacecraft phase coordinates obtained by solving the same
problems for spacecraft 3 and 4 in the case of rotation from the rest position to the rest position

wo = wr = (0.0, 0.0, 0.0) (6.9)

and the initial and terminal attitude conditions given by the expressions (6.7) and (6.8); the optimal
reorientation times are T°P* = 1.3916, T3P = 1.5645, and T;P" = 1.5278.

The intermediate points t,” are approximately close to each other:
.0 =0.7809, t3° =0.7823, ¢,° =0.7815.

The same calculations were carried out for other boundary conditions. According to Tables 1
and 2 and other calculations, in the dynamic optimal rotation problem, the phase coordinates
of the spacecraft depend significantly on its initial and terminal states, less significantly on its
configuration, and are close enough to the results of the kinematic optimal angular acceleration
problem of the spacecraft. Note that in the energy-optimal spacecraft rotation problem with fixed
time [9], the above effect is more obvious since the time interval of spacecraft motion and the
corresponding average time are the same in all examples. Therefore, the kinematic optimal angular
acceleration problem (6.1)—(6.6) has a general nature for spacecraft of arbitrary configurations. In
this case, expressions for the attitude quaternion and angular velocity in the kinematic problem can
be derived analytically in explicit form based on the solution of the modified optimal reorientation
problem of the spacecraft in the class of generalized coning motions, and the control angular
acceleration can be determined by differentiating the angular velocity vector. We consider this in
more detail.

7. THE MODIFIED OPTIMAL ANGULAR ACCELERATION PROBLEM OF SPACECRAFT

The general solution of the fundamental attitude problem of a solid body by its known angular
velocity (2.1), (2.3), called the Darboux problem, is unknown. Therefore, we obtain a solution in
the class of generalized coning motions. For this purpose, let the angular velocity vector w(t) be
defined by

w(t) = ir f(t) sin g(t) + ia f (1) cos g(t) + iz (D). (7.1)

where the functions f(¢) and g(¢) (the parameters of the generalized coning motion) are arbitrary.
In this case, equation (2.3) has an exact solution [8, 9] satisfying the initial condition (2.5):

A(t) = Ag o exp{—izg(0)/2} o exp{—izf(0)/2} o exp{iz f(t)/2} o exp{izg(t)/2}. (7.2)
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Clearly, the expressions (7.1) and (7.2) include those for the angular velocity and trajectory
of the spacecraft in exact solutions of the optimal angular acceleration problem when the angular
velocity vector keeps a constant direction on the entire time interval of spacecraft motion [4] or
makes a regular precession (see Section 5 of this paper). The Darboux problem can generally be
reduced, using bijective changes of variables [8, 9], to an equation of the form (2.3), where the
angular velocity is like (7.1) but has the opposite direction

w*(t) = —w(t)

and belongs to the class of similar motions. (The quaternionic differential equation (2.3) with
the angular velocity w*(t) still has no explicit solution.) Thus, the form of the angular velocity
vector (7.1) corresponds to the classical Poinsot concept of the angular motion of a solid body as
a generalized coning motion [7].

By introducing an arbitrary constant quaternion K, ||K|| = 1, into formulas (7.1) and (7.2), we
further generalize them:

w =Ko (i1 f(t) sin g(t) + in f(£) cos g(t) + g (1)) o K, (7.3)
A = Ag oK o exp{—izg(0)/2} o expliz(F(t) - £(0))/2} o explisg(t)/2} oK. (7.4)
Let the second derivatives of the functions f and g be treated as controls. With the notation

f:flv g =91, (75)

we compile the controlled system

f:fh g:gh f1:U1, glzu27 (76)

where f, fi, g, and g; are the phase coordinates of this problem and w; and us are the controls.
The quaternion K is defined by

K= K2 (e] Kl, K1 = exp{i1a1/2}, KQ = eXp{iQCYQ/Q}, (77)

where a7 and ag are arbitrary constants. Note that the quaternions K; and Ko rotate the angular
velocity vector w (7.1) about the axes i; and ig, respectively. Due to the additive constant included
in the function g(¢), the rotation about the axis iz is already incorporated in the expressions (7.1)
and (7.3). The conjugation of the quaternion has the form

K= Kl o Rg, Kl = exp{—i1a1/2}, KQ = eXp{—iQOLQ/Q}. (78)

In view of (7.7) and (7.8), the functions w, A (7.3), (7.4) will satisfy the boundary condi-
tions (2.6), (2.7) if

K 0 Ky o (i1/1(0) sin g(0) + i21(0) cos g(0) + 1391 (0)) 0 Kz 0 K1 = wy, (7.9)

K oKy o (is f1(T) sing(T) +ia f1(T) cos g(T) +izg1(T)) 0 Kz 0 K1 = wr, (7.10)

Ag o Ky 0 Ky 0 exp{—izg(0)/2} o exp{ia(f(T) — f(0))/2}

(7.11)
oexp{igg(T)/Q} o KQ ] K1 = AT.

The control angular acceleration of the spacecraft corresponding to the solution of the modified
problem is determined by differentiation from equation (2.4). Due to formulas (7.1), (7.5), and (7.6),
we obtain

w=e=Ko (i1(ug sin g+ f1g1 cos g)+ia(ug cos g — f1g1 sin g) +igus) o K. (7.12)
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Considering (7.5), (7.7), and (7.8), the components of the vectors w and e from (7.3), (7.12)
take an explicit form:

w1 = f1sin g cos ag — g1 sin g,
we = f1(sin g sin ay sin aig — cos g cos ) + g1 sin ay cos aa,
ws = f1(sin g cos a sin g — cos g sin oy ) + g1 cOS g oS (g,
€1 = Uy (sing + f191 COS g) COS (9 — U9 sin a9,
€9 = w1 (sin g sin o sin ag + cos g cos o)

+ f191(cos g sin aq sin ag — sin g cos a1 ) + ug sin aq cos ag,
€3 = uq(sin g cos aj sin ag — cos gsin o)

+ f191(cos g cos ay sin aig + sin g sin a1 ) + ug cos aq cos as.

The magnitude constraint on the angular acceleration vector of the spacecraft (3.1), (7.12) is
given by

el = |uf + figi +ui| < 1. (7.13)

To satisfy condition (7.13), we impose the following requirement on the controls u; and us:

Vud +ud < uy, (7.14)

where the constant u. (0 < u, < 1) is specified by meeting condition (7.13).

For the controlled system (7.6), the optimization problem is posed as follows: find optimal
controls u; (t) and ug(t) transferring system (7.6) from the state

f=10), fi=fi(0), g=g(0), g1 =51(0) (7.15)
to the state
[f=fT), fi=H(T), g=9(T), g1=0(T) (7.16)

that satisfy the relations (7.9)—(7.11), where the parameters a; and «y are to be determined, and
implement the control objective (optimality criterion)

J =T — min. (7.17)

We write the expressions (7.9)—(7.11) as
(i1.£1(0) sin g(0) + iz f1(0) cos g(0) + izg1(0)) = Ka 0 Ky 0wy 0 K 0 Ko, (7.18)
(i1 f1(T) sin g(T) +ia f1(T) cos g(T) + 391 (T)) = Kz 0 Kywr 0 K; 0 Ko, (7.19)

exp{—izg(0)/2} o exp{iz(f(T) — f(0))/2} o exp{izg(T)/2}

- - - (7.20)
=KyoKjoApgoApoKj o Kos.

This problem will be called the modified optimal angular acceleration problem of a spacecraft,
and its exact solution is acceptable as an approximate or quasi-optimal solution of the classical
optimal problem (2.3)—(2.8), (3.1) ((6.1)—(6.6)).
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8. THE SOLUTION OF THE MODIFIED OPTIMAL ANGULAR ACCELERATION
PROBLEM OF SPACECRAFT

The Hamilton—Pontryagin function of problem (7.6) is given by

H = —1+ 1 f1 +1pag1 + P3uq + Yyua, (8.1)

where the conjugate variables satisfy the differential system
1 =0, o =0, ¢3=—1, g=—1y. (82)
The general solution of system (8.2) has the form

Y1 =c1, Ya=ca Y3=—c1t+c3, Ys=—cot+cy, (8.3)

where cq,..., ¢4 are arbitrary constants.

The maximum condition for the Hamilton-Pontryagin function (8.1) on the bounded and closed
set (7.14) yields the following expressions for the optimal controls:

= we(—ert + es) [/ (—ert + e3)? + (—eat + ea)?,
(8.4)

U = Ux(—cat + 04)/\/(—C1t +¢3)2 4+ (—cat + ¢4)2.

By substituting formulas (8.4) into equations (7.6), we find their general solution containing 8
unknown constants c1,..., cg:

f=—cau{t/2—A/2 — Bey/c1)F(t)
+ B[B/2+ (t — A)ca/c1]In(t — A+ F(t))}/C + est + cg,
g=—cou{t/2—A/2 — Bei/co)F(t)
£ BIB/2+ (t — A)er/ea] In(t — A+ F()}/C + ert + cs,
fi=—cauF(t)+ Bln(t — A+ F(t))ce/c1]/C + s, (8.5)
g1 = — cui[F(t) + Bln(t — A+ F(t))c1 /2] /C + ex,

A =(cie3 + cacy)/C? B = (creq — cac3)/C?, C = /c} + 3,
F(t) =\/(t — A)? + B2

Based on formula (7.4), let ¢¢ = 0 in the expression for the function f (8.5). The nine unknown
constants of the problem, cq,...,c5, ¢7, cg, a1, and as, and the time 71" are determined from the nine
equations of system (7.18)—(7.20) and the condition that the Hamilton—Pontryagin function (8.1)
equals 0 at the finite time instant. (Due to the requirement |[|A|| =1, three scalar equations are
independent in the quaternionic representation (7.20).) By using (7.3), (7.4), and (8.5), we obtain
explicit dependencies determining the laws of change of the angular velocity and trajectory of the
spacecraft in the optimal angular acceleration problem in the class of generalized coning motions.
In view of (8.4) and (8.5), formula (7.12) gives an analytical expression for the angular acceleration
vector €. Thus, the modified optimal angular acceleration problem of the spacecraft has been
completely solved.

If c1c4 — cocg # 0, the controls u; and ws and the phase coordinates f, fi1, g, and g1 (8.4),
(8.5) correspond to the continuous controls u; and us and, by formula (7.12), to the continuous
control angular acceleration . In the case cicq — cocs = 0, first-order discontinuities of the control
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functions wuy, ue and angular acceleration e are allowed, and the constants ci, ¢, c3, and ¢4 obey
the condition

c3/c1 = cqfcy = ty. (8.6)
In this case, the control functions (8.4) become piecewise continuous:
up = —ciuy sgn(t —t.)/C, ug = —couy sgn(t —ty)/C. (8.7)

If t. € [0,T], then by (8.7) we have two-stage control with constant sections or, otherwise, one-
stage constant control. Based on (7.6) and (8.7), it is possible to express the phase coordinates as
polynomials of degree 1 and 2 of the variable ¢t :

f=—cru.(t —t,)?

( /2C + ¢5(t — t.) + cs,
(t — t,

(

(

/2C + cr(t — ty) + cs,
/20+C5 = clu*\t—t*|/C+C5,
[2C + c7 = cous|t — t,|/C + 7,

sgn(t — t.
sgn(t — .

(
?sgn(
Zsgn(t — t,

(

g = —CUx
= —C1Ux t— t*

2

~— ~— ~— ~—
~— ~— ~— ~—
—
oo
o
~—

= —Colx(t — tx)" sgn(t — s

where f, fi, g, and g1 are continuous at the control discontinuity point ¢ = t,.

Note that ¢ = 0 and ¢; = £1. (The expressions (8.7) and (8.8) can be reformulated when ¢, c3,
and ¢4 appear as ratios to ¢;.) Then (8.7) and (8.8) will contain 5 arbitrary constants co, cs, c7, cg,
and t,. The nine scalar equations (7.18)—(7.20) serve to determine them and the unknowns 7', o,
and a». Hence, solutions of the problem with the piecewise constant controls u; and us arise under
a definite relationship between the given values of the boundary conditions of problem (2.6), (2.7).
Varying the values of co,cs5,c7,¢8,T, a1, and ag of equations (7.18)—(7.20) yields a set of values
of wg, Ap, and wr for which the solution of the optimal angular acceleration problem of the
spacecraft will be obtained under a discontinuity of the controls u; and wuo and, consequently,
under a discontinuity of the angular acceleration e.

If the vectors wg and wr of the angular velocity boundary conditions in the optimal angular
acceleration problem of the spacecraft are collinear to the vector vect(Ag o Ar) (the case of the
planar Euler rotation of the spacecraft [4]), the solutions of the original and modified problems will
coincide. The same is true when the solution of the original problem is found in the class of regular
coning motions (see Section 5 of the paper). In this case, fZg? =0 in (7.13), and the magnitude
of the angular acceleration vector of the spacecraft in the modified problem equals the constraint
value (consequently, is constant).

In the optimal angular acceleration problem of a spacecraft from (4.9), the magnitude of
the angular acceleration vector is |e| = 1; in the modified problem, from (8.4) it follows that
\/u% + u% = U4, where u, is determined from the requirement that the angular acceleration cal-
culated satisfies the condition |e| < 1. The angular acceleration obtained by solving the modified
problem may fail to satisfy the condition |e| = 1. Because of this, the performance time in the
modified problem may slightly differ from that in the classical problem.

Now we write an algorithm for finding the optimal angular acceleration of the spacecraft under
arbitrary boundary conditions.

1. In view of (8.3)-(8.5), use the boundary conditions Ag, Ar (2.6), wp, wr (2.7), formu-
las (7.7), (7.8), the nine scalar equations from (7.18)—(7.20), and the equality H(T) =0 (8.1) to
find the nine arbitrary constants c1,...,cs, ¢7, cs, a1, and ae and the time 7; then determine f(¢),
fi(t), g(t), and g1 ().

2. Calculate the quaternion K by formula (7.7).
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3. Find the law of change of the angular velocity of the spacecraft by (7.3):
w =Ko (i f(t)sing(t) + iz f(t) cos g(t) +izg(t)) o K.
4. Find the law of change of the angular motion trajectory of the spacecraft by (7.4):
A = Ay o K oexp{—izg(0)/2} o exp{ia(f(t) — £(0))/2} o exp{izg(t)/2} o K.

5. Construct the angular velocity vector of the spacecraft by formula (7.12).

9. NUMERICAL EXAMPLES

In this section, we compare the numerical solution results of the original (classical) optimal
angular acceleration problem of a spacecraft and the quasi-optimal solution of this problem using
the analytical algorithm from Section 8. The values of oy, aso, ¢1,...,¢5, ¢7, cg, and u, in the
quasi-optimal solution of the spacecraft rotation problem with the boundary conditions (6.7), (6.8)
are given by

a1 = —0.04218, as = —0.22280, ¢; = 1.0, co = —1.03798,
c3 = 0.67161 cq = —0.70520, c5 = —0.01875,
cr = —0.73653, cg = —0.73932, wu, = 0.99450.

The values of the quasi-optimal and optimal performance times are 7920t — () 8982 and
TPt = (0.8965 (Section 6); their difference is AT = Tuasi-opt _ 7oPt — (), 0017, and the relative error
makes up (AT/T°P') x 100% = 0.19%.

Figures 1 and 2 show the graphs of the projections of the spacecraft angular velocity vector w;(t),
the components of the spacecraft attitude quaternion A;(¢), and the projections of the spacecraft
angular acceleration vector ;(t), ¢ = 1,2, 3, depending on the time variable ¢; the graphs are quite
similar for the two problems. Next, Table 3 contains the values of the projections of the spacecraft
angular acceleration vector €(t) when solving the classical (¢°P') and modified (9%85-°Pt) problems
at the ends and intermediate points, t, = 0.4508 and 7, = 0.4491, of the time intervals of spacecraft
motion in the two solutions.

Table 3
¢ E?pt Egpt Z_:gpt Z_:(iluasi—opt E_:guasi—opt Eguasi—opt
0 |—0.65603| 0.48884 | —0.57503 0 —0.63762 | 0.51267 | —0.57285
t. | —0.70530| 0.41389 | —0.57554 Tk —0.72143 | 0.38795 | —0.56710
TOPY | (0.78625 | —0.29616 | 0.54230 |Tauasi-opt | (84240 | —0.07923 | 0.52813

The calculations for different boundary conditions show the closeness of the solutions of the
classical and modified angular acceleration problems of a spacecraft. Therefore, the solution of
the modified problem can be treated as a quasi-optimal solution of the classical optimal angular
acceleration problem of a spacecraft.

As an example, we also demonstrate the results of solving the kinematic optimal angular accel-
eration problem of a spacecraft in the class of regular coning motions using the analytical algorithm
from Section 5. The graphs in Fig. 3 are the projections of the variables w(t), A(t), and &(t) un-
der the boundary conditions with Ag = (0.9975, 0.0504, 0.0504, 0), Ar = (0.5495, 0.4582, 0.2291,
0.6598), wo = (1.1811, 0.5906, 0.7382), wp = (0.0093, 0.6860, 1.3447), which satisfy the require-
ments of Section 5. First, based on (5.17)—(5.20), the constants ay, Q, T, |wo|, Ko, Ki,
K5, and K3 were calculated (a3 = 1.3041, Q = —0.7668, T' = 1.2967, |wo| = 1.5129, Ky = 0.5810,
K; = —0.6561, Ko = —0.3122, and K3 = 0.3669); then the vectors w and e and the quaternion A
were constructed from (5.4), (5.22), and (5.6).
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Fig. 1. The solution of the classical problem under arbitrary boundary conditions.
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Fig. 2. The solution of the modified problem under arbitrary boundary conditions.
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Fig. 3. The solution of the classical problem in the case of regular coning motion.

AUTOMATION AND REMOTE CONTROL Vol. 86

No. 3 2025

233



234 SAPUNKOV, MOLODENKOV

10. CONCLUSIONS

The analytical quasi-optimal algorithm for solving the kinematic optimal program angular ac-
celeration problem of a spacecraft under arbitrary boundary conditions is theoretically justified and
yields the optimal kinematic angular acceleration of a spacecraft with acceptable accuracy. This
algorithm does not require a numerical solution of the boundary value problem of the maximum
principle or other complex numerical solution; it provides ready-made analytical laws of quasi-
optimal program control and program trajectory change that can be installed aboard a spacecraft.
In this regard, the above results can be applied to nanoclass spacecraft with limited computing
power. Recall that the Kotelnikov—Study transference principle [12] allows extending quaternionic
formulas describing the control of angular motion to biquaternionic ones describing the control of
the general spatial motion of a solid body. Based on the above results, this principle can be used to
obtain an analytical quasi-optimal program control algorithm for the spatial motion (maneuvering)
of a spacecraft.
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Abstract—This paper considers a queuing system with repeated calls and heterogeneous cus-
tomers — a multiclass retrial queue. There are a limited number of arrival Poisson processes
and one server. If the server is idle at an arrival moment, a customer starts its service with
general distribution service time. If the server is busy, a customer goes to an orbit where it
performs a random delay distributed exponentially. For the model study, the method of the
marginal asymptotic-diffusion analysis under an equivalent long delay of all classes customers
in the orbit. As the result, the asymptotic stationary marginal probability distributions of the
number of each class customers in the orbit are obtained.

Keywords: multiclass retrial queueing system, marginal asymptotic-diffusion analysis, long delay

DOI: 10.31857/50005117925030046

1. INTRODUCTION

Retrial queueing system (RQ) is a class of queueing systems with repeated calls, which is the
most widespread mathematical model in IT-systems. The appearance of such models as a new
direction of queuing theory (QT) is associated with the development of telecommunication and
information technologies. It has been shown that classical models of queuing theory are not suitable
for describing some systems where repeated attempts occur. As an example in telephone systems,
if the first attempt to call is unsuccessful, a subscriber tries to call again after some random time.
Similarly, in communication networks, if a package is transmitted unsuccessfully (due to errors,
collisions, server unavailability), there is some delay before a new attempt of transmission. In [1, 2],
there are some examples of retrial queuing models application to call centers, cellular networks,
computer networks, distributed computing centers, etc.

The detailed description of RQ models is presented in [1, 3]. Despite of the large number of
studies, models with several types of customers are studied extremely rarely. The reason is more
difficult analytical study of retrial queueing models then other classes of queueing theory (there are
analytical formulas only for the simplest models). Also, the problem dimension grows with increas-
ing of the number of classes, so for RQ with N classes it is necessary to study /N + 1-dimensional
random process. In case of matrix methods applying [4, 5], the dimension growth has a power law.
The same difficulties arise in numerical methods and simulation [6, 7], but some authors propose
certain computational optimization algorithms [8].

Often in real communication networks, information is heterogeneous [9, 10]. Different types of
transmitted data or types of computational resource requests need different strategies and charac-
teristics of its service. Thus, the study of heterogeneous (or multiclass) models of queuing theory
is an urgent scientific problem.
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Multiclass RQs are studied by scientific groups supervised by E. Morozov [11-13] and A. Krish-
namoorthy [14]. Also RQs with several arrival processes are considered in some papers by B. Kim
[15, 16], Y. Shin [17], S. Stepanov [8, 18], etc. Most of the papers [11-13, 15, 16] are devoted to
stability analysis of systems (both classical RQ and RQ with constant retrial rate). However, there
are no expressions for the probability distributions of the number of customers in the system in
this studies, usually only some average characteristics are derived. Of course, mean values and
stability analyzing are important in communication networks, but variances and especially types of
distributions, gives us a more complete picture. Especially in information systems, where situations
of the system overload or loss of information packages are highly undesirable.

In the paper, the original method of the marginal asymptotic-diffusion analysis is proposed for
a multiclass retrial queue. This method is the development of the asymptotic-diffusion method
outlined in [19, 20] to case of multi-dimensional random processes. The paper is an extension of
paper [21] to the case of general service time laws.

2. MATHEMATICAL PROBLEM

Let us consider a multiclass RQ of M,,/GI,/1 type. There are N independent Poisson arrival
processes of customers with rates \,, where n =1, N (so N classes of customers). There is one
server. If the server is idle, an arrival nth class customer starts its servicing during random time
with cumulative distribution function B, (x). It is assumed that the given distributions have finite
moments of the first and the second orders. If an arrival customer finds the busy server, it goes
to the orbit, where it performs a random delay. The delay time is distributed exponentially with
rate o, for the nth class customer. After the delay, a customer makes a repeated attempt to get
the service. If the server is idle the service begins, otherwise the customer returns to the orbit. All
customers in the orbit act independently of each other, i.e., there is the multiple random access
protocol. Arrival intervals, service times and delays laws of each class customers are mutually
independent. The model under consideration is schematically depicted in Figure.

Note that it does not matter to consider one common orbit for all classes of customers (but with
different parameters) or several orbits for each class. It is important to distinguish a number of
customers of each class in the system at fixed time moment.

M B,(x)

Multiclass RQ of M,,/GI, /1 type.
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Let i, (t) be a random processes of the number of the nth class customers in the orbit, n = 1, N,
k(t) define states of the server as follows: k(t) = 0, if the server is free, k(tf) = n, if the nth class
customer is servicing and z(t) be the remaining servicing time for the current customer on the
server.

We denote by P{k(t) =0,i1(t) = i1,i2(t) = i2,...,in(t) =in} = P(0,i,t) and P{k(t) =k,
i1(t) = i1,12(t) = d9,...,in(t) =in,2(t) < z} = P(k,1,2,t) the probability that the server has
state k and there are i = {i1,...,iny} customers in the orbit at time ¢, and the remaining ser-
vicing time is less than z. Process {k(t),i(t), 2(¢)} is multidimensional continuous-time Markov
chain. Let us write the following system of Kolmogorov equations for probability distributions
P(0,i,t) and P(k,1i,t)

N N
0 Olt Z nlOt (Z/\ +Zln0n> (0,1,1),

n=1
OP(k,i,z,t) OP(k,i,zt) OP ( i,0,t) (1)
= — P(k, t)
ot 0z 2:: L2
+ A P(0,1,t) By (2) + (i, + 1)o,P(0,1 + ey, t) ) + Z M P(k,i—e,, 2,t),
where 8P(]5’Zi’0’t) = 8P(g’zi’z’t)‘ o €k is vector of 1 x N size with unit kth element and zero others,
z=

k=T,N.

Let us introduce the partial characteristic functions

H(0,u,t) Z Z eI L L JUNIN P((), 4, 1),

Z10 ZNO

H(k,u,z,t) Z Z eI L L eJUNIN Pk, 2, t).

11=0 in=0

Then system (1) is rewritten as follows

OH(0,u,t) L 9H(n,u,0,t) N OH(0,u,t)

it St et e il St et At IV & 4 " 7
ot nz::l 0z (0,u,7) nz::l nt ZJJ U

OH(k,u,z,t)  OH(kuzt) OH(ku,0,1) N iV: (6 — DE(E . 2.8) (2)
ot N 0z 0z — " L

+ A\ H(0,u,t)Bg(z) — jake_j“k%’;’t)Bk(z), k=1,N.

The direct solving of system (2) is quite difficult, so we propose an original method of the
marginal asymptotic-diffusion analysis for its study. This method was developed by the authors
and tested for a simpler model in [21], where a fairly high accuracy of the method was shown by
comparing with its simulation, and this paper is an extension of research to the case of general
service laws.

3. MARGINAL ASYMPTOTIC-DIFFUSION ANALYSIS

The method of the marginal asymptotic-diffusion analysis is a development of the method of
asymptotic-diffusion analysis [19] to the case of multidimensional random processes. The considered
asymptotic condition is a condition of equivalent long delays of customers in the orbit.
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The proposed method contains several stages, which will be presented as subsections:

1) derivation of “marginal” asymptotic equations for one-dimensional process i, (¢) (the number
of customers of the “marked” class);

2) deriving of the asymptotic characteristics: means of each class customers numbers and sta-
tionary probabilities of the server states;

3) implementation of the asymptotic-diffusion analysis for marked process i, (t).

Note that the using of the marginal asymptotic method and finding the marginal characteristics
of the model for each class does not mean that processes i,(t), n = 1, N are independent. This
method is a forced measure due to the impossibility of the multidimensional random process study-
ing by known analytical methods, but it allows us to find all characteristics of one-dimensional
processes.

3.1. Marginal Asymptotic Equations

The first stage of the proposed method consists in a deriving asymptotic equations for the
marginal probability distribution of the number of the marked class customers in the orbit. So let
us mark the nth class and study i, (t) as the marked process.

Any asymptotic method includes an introduction of an infinitesimal value. In the further study,
we will suppose that delay rates o, = 7,0 for v = 1, N,v # n, where ¢ — 0. In this way, there is
the asymptotic condition for a long delay condition or a equivalent increasing delay in the orbit for
all classes customers.

By denoting o = ¢, we introduce the following substitutions

(n

Uy = €wy, v =1,N, Z/#n; Up = U; W ):{wlv"'awn—lauvwn—i-la"'awN};

H(0,u,t) = F(0,w'™ 1), H(k,u,zt)=F(kw™, z1).
From system (2), we obtain the following equations under ¢ — 0

OFOw™,0) __p (o,w(">,t) ivj A, + ij%w
v=1 v=1 v

ot
v#EN

OF (O,W(”),t) N f: OF (V,w("),O,t)

Ouy, 0z ’

v=1

+Jon

OF (k w2, t)
ot
OF (k: w0, t)

_ (n) _

= ()\n (ejun . 1)) r (k,W(n),z,t) N OF (k,;/:")’z,t) ,

oF (O, w("),t)

Owk

Bk(z)ﬂ k 7é n,

oF (n, w2, t)

— </\n (ejun B 1)) F (n,w("),z,t) n aF(n,W("),z,t)

ot 0z
o (n,g:"),O,t) + 2 F (0, 1) By(2) —jone‘j“"wffn(z)'
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From the form of equations (3), it can be concluded that the solution of this system can be
written as follows

F(O,w(”),t) = H,(0,up,t) X exp {Z jw,,x,,} )
v#N

F(/{,w(n)’z,t) = H,(k,up, z,t) X exp {Z jwl,xl,} ,
v#N

where x,, are unknown parameters and functions Hy, (0, u,,t) and H,(k, u,, z,t) satisfy the following
system of differential equations

OH,, (0, uy, 1) al al
o VZJ” "
N v#EN
H nv )
+j0n6 () u Z (v, up, 0, t)7
8Hn(kz,un,z,t) B i OH, (k,upn, 2,t)
— = An (e — 1) Hy (kyup, 2, t) + R Fa— (5)
OH,(k,up,0,t
— O 0 050) 0, ) O+ ) Bi(2), k£,
OH,(n, up, 2, t) j OHy,(n, Uy, 2, 1)
= A\n i —1 Hy, s Un,y <,
5 An(e VHp(n,uy, 2, t) + 9,
OH, (v, uy, 0, ¢ iy, OHp (0, up, t
- % + A Hp (0,0, t)By(2) — jope™ ”#BH(Z)

Unknown functions H,,(k,u,, z,t) have the meaning of the asymptotic partial characteristic func-
tions of the number of customers of the marked class in the orbit. By solving system (5), we can
obtain the marginal distributions for each class of customers numbers. However, these equations
contain unknown parameters x, which defines the asymptotic means. In the next paragraph, we
will derive expressions for them.

3.2. Asymptotic Means

For finding of parameters x, k = 1, N, let us return to system (2) and write it under the steady
state.

dH (n,u,0) N N 8H 0, u)
N =0,
> MG 0w 3 hu+ Lim
OH(k,u,2)  OH(k,u,0) <. . 6
P P + nz::l)\n(e 1)H (k,u,2) (6)
FAGH (0, 1) By (2) — jake_j“k%Bk(z) =0, k=T1,N.

Summarizing equations for all k =0, N and taking z — oo, we obtain the following additional
equation called as a consistent equation

N
i, . OH(0,u)
nz::l (elUn — </\ Z H(k,u) + jope™ kTUk) = 0. (7)
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Let us introduce the asymptotic substitutions in (6) and (7)
On =0, 0 =¢, U, =cwy,, H(0,u)=F(0,w,e), H(k,u,z)=F(k,w,z,¢).
Thus we obtain the following system

N
Z@F(n,w,o,f—:) F(O,w, ) Z)\ +Z]%6FOWE)

95 o~ 0l

n=1

817(k,VV,Z,E) a (k W, 0 E JEWn
o Z)\e VF(k,w,z,¢)

OF(0,w,e)
OU%

N N

» e, OF (0, W, €)

JEWn 1) [ N, F(k,w,z,€)+ jye /e —2""2] = O(e).
> (e )( k§:1 ( z,€) + Jk D ) (€)

+ A F(0,w, &) By (2) — jype 75"k Bi(z) =O(e), k=1,N,

After some mathematical transformations under € — 0, we have

N 9F(n,w,0) N 8F0 w)
> %, F ZA 2.0 =0,

n=1

OF (k OF (k,w,0
(k,w,2) (7W’)+Aﬂ%QWM%@)—T%
Oz 0z

N N
> jwn (x\n > F(k,w,2) + j Dwr

n=1 k=1

OF(0,w)
Jwy,

=0.

The solution of the system above has the form
N

N
F(0,w) =79 X exp {ijnxn} , F(k,w,z) =r,(z) X exp {ijnxn} .

n=1

From system (9), we obtain that
N

N
> rh(0) =10 > (An + nan) =0,

n=1 n=1

71.(2) = 73,(0) + 1o Bi(2) (A + k) = 0, k = 1, N, (10)

drn (z
where 77, (0) = % o

Let us denote K, = A\, + YnZn. Then the following expressions are derived from system (10)
() =rom [ (1= Bua)da, m=bi, (1)

where ki = A\g/ro, k=1, N, b,(cl) Jo° (1 = Bi(z))dz and rq is defined from the normalization
condition as

N N -1
rog=1-— Z rL Or Tg = (1 + Z /ﬁkb,(j)> . (12)

k=1 k=1

So the asymptotic means of each class customers numbers are my = (kx — \i), where ki = A /rg.
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3.8. Asymptotic-Diffusion Analysis

Let us return to equations for the marked process (5). We write the consistent equation by
summing all equations for z — oc.

OHy(un,t) al i OHL (0, 1y, 1)
G\ Uns V) giun 1) (A, ST Hy(k, up, t peun ZAn D Un, U 13
i = (@ 1) [ 32 Bl 1) o S (13)
3.3.1. First Asymptotics. Let us denote
Op=¢€, Opt =t =17, U, = cw,
Hn(o?un’t) = Fn(()?w?T?E)? Hn(k?un?z?t) = Fn(k7w?T7 275)'
We substitute the notations into equations (5).
aFn(O? w7 7—? 6) N
ET = _Fn(07w7775) An + v;l Ry
N vEN
OF,(0,w,T,€) OF, (v, w,T,0,¢)
T ow * ;::1 0z '
aFnkv s 1y <y i 8Fnk7 s 1y <y
BT _ ) (@~ Bk, w,7,e) + BT 20 (1)
8Fn k? ) ?07
- ( ;U i E) + Fn(oawaT) E)Hk’Bk’(Z)v k 7& n,
z
Fn y Wy Iy <y 1 Fn s My ly <~y
58 (n,w,T,2,¢) (€5 1) Ey(n, w7 2, 2) + OF,(n,w,T,z,€)
or 0z
Fn ) b ) b . y 8Fn 07 b )
_9F(n,w,7,0,¢) + M Fn(0,w, 7,6)Bp(2) —je_jewMBn(z).
0z ow
From equation (13), we have:
N N
OF, (k,w,,¢) j e OFR (0, w, T, €)
y Wyl _ ew 1 " Fn W, T, jew y Wyl ] 1
EZ—&T (e ) A Z (k,w,T,€) + je B W (15)
k=0 k=1
Under limit condition € — 0, equations (14) are written as
N N
 OF,(0,w, 1) OF, (v, w,0,7)
—F, (0, w, An v —_— —— =0,
(0,w, ) + Uz::l Ky | +J B + vz::l 5%
o (16)
aFn kv g aFnk’ 70’
( o2 T) - ( 2 T) +Fn(07w)7)/€k’Bk(Z) =0, k 7& n,
0z 0z
Fn b ) ) Fn b ) b . Fn b )
Ot 27) O 00T 4y o (0.0,7)B,(2) — 20T () o,
0z 0z ow
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The form of equations (16) lets us make the conclusion that functions F,(0,w,7) and

F,(k,w,z,7) can be written as
Fo(0,w,7) = Ry ()7, )
, 17
Fn(k) w, z, 7-) = Rk(x¢ Z)e]w'x(T)a

where index n (the number of the marked class) is missed in notations Ry(z) and Ry (x, z), however,
we need keep in the mind that the expressions for these functions will differ for each class. Further,
to simplify the expressions, we will write x instead of z(7).

By substituting (17) into (16), we obtain

N N
OR,(x,0)
——— =R An v ;
Uz::l P o(z) + Uz::l Ky + T
vEN
(18)
OR,(x,z)  OR,(x,0)
= — B An .
- L2~ Roa) Bi(2) (A + )
It is easy to derive that
Rp(z,2) = nk/ 1 — Bg(x))dx, k # n,
0 i (19)
Ru(, 2) = Ro() (0 + ) / (1= By(x))da.
0
For z — oo, we obtain
Ri(w) = o)y, k #n,
(20)
R,(z) = Ro(z) (A + )bV,
where Ry(z) is defined by normalization condition
-1
N
Ro(x) = | 1+ (O + )b + 3" mblV | (21)
k=1
vEN
Let us return to equation (15). We perform some transformations and write equations under
e — 0.
N N
OF, (k,w,7) . OF,(0,w, 1)
Imm T — 7 n(k, .
g::o 97 Jw (] B Ez: w,T)

Substituting (17), we finally obtain that the asymptotic mean number of customers of the
nth class in the orbit z:(7) is determined by the equation

dr(t)
ar a(z(7)),

where

a(z) = An(1 — Ro(z)) — Ro(z)z (22)

has the meaning of the drift coefficient of the random process under study.
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3.3.2. Second Asymptotics. In system (5), we make substitutions

Ho(0,10.8) = 2 00 )exp { 22 (,0) |

Hy (ks g, 2,t) = HZ (k,up, 2, t) exp {‘w—nx(ant)} .

On
Further, to simplify the expressions, we will write x instead of z(o,t).

So we derive the following system of equations

(2)
Oty (0, up, t) + jupa(z)H® (0, un, t)
ot
OHP (0, up, )

N
= —HP(0,un,t) | A + > Ky | +jon B0

v=1
v#EN
N (2)
Hn ka (3] 7t
—xHT(LQ)(O,un,t)—I—Za (au 0 ),
k=1 o

8H¢(L2) (k,up, z,t)

funa(z)HP (k, uy,
S junale) HY (R ug, 2, 0)

. OHS (kyun, 2, t
= An(ejun — 1) ',(12)(143,’11,“,2,15) + (62 ) (23>

OHY (k,ua,0,0)

3 + Hr(f) (0, un,t)Br(2)kk, k#n,
z

OH? (n, up, 2,1)
ot

+ jupa(e)HP (n, up, 2,t)

OH? (n, up, 2,1)
0z

= )\n(ejun - 1)H'r(z2) (nauna Z)t) +

B 6H7(12) (n, U, 0,1t)

ZH2(0,u,,) By,
S M (0,0, 1) B (2)

OHP (0, up, t)
ouy,

—Jjon e Jun

By (2) + e 7 HP (0, uy, )2 By (2).

From consistent equation (6), we have an additional equation

(2)
Mnaiw + juna(z)HE (un, 1)
(24)
OH (0, un, )

N
= (/' — 1) ()\n ST HPD (kup,t) + jo,e P

— e T HP(0, u,,, t)x) .
k=1

Let us denote
2 2, _
Op=¢",0pt =€t =17, Uy = cw,

H£L2)(07un7t) = F7§2) (O,’U),T,E), Hr(LQ)(kaunaZat) = F7§2) (k7w7277-7 E)'
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From equation (23), after some transformations we obtain the following asymptotic equations

2 8F¢(L2) (0,w,T,¢€)

+ jewa(x) F{? (0,w, 7€)
or

N (2)
F'fl I v 1
— —F7§2) (0,w,T,e) | An + Z Ko —i—jsa (gww 7€)

v=1
vEN
oF? k w,0,7,¢€)

+0(e),

—xF( (0,w,T,¢) —I-Z

9 8F7g2) (k,w,T,z,¢)
€
or

N2
=\, (jsw + @) F7§2) (n,w,z,1,e) + FT(LQ) (0,w, T,e)Bg(2)kk

+j€wa(x)FT(L2)(k:,w,T, z,€)

oF? (k ) OFP (k,w,0,7,¢) %)
n y W, 2, T, E n , W, U, T, € 2
— k
Oz Oz + O(E )7 ;é n,
(2)
Fn ) oy Ly <~y .
528 (r,,7,2,€) + jewa(z)F® (n,w, 7, 2, €)
or
N2
= (jsw + @) F® (n,w, z,7,¢)
(2) oF® (n,w, z,7,¢€)
+ M Fn7 (0, w, 7, 6) By (2) + 9,
6F7(12) (n,w,0,7,€) . . 6F7(12) (0,w,T,€)
- P — je(1 — jew) 50 B,(z)
1 ( ew)? F(Q) O(£2
JEw + 5 (0,w,T,e)xB,(2) + O(7).
From equation (24), we have
() 9
295 (W) + jewa(z) EP (w, 7,¢) = (jew + ew) )
or 2
N (2)
F'fl s Yy by
(Ankgl FO (k, w,,e) + je(l — jew)? (gww 7¢) (26)
N2
—x (1 — jew + @) E2 (0, w,, z—:)) .
Let us find the solution of system (25)—(26) in the following form
FP(0,w,7,¢) = ®(w, 7)(Ro(x) + jwe fo(z)) + O(?),
(27)

F'r(z2)(kvwa 277—75) = (b(va)(Rk(xvz) —I—]wsfk(x,z)) + 0(52)‘

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 3 2025



METHOD OF THE MARGINAL ASYMPTOTIC-DIFFUSION ANALYSIS 245

Substituting the expressions above in system (25)—(26) and taking into account (16) and (18),
we obtain the following equations after some transformations and under ¢ — 0
8fk (x,0) 0®(w, T)/0w

= () Rol) — Ro(e) =, Ges

—fo(z) | An + Z Ky +x | + Z
v;én
5fka(z,2) _ 8fka('j’0) + fo(x)kkBi(2) = R(z, 2)(a(z) — \n), &k #n, (28)

= Ry, (z,2)(a(z) — \p) + xRo(x) By (z) + Ro(x)

0P (w, ) /0w

wd(w, 7) Bu(2).

Comparing equations (28) with (18) and using the principle of superposition, we conclude that
the solution of (28) can be written as

fo(z) = CRo(z) + go(w) — ¢0(@%,
0P (w, ) /0w

w®(w, 1)

(29)
fk:(xvz) = CRk(x>Z) +gk(xvz) - Cbk(x?'z)

9

where C' is normalizing constant and functions gi(z,z) and ¢ (x, z) are defined by the following
equations systems

N N 5 0
—o(z) | M+ }_:1 Ko+ | + k; % = Ro(z),
e ! (30)
ad)ka(:’ 2 _ 8¢k6(:,0) + ¢o(x)krBr(z) =0, k #n,
Poul0,2) _O0nBD) | (rn -t 2)60(2)Ba(2) = ~Rofa) Bal),
N N
~g0(x) | A+ D Hhuta [+ w = a(z) R (),
vn k=t
(31)
Ol 2) OOy g apmaBe(2) = Rude, ale) ~ M), k£,
P00 2) Q0N 4 o)+ ) Ba(2) = Rl 2)alz) = M)+ 2Ro(2)Ba(2).
For uniqueness of the solutions, we supplement the systems with conditions JXV: or(x) = —do(x)
k=1
and % gx(x) = —go(x). Then it can be written that
k=1
0 0
where under z — oo
or(2) = Ry (). (32)
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In the same way from the system (31), we obtain:

z

ou(0:2) = (el [ (1= By + (a(e) —~An) [ (Rulers) — R & #m,
0 0

9u(@.2) = O+ 2)90(2) | (L = Bu(y))dy

0
(0(e) = M) [(Rato) — Ralol)dy — aofe) [(1 - Boluis
0 0
where

An = a(@) (A + )62 + 2200 + (N — a(z kabk

go(x) = Ro() o (33)

N
2 [ 14 (O + 20 + 3 kbl
k=1
v#EN
and bV = [* 2dBy(z), b\?) = [ 22dBy(x).
The last step of the asymptotic analysis is finding of function ®(w, 7). For this, we substitute

substitutions (27) into equation (26). After some transformations, we write the resulting equation
under € — 0.

0®(w,7) (jw)?
or 2 (w,7)

x (a<x> 1 22(Ro() — go()) — 2hngo(x) + (260(x) (= + An) + 2Ro(x))

0P (w, T) 1 ) '

w  w®(w,T)

In this way, we derive that ®(w, 7) defines by the equation

0®(w,7)  0P(w,T) , (jw)?
5 =V 5 a'(x) + 5 O (w, 7)b(x), (34)
where
b(z) = a(z) + 2z(Ro(z) — go(z)) — 2Ango(z). (35)

Using the inverse Fourier transform to (34) and denoting P(y,7) = \/% T2 eI (w, 7)dw, we

obtain that oOP(y.7) 5 | 52
or\y,T) _ 9 ' -9
or - 8y (P(y,T)yCL ($)) + 9 8y2 (P(y,T)b(ZE)),

which is Fokker—Planck equation for the probability distribution density P(y,7) of diffusion pro-
cess y(7), which is the solution of the stochastic differential equation

dy(t) = y(r)a™(z)dr + /b(x)dw(T)

3.4. Result of Asymptotic-Diffusion Analysis

Combining the results of both asymptotics, we introduce process z(7) = z(7) + /o, x y(7),
which is the solution of the stochastic equation

dz(1) = a(z) + \/opb(z)dw(T),

where w(7) is Wiener process.
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The probability distribution density P(z,7) of diffusion process z(7) satisfies the Fokker—Planck

equation
OP(z,7) 0 1 9
=) __Z(p i
2T = (P T)al2) +
Then the stationary probabilities of process z(7) are expressed as

_C On 7 a(x)
P(z) = @exp (?O/mdx) .

Returning to the study purpose, the result of the method of marginal asymptotic-diffusion
analysis is approximation of the probability distribution of process i, (¢) (the number of customers
of the nth class in the orbit) in the following form

P(z,7)o,b(2)).

Plin) ~ —C exp % 0/ %dx , (36)

b(onin) x

where C' = const is calculated from normalization condition } 5°_y P(i,) = 1.

Note that formula (36) can be used for all classes marginal distributions, but it is worth remem-
bering that parameters a(x), b(x) in (22) and (35), as Ri(x), gr(x), ¢r(x) in (20) and (32)-(33)
will be different for each class.

Thus, the asymptotic marginal probability distribution of the number of the marked class cus-
tomers is dervied, that allows us to find all necessary characteristics of the system under the con-
sideration, for example, means of the number of customers of each class in the orbit m,, = k,, — Ay,
the probability of the server downtime ry according to formula (12), moments and quantile of the
desirable order, etc.

4. CONCLUSION

In the paper, a multiclass RQ system of M, /GI,/1 type is studied. The original method
of the marginal asymptotic diffusion analysis is proposed. As the result, the expression for the
approximation of the probability distribution of the number of the marked class customers in the
orbit is obtained, that makes possible to assess any characteristics of the system. Note that the
study does not establish any criteria to mark the class, thus, the obtained formulas can be used
to calculate the marginal probability distribution of the number of each class customers. In future
research, the asymptotic results can be applied to modeling and optimizing real telecommunication
networks.
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Abstract—This paper is devoted to linear multivariable controlled plants subjected to unknown
bounded external disturbances. We propose a method for designing discrete-time output-
feedback controllers ensuring desired or achievable performance indices: accuracy, settling time,
and stability margins for each control loop at the plant’s input. The controller design approach
is based on the standard H., optimization procedure formulated in a particular way. Robust
properties of the systems designed are investigated using the Nyquist plots of separate open
control loops with break points at the plant’s inputs. The absolute stability of the closed-loop
system with sectoral nonlinearities at the plant’s inputs and a relation with the radius of sta-
bility margins are proved. A numerical example is provided to demonstrate the effectiveness of
this approach.

Keywords: linear multivariable systems, discrete-time controller design, bounded external dis-
turbances, control errors, the radius of stability margins, settling time, absolute stability
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1. INTRODUCTION

Digital controllers have taken a dominant position in manufacturing, power engineering, aviation,
robotics, and many other industries. Therefore, following the real demands of design engineers, the
problem of designing discrete-time controllers for multivariable systems via engineering performance
indices becomes unprecedentedly topical and important.

At the same time, modern controller design methods based on a measured output—=Hs,, Hso,
and Ly (I1) optimization, p-synthesis, and modal control—usually consider only some performance
indices or even neglect them.

In classical automatic control theory, which involves frequency-domain methods with the Nyquist
criterion, engineering performance indices were directly used to construct controllers for single-
variable systems [1, 2]. These results were generalized largely due to the efforts of V.V. Solodovnikov
in the well-known method of logarithmic amplitude response (Bode plot) [3, 4]. Note that the
method has demonstrated unsurpassed practical effectiveness during the last 75 years. In the
discrete-time case, it has acquired a complete form thanks to V.A. Besekerskii et al. [5, 6]. How-
ever, the inconsistency of engineering performance indices (accuracy, settling time, and stability
margins) was evident even for single-variable systems. Unfortunately, due to its very essence, the
method of logarithmic amplitude response is generally inapplicable to the class of multivariable
systems. Difficulties in the mathematical formalization of engineering performance indices and the
development of an appropriate apparatus fell out of mathematicians’ sight for a long time. Only
with the emergence of Ly (I1) optimization [7, 8] and H, optimization [9-11], accuracy criteria
(the maximum error for each controlled variable) under arbitrary bounded external disturbances
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and the H,, norm of the sensitivity matrix have come to be used as accuracy and robustness indices
in multivariate systems theory. At the same time, according to the analysis of the simplest exam-
ples [12], I; controllers give the maximum possible gain of an open-loop system if the closed-loop
one is stable. However, this condition leads to small phase and gain margins determined using the
Nyquist plot of the open-loop system, which is unacceptable in practice. In addition, discrete-time
[1 controllers may have an unpredictably high order [8], which is also not welcome in practice
and inevitably decreases stability margins [12]. Continuous-time L; controllers are described by
irrational transfer functions [7], which strongly reduces their potential in applications.

The method of invariant ellipsoids [13] has removed the fundamental limitations on the realiz-
ability of Ly (I1) controllers. Nevertheless, the issue of phase and gain margins acceptable from a
practical point of view is still open in this promising approach.

In this paper, we estimate the stability margins of a system by their radius [14, 15]. By definition,
this value is the maximum radius of the circle centered at the critical point (—1, j0) that is not
intersected by the Nyquist plot of an open-loop system; for example, see [16], where it was called
“stability radius.”

The design procedure of discrete-time controllers based on the measured output is complicated
by the following important factors:

1. Generally speaking, even the full state-feedback controller [12, 17] does not ensure an accept-
able radius of stability margins in practice. This is always possible only for stable plants under a
small sampling period.

2. For discrete-time controllers based on the full state vector (the more so for those based on
the output), the achievable control error is bounded below by some value that cannot be improved
by any linear controller [18].

3. Even in the continuous-time case, the system’s performance (characterized by the degree of
stability) is limited by the absolute value of the real part of the plant’s zero nearest to the imaginary
axis [16, 19, 20]. In addition, increasing the degree of stability catastrophically reduces the radius of
stability margins, which is not applicable in practice. Similar phenomena occur in the discrete-time
case [12, 17].

This paper is devoted to the problem of designing discrete-time controllers for multivariable
plants via given or achievable engineering performance indices: the control error for each controlled
variable, the settling time, and the radius of stability margins at the plant’s input. The solution
involves an H., optimization problem constructed in a special way. In this sense, the approach
below develops the result of the earlier paper [17] by introducing unmeasured polyharmonic external
disturbances with unknown amplitudes (with a bounded sum of harmonic amplitudes for each
component of the disturbance), frequencies, and an unbounded number of them. Such a class of
external disturbances covers all the real signals that cause controlled variables to deviate from zero
in practical stabilization systems [21]. This paper is an extended version of the results presented
in [22, 23].

2. PROBLEM STATEMENT

Consider a controllable and observable discrete-time model of a continuous-time plant described

by the difference equations
z(k + 1) = Az(k) + Blu(k) + w(k)], )
y(k) =Cx(k), k=0,1,2,..., 1)
where z(k) € R™ is the state vector of the plant, u(k) € R™ is the control input of the plant,
y(k) € R™2 is the measured and, simultaneously, controlled output of the plant (the controller’s

input), and w(k) € R™ is the vector of external disturbances. The plant’s matrices A, B, and C are
known.
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Fig. 1. (a) The arrangement of the eigenvalues of the matrix Ay
and (b) the block diagram of the closed-loop control system.

form

The plant (1) is closed by a discrete-time stabilizing dynamic output-feedback controller of the

xc(k + 1) = Acxc(k) + ch(/{), (2)
U(k’) = chc(k) + Dcy(k)? k= 07 1> 27 R
where z.(k) € R™ is the state vector of the controller (n. < n) and A., B, C¢, and D, are numerical
matrices.

The components of the external disturbance w are bounded functions:

’U)Z(k}) = Zwi]’ sin(wjkh + (bij)? 1=

17m7
Jj=1

(3)
where h is a sampling period. The amplitudes w;; > 0, phases ¢;;, i = 1, m, and frequencies wj,
7 = 1,00, of the disturbance components are unknown.

By assumption, the external disturbance is bounded in the following sense:

o0
Zwijéwf, izl,m, (4)
j=1
where w; are given numbers. In other words, Vk |w;(k)| < w
The errors for the controlled variables are defined by

*
e

Yist = sup |yi(k)|, i=1,ma,
K>k

where the number £, determines the settling time of the system, ¢, = k,h.

(5)
The number of cycles k), is determined by the degree of stability of the discrete-time system, 1/c.
This means the condition

1 -

|)\Z(ACZ)| < -, i = 17n+nca
where \;(-) are the eigenvalues of the matrix A, of the closed-loop system (1), (2)
Ag =

B.C A

Figure la provides the geometric interpretation of the last inequality for \;(Ag)
AUTOMATION AND REMOTE CONTROL Vol. 86
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In applications, the required value of « is assigned based on the desired number k, (t, = kyh)
as follows [17]:
o~ B/t (6)

This condition is immediate from the well-known relation a = e between the eigenvalues of
continuous- and discrete-time systems. (That is, the degree of stability of a continuous-time sys-
tem, 3, and the settling time satisfy the approximate formula ¢, ~ 3/3.) The relation (6) gives an
acceptable estimation accuracy from the engineering point of view, provided that the eigenvalues
of the matrix A, contain no multiples lying nearest to the circle of radius 1/«. As a rule, this
requirement holds in applications.

The closed-loop system (1), (2) has the radii of stability margins 0 < r; < 1, i = 1,m, at the
plant’s physical input if the diagonal radii matrix R = diag[ry, ..., 7, satisfies the frequency-
domain inequality [22]

[+ wed ] [T+ wEh)] > R, welo, «/h, (7)

where W (z) = —K (z)Wy(z) is the transfer matrix of system (1), (2) with break points at the plant’s
physical input, Wy(z) = C(zI — A)~1B is the plant’s transfer matrix relative to the control, and
K(z) = Ce(z1 — A.) "' B. + D, is the transfer matrix of the controller.

The accuracy requirements for the system are specified by the inequalities

Yi,st < y;,ka 1= 17m27 (8)

where y > 0 are given numbers (the desired control errors).

Inequalities (8) are not always realizable: an appropriate controller cannot be found for some y;,
i = 1,mgy. The same concerns the requirements (6) and (7) for the settling time and the radii of
stability margins. All these requirements are mutually contradictory [12].

Problem 1. 1t is required to find a stabilizing controller of the form (2) such that:

1) The accuracy requirements

Yi,st < ’Vy;ka 1= 17 ma, (9)

hold with some achievable number v > 0.

2) System (1), (2) possesses some achievable radii of stability margins r;, i = 1,m, in inequal-
ity (7).

3) The eigenvalues of the matrix A, of the closed-loop system (1), (2) satisfy the condition
INi(Ay)| < 1/a, i =1,n + ne, where a > 1 is some achievable number.

The coefficient v in conditions (9) is some number, usually v > 1. It indicates the degree to
which the original accuracy requirements (8) are overestimated compared to the really achievable
ones (9).

3. PROBLEM SOLUTION BASED ON H,, OPTIMIZATION

To solve Problem 1 using H., optimization, we need to represent the closed-loop system equa-
tions (1), (2) in terms of transfer matrices:

Yy = WO(Z)Z07 U = K(Z)y7

10
Zo=u+w, 2z = Ryzg, 22=Q1/2Z/7 o
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where z; € R™ and zo € R™2 are the vectors of controlled variables used in the design procedure,
with z; defining the desired radii of stability margins at the plant’s input and z5 ensuring accuracy;
Ry = diag[r?,...,r0], r¥€(0,1), i = T,m, is the matrix of the desired radii of stability margins;
finally, Q'/2 is a diagonal weight matrix. Figure 1b shows the block diagram of the system of
equations (10).

The vectors w and zy are related by the transfer matrix of sensitivity relative to the input,

TZow = [I+ W(Z)]_l-

This matrix is used in the design procedure to ensure stability margins (7).

The vector of controlled variables zo = Q'/2y is introduced to satisfy the accuracy require-
ments (8), (9). It represents the vector y weighted by a diagonal matrix @ = diag[qi, ..., gm,] with
positive elements ¢; > 0, i = 1,my. Appropriately assigned elements of the matrix @ ensure the
required (or achievable) accuracy for the controlled variables y;, i = 1, mo; see the proof of this fact
below.

=

Let us introduce the extended vector of controlled variables z 2], 25| and denote by Tk,

the matrix relating z to the vector w. Then

5 21 T w— Tzlw w— ROTzow w
2 2w TZQ'[U Ql/QTyw 5
where T, = Wy(2)[I + W (z)]~! is the transfer matrix relating w and y.
The desired settling time is ensured if the eigenvalues of the matrix A, of the closed-loop sys-
tem (1), (2) satisfy the inequality [A\i(Aq)| < 1/c. To ensure this condition, we apply the following

technique [24]: replace the plant’s matrices A and B with the shifted ones A = «A and B = aB,
respectively, and then find the shifted controller stabilizing the shifted closed-loop system:

Ni(Ag)] = |Ni(Aa)|a <1, i=T,n+ne,

Acl =

A+ BD.C BC, (11)
B.C A, |7

where flc, Bc, C¢, and D, are the shifted controller’s matrices.

For the original (unshifted) problem, the output-feedback controller (2) ensuring the desired
degree of system stability (as well as the stability margin and accuracy requirements) has the
following matrices [17, 24]:

A.= A.Ja, B.=B./a, C., D.. (12)

Remark 1. An analog of the technique [24], albeit for full state-feedback controllers, is well
known in the Western literature; for example, see [25]. For controllers based on the measured
output in the continuous- and discrete-time cases, this approach was first proposed in Russia.
In this context, we refer to [24] and the bibliography therein.

Let the controller with matrices flc, Bc, Ce, and D, minin}ize the H,, norm of the transfer
matrix of the shifted closed-loop system (with matrices A and B):

[ Lo (e PHM o <, (13)
where 7y is a given number or the value to be minimized.
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Remark 2. If the shifted problem (13) is solved, the controller (2) with the matrices (12) will also
ensure the corresponding frequency inequalities for the unshifted transfer matrix [17, 24]. Therefore,
the solution of the shifted problem (13) satisfies the inequality

T (€)oo < (14)

and, for each block of this matrix, we obtain the following condition similar to (14) (in particular,
see [26]):

HROTzow(ejwh)Hoo <7 ||Q1/2Tyw(€jw}l)”oo <7 (15)
The first inequality in (15) can be equivalently written as [17, 19]
(I + W (e M+ W(e™)] > R?, wel0, n/h],

where R = Ry/v (see [27]). It represents the target inequality (7).
The second inequality in (15) has the equivalent form

T (7" QT (e?") <421, wel0, m/h). (16)

Lemma 1. Under inequality (16), the errors for the controlled variables of the stable closed-loop
system (1), (2) with disturbances from the class (3), (4) satisfy the inequalities

2
m
QiyiQ,st <2 (Z w;‘) , 1=1,ma. (17)
J

The proof of Lemma 1 is given in the Appendix.
With the elements of the diagonal weight matrix @) assigned by

(Zpw)
= <y:>5

inequalities (17) directly imply the target inequalities (9) of the problem under consideration.

s 1= 1,m2, (18)

Summarizing, we now formulate the main result of this paper.

Theorem 1. The controller (2) with the matrices (12) solves Problem 1 if the coefficients of the
weight matriz Q in the shifted Hy, optimization problem (13) are assigned by (18). The radii of
stability margins at the plant’s input determine the diagonal matriz R = Ry/vy, where 7 is obtained
by solving problem (13).

Here, the number v (usually v > 1) also determines the degree of achievability for the radii of
stability margins given by the diagonal matrix Ry.

Note that passing from inequalities (13) to (14) and (15) makes the above results sufficient as
well.

4. A PHYSICAL INTERPRETATION OF THE RADII OF STABILITY MARGINS

From the practical point of view, an important result can be obtained by studying the frequency
matrix inequality (7) when breaking the control loop at only one ith input. This approach to
analyzing the stability margins of systems matches engineering practice: it can be experimentally
verified on a real plant. Let us introduce the following notation: w;(z) is the transfer function of the
system with break points at the ith input; ¢;(z) is the transfer function relating the ith component
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N T " = ' > W)

Fig. 2. The block diagram with the transfer function w;(z).

of the vector w to the ith component of the vector z; (when all other inputs in Fig. 1b are zero).
This break can be represented by the block diagram in the left-hand part of Fig. 2, where w(z) is
the transfer function obtained by closing all feedback loops in Fig. 1b except for the ith one.

The right-hand part of Fig. 2 illustrates an equivalent form involving w;(z); in this case, obvi-
ously, w;(z) = —w(z).

The transfer functions ¢;(z) and w;(z) are related to each other by the formula
tl(Z) :’I"?[l +WZ(Z)]_1 (19)

On the other hand, the transfer function (19) is the ith diagonal element of the transfer matrix 7%, ,,.
This matrix satisfies the first inequality in (15); for its ith diagonal element we have [26]

(e < oy & ti(e7I9m )L (e4h) < A2,

Due to (19), this finally yields a scalar analog of (7):

[14+wi(e M1 +wi(e?M)] > 72 i=T,m, wel0, n/h],
where r; = /7.
This condition with its geometric interpretation [17, 26] leads to the following result.

Theorem 2. Under the frequency matriz inequality (7), the Nyquist plot of system (1), (2) broken
at the plant’s ith input does not touch the circle of radius r; centered at the critical point (—1, j0).

The radius 7; of stability margins can be determined via a real experiment, which is crucial in
applications. If the open-loop system in Fig. 2 is stable, the Nyquist plot for w;(e/“") can be directly
drawn. In the otherwise unstable case, it is necessary to take the frequency response of the closed-
loop system shown in Fig. 2, which is the transfer function ¢(e/“") relating the ith components of the
vectors wy and zg : t(z) = [1 + w;(2z)]~!. Then the radius of stability margins equals 7; = 1/||t||s0,
see [11, 15-17]. In other words, it is determined by the inverse of the maximum of the absolute
value of the frequency response of the sensitivity function ¢(e/“") of the loop shown in Fig. 2.

According to Theorem 2, the Nyquist plot w(e/*") does not intersect the closed interval
[-1 —7, —1+4r;] of the real axis. In turn, by the circle criterion of absolute stability [28],
system (1), (2) remains stable in this case if a nonstationary sector nonlinearity from the sec-

ﬁ, ﬁ} is introduced into the ith input channel of the plant. For example, it can be a

nonstationary gain [;(k) with an arbitrarily changing value within this interval.

tor

The multivariable circle criterion allows strengthening this result for the case of nonlinearities
introduced in each input channel. The closed-loop equations are written as

u=-W(z)(, (=u. (20)
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Considering the design method of the controller (2), such a system is asymptotically stable, so
the minimal stability condition of the circle criterion holds. The second (linear) equation in (20) is
replaced by a vector nonlinearity of the form

¢ = o[k, u(k)], (21)
where each component of the nonstationary vector function ¢ € R™ lies in a sector:
< Olb Bl g ik, 0 —0, i=Tom, (22)

where a; < 1 and (; > 1 the lower and upper bounds of the sector nonlinearity.

According to the circle criterion [29, 30], system (20)—(22) is absolutely stable under the fre-
quency inequality

Re {[I +aW (e M| 1+ AW (M)} >0, we[-/h, 7/h], (23)

where Re {Y'} = [V T (e77“") + Y (¢/“")] /2 denotes the Hermite part of the complex matrix Y. The
matrix 7 is a positive definite diagonal matrix, a = diag{«a;} and 5 = diag{8;}, i = 1,m, are
diagonal matrices.

Condition (23) with the matrices o = diag {ﬁ}, B =diag {1%} and 7 =diag{(1+;)(1 —r;)},

T

1 = 1, m bring to the inequality
Re {[I+ R+ W (M [I = R+ W(e™M)]} >0, wel-n/h, n/hl,
where R = diag{r;} is a diagonal matrix. In turn, the last inequality implies
Re {[1 + W (M| T[1 + W(e/")] = R+ V(e™")} >0, wel-n/h, n/h],

where the skew Hermitian matrix V(e/*?) = RW (e/“") — W T (e/*")R satisfies the condition
Re {V(e/*")} = 0. This inequality can be represented in the form (7), and the following result
is true accordingly.

Theorem 3. Assume that Problem 1 is solved and/or the matriz inequality (7) holds. Then the
nonlinear system (1), (2), (12) with nonstationary sector nonlinearities (21) from the class (22)
with o; = 1/(1 + 1) and B; = 1/(1 — r;), i = 1, m, introduced for each physical input channel of the
plant (1), is absolutely stable (for w =0).

In a particular case, the nonlinearities can be treated as time-varying gains [;(k) : (;(k) =
l;(k)u;(k) with the bounds «; and S;, i = 1,m from Theorem 3, which can independently and
arbitrarily change their values within the intervals specified. This fact emphasizes the robust prop-
erties of the systems designed.

5. A NUMERICAL EXAMPLE

As an illustrative example, we design a controller for the discretized model of a multi-motor
electric drive of a pipe-electric welding machine, which was used in continuous time in [21, 31].
Such systems have clear applications and are known in the literature as parallel systems; see the
Parallel Systems section in [32, Ch. 11].

Figure 3 shows the block diagram of this machine. The control actions u; and wug represent the
voltages applied to the thyristor converters, which are modeled by inertial links with parameters
Fenyri and Tipyrs, @ = 1,2, respectively. Their outputs z;, 7 = 1,2, are the output voltages of the
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Fig. 3. The block diagram of the pipe-electric welding machine.

thyristor converters supplied to the armature circuits of the motors, which are modeled in the
standard way using the parameters T,; and k;, i = 1,2 (the electromagnetic time constants of the
armature circuits and the corresponding gains); ¢,,; and ¢, @ = 1,2, are the design constants of
the motors. The states x3 and x4 represent the armature currents of the drive motors. The
moments developed by the motors are denoted by M; = ¢pixi10, ¢ = 1,2; finally, f = M)y, is the
total load resistance moment and J is the total moment of inertia reduced to one of the motor
shafts. The state x5 = w is the angular velocity of the motor shafts (the main controlled variable).
The measured variables are the currents of the motors and the angular velocity of their shafts.
According to numerical experiments with the angular velocity of motors y3 = x5 taken as the only
controlled variable, the equal-load requirement may fail for motors and, most importantly, the
stability margins for the measured variables y; = x3 and y2 = x4 (motor currents) at the plant’s
output may be very small [33], which is unacceptable in practice. Therefore, y; = 3, ys = x4,
and y3 = x5 are chosen as the controlled variables. The numerical parameters of the model were
described in [33].

Note an important feature of this model: the control actions u; and us and the external dis-
turbance are applied at essentially different points of the block diagram in Fig. 3. As a result,
the design approach described above cannot be used directly. In addition, the internal feedback
loops formed by the coefficients c.;, i = 1,2, reduce the effect of the disturbance f on the main
controlled variable x5 = w (the angular velocity of the motor shafts). Let these loops be neglected,
which worsens the plant in terms of accuracy. Then, having separated from f = f; + fo the resis-
tance moments fi and fs, applied to the first and second motors, respectively (as actually happens
in practice) and assuming f; = fo, we bring the disturbances to the plant’s inputs u; and wug in
the form of disturbances w; and ws. In this case, the bounds f; and f; of the disturbances are
recalculated into the bounds wj and w3 by the formulas

f*
* i

- 1=1,2
KA b ) M
kicmikinyri

which is true for constants fi and fo. We will demonstrate that the worst-case disturbance for the
closed-loop system with the controller designed by the above approach is indeed little different from
the step disturbance in terms of the control error.
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The continuous-time model of this machine is described by the state-space equations
&t =Ax+ Bou+ B1f, y=Cx

with the numerical matrices

—100 0 0 0 0
0 —83.33 0 0 0
A= 13781 0 —11.29 0 —1123.16 |,
0 132.46 0 —11.07 —1101.13
0 0 0.25 0.25 0
0 16120 0
0 0 13702 00100
B = 0 , DBo= 0 0 , C=]100010
0 0 0 000©O0T1
—0.03 0 0

The system is discretized with a period of h = 0.01 s.

According to Problem 1, the following requirements are imposed on the performance indices of
the closed-loop system:

e Under |f| < f* =600 Nm, the desired errors for the controlled variables are
Y =vy5 =375 A, y3=1rad/s.

In addition, the system motors must be equally loaded: y1 st =~ Y2 st-

e Achievable radii of stability margins for the control actions u; and us must be ensured in the
system.

e The desired settling time of the system is ¢, = 0.25 s, which gives a = e(Bn)/tr = 1.0618 and,
consequently, |A;i(Aq)| < 1/a = 0.9418.

The controller was designed in MATLAB by forming and solving the H., optimization prob-
lem (13). To assign the diagonal weight matrix Q'/2, we find the bounds of the equivalent external
disturbances w;, ¢ = 1,2, applied in accordance with the control actions. Using the above formulas
for w}, ¢ = 1,2, we obtain

w] = B =0.0188V, w;= _h =0.0185 V,
k1ema kthyrl kacma kthyr2

where f{ = f5 =300 Nm, and the drive parameters correspond to [33]: Kk =12.211/Q,
Cm1 =81 Nm/A, kg1 = 161.2, ko = 11.965 1/Q, cpo = 8.262 Nm/A, and Ky = 164.424.
Finally, using (18), we obtain the weights

* * * * V
Y S ST ST WL YL R 1) S e WPV S e s R VS
Y1 Y3 rad

The matrix Ry of the desired radii of stability margins is assigned in the form

Ry = diag[r® %, 0=o0.7.
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Fig. 4. Simulation of the closed-loop system under f = 600 Nm: the outputs y1 and y2 (left) and y3 (right).

Solving the H, optimization problem yielded the discrete-time controller K(z) with the state-
space matrices

0.345956  —0.009928 —0.000697 0.0025 —0.056187
—0.008343 —0.767521 —0.017857  —0.047834 0.007471
A.=| 0.073728 —0.017642 —0.698692 —6.373 x 10~° —0.009095

—0.100859 0.798642 —0.001513 0.030154 —0.088679
2.788025  0.022924  0.041603 0.024368 —0.465253
—0.000617 —0.017424 —2.871137 0.006534 0.005311 i
0.792006 —1.103803 1.684791 0.000239 —0.001499
B. =] —-0.99029 -0.770164 12.026577 |, C.= | —0.002763  —0.002579 ,
—0.582481 0.746858 —0.299745 0.000115 —9.579 x 1075
0.011564  0.039367 11.985945 —0.000843  —0.001116

—0.002889 —0.001835 —5.217 x 10~

De = —0.001533 —0.003218 —4.493 x 1076 |~

In addition, v = 0.866, which gives a guaranteed radius of stability margins 71 = 5 = r%/y = 0.808
at the plant’s inputs and is very significant from the engineering point of view. The factual values
of r1 and r9 will be determined below.

The eigenvalues of the closed-loop system matrix A.; satisfy the inequality
max |\;(Ag)| = 0.8019 < 1/a.

Hence, the settling time requirements hold.

Figure 4 presents the simulation results for the closed-loop system under the step external dis-
turbance f = 600 Nm. On the left, the solid line corresponds to transients for y; and the dashed
line to those for yo; on the right, the solid line corresponds to transients for y3. According to the
transient plots, the accuracy requirements are true for all controlled variables, and the equal-load
requirement of the drives holds for y; and y. The same figure demonstrates that the factual settling
time matches the desired one t, = 0.25 s.

Figure 5 shows the amplitude-frequency response of the transfer function |7}, | of the closed-loop
system relating the external disturbance to the main controlled variable, scaled by a disturbance
amplitude of 600. Its maximum falls at the frequency w = 7.14 rad/s, being equal to 0.945 rad/s.
The absolute value of the frequency response for the step disturbance (at w = 0) is 0.944 rad/s.
In other words, the error under the worst-case disturbance slightly differs from the error under the
step disturbance, as stated above.
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Fig. 5. The absolute value of the amplitude-frequency response |T), f|.
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Fig. 6. The radii of stability margins and Nyquist plots (break points at inputs):
wi(z) (left) and wa(z) (right).
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Fig. 7. The radii of stability margins and Nyquist plots (break points at outputs).

Note that the steady-state error for the main controlled variable turned out to be very close to
the given one, indicating a low degree of sufficiency of the design procedure by this performance
index.

The factual robust properties of the closed-loop system at the input and output are determined
using the Nyquist plots of the open-loop system drawn by breaking at the corresponding points.

Figure 6 provides the Nyquist plots of the open-loop system when the break points are at the
inputs u; (on the left) and ug (on the right). Also, see the critical points (—1, j0) in this figure,
around which circles with radii 7y = 0.881 (on the left) and ro = 0.889 (on the right) are drawn.
These circles determine the factual radii of stability margins at the plant’s input.
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Next, Fig. 7 shows the Nyquist plots of the system when the break points are at the outputs:
from left to right, the cases of y1, y2, and ys3, respectively. As for the inputs, the radii of the circles
in Fig. 7 are equal to the corresponding factual radii of stability margins at the outputs: r; = 0.882,
ro = 0.887, and r3 = 0.803.

Note that the controller designed ensures high stability margins at all inputs and outputs.

Of particular attention is the stability of the systems broken at separate inputs and outputs of
the plant. This is quite important under the possible saturation of the corresponding signals and
their shelving.

Finally, we emphasize that the discrete-time controller ensures significantly higher radii of sta-
bility margins for all control and measured variables (except for the main one, angular velocity)
than the continuous controllers for this plant [21, 31, 33]. In particular, the radius of stability
margins was about 0.45 at all outputs (where it was ensured) and inputs and 0.99 for the main
controlled variable.

6. CONCLUSIONS

This paper has proposed an approach to designing discrete-time output-feedback controllers for
multivariable systems that ensure desired or achievable control performance indices: errors for each
controlled variable, settling time, and the radii of stability margins at the plant’s input.

The class of external disturbances considered above is rather wide and covers elementwise
bounded functions: Vk |w;(k)| < w}, i = 1,m. Note that the continuous prototype of such dis-
turbances is continuous and piecewise differentiable functions of time; therefore, they can be rep-
resented by an absolutely convergent Fourier series [21]. Only such disturbances are encountered
in engineering practice.

We list several advantages of the design method over the known ones:

1. The original problem is solved via the standard discrete H,, optimization procedure with
analytical formulas for assigning the weights of the objective functional for a given accuracy.

2. There is a very important, from the engineering point of view, physical interpretation of
the frequency matrix inequality for the transfer matrix of the open-loop system in the language of
Nyquist plots of the system broken at the ith input of the plant. (In contrast to [21], this inequality
ensures individual radii of stability margins.)

3. The absolute stability of the closed-loop system with sector nonlinearities at possibly all
physical inputs of the plant has been proved. For each input, the size of the nonlinearity sector
is uniquely determined by the radii of stability margins ensured by the controller designed. This
feature is also crucial from the engineering point of view.

4. The controller’s order does not exceed that of the plant, which is very valuable in applications.

5. The degree of sufficiency of this method is significantly lower compared to those proposed
previously [21, 31] owing to a two-fold reduction in the number of block elements in the transfer
matrix of the closed-loop system (13), which is subjected to the H, optimization procedure.

The latter is made possible by applying an external disturbance consistently with a control
action. This condition can be considered to be valid for the vast majority of electromechanical
systems: physically a control action from a digital controller is applied to a plant indirectly, through
an actuator representing a power amplifier with a gain much greater than unity. This explains
the significantly greater influence of a disturbance applied consistently with a control action on
controlled variables compared to that applied as a load moment. The controller design approach
proposed above has been illustrated by a numerical example arising in engineering practice (a pipe-
electric welding machine operating at the Elektrostal Heavy Engineering Works).
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APPENDIX

Proof of Lemma 1. As k — oo, the forced oscillations at the output of system (1), (2) are
described by

Z (wj) sin(wjkh + ¢i(wj))), ©=1,ma, (A.1)

where a;(w;) > 0 and ¢;(w;) are the amplitudes and phases of the oscillations at the plant’s output
caused by the jth harmonic in the input signal (3).

The signal (A.1) describes the steady-state process at the plant’s output. At the time instant
tp = kph, it differs from the factual value of the plant’s output by at most 5% due to the dis-
crete function e;(k), which vanishes at the rate of a geometric progression. Therefore, the plant’s
output y;(k) will be considered below without these components.

In each coordinate of the vector y, the amplitudes of oscillations with the frequency w;
in (A.1) are the absolute values of the corresponding components of the complex conjugate vectors

Tyw(ejwfh)wgf) and Ty, (e 79iM)w 2 , where
wd =

wY) = [wije % woje ™% L wy e IPma] T

W70 wg eI el Pmi] T

Indeed, the jth harmonic of the input vector w can be written as (wg)ej“’jkh - w(_j)e_j“’jkh)/@j).

We find a partial solution (k) of the equations of the closed-loop system (1), (2) with w(k) =
wgf)ej“’j kh_Let the closed-loop system equations be denoted by

.Z‘cl(k‘ + 1) = Aclxcl(k) + Bclw(k:),

A2
y(k‘) = Cclxcl(k:), k= 1, 2, ey ( )

where the matrix A, has been described above, By =[B", 0"]", and Cy = [C, 0]. Substituting
w(k) = wgf)ejwjkh into the first formula of (A.2) yields

za(k +1) = Agaa(k) + Bauw'?el“ith,
The partial solution of the system is represented as z (k) = £ eiwikh where £U) € C"t7e is the

vector of complex numbers; then zy(k + 1) = x()ewiktDh — 30 giwiheiwikh We substitute this
expression into (A.2) to obtain

2 giwihgiwskh — A L q.(7) giwskh +Bclw( 9) giwikh
and, after some simplifications,
. . -1 .
.Z‘(j) = (ejwjkhf - Acl) Bclef).
jwikh -1 (4) ,jw;kh  Jops :
Then xy(k) = (ewﬂ I— Acl) Bawy’e/*i*" and, considering y(k) = Cyzq(k), it follows that
y+(k) = Tyu (7" Yw(k),

. . ~1
where T, (e/%i") = Cy (ewikhl - Acl> B, is the transfer matrix relating w to y. By analogy, for

w(k) = we i@kl we arrive at y_ (k) = Tyw(e_jwjh)w(_j)e_j“jkh.
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According to the superposition principle, for the jth harmonic of the output vector y with the
components from (A.1), it is easy to derive

(g = y-)/(29) = |Tyu (MM — 1, (=7 ywDe=dimh] (25).

Obviously, a (w]) = Y;—Yi+, where y;_ and y;;+ are the ith components of the vectors y_ and y,
respectively. Then, in view of the diagonal structure of the matrix @), we write

T .
qu W] =Yy_ Qy-i- = w(]) TyT ( —Jwih )QT (ejw] )wgz)
Considering the right-hand side of inequality (16), it follows that

= 2 2 T, G 2m 2
Y aiad(wy) <Yl wl =42 wy;
i=1

ST m
and, consequently, g;a?(w;j) < 72w(_J) wa) =72 wa,j, i =1,mso.

Extracting the square roots of both sides of the last inequality yields

m
therefore, \/gja;(w;) <y Z Wpj, © = 1,my. Summing over all frequencies, we obtain
p=1

o m o0
@Zal(w])gvzzija i:17m2~
j=1

p=1j=1

o0
Due to y; st < Z ai(w;), i = 1,meo, and (4), we finally get
7=1

m oo m
VaiYi,st < VZprj < 72“’;’ i=1,ma,
p=1

p=1j=1

which implies (17).
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Abstract—Implementation of the least absolute deviations method for robust estimation of
linear regression dependencies by means of interior point algorithms is considered. Two affine
scaling interior point algorithms for robust regression estimation are implemented. A compara-
tive analysis of these algorithms with simplex method and descent along nodal straight lines is
carried out. Their computational complexity is found to be comparable to the simplex method,
but they lose to the latter in terms of computation time. It is also found that the interior point
algorithms significantly lose to the modified descent along nodal straight lines, both in terms
of computational complexity and actual computation time. Examples of using interior point
algorithms for practical problems are given.
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1. INTRODUCTION

Multiple linear regression is one of the widely used mathematical models in various fields of
study. It takes the following form

y = Xa + ¢,
1 T
Y1 T12 Tim X3 ai €1
Y2 1 zoo -+ oy X3 as €2
wherey = | . [, X=(X1,...,.Xn)=1|. . . ) =| 7|, a= ], e=
Yn 1 zp2 - Zpm X, Am Em
Here y is the vector of dependent variable values Y; X = {xij}nxm is the matrix of explanatory
variable values X1,..., X,,, xZ-T = (1,242,...,xim); o is the vector of unknown coefficients a; of the

regression equation, and € is the vector of unobserved random deviations.

Traditional linear regression analysis dates back to the works of A.M. Legendre (1806) and
C.F. Gauss (1809), in which they independently presented their versions of the least squares method
(OLS), and the works of A.A. Markov a century later, in which the theoretical foundations were
outlined. These premises define the requirements for variables X;, parameters o, and random
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deviations e, and allow for the investigation of properties and statistical content of the regression

coefficient estimates [1].

1°) There are no constraints on the vector «, i.e., A = R, where A is the set of a priori values of

the parameters «;

2°) The matrix X is deterministic, i.e., z;; are not random variables;

3°) rank(X) = m < n;

4°) The vector € is random, i.e., the vector y is also a random vector;

5°) The expected values are E(g;) =0,i=1,...,n, E(e) = 0;

6°) Vi # kcov(gi,ex) =0, Vi E(e?) = 02, i,k = 1,...,n, where o2 is the variance of deviations.
The last two assumptions concern the properties of random deviations. Since €; are unobservable

and their properties are unknown a priori, the choice of method for estimating the parameters of «

is ambiguous. If the distribution of deviations € does not depend on X and is normal, then the

OLS provides best estimate of the & regression coefficients [2].

However, it is not possible to assume a priori the normality of random deviations, as in many
cases the actual distributions can differ significantly and have more elongated tails compared to
the normal law, which reduces the accuracy of OLS estimates of the regression coefficients [3-6].
The situation is particularly critical for OLS when observations are “contaminated” by relatively
rare outliers or misses that violate the 5° and 6° assumptions [2]. Contamination can occur, for
example, in the development of degradation processes during the operation of mechanical and other
loaded systems [7]. The random component of the vibration signal can be 10-20% contaminated
by noise in the form of impulses, sharp level changes or correlation structure, leading to “heavier”
tails of the distribution relative to the normal law [3].

In these cases, other methods are required to ensure stability of the estimates. The most well-
known of these is the method of least absolute deviations (LAD) [8]. However, the LAD and
other robust methods lose out to the performance of OLS in many applications, especially when
analysing large samples or real-time data [3, 9]. This limits the applicability of regression analysis
for these applications under conditions of stochastic heterogeneity of the data, when the OLS
does not provide stability of model parameter estimation. Therefore, the task of increasing the
computational efficiency of robust regression modelling algorithms is relevant.

The approach discussed is commonly referred to as a “passive” experimental model, where
factors exist only in the form of controlled but not fully manageable input variables. The task of
planning is reduced to the optimal organisation of information collection and selection of a method
for processing the measurement results. The main disadvantages are that the range of factor
changes is limited, and the influence of disturbing parameters may turn out to be more significant
than the change in controlled factors.

It should be noted that if it is possible to influence the course of the process and to choose the
factor levels in each test, then it is preferable to use an “active” experiment. The foundations of
estimation theory were laid by R. Fisher in 1937 in his book The Design of Experiments. This
extends the traditional regression model. In an active experiment, certain interventions are ap-
plied to the input of object under study, which are planned in advance according to some optimal
criterion. In the last 50 years, schemes under the random nature of the regressor set X have been
actively investigated. In the works of O.N. Granichin, B.T. Polyak, A.B. Tsybakov, M.C. Campi,
Lei Guo, L. Ljung, and others, randomisation in the selection of regressors allowed for the formu-
lation of faster algorithms and the study of their consistency when traditional assumptions about
disturbances are not fulfilled [10-13]. It should be noted that active experiment allows to solve
research problems faster and more efficiently, but it is not always realisable, is more complex and
costly, and may interfere with the normal course of the technological process.

In the following section of the article, we will consider the passive experiment variant.
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The task of estimating a multiple linear regression relationship on a data sample (x;r,yi), 1=
1,...,n, using LAD is of the form [14]:

n m

Q(a) = Z Yi — Z a;T;j| — min, (1)
i=1 j=1 ackr

where a = (ay, ... ,am)T is the vector of unknown coefficient estimates a; of the regression equation

Y=a1+aXo+ - +anXnm+e

One way to determine the parameters of a is to reduce (1) to a linear programming (LP)
problem and solve it using the simplex method [14]. The computational efficiency of the simplex
method for solving problem (1) was investigated in [15] and was found to be insufficient for dynamic
applications.

An alternative to the simplex method for solving LP problems are interior point methods. These
methods were originally used to solve nonlinear problems. In the context of LP problems, interior
point methods explicitly or implicitly use a barrier on the feasible set in the form of a non-negative
orthant. Unlike the simplex method, a sequence of points is generated for which the constraint
inequalities are strictly satisfied.

The set of existing interior point methods can be conditionally divided into polynomial and affine
scaling methods. The first algorithm based on affine scaling was proposed in 1967 by I.I. Dikin [16].
However, interior point methods gained widespread popularity in 1984 after the article by N. Kar-
markar [17], in which a polynomial algorithm based on projective transformations was described.
However, it was found that gradient-type optimisation methods with using affine scaling trans-
formations were more efficient. The interior point methods based on projective transformations
have [18, 19]

— complexity strongly depends (grows) on dimensionality of the problem being solved;

— iterations require higher computational costs compared to optimisation methods using affine
scaling transformations;

— many polynomial algorithms are difficult to apply for a wide range of problems due to the
necessity of finding an initial approximation.

This direction is being developed by many researchers, see works [20-23]. The history of interior
point methods is described in [19].

The objective function @(a) in (1) is continuous, convex and bounded below, which guarantees
the existence of a single minimum. However, problem (1) has specific features. First, the func-
tion @(a) has a number of kinks in the form of line segments. The walls of kinks represent convex
linear faces. As the minimum is approached, geometry of the function Q(a) deteriorates — the walls
of kinks become more and more shallow and almost parallel, which complicates the convergence of
algorithms near the minimum.

Secondly, the LP problems corresponding to (1) have high dimensionality.

No specific study of interior point methods for application to the class of LP problems corre-
sponding to (1) has been found in the literature. Since many authors note that in practice interior
point methods can compete with the simplex method [19], it seems reasonable to conduct a com-
parative analysis of the computational efficiency of interior point methods with other well-known
exact methods for solving problem (1).

An algorithm is considered exact if it allows finding the global minimum of the function @(a) in
a finite number of iterations. Calculations are performed with errors, and the technique of error-
free calculations is very time-consuming, so we take as an exact solution the one that is computed
with minimal computational errors. Among the exact ones we will include the LAD estimation
algorithms based on solving the LP problem using the simplex method [7, 24, 25] and the descent
along nodal straight lines algorithms [26, 27].
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It should be noted that a number of other algorithms based on the LP problem are known,
for example, algorithms that use at each iteration the fundamental operation of finding weighted
medians over the local set of basis solutions [28-30]. Their complexity for solving problem (1) is
comparable to the simplex method.

2. RESEARCH METHODS
Let us form an equivalent to (1) LP problem. We represent each residual y; — Z;-”Zl a;Ti; as
m
0<|yi — Y ajmy| <z, i=1,...,n
j=1
Hence we obtain the system

m
zl-—i-Zajxij}yi, izl,...,n,
j=1

m
zi—Zajxij>—yi, izl,...,n,
J=1

and, by denoting a; = ag-l) — a§-2), we can formulate the primal LP problem as

n

E zi = min |
‘ (k)

i=1 a; % ER

m
1 2 )
Zi+z(“§')—a§'))$ij >y, i=1,...,n,
j=1

m
1 2 .
Fi Z(a§- ) —a§- ))l’z‘j > -y, i=1,...,n,
j=1
(ng)’zz 20, k‘:l’27
or in matrix form
b’y — min,
y =20,
n 2m
T i 1 it . . .
where b* = (1,1,...,1,0,...,0) is a vector of size 1 x (n 4+ 2m), ¥y is a vector of objective function

values of size (n+2m) x 1, C is a vector of right-hand side constraints of size 2n x 1, A is a matrix
of non-basic variable coefficients of size 2n x (n + 2m).

Next, we consider interior point algorithms with affine scaling transformations, taking into
account the aforementioned advantages over polynomial ones. Significant among them are I.I. Dikin
[16] algorithm (algorithm B), which is essentially the progenitor of corresponding algorithms group,
and its modification — V.I. Zorkaltsev [20] algorithm (algorithm A). Both algorithms combine the
features of solving mutually dual LP problems:

¢'x > min, Ax=b, x>0;
bTu — max, g(u) >0, g(u)=c—A'u,

where the matrix A of size n x m, vectors ¢ € R™, b € R" are given. Vectors x € R™ and u € R"
are task variables.
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2.1. Affine-Scaling Algorithm A

Let us describe the algorithm for solving the problem.

Step 1. At the kth iteration, we compute the vector of constraint-equality residuals, where x(@
is any vector with positive components

r® =p—Ax®, k=0,1,2,....
Step 2. Forming a matrix of weigh coefficients
D, = diagd®,
where dg-k) is defined according to [20]. Then dg»k) = (xgk))p ,j7=1,...,m for a given p > 1. More-

over, for p > 1 the additional condition 0 < v < 2/(p+1) is required.
Step 3. Computing the vector of variables u € R”

u® = (AD,AT) ' ®) + AD,c).
Step 4. Finding the direction and step of the solution adjustment
s = —Dygu*)),
Ar = min{1, Xz}, if ) #£0,
e = N, if t®) =0,

stk) < 0}.

If s >0 when r® £ 0, then we set A\ = 1. Depending on the required accuracy when

where A\, = Vmin{—xg-k)/sgk)

max;—1,..m ’sgk)’ ~ 0 exit the algorithm, otherwise go to Step 5.
Step 5. Performing an iterative transition
xFHD) = x(B) 4 ), s
rFH) = (1 = Ay,

Proceed to Step 2.

The exact solution is defined as the achievement of s*) = 0, where each subsequent x*) will not
change. However, in practice, only a certain value within an infinitesimally small neighbourhood
of d near zero is achieved, which varies depending on the development environment and the variables
used in it. Thus, to avoid uncontrolled growth of the algorithm’s runtime and to ensure uniformity
regardless of the implementation tools, it is necessary to limit the accuracy of algorithm until a
certain decimal place is reached.

Remark 1. When r®) = 0, for each subsequent iteration, optimisation within the feasible region

is performed

rl D = 0, cTxFHD < Tx(k),

Let us consider a problem with equality constraints for a square matrix A, where the vector
of inequalities constraints r®) = 0 reaches zero at the current iteration. Then, according to the
formula of Step 3, we obtain u*) = (ADkAT)_l(Ach). Let us simplify the expression by replacing
AD;, = B, resulting in u®*) = (BAT)~(Bc). According to the properties of inverse matrix, we have

(BAT)"! = (AT)"!B~!. Let us expand the brackets and, using the associativity of matrix mul-
tiplication, compute the vector of variables u € R”, u®) = (AT)~1B~'Bc = (AT) " 'Ec = (AT)~!
Then g(u®) =c — ATu® = ¢ — AT(AT)"'c = ¢ — Ec = 0. Hence, at the current iteration s*) =

—Dig(u®) =0 and a solution of the linear algebraic equation system (SLAE) has been reached so
no further optimisation is required.
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Remark 2. The direction vector s¥) is defined by solving the auxiliary problem
c's+1/2s"D; s — min, AsF) = p(¥),

Therefore, As®) = b — Ax*®) | s() = A=1(b — Ax(¥).

Thus, the special case for the matrix A with nonzero determinant can be solved by skipping
Steps 2 and 3, reducing computational complexity and the impact of accumulated errors, which is
especially useful when the analysed sample increases.

A number of computational experiments were carried out as part of the study, let us consider
some of them.

Ezample 1. Let us solve the LP problem with a rectangular matrix A: F' = min(2x; — x3);
x1+x9=2; 2; 20,1=1,2 [31]. The optimal solution is x = (0;2), Fi,in = —2. As a initial point
we will use x(9) = (7;1). Due to the rectangular form of the matrix, Remark 2 cannot be applied.

At the first iteration, the vector of inequality constraints will be equal to r)) = —6. For p = 2 the
vector of weight coefficients dV) = (49; 1) with v = 0.67, whence u) = 1.82. Next, having defined
the vector g(u®) = (0.18; —2.82), we will find the direction and step of the solution adjustment
s() = (—8.82;2.82), A\; = 0.53. Thus, after the iterative transition we obtain x(?) = (2.33;2.49)
and r® = —2.83. At the fifth iteration A5 = 1, so r(® = 0. Since the number of model parame-
ters exceeds the number of observations and inverse of the matrix A cannot be found due to it’s
determinant being zero, optimisation can be performed within the feasible region. Thus, \¢ = 3.5
and x(®) = (0.02;1.98). Continuing the optimisation, we obtain the solution of Example 1, which is
approximately x1 ~ 0,9 ~ 2 with Fj,i, ~ —2 at the given accuracy of 102, which corresponds to
the global minimum of the problem. The solution does not change depending on the initial point.

Ezample 2. Let us expand the matrix to a square matrix: F = min(x; + 329 + 223);
5x1 +4xo + T =3; 6x1 +3x0+22x3=2; x1+2x9+323=1; x; 20, :=1,2,3. The mini-
mum will be equal to Fpi, =0.75 with x = (1/4;0;1/4). We will set the initial point as
x(0 = (1;1;1). Since the matrix A is square and its inverse can be calculated, we will use Re-
mark 2: r() = (=13;-9; —5); s() = (—0.75; —=1; —0.75); A\; = 0.67. Then x®) = (0.5;0.33;0.5) and
r® = (—4.33; —3; —1.67). The vector of equality constraints r became zero on the 12th itera-
tion, with solution x(!2) ~ (0.25;0;0.25) and Fiuin =~ 0.75. Indeed, since the matrix A is invertible,
s(12) = 0 and the solution of SLAE has been reached, no further optimisation is required.

Ezample 3. Let us modify the problem so that its global minimum is not equal to the solution of
SLAE by introducing inequality constraints in Example 2: F = min(xy + 329 — 223); 5x1 + 4we+
Trs < 3; 61+ 312+ 2203 <2; 21 +229+3x3<1; ; 20, 1=1,2,3. In this case, the minimum
will be reached at x = (0;0;1/3) and will be equal to F,i, = —2/3. To take into account the
inequality constraints, we will extend the matrix A with an identity matrix of size 3 x 3. As a
result of the algorithm’s operation, with a given accuracy 10~® the solution x(24) ~ (0;0;0.3) and
Fiin &~ —0.66 was found after 24 iterations, which corresponds to the global minimum.

Statement 1. The computational complexity of the primal affine scaling algorithm A for solving
the given problem (2) will be O(n1).

The results indicate that the algorithm is capable of formally reaching an exact solution in a
finite number of iterations. However, due to the exponential growth of the algorithm running time
as the desired accuracy approaches zero, its application for a series of experiments with a sufficiently
large number of observations (n > 50) becomes problematic.
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2.2. Affine-Scaling Algorithm B

The solution of dual LP problem will be the vector u, that satisfies the system of equations [16]

n
Z bstur = ds,
t=1

—_\m 2, . —\m 2., . —
where by = ijl Tjasjag;, ds = ijl T;Cias5, § = 1,...,n.
Let us assume

m n 2 n
P(x) = Zx? (Z a;jui(x) — cj> , si(x) = x? <Z a;ju;(x) — cj> )
i=1 1=1

J=1

The solution algorithm is as follows. Let xﬁ-o) > 0. Then acg-kﬂ) = xg-k) + Ags; (x®)), where A\, =
1A/ ®(x(k)) at j =1,...,m. The computation check at each iteration is based on the condition
fulfilment [31]

> oy o)) = —@(x), (4)
j=1
where a](-k) = (xg-k))Q, (5](-k) =y aijul(-k) —cjatj=1,...,m.

The solutions of Examples 1-3 using the described method are exact, regardless of the initial
point x(90 > 0. Let us consider an additional example.

Ezample 4. F =min(3z1 4 2x9 + x3); w2 +x3 > 4; 221 + 29+ 203 > 6; 207 — 29 + 223 > 2; 2, =0,
i = 1,2,3. The exact solution is F' = 4 in x = (0;0; 4) for the primal LP problem and y = (1;0;0) for
the dual. We will present the results for the first and last iterations of the algorithm. At the first

3 3 1
iteration we obtain B = [3 10 7 |, dM = (3;10;6), whence u™) = (—0.12;1.19; —0.22) and
1 7 10
®(x(1)) = 3.78. The calculation with a accuracy of 108 was completed in 15 iterations with the
5 8 8
results: B = [8 16 16 |, d® = (4;8;8), whence u®® = (0;0.5;0) and ®(x19)) = 4.5 x 108
8 16 20

with the solution Fi,.x ~ 3, which does not correspond to the exact solution, although condition (4)
was satisfied at each iteration.

As a result of a series of computational experiments related to solving the given problem (2), it
was found that the solution using algorithm tends to zero. This may be a consequence of the failure
to satisfy the condition in [32], according to which all inequality constraints must be satisfied in
strict form. Nevertheless, determining dependence of the average computation time on the sample
size is impossible due to the lack of method convergence.

Statement 2. The computational complexity of one iteration of the primal affine scaling algo-
rithm B for solving the given problem (2) will be O(n3), which is comparable to algorithm A con-
sidering the number of iterations.

The gradient descent along nodal straight lines algorithm is described in [26]. Tt consists of the

following. Let us consider an mdimensional Euclidean space R™ with standard orthonormalised
k—1 —k
. T —— /—WLM . T
basis {e1,...,en}, where ¢, = (0,...,0,1,0,...,0). Each non-degenerate observation (x; ,y;) =
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(1,40, .. ., Tim,¥i),i = 1,...,n, forms in R™ a hyperplane ; : y; — a'x; = 0 in the orthogonal
coordinate system Oayj...a,,. The intersection of m independent hyperplanes forms a nodal point

u = Ngecpflg, M = {k‘l,...,k‘m}, ki <ky<---<kpk € {1,...,n}.
The intersection of (m — 1) independent hyperplanes forms a nodal straight line
l(k1,...,km71) N, 1 E {kl, ey km_l}, k; € {1, . ,n}.

The solution to problem (1) is always at a nodal point. The algorithm performs a descent from
an arbitrary initial nodal point along nodal straight lines. Any nodal point is the basic solution
of the LP problem. The advantage over the simplex method lies in the fact that transition along
nodal line is more efficient, because, unlike the simplex method, at each step of the transformation
only n points located on the corresponding nodal line are involved, rather than all the data. In ad-
dition, at each step, the descent is performed to the point with minimum value among all m nodal
lines intersecting it.

To reduce computational cost during the descent, analysis is not performed on objective function
values, but on its derivatives along the direction of nodal line. In the modified version of the
algorithm, the initial nodal point (initial approximation) is determined on a subset of the sample
and calculations of the objective function values at the minima of the nodal lines are excluded [27].

3. DISCUSSION OF RESULTS

A comparison between the interior point algorithms and the simplex method shows that they are
at least equally efficient in terms of computational complexity. Thus, the affine scaling algorithms
A and B, considering the number of iterations, have a complexity of O(n*'), while the solution
of the primal and dual LP problems using the simplex method has a complexities of O(n*2m%?2)
and O(n3m®?), respectively [15]. However, when n > m, they, are still significantly inferior to the
modified gradient descent, which has a complexity of O(nb>mb®) [27].

The main difference between the gradient descent along nodal straight lines and the algorithms
based on solving LP problems using the simplex method and interior point algorithms is that it
operates only with the initial data until the global minimum is found. This guarantees convergence
to the exact solution regardless of the number of iterations and simplicity of the method implemen-
tation. In each subsequent iteration, the latter uses information from the previous one contained
in the simplex table or vectors respectively, which can lead to biased estimation due to the accu-
mulation of computational errors. Nevertheless, considering this fact in the implementation, one
can achieve a negligible number of deviations, although this also increases the computational cost.

Comparison of algorithms based on computational complexity estimation in Big O notation is
necessary but insufficient. Its simplicity leads to neglecting constants, multiple minor summands,
and algorithm memory consumption. Therefore, there may be situations where two algorithms
with the same Big O have significantly different computation times, or conversely, algorithms with
different Big O have the same computation time.

3.1. Comparative Analysis of Algorithms on Model Data

For a more comprehensive evaluation, we will use the Monte Carlo method and compare the
execution times of the algorithms for 1000 experiments over m = 2,3, ...,7 and n = 50, 100, ..., 500.
Since the goal is to investigate the computational efficiency of the algorithms rather than accuracy
of the LAD-based regression model estimation, we use the standard normal distribution of random
errors ¢ in the generated data samples. Generation was performed using the built-in functions of the
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Fig. 1. Decimal logarithms of the ratios of computation times using LAD algorithms to the computation time
of OLS when n = 300.
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Fig. 2. Decimal logarithms of the ratios of computation times using LAD algorithms to the computation time
of OLS when m = 4.

C++ programming language in the Microsoft Visual Studio 2019 environment. The computational
experiments will be conducted on a Dell G5 5587 laptop with a 6-core i7-8750H processor with a
clock frequency of up to 4.1 GHz. The accuracy for algorithm A is set to § = 107°.

As a result of determining the dependence of the algorithms’ execution time on the number of
observations and model parameters for the affine scaling algorithm A, we obtain ¢; = 0.0001 x n34
with a coefficient of determination R? = 0.96. As noted above, algorithm B is not applicable to
solving the given problem (2), and therefore it will be excluded from further comparison. The
dependencies for solving the primal and dual LP problems using the simplex method, as well as
for the modified gradient descent, are as follows ty = 0.0004 x m%901n28 ¢35 = 0.0001 x Mm*n?7,
ty = 0.00059 x m2-5tnt-21 [27]. For the sake of clarity, Figs. 1 and 2 present graphs of decimal log-
arithms of execution time ratios for the considered algorithms to the computation time using OLS.

As a result, it can be stated that the affine scaling algorithm A is an order of magnitude slower
than the simplex method and several orders of magnitude slower than the gradient descent.

3.2. Comparative Analysis of Algorithms on Practical Examples

Let us now consider three practical examples of regression modelling on real data. As the
exact solution of problem (1), the results obtained using the brute-force algorithm for enumerating
all nodal points were used in all the examples [15]. The results of calculation using the simplex
method and the gradient descent algorithm along nodal straight lines coincided with the brute-force
algorithm in all three examples. Thus, the simplex method and the gradient descent algorithm
found exact solutions a* of problem (1).
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Ezample 5. Let us determine the model parameters of the average economic damage caused by
fires in municipal districts (MD) of the Sverdlovsk region for the year 2012 on basis of the data
provided in the [33]. The model is defined as Y = a1 X1 + aoXo + a3 X3 + a4 X4, where Y is the
average forecast damage from fires in the current year, mln rubles; X; = 1; X5 is the number of
buildings and structures in the MD, thsd units; X3 is the total length of roadways in the MD
territory, km; X4 is the annual fire damage from the previous year, mln rubles; a is the vector of
unknown parameters of the model; n = 58. The model is statistically significant, with a coefficient
of determination R? = 0.68. The calculation results are given in Table 1.

Table 1. Results of coefficient parameter calculations a for Example 5
Algorithm ay as as a4 Q(a) s d
Solution a* |-3.822|1.403 | -0.053 | 0.802 | 638.43 | — —

A (§=1073) | -5.127 | 1.118 | -0.042 | 0.847 | 644.90 | 20.0% | 100.0%
A (§=10"%) | -2.451 | 1.223 | -0.065 | 0.800 | 642.69 | 17.8% | 111.7%
A (6 =1075) | -4.170 | 1.538 | -0.053 | 0.794 | 640.76 | 5.0% |123.7%
A (6 =107%) | -3.615| 1.534 | -0.060 | 0.793 | 639.32 | 7.1% | 135.0%
A(6=10"7)| -3.91 | 1.471|-0.057 | 0.804 | 638.45 | 3.6% |194.0%
A (§=10"%)|-3.855| 1.428 | -0.054 | 0.803 | 638.44 | 1.3% | 206.7%

Ezample 6. To assess the relative performance of central processing units (CPU), data on their
characteristics and relative performance are provided in [34]; n = 209. The machines represented
a wide range of performance and manufacturers.

The prediction of relative CPU performance was carried out using the model Y = a1 X1+
asXo + a3 X3 + as X4, where Y is the estimated relative CPU performance; X7 = 1; Xy is the
main memory size = (minimum main memory size + maximum main memory size)/2; X3 is the
cache memory size; Xy is the channel bandwidth = (minimum number of channels + maximum
number of channels)/(2 x machine cycle time); a is the vector of unknown model parameters. The
model is statistically significant, with a coefficient of determination R? = 0.89. The calculation
results are given in Table 2

Table 2. Results of coefficient parameter calculations a for Example 6

Algorithm ai as as ay Q(a) s d

Solution a* |-0.394 | 0.0072 | 0.5160 | 184.2 | 6190.5 — —
A (§=1073)| 7.240 | 0.0034 | 0.8684 | 235.5 | 6538.2 | 521.3% | 100.0%
A (6 =10"%)1 0.403 | 0.0079 | 0.4549 | 166.8 | 6233.9 | 58.3% | 112.3%
A (6 =1075)|-4.661 | 0.0055 | 0.7103 | 196.7 | 6227.7 | 337.6% | 122.7%
A (6§ =107%)|-1.716 | 0.0079 | 0.4730 | 173.1 | 6205.5 | 89.9% | 167.5%
A (§=10"7)| 1.520 | 0.0066 | 0.5205 | 195.1 | 6198.6 | 125.1% | 192.0%
A (6 =107%)| 1.459 |0.0065 | 0.5394 | 196.7 | 6198.6 | 122.9% | 208.2%

Ezample 7. Consider the task of modelling wheat yield in Kirkuk based on climatic and socio-
economic indicators using data from 2020 to 2022 (n = 23) [35]. We have a regression model
Y = a1 X1 4+ ao X9 + a3 X3 + ag X4, where Y is an estimate of wheat yield, tons/ha; X = 1; Xo is
the population of Kirkuk, mln ppl; X3 is the per capita gross domestic product of Iraq at 2023
prices (to account for inflation), thsd USD; X} is the normalised vegetation index; Xj is the surface
pressure, kPa/10; X¢ is the wind speed at a distance of at least 10 metres, m/s; a is the vector
of unknown parameters of the model. The model is statistically significant, with a coefficient of
determination R? = 0.81. The results of calculations are given in Table 3.
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Table 3. Results of coefficient parameter calculations a for Example 7

Algorithm ay as as as as ag Q(a) S d
Solution a* 610.2 | 1.918 | -0.132 | 2.526 | —62.92| 4.019 | 5.02 — —

A(6=10"%)| 134.8 | 3.366 | 0.287 | -5.294 | -13.87 | 4.438 | 9.57 | 111.4% | 100.0%
A(6=10"")]1292.8]2.891|-0.248 | 1.590 |-133.1|-1.828 | 7.20 | 90.6% |113.8%
A(6=10"7)] 584.7 [3.209| 0.393 | 1.360 | 60.30 | 8.597 | 6.84 | 90.0% |124.1%
A(6=105) | 593.0 |3.274-0.360 | 1.288 | 61.15 | 6.882 | 6.67 | 78.4% | 137.9%
A(6=10"7)| 192.1 |2.938-0.268 | -0.632 | 19.86 | 5.056 | 6.11 | 73.8% | 213.8%
A(6=10"8)| 675.5 |2.217| 0.194 | 1.832 | 69.57 | 0.274 | 5.71 | 34.0% | 237.9%

In Tables 1-3, the following are denoted: s is the mean value of the absolute relative errors
in calculation of the a coefficients (in %); d is the ratio of calculation time of algorithm A with
accuracy d to the calculation time with accuracy 6y = 1073,

Conclusions from Examples 5-7:
— in the considered accuracy range with decreasing ¢ the calculation time increases by 2-2.5 times;
— the convergence speed of algorithm A to the minimum of the objective function Q(a) decreases
with increasing problem dimensionality and sample size, with the growth of m being more critical.

4. CONCLUSION

Using the affine scaling algorithms of V.I. Zorkaltsev (algorithm A) and L.I. Dikin (algorithm B)
as examples, the efficiency of interior point methods for LAD estimation of regression models was
analysed.

The analysis of the interior point algorithms A and B showed that when solving problem (1):
— their computational complexity is comparable to the simplex method, but they are slower in
terms of computation time,

— they significantly (by more than an order of magnitude) lose to the modified descent along nodal
straight lines both in terms of computational complexity and actual computation time,

— the convergence speed of algorithm A to the minimum of the objective function Q(a) decreases
with increasing problem dimensionality and data sample size, with increasing dimensionality being
more critical

— increasing the accuracy raises runtime of algorithm A, but it is less critical compared to the
dimensionality of the problem and the size of the analysed data sample.

The results indicate that algorithm A, without taking into account computational errors, is
capable of reaching an exact solution in a finite number of iterations. However, the dependence of
computation time on the given accuracy, problem dimensionality, and data sample size limits the
scope of its application for solving problems of the form (1) to the values § > 1078, m < 4, n < 100.

The time loss of algorithm A compared to the simplex method, despite having approximately
the same complexity, is caused by the presence of a set of almost parallel very small edges near the
minimum of the objective function, which complicates and reduces the efficiency of using barriers.

Only two algorithms for implementing interior point methods have been considered in this
article. However, since there is still no information about cardinal (by an order of magnitude or
more) improvement in the actual performance of modern algorithms, it can be argued that descent
along nodal straight lines is more efficient for calculating the parameters of linear regression models
from experimental data than interior point methods.

APPENDIX

Proof of Statement 1. The computational complexity of matrix multiplication (m xn) by (n x 1)
is O(mnl), and finding the inverse using the Gauss—Jordan method for a square matrix of dimension
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(nxn)is O(n3). Let ny = 2n; ng = 3n+2m, then the matrix dimensions for the given problem (2)
will be: A — (n; X n2); x — (n2 x 1); b — (n1 x 1); ¢ — (ng x 1). Note that when n > m in
Big O notation, the weight of the operations number ny and no will be comparable. Let us define
the complexity of each step of the algorithm for solving the problem (1) reduced to a LP:

Step 1. Ax®*) is the matrix multiplication of size (n; x ng) by (ng x 1) and will be computed
in O(niny) operations. Together with the subtraction operation, the total complexity of this step
will be O(n1 + ning) or P = O(nins).

Step 2. The vector x is raised to a power p and a diagonal matrix is formed from it. Since
raising to p = 2 is equivalent to multiplying the number by itself, its complexity is P = O(n2),
which is the complexity of step due to the fact that the diagonal matrix is set by initialisation from
the resulting vector.

Step 3. Let us break it down step by step:

1) the matrix multiplication AD, AT will be calculated in (nin3 + n3ny) operations;

2) the inverse of found matrix will be determined in (n3) operations;

3) the expression (r'®) + ADyc) in (n1n% 4+ niny + n1) operations;

4) multiplication of the resulting matrices will be performed in (n}) operations.

The total computational complexity will be O(n$ + 2n1n3 + n?ng +n? +ning +ny) or Py =
O(n3) for n > m.

Step 4. The vector g(u®)) is computed in (nyny + ny) operations. Then the total complexity
will be O(n3 + ning + na) or Py = O(n3).

Step 5. The iterative transition is performed in P5 = O(na).

Steps 2-5 are performed in a loop until a stop point is reached. Thus, the total computational
complexity of the algorithm will be:

P =P, + (P2 + P3s + P, + P5) x {number of iterations}

= ning + (ng +n3 + n3 4 ny) x {number of iterations},

where the number of iterations is a constant depending on the given accuracy of the algorithm.

Using the Monte Carlo statistical testing method, it was found that the optimal specified solution
accuracy for a standard normal distribution of random errors ¢ in the analysed sample is 1077,
due to low accuracy at 1072 and long computation time at 10~8. Therefore, the algorithm stops
when the maximum absolute value of the vector s is less than 1075, which allows maintaining an
acceptable level of solution accuracy regardless of the analysed sample size.

For 100 iterations with m = 2,3,...,7 and n = 50,100, ...,500, on average, the algorithm will
find the solution in 5 iterations with a deviation from the exact solution by 14.3%. To take into
account the possible influence of the iterations number on the computational complexity of the
algorithm, regardless of the given solution accuracy (when n significantly exceeds the number of
iterations), let us increase the degree at n

O(P) = O(n? x {number of iterations}) < O(n1).

Statement 1 is proven.

Proof of Statement 2. Let us define the computational complexity of one iteration under the
condition that the given problem (2) is solved — for determining the dual estimates the matrix B
is computed in O(4n?ns) and the vector d is computed in O(4nins) operations, respectively.

Thus, the computation of the solution vector u is performed in O(n$ + 4n?ny + n? + 4nyny) or
O(n?) operations. The vector s(x) will be found in O(2ny(2n1 + 1)) or O(n1nz), while ®(x) will be
found in O(3ng(2ny + 1)) or O(ning) operations.
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The overall computational complexity of one iteration will be O(n?) or O(n?) operations. Taking

into account the possible number of iterations depending on the given solution accuracy, the method
can indeed be considered comparable to algorithm A.

Statement 2 is proven.
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Abstract—A method for restoration of a network distribution system damaged by an unfriendly
impact is considered. The peculiarity of the method is the application of limit graphs to the
solution of the restoration problem and the possibility of finding various optimization solutions
taking into account the time and cost of work, the power shortage of sources, the number of
switching operations of commutators, and others. The description of the method and restoration
operations is given, taking into account the category of consumers. The assessment of the
technical stability of the power distribution system is carried out on the example of a network
fragment. The proposed approach can be used to formulate recommendations for improving
the stability of infrastructure systems and to support the decision maker in real conditions of
unfavorable factors.
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1. INTRODUCTION

Engineering network systems are considered critical infrastructures, vital for the economy of any
state, region or settlement. The elements of the network infrastructure (overhead and underground
lines, pipelines, transformer and pumping stations, switchgear, etc.) are subject to internal and
external adverse impacts (AI), which often cause accidents beyond the design requirements and lead
to system degradation due to the destruction of numerous network elements and mass disconnection
of consumers.

Of particular importance are the consequences of external climate impacts, the number and
intensity of which have increased significantly in recent years due to climate change. The assumption
of climate stationarity, on the basis of which the engineering systems were designed, is no longer
obvious [1]. This means that the damage caused by natural hazards such as floods, hurricanes,
earthquakes, etc., will only increase [2].

External impacts are often thought of as localized attacks. They can be divided into attacks
with fixed and moving impact centers. In the first case, such as an earthquake, the intensity of
the impact decreases with distance from the stationary center [3], while in the second case, the
intensity decreases with distance from the trajectory of the moving center [4]. Thus, the impact
area of a hurricane is defined by the band of its motion: its central coordinate, direction, length,
and width. With increasing distance from the center, the intensity and consequences of the impact
decrease.

Due to the spatial location of engineering networks, regardless of the type of attack, damage is
always concentrated in a specific geographic area. Therefore, when modeling impacts on spatial
networks, it is convenient to use two-dimensional lattices to reflect the geographic location of
network elements [5].
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Network infrastructures, being expensive long-term systems, need to be protected against Al.
For this purpose, organizational (training of personnel and equipment) and technical measures
(improvement of equipment reliability, upgrading, etc.) are implemented in the operational phase
to prevent large-scale damage. To verify the level of readiness of systems against predicted Al,
models of such impacts and recovery strategies will be developed.

The chosen strategy has a great impact on the resilience of an engineering system — the most
important property characterizing the ability of an infrastructure system to ensure the established
technical and economic performance of operation under the influence of destabilizing factors and
to allow the restoration of serviceability in an acceptable time [6]. Closely related definitions of
engineering resilience are given in [7].

To quantify engineering resilience, performance-based metrics and their corresponding curves of
its change under Al are generally used, which are often referred to as resilience curves in works on
resilience studies of infrastructure systems [3].

There are several approaches to the formation of an infrastructure recovery strategy, which take
into account network properties, recovery order, allocated time, resources, etc. Thus, in [8], the
components prioritized for restoration are determined using a multi-criteria optimization model
for the resilience index and restoration time by mixed integer programming. In [9], an optimiza-
tion model that also uses mixed integer programming is proposed to improve the resiliency of
interdependent water, gas, and electric networks under Al.

In [3], three commonly used strategies are considered in the lattice framework: periphery recov-
ery (PR), preferential recovery based on nodal weight (PRNW), and localized recovery (LR). The
weight of a node is usually associated with the importance of the connected consumers (hospitals,
factories, schools, etc.) that the node provides with the resource.

According to the PR strategy, the recovery starts with the selection of an isolated node with the
highest weight neighboring to the functional node, i.e., the node receiving the resource, and the
repair of the link connecting them. Since there can be more than one neighboring functional node
in the lattice, the selection of lines for repair is random. After all isolated nodes of the same weight
are connected at the current step, another isolated node with the highest weight neighboring the
functional node in the lattice is selected at the next step and the line connecting them is repaired,
etc. In the PRNW strategy, the recovery advantage is given to the links that connect primarily
the isolated node with the highest weight to the functional node of the network and the links of
this node to other significant nodes. The selection of damaged links incident to a functional node
is also randomized. In LR strategy, recovery starts with selecting the root node and repairing its
corrupted links. The links of the remaining nodes are restored in the order of the distance of these
nodes from the root node, regardless of their weight. These strategies utilize a gradual step-by-step
recovery of links and supply the previously isolated nodes incident to them.

The disadvantages of strategies that use optimization are the complexity of building a model
with a large number of constraints and the duration of calculations. The disadvantages of the last
three strategies includes: random selection of lines to be repaired, which creates a multiplicity of
repair trajectories; and the possibility of connecting nodes with the highest weight at the end of
the repair process (PR, LR). Considering only lines as damage creates a simplified picture of the
impact.

The real picture of damage differs from the one described above. For example, even at high
intensity, some overhead lines may not be damaged, e.g., if they are located in the wind direction.
Part of the nodes (e.g. substations) may be destroyed due to insufficient resilience of the structure.
Within the affected area there may be isolated “islands” of undamaged network elements, which
should be taken into account in the restoration process, etc. Therefore, the real infrastructure after
the impact appears as a mosaic of network elements that remain operational and damaged. The
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damaged elements themselves are part of the cross-sections that disrupt the reachability of nodes
not affected by the attack to the resource sources.

Uninterrupted power supply after natural and man-made disasters cannot be ensured without
prioritization of loads and resources [10] . Therefore, when developing the strategy, it is necessary to
determine the composition of elements to be restored and the priority (order) of damage restoration,
taking into account the priorities of consumers left without resources.

For example, the restoration of those elements that provide resources to the more important
customers (first category customers) should be performed first. In other cases, restoration should
be carried out in such a way that resources are provided to all consumers, but with limited supply
volumes, etc. Depending on the priorities, the resource supply paths and the composition of
recoverable elements are formed. It is clear that these paths may not repeat those that existed
before the crisis.

The selected composition of repairable elements and the order of damage repair should meet
certain criteria and take into account the presence of constraints in resources: financial, material
(machinery) and human (repair crews). Most often, the cost and timing of work are used as criteria,
then the other available resources in the optimization problem act as constraints.

Below is an approach to restoring infrastructure network elements (nodes and lines) based on a
real picture of damage, which mitigates the shortcomings of the above strategies.

An electrical distribution network is considered as an infrastructure system. Such a network is
usually characterized by an open loop structure in which each consumer receives a resource from a
single source. At the same time, a single source can provide resources to several consumers.

In [11], the notion of a “limit” graph was introduced to study networks with these properties.
In [12, 13] algorithms for constructing the complete set of limit graphs are developed, theorems
justifying the correctness of the algorithms are proved, and the application of the method to the
solution of distribution network reconfiguration problems is considered. In the presented paper,
the results of these works are extended to the solution of the problem of network infrastructure
restoration after an outage.

The restoration path method discussed below can be visualized as a sequence of steps:
e search for paths between disconnected consumers and resource sources,
e determination of minimal sets of damaged elements (nodes and links) along these paths,

e selecting among the obtained sets the ones that require minimum time or cost to restore the
elements,

e assessment of engineering stability.

These steps are detailed in the example of Section 4. For deterministic stability assessment,
an integral performance indicator is chosen, which well reflects the overall state of the system in
different modes, including the period of recovery after an AT [14].

2. PROBLEM STATEMENT

The restoration process is considered on the distribution network model, which is a connected
graph G =< V, E >, where V and E are finite sets of vertices (network nodes) and edges (network
links), respectively. In turn, the set of nodes of the graph can be represented as V =< S, P,U >,
where S, P, U are, respectively, subsets of nodes of resource generation (sources), consumption
(loads), conversion (substations) and resource distribution (distributors). The consumption nodes
are connected to the resource conversion nodes.

In the following we will assume that all links of the set E are switched and the switches located
on them can be in two states: “closed,” when the resource passes through the link, and “open,”
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when the resource does not pass through it. According to the state of the switches, we can talk
about the closed or open state of the edges.

Network operation modes depend on the state of switches, the control of which is used to change
the configuration of the network and, as a rule, is carried out according to the criteria of minimizing
power losses in the lines, equalization of loads in the lines, etc.

Thus, the resource allocation routes are defined by sets of switch states. Each set is characterized
by a certain direction of flows in the network and the corresponding orientation of graph edges.
Due to the use of different sets of states in mode control, the orientation of edges can be changed.
For this reason, the paper uses terminology adopted for undirected graphs.

The question arises how the resurvival of links in distribution networks affects the sets of switch
states, for example, under unloaded (“cold”) and loaded (“hot”) reserves. In unloaded reserve,
each link contains switches in different states that are naturally included in the sets. In case of
loaded reserve, the switches of the reserved links must be in the “closed” state. In this case, it is
recommended to switch to an equivalent scheme where parallel links are combined into one with a
common resource flow and a single switch.

In order to distinguish among the sets of states those that are inherent to the distribution
network, we use the definition of graph “configuration” introduced in [13].

For any subset of edges W C GG, we define the following operation:

1) remove the subset W from the graph G;

2) remove from the graph G all edges and vertices that do not lie on any path s — p, where
seS,peP.

Let us call the described operation the construction of a “allowed” subgraph.
A source vertex s € S, can also be a deleted vertex if there is no path s — p for any p € P.

Thus, we consider a subgraph G, containing paths s — p, where s € S, p € P, that does not
include any edges in the open state.

We will call the resulting allowed subgraph a configuration graph 7,., if for every vertex p € P

there exists a path s — p from at least one vertex s € S.

We will also call the configuration graph a limiting graph 7™, if, after removing any edge
e € E\ W from it, there is a vertex p € P, for which there is no path s — p, where s € S.

In [10] it is shown that every limit graph 7™ has the following properties:

1) for a vertex from P there are no two paths leading from different vertices from S;

2) 7m does not contain cycles, the directions of edges are determined uniquely by the paths
S — P.

Properties 1 and 2 are specific to distribution networks.

After the occurrence of Al the set of vertices U splits into two subsets: the subset of vertices U ,
disconnected from the sources and the subset of vertices remaining connected to the sources, here-
after referred to as the functional vertices U.

At the same time, U = U* U U°, where U* is the subset of vertices that are physically damaged
and U° is the subset of vertices isolated from the sources by damaged vertices and edges.

The set of edges F will also divide into a subset of edges E, disconnected from the sources and
a subset of edges remaining connected to the sources, hereafter referred to as the functional edges
of E.

At the same time, E = E* U E°, where E* is the subset of edges that are physically damaged,
E° is the subset of edges isolated from the sources by damaged vertices and edges.

Isolation or damage of a node means disconnection from the resource of a consumer from the
subset P, P C P, connected to this node.
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Thus, as a result of Al we have the following subsets of network elements: physically damaged
edges £ and vertices U*, remaining functional edges E and vertices U, healthy, isolated edges E°
and vertices UY.

After analyzing the network structure changed as a result of Al, the problem statement is
presented in the following form. On the graph G =<V, E >, some of the vertices and edges
of which are in a damaged state, due to which the vertex-consumers of the set P do not receive
resources, it is required to find such paths S — P, that contain the minimum power sets of damaged
vertices and edges, the restoration of which provides resources to the disconnected consumers of
the set P.

Under certain conditions, the specified minimum sets provide recovery in the least amount of
time or cost. The vertices and edges of these sets have the highest recovery priority.

In [13] it is shown that the complete set of limit graphs corresponds to the complete set of
consumer-source connections. Therefore, there exists a limit graph containing the required set of
paths. In the same paper, methods for finding the complete set of limit graphs are investigated, i.e.,
methods of simple path combinations and the component method. Therefore, it is further assumed
that the set of limit graphs 7™ is defined.

Next, consider a subset of the damaged vertices U* and edges E* and identify those that should
be prioritized for repair to restore supply to consumers from P.

3. LIMIT GRAPHS IN THE RECOVERY PROBLEM

As in the strategies discussed in the introduction, we assume that the restoration of a damaged
network element (node or link) takes place after its repair and connection to a node of subset U,
i.e., to a node whose functionality has not been disrupted by Al

Let 7™ be the complete set of limit graphs of graph GG. Then those subsets of vertices U* and
edges E* that belong to the limit graph 7', will have a higher recovery priority than the rest of
the damaged elements.

On the set of vertices U, consider a subset of boundary vertices Us.

A vertex u of a set U, located on a path s — p, where s € S, is called a boundary vertex for
this path if all vertices and edges between @ and p belong to sets U and F, respectively, i.e., there
is a boundary vertex that is the functional vertex closest to the disconnected consumer.

Construct a subgraph G of the network graph G, in which the vertices of the set U,, are
considered as source vertices and the vertices of the set P as consumer vertices. We add to this
subgraph the vertices of the set U and edges of the set E. Then we remove all vertices and edges
that do not lie on paths s — p, where s € U, p € P.

We denote 71™ the complete set of limit graphs for a graph G and recall that 71m is the complete
set of limit graphs for a graph GG. When using the component method [13] the boundary functional
vertices of the Ug set are determined simultaneously with the construction of the set of limit

graphs Thm

The computational complexity of recovery options is greatly reduced when using limit graphs 7™

instead of 7™ . This is due to considering the vertices of the set U as sources for consumers p € P.
As a consequence, the set 7™ is defined on a significantly smaller number of vertices compared to
the set 7,

We denote by 7, hm the graph belonging to the set 71m and containing the smallest number of
corrupted elements Vertlces from U* and edges from E*.

Then the following statement is true

Statement 1. Priority in recovery of damaged vertices and edges belong to vertices u*, Ut € U*

and edges €, € € E, that are included in TH".
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This is not difficult to prove. The complete set of limit graphs 7™ corresponds to all admissible
variants of joining vertices of P to vertices of S, including all admissible variants of joining vertices
of P to vertices of S , since PCP. In rim 3l paths S — P pass through the vertices of U, and
hence the paths U, — P pass through the vertices of the set U and the edges of the set E , which
are in G. Then the subgraphs of limit graphs T}.im, consisting of paths U, — ]5, form the complete
set of limit graphs 7™,

These graphs 72™ correspond to all admissible variants of connecting vertices P to vertices U,,
and hence correspond to all possible variants of restoring power supply to consumers p, p € P from
vertices U, and, hence, from sources s, s € S.

Clearly, if we restore the nodes uwr, ut e U* and e, e* e Ev*, that are included in ?}iom, the
restoration of consumer supply will occur with minimum lead time and cost (under the assumptions
made above).

The limit graphs in 72™ will be called recovery graphs hereafter.

4. APPLICATION OF THE METHOD TO THE RESTORATION
OF A DAMAGED NETWORK

The recovery in the proposed method is carried out according to the following steps:

1) Selection of consumers of a given category.

2) Construction of a subgraph G.

3) Construction of a set of limit graphs 7™ (recovery graphs).

4) Selection of network elements — candidates for restoration and assessment of engineering
stability of the network infrastructure.

Stages 1-4 are repeated for consumers of lower categories (if any).

Stages 1-3 are considered above, and therefore it is further assumed that the set of recovery
graphs is constructed. Let us consider step 4 in more detail on the example of the network of
Fig. 1a.

Figure 1a shows an example of a distribution network graph. “Bold” lines indicate the substation
supply scheme adopted for normal operation (hereinafter referred to as “normal” scheme).

(@) (b)

v

16
‘,( 25 21
&

27 P3

Fig. 1. Supply of consumers Pi—Ps from sources S1 and S2: (a) graph of the network system; (b) location of
the network system in the geographical area.
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The network graph has two nodes — sources S1 and So, which can be power centers, functional
nodes 3-13, which correspond to the substations of the network, 15 network lines 14-28. Each
substation has a load connected to it, which determines the current capacity of the substation. Four
of them P;—P, are shown in Fig. 1. “Bold” lines indicate the substation supply scheme adopted for
normal operation. Small circles are edges, which correspond to sections of overhead lines and at the
same time to switching devices. Large circles correspond to vertices, i.e. substations of the network.
The “open” state of the switching devices in Fig. 1 is represented by a dark circle, the “closed”
state by a white circle. Figure 1b shows the location of network elements on a two-dimensional
lattice. The area of a negative event (e.g., a hurricane) is represented as a shaded band. The set of
network system elements damaged as a result of this event is marked with crosses. The “normal”
scheme of Fig. la corresponds to the limit graph 7™,

For the example of Fig. 1, we introduce the following assumptions that do not affect the proposed
approach to the restoration problem:

e all substations before Al had the same capacity (further equal to 1 conventional units),

e the repair cost of any network element is the same,

e repairs are performed sequentially by one crew at the rate of one network element per unit of
conditional time,

e the time for switching operations in switching devices can be neglected compared to the time
for repairing a network element.

We denote by 7, hm the graph containing the smallest number of vertices from U* and E*. Under
the above assumptlons restoration of damaged vertices and edges included in 74", will result in

restoration of supply to consumers in minimum time and at minimum cost.

11

For this reason, the graph 7,§" is searchable and its vertices of set U* and edges of set E* have

the highest recovery priority.

4.1. Selecting Network Elements — Candidates for Restoration

This stage includes selection of a set of network elements from the composition of damaged
elements, optimal for restoration.

Let us consider step 4 on the example of the distribution network of Fig. 1. The sets of phys-
ically damaged nodes U* = {8}, edges E* = {19 20,21,25,26,28}. The set of isolated nodal
vertices U0 = {4,6,7,9,11,12,13} and edges EO = {17,23,24,27}. The boundary vertices are
Us ={1,3,5,10}.

For the sake of clarity, we will limit ourselves to restoring the functionality of the four nodes
supplying consumers Efffz, which does not affect the generality of the approach. Let consumers
P, P, among them belong to the first category and Ps, P, to the second category.

The power supply of these consumers is carried out according to [15]. The consumers of the
first category (hazardous industries, hospitals, etc.) are supplied with power from at least two
independent power sources through independent lines, the second category (clinics, schools, etc.) —
from two independent sources through independent lines, the third category (residential buildings,
etc.) are supplied with power from a single source. We will consider the resumption of supply to
consumers of the first category as a priority task.

Restoration of supply to consumers of the first category. Under the assumptions made, the
minimum recovery cost C' is achieved in a graph G with minimal power of the set U*UE*.

As an example, consider two limit graphs for the first category consumers E, ]3;

In the notation of vertices and edges in Table 1 we omit tilde and underscore, otherwise they
coincide with the notation of the sets containing them: functional vertices U, damaged vertices U*
and edges E*, isolated vertices U and edges EV.
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Fig. 2. Restoration of supply: (a) consumers of the first category Py, Py; (b) consumers of the second
category Ps, Py.

In Fig. 2a, the “thick” lines indicate the paths of energy supply to the functional nodes 3, 10, as
well as the recovery graph 7.i% constructed according to variant 1 of Table 1, which has a smaller
number of “damaged” edges 21* compared to variant 2 (19*, 20*, 21*). “Serviceable” vertex 23° in
the normal circuit corresponds to a switch that is in the “open” state. Variant 1 involves repairing
the damaged line 21* as a first-order repair and placing switch 23° in the “closed” state.

Restoration of supply to lower category consumers. Let us assume that the restoration of supply
to consumers of the first category is performed according to variant 1 of Table 1. As an example,
consider two restoration graphs for the second category consumers E, Py. After restoration of
a part of the network for supplying the first category consumers, the damaged fragment of the
network is changed and the choice of the elements to be restored is considered in the subgraph G
corresponding to these changes.

To restore the supply E,, Py in variant 1 of Table 2, it is required to repair lines 26*,28" and
perform switching in device 27°.

Variant 2 of Table 2 is defined by the restoration graph, which includes the damaged substation 8*
and line 26*.This variant is selected for the repair of the second line 71", It is shown in Fig. 2b as
a “thick” power distribution lines.

The preferred option for the same number of faults is selected by the decision maker, taking into
account the number of unblocked (previously isolated) nodes, supply of consumers from different
sources, number of switching operations [10] etc.

Table 1. Examples of supply recovery graphs of the first category consumers

No. of var. U, boundary nodes Recovery graphs
1 5 5,21%,79,23° 6%, P:5,21%, 70, P,
2 3,5 3,19%,49 20*,6°, P;5,21%, 79, P,

Table 2. Examples of supply recovery graphs of the second category consumers

No. of var. |U, boundary nodes Recovery graphs
1 10 10,26*,11°, P3; 10, 26*,11°,28*,13°,27°, 120, P,
2 1,10 10,26*,11°, P3: 1,149, 8%, 179,99, 240 120, p,
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4.2. Engineering Stability Assessment

The assessment of engineering stability for the example network of Fig. 1 is performed after
plotting its capacity variation under AI. To illustrate the approach to stability assessment, we
will neglect the power loss in the lines and consider only the power change in the network nodes
(substations). We also assume that the degradation is instantaneous.

A total of 8 nodes (4, 6, 7, 8,9, 11, 12, 13) were damaged and isolated as a result of the adverse
impact event, which is equivalent to a network performance loss of 8 c.u. As a result of Al six lines
19, 20, 21, 25, 26, 28 and one substation 8 (Fig. 1a) were damaged. For this reason, only consumers
remained connected to the only consumers of three substations 3, 5, 10 remained connected to the
network, which have a total capacity of 3 c.u.

Consider the distribution of substation capacities for the selected restoration option. After
line 21 is repaired and substation 7 is connected, the network capacity will increase to 4 c.u. After
switching switch 23 to the “closed” state, substation 6 will be connected to the network of source 5o,
and the network capacity will increase to 5 c.u. At the end of the second stage of repair, four of the
previously disconnected substations 8, 9, 11, 12 will be connected to source S7, and the network
capacity will increase to 9 c.u. After switching switch 27 to the “closed” state, substation 13 will
be connected to the network of source Sp, and the network capacity will increase to 10 c.u.

The recovery process for the repair options selected from Tables 1 and 2 can be visualized as a
graph (Fig. 3).

On the graph, horizontal segments correspond to the network sections and substations to be
restored, their designations are above these lines. Vertical segments indicate the change in perfor-
mance due to the connection of substations to the functional part of the network, the numbers of
substations are indicated to the right of these segments. The circles on the graph show switching
nodes, the state of which is changed by switching from “open” to “closed.”

The values t,, te, tq, ts, ty define the boundaries between the different phases of the process:
the beginning of preparation for AI; absorption of impacts due to initial and subsequent failures
due to internal properties of the system, e.g., redundancy; completion of failures and the beginning
of the phase of damage assessment and development of recovery measures; transition to recovery;
completion of system recovery. Due to the assumption of instantaneous degradation t. = t4.

In the recovery completion phase, the achieved productivity may not correspond to its pre-crisis
value. The residual productivity is determined by its minimum level at the control interval [to, ¢.].

0 A
" Specified performance
10 -
9 27
26 11
8
8,
7 9,
6 o) 12
5 -
2 2
3 21 i Residual |
5 " performance
d Ll 4 4|1 t 1 13 t
0 h e d s 'f c
>

0 1 2 8 4 S 6 7
Fig. 3. Recovery graph of the network shown in Fig. 1.
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The fraction of area bounded by the function Q(¢) on the reference interval [to,t.] of Fig. 3
relative to the target performance on that interval is used to evaluate the engineering stability
of the system. This fraction, calculated for the graph of Fig. 3 and the reference measurement
interval [1,7], is equal to 0.61.

The choice of characteristic moments of time that determine changes in the behavior of the
system needs clarification. At present, there are no well-established formulations for defining the
above time boundaries of phases and control interval. At the same time, at a large control interval,
much longer than the time of completion of full recovery, the performance may be close to the
target and the area ratio may tend to unity. This fact indicates the dependence of the obtained
integral stability assessment on the choice of values tg, t.. The literature provides recommendations
for their selection, usually application-dependent. Thus, to establish the value of t. the following
are used: expected, average, maximum recovery times; stakeholder considerations for a particular
scenario; average time between unfavorable events.

The integral performance of the system .J is evaluated as
te
J= /Q(t)dt. (1)
to

In [14] various indices and shapes of the stability curve are investigated. Among the widely used
ones for deterministic evaluation of recovery performance, the normalized integral performance
index (1) is applied, related to the control interval of evaluation performance [tg, ]

tzc q(t)dt
te — tO .

o= 2)

In (2) ¢(t) denotes productivity normalized by its given value.
The recovery cost C' is equal to C' = rI', where r is the cost per unit time.

If the value of the indicator ® does not meet the specified value, it is necessary to revise the
options or change the restrictions on the number of repair teams, technical means, etc.

When implementing the described strategy, the configuration of the distribution network has
changed compared to the supply scheme in the pre-crisis situation (Fig. 1a). Therefore, at the next
stage of recovery, if financial and technical means are available, it is possible to reconfigure the
network, raising its performance to 100% in the same way as described above, by changing the
states of switches and repairing the remaining damaged network elements.

After selecting the restoration option, the values of line flows and busbar voltages should be
checked to prevent them from exceeding the permissible values. For this purpose, methods of
mathematical modeling of flow distributions in electrical networks are used.

5. CONCLUSION

An approach to restoring network infrastructure damaged as a result of adverse effects is pro-
posed. A special feature of the approach is the application of the limit graph method, previously
developed for solving network reconfiguration problems, to restoring a damaged network. The full
set of limit graphs obtained using this method allows finding various optimization solutions for
performing restoration, taking into account the timing and cost of work, the shortage of power
sources, the capacity of lines, the number of switches, etc.

Time spent on calculation of limit graphs in the restoration problem is reduced due to the
possibility of considering only the part of the network limited by the zone of unfavorable impact.
Fach solution should be verified by mathematical modeling of flow distribution processes.
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Creating a system that is robust to extreme adverse impacts presupposes the availability of
organizational mechanisms and technical means for its recovery. The proposed method can be
used to assess the effectiveness of the organization’s means of recovery by simulating probable
adverse impacts. Based on the assessment of robustness, recommendations for improving measures
to counteract unfavorable factors can be formed. At the same time, this method is aimed at
supporting the decision maker in the real conditions of adverse events.

Not all the possibilities of applying the method of limit graphs to the restoration of a damaged
network are considered in the article, in particular, the issues of restoration of damaged infrastruc-
ture with regard to line overloads, power shortages at consumers, the applicability of the method
to interacting infrastructure networks, etc. need to be investigated.
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