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Asymptotic-Diffusion Analysis
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with Priority Customers for a Non-Priority Component
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Abstract—In this paper, we consider retrial queueing system. Two classes of customers come to
the system according Poisson arrival processes. The first flow is a flow of priority customers, the
second flow is a flow of non-priority customers. Service times have exponential distributions.
If a priority customer finds the server occupying by the customer of the same class, it goes to an
orbit (orbit for priority customers) and makes a repeated attempt after a random delay. Inter-
retrial times have exponential distributions. If an arrival priority customer finds the non-priority
customer on the server, it can interrupt its service and starts servicing itself. The preempted
customers moves into the orbit for non-priority customers. If a non-priority customer finds the
server occupying, it goes to an orbit (orbit for non-priority customers). The customers from the
orbit behave the same way. Customers are submitted to the system after successful completion
of service. We propose an asymptotic-diffusion analysis of the system. Probability distribution
of the number of customers in a non-priority orbit and in a priority orbit are obtained.

Keywords: queueing system, retrial queueing system, orbit, asymptotic-diffusion analysis, dif-
fusion process, probability distribution

DOI: 10.31857/50005117925050017

1. INTRODUCTION

The formation of queues in bank offices, hospitals, shopping centers and other facilities is a
common problem that modern people face in every day life. Sometimes, unable to wait in queue,
people leave and attempt to get service later, when the load is reduced. This phenomenon has
led to special systems in the queue theory, called retrial queueing systems (RQ-systems). These
systems are characterized by the customer (call) finding the server occupied, moves to a virtual
orbit where it remains for some random time, then attempts to be served again. A significant effort
has been done by a number of scientists involved in RQ-systems research. An overview of this topic
can be found in the following sources [1-5].

But in practice, traditional RQ-system models are difficult to apply widely in real-life conditions
due to their lack of versatility. Almost every field of life is affected by the prioritization of one
customer over another. In service systems such as airlines, first class customers are prioritized
over economy class. In telecommunication system, voice packs have higher priority than other
data packs like email etc. In [6] various RQ-systems with priority calls and many other system
parameters like customer loss, feedback etc. are analyzed.

Recently, mobile traffic has increased rapidly, resulting in a shortage of wireless spectrum. Cogni-
tive radio networks are promising technologies to solve the spectrum scarcity problem. In cognitive
radio networks, there are priority and non-priority users. Primary users (priority users) provide
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376 NAZAROV, IZMAILOVA

some spectrum bands to secondary users (non-priority users). Secondary users can cognitively
utilize these bands when they are not used by the primary users, but when the primary user has
arrived for service, the current secondary user must leave the server and attempt to occupy the
channel again later. From a mathematical point of view, the study of RQ-systems with two types
of customers is significantly more difficult than with a single type of customer. A number of works
are devoted to the study of systems with two flows. In [7], a priority system with urgent requests
and heterogeneous service is studied. In [8], the authors considered a system in which a prioritized
request, having found a server occupied, either preempts a request on the server or queues up
with some probability. In [8], the authors take into account the possibility of server breakdown.
In [9-11] the functioning metrics of RQ-systems of different configurations with two flows (priority
and non-priority) and a queue for priority flows are also found.

Notably, in the works described above, the priority customers, having found the server occupied,
enter the queue. In this paper, we propose a system with repeated calls, in which priority customers,
as well as non-priority ones, go into orbit, i.e., we need to consider a system with two orbits. In [12],
the authors considered a tandem RQ-system with two orbits. The peculiarity of the system studied
in this paper is that prioritized customers can displace the serviced non-prioritized customers.

2. MATHEMATICAL MODEL AND PROBLEM STATEMENT

Consider a system with repeated calls (retrial queueing system, RQ-system), Fig. 1.

Two simple flows with parameters A\; and Ao are received. The first flow is the flow of priority
customers and the second is the flow of non-priority customers. When at the moment of arrival a
customer finds the server free, it starts to be serviced during the time distributed according to the
exponential law with parameters 11 and ps or the priority and non-priority flows calls, respectively.
After successful completion of the service, the customer leaves the system. When a priority flow
customer finds the server occupied at the time of arrival, then:

e if a priority customer was serviced at the server, the incoming one moves to the orbit where

it performs a random delay having an exponential distribution with parameter o;. After a
random delay, it reaccesses the server with a second attempt to capture again;

e if a non-priority customer was serviced at the server, the incoming customer displaces the
serviced one and starts to be serviced itself, and the preempted one moves to the orbit for
non-priority customers, where it performs a random delay exponentially distributed with the
parameter o9, after which it contacts the device with a repeated attempt to capture the server.
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Fig. 1. Mathematical model of the RQ-system M ®)|M?)|1.
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ASYMPTOTIC-DIFFUSION ANALYSIS 377

If it’s free it starts service, if it’s occupied it goes back instantly. The discipline for addressing
priority calls from orbit to the server is the same as for addressing priority calls newly arrived in
the system. Denoting: i1 (¢) — number of customers in the first orbit, i5(¢) — number of customers
in the second orbit. The server state is determined by the value k(t): k(t) = 0, if the server is free
for service; k(t) = 1, if the server is occupied with servicing a priority customer; k(t) = 2, if the
server is occupied with servicing a non-priority customer. Then the probability that at time ¢ the
device is in state k, in the first orbit the number of customers is 71, in the second orbit the number
of customers is iy, denote as

PLk() = k, i (t) = i1, i2(t) = is} = Py(i, iz, ). (1)

For the distribution (1), using the formula of full probability, we make a system of Kolmogorov
differential equations:

0Py (i1,19,t . ) . . .
% = — (A1 + A2 + 101 +i209) Po (i1, i, t) + p1 Pr(in,d2,t) + poPa(in, iz, t),

OP; (11,142,
OPLTT) (01 4 2o+ ) Palin i)+ M PGy — Lo, 1)

+ NPy (i, 1 — 1,t) + M Po(i1,92,t) + (41 + 1)o1 Po(i1 + 1,42,1) @)
+ AP (in, e — 1,t) + (i1 + Vo1 Pa(in + 1,02 — 1,2),
8P Z. ’Z. ’t N . . . .
% = —(A1+ Ao+ po +i101)Pa(iy,io, t) + Ao Pa(iy, i — 1,¢)

+ /\gpo(il,ig,t) + (ig + 1)02P0(i1,i2 + 1,t).

To obtain the characteristics of a given queuing system, it is necessary to determine the proba-
bility distribution (1). In the limit case, i.e., by solving the system of equations (2), it is difficult to
accomplish this because the system is non-trivial. Therefore, it is proposed to construct a diffusion
process with the help of which one can approximate the probability distribution (1), thus solving
the objective.

Definition 1. Let consider as a partial derivative-characteristic function a function of the order
Hi(z,u,t) = Z 21 Z e’ Py (i1, 12, t). (3)
11=0 i12=0

For further investigations, we pass from the system of equations (2) the system of equations for
functions (3). We obtain:

OHy(z,u,t) OHy(z,u,t) . OHy(z,u,t)
_ = — H _ A0\ T ) Oio\z,U,t)
ot (M + Xo)Ho(z,u,t) — o012 e + joy o
+ﬂ1H1(Z,U,t) + /LQHQ(Z,u,t),
H t '
% = —(A1+ Ao+ p1)Hi(z,u,t) + MzHi(2,u,t) + Aoe? Hy(2,u,t)
i OH, t - OH. t (4)
+)\1H0(Zau7t) + AlejuHQ(Z, U,, t) —|— Ulw + JlejuM’
82 62
OHs(z,u,t .
% = — (M + A2+ p2)Ha(z,u,t) + Aoe?"Ha(2,u,t) + A2 Ho(z,u, t)
H. OH
—Ulzw —jg26_3uw'
0z o
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378 NAZAROV, IZMAILOVA

Summing the equations of system (4), setting z =1 and denoting Hy(1,u,t) + Hy(1,u,t)+
Hy(1,u,t) = H(1,u,t), we obtain another additive equation:

OH(Lut) _ u_ )
. COH)(Lut)  OHs(1,u.t) (5)
< (AeHa (L) + O Ao) a1 0,t) 4 jorge 0Oy g ST )

which we shall solve jointly with system (4) by the asymptotic-diffusion analysis method.
The diffusion analysis will be performed for the non-priority component in the limit condition
of large delay of customers in the second orbit, i.e. at oo — 0, in several steps:

(1) performing the first-order asymptotics, we obtain the transfer coefficient of some diffusion
process, by applying it to approximate the probability distribution of the customers number
on the orbit. Also at this stage, we find expressions for the stationary probability distribution
of the server states and for the partial derivative function of the customers number on the first
orbit;

(2) performing the second order asymptotics, we obtain the diffusion coefficient of some diffusion
process;

(3) at the third stage we obtain an approximation of the customers number probability distribution
in the non-priority orbit.

3. ASYMPTOTIC-DIFFUSION ANALYSIS BY NON-PRIORITY COMPONENT
3.1. First Order Asymptotics

In system (4) and equation (5), denoting o2 = €, we make the following substitutions:
oot =T, u=o09e=ew, Hi(z,u,t)= Fg(z,w,T,¢).

Then (4) and (5), taking into account the substitutions, will be described in the form:

OFy(z,w,T,¢€)
6—

0Fy(z,w,T,€) OFy(z,w,T,€)
+
or

0z J ow
+u1 Fr(z,w,7,€) + paFo(z,w, 7€),

=—(A\1+ X)) Fo(z,w,T,€) — o012

OF, .
ew =—(AM+ X+ p)Fi(z,w, 7€) + M zF(z,w, 7, €) + X! U Fy (2, w, T, €)
. OF, - OF (6)
+A1Fo(z,w, T, €) + A\ e! U Ey(z,w, T, €) + Ulw + oleﬁww,
z z
OF(z,w,T,¢€) iew
68—7_ = —(A1+ Ao+ p2)Fo(z,w,7,€) + Aae! U Fy(z,w, 7, €) + Ao Fo(z,w, T, €)
OFy (2, w,m,€) . o, 0F0(2, w0, 7 €)
o1 0z Je ow )
0F(1 :
€ (781:77—76):(6]61”_1) ()
7
. 0Fy(1 0F5(1
X ()\gFl(l,w,T, €) + (A + X)) Fa(l,w, 7, €) + je 7 o 6’377—’ ) + 01 2( é;u’ﬂ 6)> )

where F(1,w,7,¢) = Fo(1,w,7,€) + Fi(1,w,7,€) + Fo(1,w, T, €).
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ASYMPTOTIC-DIFFUSION ANALYSIS 379

Formulate the following theorem.

Theorem 1. Denote the equation system solution (6):

lim Fi(z,w,7,€) = Fr(z,w,7), k=0,2.

e—0

Then the following statement is true

Frp(z,w,7) = G(z,z(1)e?™ ™) k=0,2. (8)

For convenience of notation, we will omit the argume 7: x(7) = x. Functions Gi(z,z), k =0,2 -
are partial derivative functions of the customers number on the first orbit, which have the form

(/J, - )i_i"rl o + 2 A +Aotuota Z A FAafpustr—og (/J, Y )i—i-‘rl
Go(zya) = ST - SRR [, ey,
21 21
pi(p — Arz) oL o1 0 p1(p1 — Ary) ot
A1+oq
- A o A
Gi(z) = (L{) PAL (9)
W1 — A1z M1
Do 42 _MtAotupta A tAatuste_og (1 _)\1)2_1“‘1
Gafem) = 2R [ .

0 pa(p — Ay) o
value x(T) is the differential equation solution

0G4y(z, 1)

(1) = —2(17)Go(1,2) + XoG1(1) + (A1 + X2)Ga(1,2) + 0y P B

Proof. In the system (6) we perform the limit transition at e — 0, obtain

0Fy(z,w,T) . OFy(z,w,T)
0z J ow
+urFi(z,w, ) + pe ko (z,w,7) = 0,

_()\1 + )\Q)FO(Za w, 7_) — 012

—(M +w)Fi(z,w, ) + M zF(z,w,T) (11)

0Fy(z,w,T) OFy(z,w, )

0z +o1 0z

OF5(z,w, ) B O0Fy(z,w,T)
0z J ow

+)\1F0(Z,w,T)+/\1F2(Z,w,T) + o1 ZO,

— (M1 + p2)Fo(z,w,7) + Mo Fo(z,w,T) — 012 = 0.

The solution of the equations system (11) will be found in the form (8). Then (11) will be rewritten
as

0Gy(z,x)
0z

—()\1(1 — Z) + Ml)Gl(Z) + )\]_GO(Z,CE) + )\1G2(Z,x) + o1

—(A + A2 +2(7))Go(z,2) — 012 + 1 G1(2) + paGa(z, ) = 0,

0Gy(z,x) 0Gy(z,x)
0z to 0z
0G3(z,x) _0

0z -

=0, (12)

—(A\1 4 p2)Ga(z,2) + (Ao + 2(7))Go(z,2) — 012

Let’s introduce the notation Goz(z,x) = Go(z,x) + G2(z,z). Then by differentiating Gpa(z, x)
0Go2(z,x) _ 0Go(z,x) + 0G2(z,2)
0z - 0z dz

by z, we obtain

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 5 2025



380 NAZAROV, IZMAILOVA

Sum the first and the third equation (12) and make a system of two equations (the sum of the
first and the third equations and the second equation (12)). Taking into account the introduced
notations, we obtain

—MGoa(z,2) + 11G1(z) — alzw%iz’x) =0, )
(M1 =2)4+ w)G1(2) + MGo2(z,x) + 0186’%22,36) =0
Multiplying the second equation by z and summing the equations of the system, we obtain
MGo2(z,z) — p1Gi(z) + M2Gi(2) = 0. (14)

In (14), express G1(z) through Gpa(z,x) and substitute it into the first equation of system (13)
to obtain a homogeneous differential equation with reference to the function Goa(z, z) = Goa(2):

)\%Z OGOQ (Z)
7/“ — )\12 02(2) — 012 02 = 0,
whose solution is
_M
Gog(z) = (/J,l — )\1,2) a1 (. (15)

For the function G1(z) we similarly obtain the differential equation

o 0G1 (=
(A1 +01)G1(2) + (Ulz— ;‘1‘1> 812( ) _ 0,
whose solution is
A +o
Gi(2) = (1 — \z)" 71 C. (16)

We shall seek the constant C. In functions Gi(z, ), k = 0,2, we will assume z = 1 and denote
Go(l,2) = Ro(z), G1(1) = Ry1, Ga(1,z) = Ra(x). The values of Ry(x), R, Ra(z) satisfy the nor-
malization condition Rg(z) + Ry + Re(x) = 1. If we switch to stationary mode in equation (10)
and denote x = k by the solution of the stationary equation, we obtain the stationary probability
distribution of the server states Ry(k), R1, Ra(k).

In equation (14) we assume z = 1 and, adding the normalization condition, we obtain the system
of equations

M (Ro(z) + Ra(2)) — uR1 + MRy =0,
Ro(x) + Ry + RQ(x) =1.
From where we obtain

A - A
— 2L Ro(z) + Ro(e) = 221

M1 H1
Then assuming z = 1 in (15) and (16) and using the found Ry(x), we obtain

Ry

A1toq

A
p1—A1\ e A1 H1— A1\ o1 g — A1
T e R T N
1(2) H1— A1z M1 02(2) H1— A1z M1

Consider the third equation of the system (12) and found Ga(z) = Goa(z,2) = Go(z,2)+
Go(z,x):

enes
— (A1 4 p2)Ga(z,2) + (A2 + 2(7))Go(2, ) — 01272(,: z) =0,
N \ (17)
o M1 AL 1 1 — A1
Golz,2) + Ga(z, ) = (M - MZ) —
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ASYMPTOTIC-DIFFUSION ANALYSIS 381

Expressing Go(z,x) from the second equation and substituting it into the first system equa-
tion (17), we obtain an inhomogeneous differential equation with regerence to the function Ga(z, z):

Al
:)\2+1’<M1—)\1)”1 H1— A1
H1 — A2 pro

A A
(Galz, ), + S22 E 12 T ()
g1z 012

whose solution is

o + Mfdgtuote o AdAgtupt ( )\)A_l“‘l

2 €Tr _AlTAgTHRTY 1HAPHHFEOY (fh) — A1)

Ga(z,z) = P 71 /y 71 Y-
! 0 papr — Ay) ot

Substituting the found expression for the function Gy(z,x) into the system (17), we obtain the
solution for the function Gy(z, z):

(,Ul _ )\1)2_1"’_1 )\2 +x A +FAotuotz ; A tAotpuotz—0y (Ml — )\1)2—14-1
GO(ij) = IS o z o1 /y o1 /\_1dy
#1(“1 — )\12) 71 0 ﬂl(ul - )\ly) o

The expressions found for the functions G(z,z), k = 0,1,2 coincide with (9).
Consider equation (7). Decompose the exponent into a Taylor series

eI =1+ jew + O(e?)

and divide the left and right parts of (7) by jew. Then we execute the limit transition at e — 0,
we obtain

OF(1,w, ) OFy (1, w,T) OF>(1,w,T)
—= =X Fi(1 A Ao)Fy(1 .
jwoT 2FL (1w, 7) + (M 4 X)) Bo(Lw, 7) o+ = o1
Execute substitutions
Fi.(1,w,7) = Gp(1,2)e’™ = Ry(x)e’™®, k=0,1,2, F(l,w,7) = G(1,2)ed"® = "2,
Then we obtain the following differential equation for z(7):
0Go(z,
Y (7) = —(r)Go(L,2) + MCi(1) + (i + M)Ga(1,0) + CAED|
z=1
which coincides with (10). Thus, Theorem 1 is proved.
Denoting:
8Gk(z,az) o 8Gk(1,x) E—=0.1.2 8G02(z) - 8G02(1)
0z |,.n 0z 77 0z |,y 0z

Denote the right-hand side of equation (10) by a(x) and simplify it using (9); we obtain
8G2 (1, .7))
0z

The value a(x) has the meaning of the transfer coefficient of some diffusion process, by which
we obtain an approximation of the calls number probability distribution on the orbit.

a(z) = 2'(1) = —2(7)Go(1, ) + X2G1(1) + (A1 + X2)Ga(1,2) + 04 = Xy — paRo(x).

Corollary 1. The ergodicity condition of the considered RQ-system has the following form
M e
M1 p2
Proof. A sufficient condition of the system ergodicity is the inequality

<1

xll)ngo a(x) < 0.

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 5 2025



382 NAZAROV, IZMAILOVA

Thus, we obtain

T—00

, e e (PN
lim a(z) = zh_)ngo(/\z — paRa(7)) = A2 '“2( [ ) <0.

From where we obtain the condition
A A
A2
H1 o 2
Corollary 2. The derivative function of the number of calls in a priority orbit has the following
form

A1+oq )\_1
A - A 7 - A A\
G(z) = AL H1 1 + H1 1 M1 1 .
w1\ p1r— A1z M1 H1— A1z
Thus, the number of calls probability distribution on the first orbit has the form of a weighted

sum of two negative-binomial distributions with weights 2—1 and “1#—_1’\1

3.2. Second Order Asymptotics
Consider the characteristic function of a random process i(t) — m;’—jt) For this purpose, in
system (4) and equation (5) we make a substitution:
Juz(ogt) (2)
Hy(z,u,t) =e 2 H;7(z,u,t), k=0,1,2.
Denoting o9 = €2, in the equations system for H,f)(z, u,t), k=0,1,2 we substitute
=€, u=ew, H,f)(z,u,t) = F,g2)(z,w,7‘, €),

we obtain a system for functions F} ,52)(2, w,T,€),k =0,1,2 and an additive equation

9 8F0(2) (z,w,T,€)
€
or
8F0(2) (z,w,T,€)
0z
62 8F1(2) (Za w, T, 6)
or
—I—)\12F1(2) (z,w,T,€) + )\erewFl(Q) (z,w,T,€) + )qFéQ)(z, W, T, €)

O (2w, | OB (2w, 7o)
! 0z ! 0z ’

+jewa(ac)F0(2) (z,w,T,€) = —(A1 + A2 + x)F0(2)(z,w,7', €)

F(z,w, 7€)
ow

.0
—01%2 +]6 +M1F1(2)(va>7-a 6) +M2F2(2)(Z>w77_> 6))

+j6wa(x)F1(2)(z,w,T, €) =—(\1+ X+ ul)Fl(z) (z,w,T,€)

(18)
-l-/\lejewFQ(Q) (z,w,T,€) + 0

28F2(2)(z, w, T, €)
€
or

—I—jewa(x)F2(2)(z,w,7', €) =—(A\1+ X2+ /A2)F2(2) (z,w,T,€)
+)\26j6wF2(2) (z,w,T,€) + )\QF(SQ) (z,w,T,€)
8F2(2) (z,w,T,€) 6Fé2) (z,w,T,€)

—012 — je I

0z ow

+ xe‘jewFO(Q) (z,w,T,€).

L OF ) (1, w,7,¢)
€
or
X (—xe‘jewFéQ)(l,w,T, €) + /\2F1(2)(1,w,7', €) + (A1 + /\2)F2(2)(1,w,7', €) (19)

+ jewa(z)FP(1,w,7,€) = (¢ — 1)

—Jjew

+jee

6Fé2)(1,w,7‘, €) 8F2(2)(1,w,7‘, €)
+ 01 .
ow 0z
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Denote: F,g2)(z,w,7') = liH(lJ F,g2) (z,w,T,€), k=0,1,2. We formulate and prove the following
€E—>
theorem.
Theorem 2. The function Fk(?) (z,w,7),k =0,1,2 have the form Fk(?) (z,w,T)

where the function ®(w,T) is a characteristic function of process y(1) = limo
o2—r

= ®(w,7)Gr(z,x),
F(i(Z) — 42y,

and satisfies the differential equation

02007) _ 22Ty, ), 20
where

a() = A — poRa(2), (21)
b(x) = a(z) + 2((A2 — a(@))Ra(x) — pzha(x)). (22)

Here hy(z) = ha(1, ),
ho(1,z) = %/ym Dy, )dy, (23)
D(z,2) = (A + 2)hoa(2,2) + (Ao — a(2))Galz, x) — 2o (2, 2), (24)
hoo(z, 2) = (%) + (iA(l,x) - Uil : (ﬁ) = B(y,x)dy) . (25)

A, 2) = a(@) 222 (0 13y 4 0) 22T IO gy
+a(z) — A9) R + (a() — Ag)acalz(l) o aQng(;’ 2 .
B(z,2) = (a(z) — A\2)G1(2) — MGa(z,3) — 0y aG"’a(ZZ’ @) _ (Z(jl__li?)l (; 511) -
x (a(x)Gog(z) ~ (g + 2A)Galz,2) + 2Go(z,7) + 2(a(z) — A)Ga(2) — 201%) .

Proof. The solution of the equation system (18) is written in the following form:
Fip(z,w,T,¢) = ®(w,7) (Gi(z,2) + jewgy(z,2)) + O(?), k=0,1,2.

Substituting these functions into the system of equation (18), making simple transformations and
performing the limit transition at € — 0, we obtain a system of equations:

a(ac)Go(z,x) = _()‘1 + )\2 + $)90(2¢$) + Mlgl(zvx) + ﬂ292(zax)

__Ogo(z;7) 0P (w, )
TS, + GO(Z’x)wé(w,T)ﬁw’
a(r)G1(2) = —(M(1 = 2) + p1)g1(2,7) + Ago(z, ©) + Aga(2, ) + A2 G1(2, )
0g0(z,x) 0g2(z, x) 0G4(z,x) (28)
+)\1G2(Z,x)+0'1782 +O’1762 +O’1762 5
a(x)Ga(z,7) = — (M + p2)g2(2, ) + (A2 + 2)go (2, ) + XaGa(z, 1)
0g2(z, x) 0P(w, 1)
2Go(z,x) — 012 7% Go(z’x)w@(w,T)aw'
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The functions gi(z,z),k = 0,1,2 will be solved as the sum of a general homogeneous solution
and a partial solution of an inhomogeneous differential equation:

0P (w, 1)

gk(z,2) = CGL(z,2) + hi(z,x) — gbk(z,x)m

, k=0,1,2.

Substituting gx(z,z) into (28),we can confirm that the coefficient in front of the constant C is
0P (w,7)

zero. Then equating the coefficients at b, 0w Ve obtain the equations system to find functions
¢r(z, ). If the equation system for the functions Gy (z,x) is differentiated by the variable z, we
can confirm that it coincides with the equation system for finding the functions ¢y (z,z). Thus, we
conclude that

or(z,7) = %, k=0,1,2.

Equating the remaining summands, we can write the equation system for determining the functions
hi(z,2z),k =0,1,2:

8h0(27 x)

—(AM + Ao+ x)ho(z, ) + prhi(z,x) + poho(z,2) — 012 = a(x)Goy(z,x),

0z
Atho(z, @) — (Ai(1 — 2) + p1)ha(z,2) + Arhe(z, @) + 01 8h0;z,x) + o1 3h28(z,x)
9Gs (=, 2) ’ : (20)
= (a(x) = )G1(2) — 0175 = \iGa(,2),
(A2 +)ho(z,2) = (A1 + p2)ha(2, ) = 012% = (a(z) — A2)Ga(z,7) + 2Go(z, T).

Sum the first and the third system equation (29) and add the second equation to the resulting
equation to obtain the system:

—Al(ho(z,x) + h2(zjx)) + Mlhl(z,x) — 012 <8h08(i7x) + 8h28(i,$))

- (I(x)(Go(z,J;) + G2(2>x)) - )‘2G2(Z,J)) + xGo(z,x),
)\1(ho(z,x) + hg(z,x)) — (Al(l — Z) + Ml)h1(2,x) + o1 <8h0(27$) T 8h2(z,x))

0z 0z
0G5 (z,
1 728(2’2 x) — Ang(z,x).

= (a(z) = A2)G1(2) — 0

Denote:
hoo(z,x) = ho(z, ) + ha(z, x).
Then the equation system will be rewritten in the form:

Ohp2(z, x)
0z
=a(x)(Go(z,x) + Ga(z,x)) — AaGa(z,2) + xGo(z, x),
ahog(z, ac)
0z

— MGa(z, 7).

—Aho2(z,2) + prhi(z,2) — 012

Alhog(z,x) — ()\1(1 — Z) + ,ul)hl(z,ac) + 01

0G4(z,x)

= (a(z) — A\2)G1(z) — o1 Bp
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Multiply the second equation by z and sum the system equations, we obtain:

Aho2(z,x) — (1 — M2)hi(z,2) = i l (a(x)(Go(z,x) + Ga(z,2) + 2G1(2))
) 0C (2, ) (31)
+2Go(2,7) — X22G1(2) — (M2 + X2)Ga(z,x) — le#).

Denote the right side of the equation by A(z,x) and seek the limit at z — 1:

i (@(@) +2)Go(z, 2) + 2(a(z) — A2)G1(2) — Mz + X — a(2))Ga(z,2) — o1 2 292(0)
z—1 S 1

0z
2 2Gy(z, @
+(a(z) — A2)G1(z) + (a(z) — ’\2)80612( ) _lea G;;’ )>
0Go(1,2)  9Go(1,x)
92 Tt 0z

Hale) = o)y + (a(w) — 2y 2D _ 6, AL g g,

= lim
z—1

- )\IGQ(Za x)

. 0Gpa(1
= ll_)ml Az, x) = a(x)gii() — (M + A +01)

— )\1R2 ($)

which coincides with (26).
Then equation (31) can be written in the form

Ahoa(z,2) — (1 — A\2)hi(z,2) = A(L, x).

Then we express the function h;(z,z) and substitute into the second equation of the system (30),
we obtain an inhomogeneous differential equation with reference to the function hgs(z,x). Denote
the right part of the equation by B(z,x):

0Gy(z,x) (z—DM — 1

B(z2) = (a(x) = A2)G1(2) = MG2(z, @) — o1 —5 == — (M — ) (z — 1)

y (a(x)Gog(z) g+ 201)Ga(22) + 2Go (2, 2) + 2(a(x) — Ao)Gy(2) — zm%> .

Then the differential equation is written in the following form:

)\1(1 — Z) + ,LL1) 8h02(2,.7)) .
)\1 <1 1 — )\12 hog(z,x) + 01 02 = B(z,x).

Its solution has the form

A1 1 =1
1 — A \or [ 1 1 1 — A1\ e
h z,x:<7) —Al,x——/<7 B(y,z)dy | ,
o2z 2) p1 — zA1 (Ml (1) o1 \H1—yh (9, 2)dy
which coincides with (25).

Since ho(z,x) = ho2(z,x) — ha(z, ), we substitute this into the third equation of the system (29)
and denote the right side as

D(z,z) = (A2 + 2)ho2(z, ) + (A2 — a(z))Ga(z,z) — 2Go(z, x),
obtain a differential equation with reference to ho(z,z):

Oha(z, )
0z
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the solution of which has the form

z
_ MtAotpgta AitAotpugta—oy
ho(z,z) = z o1 — |y 71 D(y, z)dy.
01

Assuming z = 1, we obtain (23).
Consider equation (19). Substitute into it

Fr(z,w,7,€) = ®(w,7) (Gi(z, ) + jewge(z,2)) + O(e?), k =0,1,2,

making simple transformations and performing the limit transition at e — 0, we obtain

0P (w, ) B
“w2a(mar T UR9L2) = dagi (L) + (O + A)ga(L, )
_0%(w,m) dgo(1,) | 1
+G0(1’x)w@(w,r)6w zgo(l,z) + 2Go(1,2) + 01 I+ QQ(@«).

The functions gx(1,z) are written in the form

0P (w, T)

gr(L,x) = C - Gr(l,2) + hy(1,2) — ¢k(1>$)ma

k=0,1,2.

Considering the conditions Y 7_q h(z, x)‘ = 0, Y7o (2, x)’ L= 0 we obtain the equation
z= zZ=

0P (w, (1,
O] (natn(4,0) + O+ Xa)o(1,2) — Go(1,2) — ag(1,2) + 0, 222D
0P(w,7)  w?
X’LUT — 7@(’[,0,7‘)
Oha(1
X <a(x) +2 (x\ghl(l,x) + (M + Ao)ha(l,z) — zho(l,2) + Go(1,z) + 01$)> .
Convert the coefficients in front of w% and U’TQ@(w, T), we obtain
0pa(1,
Mo (1) + (i -+ Ma)oa(1,2) — Go(1,2) — 6o(L, ) + 01 AT _ ()

Oha(1

a(x) + 2 ()\ghl(l,ac) + (A1 + Ao)ho(1,2) — xho(1, 2) + 2Go(1, x) + 01%>

= a(x) + 2((A\2 — a(z))Ra(z) — p2ha(1, 7)) = b(x).
Then we obtain the equation

0®(w,7)
or =a(z) ow 2

The theorem is proved.
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The function b(z) has the meaning of the diffusion coefficient of some diffusion process, using
which we could approximate the probability distribution of the number of calls on the orbit.

3.83. Diffusion Approzimation of Probability Distribution of the Number of Calls
on a Non-Priority Orbit

Apply the inverse Fourier transform to equation (20). We obtain the Fokker-Planck equation

for the probability distribution density function P(y,7) = W:
0Py, 1) _ _Hyd(@)Py, 1)} 10°{b(x)P(y,7)}
or Oy 2 Oy )

It can be concluded that y(7) = limo NP (z (l> — M) is the solution of the stochastic differ-
o2—r

02 02

ential equation

dy(7) = d'(z)ydr + \/b(x)dW (1)

where W (7) is a Wiener random process, a’(x)y — transfer coefficient, 1/b(z) — diffusion coefficient.
Consider the diffusion process z(7) = x(7) + \/o2y(7). Note that z(7) = limo o9l (;—2> Denote
g2 —

by V(z) the stationary probability distribution density function of the process z(7). It may be
shown that the density V' (z) has the form

V(Z) _bi (Ug b.i )

A more detailed description of the procedure for constructing the diffusion approximation and
finding the kind of density V(z) can be found in [13, 14].

To construct a diffusion approximation of the probability distribution of the number of requests
on a non-priority orbit, we will use the formula:

V(’iO’g)

Pli) = — .
nZ::() V(TlO’g)

(32)

Thus, there is no need to determine the value of the constant C'.

4. THE DIFFUSION APPROXIMATION ALGORITHM IN MATHCAD SOFTWARE

The obtained theoretical results were realized in MathCAD software package. The numerical
realization algorithm for finding the diffusion approximation of the number of requests on the
non-priority orbit is given below.

Algorithm 1.

(1) set system parameter: Ai, A9, 11, f2, 01, 02. Set a sufficiently large number of N;

(2) by formulas (9) write down the functions Gy (z,x),k = 0,1,2 and Ri(z) = Gix(1,z),k =0, 1, 2;

(3) by formula (21) write down the function a(z) and find the solution & of the stationary equation
a(z) = 0, using the built-in function of MathCAD software

K := root(a(x),z,0, N);
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(4) determine the values Ry(k), Ri, Ra(k), which are the stationary probabilities of the server
states;
(5) write a function

Al
p1— A1\ o1 p1— A1
Goa(z :( ) ;
02(2) H1 — A2 H1

(6) count the derivatives z from the functions Gi(z,z),k = 0,1,2 and Goz(z, x):

0Go2(2)
MM 9Gi(r) MG+

o1 p — 2\ 0z p1— ZA1

ac:ggz &) _ goo(e)

)

0Go(z,2)  —(A+ X)Golz,x) + p1G1(2) + paGa(z, ) — xGo(z, )

0z 012 ’
8G2(z,x) _ (/\2 + x)Gog(z) - (/\1 + Ao+ po + $)G2(Z,x)
0z 012 ’
0G2(z, )
0z

022 012 ’

82Go(z,x) (P2 T 2)Goa(2) = (M + A2+ po + 2+ 01)

(7) write A(z,x) by the formula

Alz) = ——(al@) + 2)Golz,2) + 2(a(x) — A2)C1 (2)

z—1
0G4z, ;U))
Z )

—(AMz+ A2 —a(x))Ga(z,2) — 012
B(z,x) by the formula (27), for the hga(z,x) — (25):
ho2(z,x) :=if (z =1, iA(l,x), hog(z,x)) ;
H1

(8) determine D(z,z) (24) and ha(1,x) (23);
(9) write the diffusion coefficient b(z) (22);
1

(10) construct P1(i) (32):
L1 2 Cma(x) ‘
P1(i) = boal) exp (0—2 / ) dx),

0

(11) perform normalization and obtain an approximation of the discrete probability distribution
of the number of calls on the non-priority orbit

N _].
P(i) := P1(3) (Z Pl(i)) .
i=0
Ezample 1. Set the parameters of the system:
Al == 03, )\2 == 09, H1 = 1, H2 = 2, o] = 1.
We obtain the probability distribution of the server states:
Ry =0.25, Ry =0.3, Ro=0.45.
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Fig. 2. Transfer coefficient and diffusion coeflicient plots.
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Fig. 3. Diffusion approximation P(i) at oo = 1, N = 100.

Figure 2 shows the transfer coefficient a(z) and diffusion coefficient b(x) dependence on the number
of calls in the non-priority orbit. We can conclude that as the number of applications increases,
the spread relative to the average increases. Figures 3-5 show diffusion approximation plots of
probability distribution of the number of calls on the non-priority orbit.
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Fig. 4. Diffusion approximation P(i) at 0o = 0,1, N = 100.
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Fig. 5. Diffusion approximation P(i) at oo = 0.01, N = 1000.

Numerical results show the proposed research approach implementing possibility to problems
of this type. Also, we can conclude from the distribution graph that for small values of o5 the
distribution is close to the Gaussian probability distribution. This conclusion can be confirmed by
referring to [15], where the system M| M?)|1 is studied by the Gaussian approximation method.
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5. CONCLUSION

In this paper, a queuing system with repeated calls and two incoming flows of calls (priority and
non-priority stream) is investigated.

For the number of priority calls on the orbit, the derivative function is found in the form of a
weighted sum of derivative functions of negative-binomial distributions.

For the number of non-priority requests in an orbit, we obtain a probability distribution, which
we call the diffusion approximation.

The found probability distributions allow us to determine all the necessary probabilistictemporal
characteristics of the system for the received number of calls. The obtained theoretical results can
be used to solve a number of practical problems in which it is necessary to separate requests by
priority: cognitive radio, data transmission, where it is necessary to separate by the volume of
transmitted data packets. The investigation of problems of a more general type (with arbitrary
service time distribution function) is of concern.
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Abstract—An algorithm for output control of linear plants with an arbitrary relative degree
under the conditions of parametric uncertainty and bounded perturbations is proposed. Unlike
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1. INTRODUCTION

In this work, we consider the adaptive output tracking problem with respect to the reference
signal with the given control quality guaranteed at any instant. We consider linear systems under
parametric uncertainty and external perturbations. First stated in the 1950s, the model reference
adaptive control problem is among the most studied ones. It is still relevant despite its respectable
age. There are new problems arising, such as increasing the computational performance of algo-
rithms, improving the quality of regulator tuning, generalizing the methods to include wider classes
of systems, etc. The first solutions of adaptive control problems were associated with a number
of assumptions, such as measurability of the state vector, the assumption for the systems transfer
function to be strictly positive and real, or the master signal or external perturbations to be repro-
ducible using an autonomous generator [1-4]. Approaches based on the apparatus of the second
Lyapunov method [5] and hyperstability theory [6] required measuring higher derivatives of the
tracking error. Later, this problem was solved using the augmented error method [7], high-order
adaptation algorithms [8], perturbation compensation methods [9, 10], etc. One of the key issues
faced by the above methods is that there is no way to influence the quality of the transient pro-
cesses [11]. Various options have been proposed to partially resolve this, such as the accelerated
convergence scheme [12, 13], the scheme with big coefficients in feedback [14], the nonvanishing
excitation condition met [15], non-smooth control laws [16], etc. Thus, the methods [7-10, 12-16]
impose significant constraints and solve the problem incompletely, with the control objective at-
tained only in asymptotics. At the same time, the obtained estimates of the characteristics of the
limit set are sufficiently rough. In [17-21], a method is proposed that ensures the output signal
is in the given set. In [22], based on the method from [17-21], an adaptive control law with the
output signal belonging to the given set is proposed. However, in [22], the relative degree of the
plant is assumed to equal the unity. In this work, using the approaches from [17-22] and a mod-
ified adaptation algorithm [23], we propose a new solution to the adaptive control problem with
the given control quality guaranteed [7, 8, 12, 14-16] for minimum-phase plants with an arbitrary
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relative degree. The structure of the work is as follows. In Section 2, we state the adaptive tracking
problem with constraints on the output variable. In Section 3, we first synthesize a control law
that assumes measurability of the derivatives of the plants output signal. The obtained solution
is then generalized to the case when these derivatives are not measurable. In Section 4, we give
numerical simulations to illustrate the efficiency of the obtained solution.

2. STATEMENT OF THE PROBLEM

We consider the dynamic system

Qp)y(t) = kR(p)u(t) + f(1), (1)
where t > 0, u(t) €R is the control signal, y(t) € R is the measurable controlled signal, f(t) €R is
the bounded external perturbation, (s) and R(s) are normalized polynomials (i.e., polynomials
with higher coefficients equaling the unity) with unknown real coefficients and with the degrees
equaling n and m, respectively, p =n —m > 1, the polynomial R(s) is Hurwitz, p = d/dt is the
differentiation operator, the coefficient k > 0 is unknown, the boundary conditions y(?) 0), 1=2,n
are unknown, but the set of initial conditions y(0) is known. Throughout this work, s is a complex
variable.

We give the reference model

T(p)ym(t) = kmg(t)a (2)

where ¢g(t) € R is a bounded and (p — 1) times differentiable master control, y,,(t) € R is the output
of the reference model, T'(s) is the known normalized Hurwitz polynomial with real coefficients and
the degree p, k,, > 0.

The purpose of this work is to synthesize a control law that ensures the tracking error e(t) =
y(t) — ym(t) belongs to the set

£={(t,e)eR? | t>0, g(t) < e(t) <)}, (3)

where the functions g(t) <0, g(t) > 0, g(t) — g(t) > 6, 0 > 0 are bounded and have bounded first
derivatives for any ¢ > 0, and e(0) € £. The derivatives g(¢) and g(¢) should be bounded for the
method to be applied [19].

3. PRINCIPAL RESULT
3.1. Synthesizing an Ideal Control Law

We introduce an auxiliary control v and first assume its derivatives to be measurable. We
consider the control law

——=v(t). (4)

We represent the polynomials Q(s) and R(s) as Q(s) = Qm(s) + AQ(s) and R(s) = R,,(s) + AR(s),
where the normalized Hurwitz polynomials @y,(s) and R,,(s) have the degrees n and m, respec-
tively, and Q,,,(s)/ R (s) = T'(s). The unknown polynomials AQ(s) and AR(s) have degrees n — 1
and m — 1, respectively. Taking into account (4), we transform (1) to the form

_ kR, ()T (p) N k:AR(p>T(p>v

Qm(P)y(t) paaalQ) . (t) = AQP)y(t) + (1) (5)
Dividing (5) by Qm(p), kRm(p)T'(p) and p, we write the result as
K ARG, PAQW) v 6
yt) = & [ol0) + Gt~ b G0 + o+ )] )
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where €;(t) is an exponentially damped function depending on initial conditions (1). We express
ym(t) from (2) as

ym(t) - - _gr(t) + 62(t) ) (7)

where g¢,(t) = ﬁg(t), €2(t) is an exponentially damped function depending on initial condi-
tions (2). Taking into account the structure of (6) and (7), we rewrite e(t) as

o(t) = [o(t) ~ on(®) ~ Gy 0) ~ GO~ Panlt) + L S fO 0] (®)

p
kQm(p)

where €(t) = €1(t) — ea(t), the signals (,(t), ¢,(t) and g,(t) are formed using the following filters
Cy(t) = FyGy(t) +byy(t), ¢(0) =0,
Golt) = FuGu(t) + byu(t), G,(0) =0, (9)
Colt) = Fyly(t) +bgg(t),  ((0) =0, g, (t) = Laly(h).

Here, bl-T = [0 ... 0 1} is the vector-column with the unity at the last position and zeros at

the others, ie{y,v,g9,n}, L; = [O ... 010 ... 0} is the row vector with the unity at the

Jth position and zeros at the others. Here and in what follows, the matrices b; and L; have the
same structure, and their dimensionality is clear from the context. The matrices Fy, F;, and F,
of filters (9) are given in the Frobenius form with the characteristic polynomials Qm(s), Rm(s)
and T'(s), respectively. The coefficient c¢g; is obtained from the expression

PAQp) _ . AQ()
kQmp) ' kQm(p)

where AQ(S) is an unknown polynomial of ‘Ehe degree n — 1. The vectors cgo and cp3 con-
sist of the coefficients of the polynomials AQ(s)/k and AR(s)/k, respectively. We introduce

the vector of constant unknown parameters ¢ = [001 el i3 km/ k:] and the regression vector

wl(t) = {y(t) CyT(t) ¢ () gT(t)}. We rewrite (8) as

é(t) =k (v() — egw(t) + F(t) + €(t)) (10)
where f(t) = mf(t) is the signal bounded since @Q,,(s) is Hurwitz.

We apply the method from [19] to set the auxiliary control v(t) that ensures the error e(t) is in
set (3). To do this, we introduce an auxiliary signal €(¢) calculated by the formula

e(t) = ®(e(t),t), (11)
where the function ®(e(t),t) satisfies the conditions
(a) g(t) < ®(e(t),t) < g(t) for any t > 0 and € € R;
)

(b) the function ®(e(t),t) is continuously differentiable on £(¢) and ¢, and for any ec & and
0, the following holds

0P

—(e(t),t 0;

2 (e(0),1) £ 0
(c) the function 2 5t (E(t), t) is bounded for any e € R and ¢ > 0.
We give an example of transformation (11) in the form

q(t t)) + g(t
b(e(t). o) LD EO) +o(t)
exp (e(t)) + 1

For other examples of such functions (11) of coordinates, see [19].

(12)
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Taking into account (11), we consider the total time derivative of e(t) in the form

é(t) = S (0 0200) + 5 (e(6), 1),

Taking into account (10) and property (b), we express e(t) as

1
(0 = (Seen) (ko0 -dum+ 70 +a0) - Fewn). 03
Now, we choose an auxiliary control action and an adaptation algorithm in the form
o(#) = —sen {Z—f(g(t), t)} 0s(t) + ¢ (Hwl(t), (14)
-1
o0 =~ (HE0.0)  ewlt) e, (15

where a > 0 and v > 0, ¢(t) is the vector of adjustable parameters. The transformation ®(e(t),t) is
chosen beforehand, and the degree of %—?(E(t), t) is constant due to property (b), so the value of the
function sgn{-} in (14) is known. Substituting (14) into (13), we obtain the following expression

£(t) = <g—(§(€(t), t)) - <—sgn {g—f(s(t), t)} kae(t) + k(e(t) — co) Tw(t) + E(t)) . (16)

where Z(t) = k(f(t) + €(t)) — %—‘f(s(t),t) is a bounded function. We state a theorem and prove it
in the Appendix.

Theorem 1. Suppose the functions g(t) and g(t) satisfy the imposed requirements (see the para-
graph below (3)), and properties (a)—(c) of transformation (11) hold. Then, for any a >0 and
v > 0 in closed system (1), (2), (9), (15), (16), control objective (3) is attained.

Remark 1. In [22], the problem with the plant’s relative degree equaling 1 and the known
coefficient k is considered. Unlike the algorithm presented in [22], the procedure proposed in this
work allows excluding the term containing e(t) from the dynamics €(t), choose a simplified control
law, and overcome the issue with the unknown k.

3.2. Synthesizing a Feasible Control Law

Control law (4) contains the derivatives of the auxiliary control v up to the (p — 1)th order. We
introduce the estimate ¥ of auxiliary control (14). Then, the new control law looks like

u(t) = TP, (17)
p
§(t) = Gog (1) + Do(B(t) —v(®),  0(t) = &(t) = L1&(2). (18)
Here, £(t) € R” is the vector of signal estimates v and its derivatives,
_fo 1,4 [ d b _d_p]
GO_[O 0] Do=|"% "2 pel’

the numbers d;, i =1,p are chosen so that the matrix G = Go+ DL; is Hurwitz, D' =
dy do ... dp}, and p > 0 is a sufficiently small number. We introduce the vector

n(t) = T7HEW) - 0(), T =diag {021 (19)
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where 07 (t) = {v(t) o(t) ... v(p_l)(t)]. Taking into account (19), we write
Avt) = 5(8) — o(t) = " () = o Ln(e), 5(8) = (t) + w Lun(t) (20)

Taking into account (17) and (20), we express ¢ as

“t) = (g—f(s(t), t)) B ( ~ sen {g—f(s(t), t)} kae(t)

(21)
+ k(c(t) — co) Tw(t) + p*~tkLin(t) + E(t)) :
Taking into account (18) and (19), we obtain
pi(t) = Gn(t) — by (¢). (22)

We state the principal result of the work.

Theorem 2. Suppose the hypotheses of Theorem 1 hold. Then, there exists a number pug such
that control objective (3) is attained for p < pg in closed system (1), (2), (9), (15), (21), (22).

Remark 2. Equation (22) is a singularly perturbed dynamical system. The analysis of such
systems shows [24] that under certain conditions on the right-hand side of the system and for
sufficiently small i, the system has the same dissipativity domain and the same attraction domain
as the system for p =0, which is equivalent to using an ideal control law. As we showed in
Theorem 1, such a system attains objective (3), so it will be sufficient to use one of the results of
the theory of singularly perturbed systems to prove the theorem.

Theorem 2 shows the existence of a sufficiently small parameter po while the search for its actual
value is an unsolved problem. The search for some quantitative characteristics, whose structure
includes high-order observers, is not always possible and often remains in the qualitative form
[28, 29]. Also, works [30, 31] point out that the iterative search for the value pg, for which the
stability of the closed-loop system is achieved, can be carried out at the simulation stage.

Proof of Theorem 2. We rewrite (21) and (22) as

1
£(t) = (g—f(g(t),t)) (—sgn{z—f(g(t),t)} kae(t)
+hel®) — o) Twl®) + 5™ RLn(0) + 2(0))

pai(t) = G(t) — pabyo'®(2),

(23)

where 11 = pg = p. We use the lemma [29].

Lemma 1. If the system is described by the equation & = f(x, u1, u2), x € R™, where f(x, pi, p2)
s a continuous function Lipschitzian with respect to x and has a bounded closed dissipativity domain
p2 =0 for D ={z| F(z) < C}, where F(x) is a continuous piecewise smooth function positive
definite in R™0 (in the sense of [26]), then there exists g > 0 such that for pa < ug the original
system has the same dissipativity domain D if the relation

sup { (5040, 1. 0))

|1 < 1

} < -0y
F(z)=C

holds when py = 0 for some C1 > 0 and g > 0.
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Substituting ps = 0 into (23), we have the closed-loop system with the ideal control law obtained
in the previous subsection. Theorem 1 shows that the solutions of the closed-loop system tend to
a bounded set, and the additional equation p17(t) = Gn(t) does not violate this condition since G
is Hurwitz. Hence, for a sufficiently small u, the system preserves the dissipativity domain. The
theorem is proved.

4. SIMULATION

Example 1. We consider control plant (1) with the following linear differential operators
Q(p) =p* +6p° —3p* —p+2 and kR(p)=p+1.

The initial conditions are p?y(0) = p2y(AO) =py(0) =y(0) = 1. The external perturbation is
f(t) = 2sin(1.5t) + d(t), where d(t) = sat{d(t)}, sat{-} is the saturation function, d(t) is white
noise simulated in Matlab Simulink using the Band-Limited White Noise block with the Noise

power parameter equaling 1 and the Sample time parameter equaling 0.1. Reference model (2)

—(0)
e (1), Classic AC
— = =y(1), Proposed AC

5 10 15 20
Fig. 1. The output of the reference model (the black curve), the output of plant (1) when the high-order

adaptive robust algorithm is used (the blue curve), and the output of plant (1) when the proposed algorithm
is used (the red curve).

2F
—- -2
\ ----g
e(1), Classic AC
1 L e e(t), Proposed AC

0 5 10 15 20
ts
Fig. 2. The constraints g(t) and g(t) (the blue and red curves), the control error when the high-order adaptive

robust algorithm is used (the green curve), and the control error when the proposed algorithm is used (the
black curve).
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that receives the master control g(t) = 2.5sin(0.8¢) has the following parameters
T(p) =pP+3p°+3p+1 and k=1

According to (4), we set the control law in the form u(t) = #v(t). As the function ®(e(t),t)
we take (12). We give the constraints for the tracking error by the functions

g(t) = 2exp(—4t) + 0.1,
g(t) = —g().

We choose Q,(p)= p* + 4p> + 6p> +4p + 1, R,,(p) = p+ 1 and set in filters (9):

0 I s [0 Iy
—1 =3 =3[ VT |1 —4 —6 —4|

We choose the parameters o = 5, v = 1 and = 1072 in (14), (15), and (18). We compare the pro-
posed control algorithm with the classical high-order adaptive algorithm [31] with the parameters
0. =5, 7. =100 and p. = 200.

Figures 1 and 2 show that the classical algorithm fails. First, there is no way to set the control
quality during transient processes. Secondly, the limit set is not defined in advance and turns out
to be bigger than that specified using the proposed algorithm.

Fy=-1, F,=

5. CONCLUSIONS

In this work, we propose a new model reference adaptive tracking algorithm with the given
control quality guaranteed over the entire interval of system operation. The method combines
the idea of adaptive control [23] and the approach [19] used to synthesize a nonlinear control law
under constraints. We compared the obtained result with the classical high-order adaptive control
law [27] by simulation. The proposed algorithm allowed us to ensure that the tracking error is
in a predetermined set at any instant while the methods from [23, 27] do not allow controlling
the values of the tracking error in the transient mode. Moreover, the estimates of the value of
the limit objective set obtained in [23, 27] depend on the values of unknown parameters and have
overestimated values, therefore, they cannot be used to set the control accuracy in the steady-
state mode. Thus, the proposed approach solves both these problems, and the control quality is
completely determined by the choice of bounding functions.
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APPENDIX

Proof of Theorem 1. By property (b) of transformation (11), the function %—f(s(t),t) is sign-

definite. First, suppose that %—f(s(t), t) > 0. We choose a Lyapunov function of the form

o ~1
Vi = 0.5¢2(t) + 0.5k(c(t) — co) " (c(t) — co) + x/ (g—f(e(t), t)) €2(s) ds,
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where x > 0. Taking into account (15) and (16), we find V; in the form

-1 -1
V= —ak (GoE@n) 20+ (D) W0 +hel)

-1
—k(elt) o) o)~ x (G e0.0) )

where ¥(t) = kf(t) — %—‘f(s(t), t) is bounded. We use the following relations

Taking into account (A.2), we rewrite (A.1) as

-1
Vi< — (g—f(s(t), t)) (ak — 0.507 (1 + k))e?(t)

+05< ,t) - —|—O5’yk:coco
— 057k ((c(t) — co) T (c(t ()—CO)+CT(t)C(t))
—1
_ (g‘f( (t),t)) (x — 0.5kw)E2(0).

(A.3)

Note that it follows from properties (a) and (b) of function (11) that it is differentiable every-
where, strictly monotone and bounded, and hence sup,- {%—‘f(s(t), t)} < oo is bounded. Moreover,
supyo{?(t)} < oo is bounded by property (c). Then, it follows from (A.3) that Vi < 0 is attained
when the condition

v>050" (k" +1), x> 0.5ky,

e(t)] > J TR ( supv (0} + sup { F2(e(0,1) k] )

(A4)

holds.
Obviously, there will always be v and x such that (A.4) holds. Hence, V; < 0.

Now, we consider the case %—‘f(s(t), t) < 0. We choose a Lyapunov function of the form

Vo = 0.5¢2(t) + 0.5k (c(t) — co) ' (c(t) — o).

We find V5 as

-1 -1
Vo= (o) ka0 + (F2E0.0) OO + helt) = b)) — ) Te(0). (45

Using relations (A.2) for v = 1, we rewrite (A.5) as

Va < (%f(a(t),t)) (ak + 0.5k +0.5)e%(t) + 0.5 (ng( (t),t)) V2(t) + 0.5vkeq co "
—1 :
—05k((e0) — )T (e(0) — o) + T (0el0) + 05 (2.0 kW)
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Since %—f(s(t),t) <0, all terms but 0.5vkc] co are negative. Previously, we have shown that

SUp;~q {%—‘f(s(t), t)} < co. Then, it follows from (A.6) that V4 < 0 is attained when the condition

. 0P 0.5vkcg co
¢ “infd L)t A.
el > \/ %20{ ge €0): )} ak + 0.5k + 0.5 (A7)

holds.

Inequalities (A.4) and (A.7) define the sets trajectories (16) tend to in each of the cases involved.
Then, by Theorem 3.1 from [19], trajectories (10) will belong to some subset £, which means that
objective (3) is fulfilled. The theorem is proved.
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Abstract—It is proposed to use polynomial codes in the design of self-checking discrete devices
with computation control via several diagnostic attributes. A fast algorithm is developed to
obtain functions describing check symbols of polynomial codes in the form of logical expressions.
As is shown, encoders of polynomial codes can be referred to devices of three types: 1) those
with only self-dual Boolean functions realized at the outputs, 2) those with only nearly self-dual
(self-quasidual) Boolean functions realized at the outputs, and 3) those with both self-dual and
self-quasidual Boolean functions realized at the outputs. A classification of polynomial codes
considering this feature is presented. The structural diagram of computation control at the
outputs of self-dual discrete devices via several diagnostic attributes is described. A novel
algorithm is proposed to design a fully self-checking discrete device with computation control
via several diagnostic attributes. In contrast to the well-known ones, this algorithm considers
the nature of errors occurring at the outputs of discrete devices and their preliminary detection
by checkers of self-dual and /or self-quasidual signals. The results can be used in the development
of automated design tools for discrete devices for a wide range of applications.

Keywords: self-checking discrete devices, computation control via several diagnostic attributes,
control of self-duality of signals, control of self-quasiduality of signals, polynomial codes

DOI: 10.31857/50005117925050038

1. INTRODUCTION

The growing complexity of the developed and implemented technical systems that support criti-
cal industrial processes, as well as the increase in their performance and the appearance of advanced
functionality, including artificial intelligence, require special attention to the reliability and safety
of operation. In this regard, the most important aspect is to provide devices with the ability to
identify faults during operation.

When designing discrete systems and control devices, their structures are endowed with various
properties to easily ensure the detection of occurring faults. There exist methods for designing
controllable devices [1] and developing self-checking structures for them [2]. Such methods apply to
any critical-purpose systems, including those with rarely changing input data (e.g., control systems
in the nuclear industry, electrical interlocking in railway transport, air defense systems, etc.). In
such systems, hidden faults and the accumulation of errors are not allowed: one way or another,
they will ultimately violate the readiness property of the control algorithm [3, 4].
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The self-checking implementation of discrete devices is required to detect their faults in due
time. This is done by various methods with the introduction of structural redundancy according to
definite algorithms, e.g., state coding and the use of self-checking concurrent error-detection (CED)
circuits [5].

An effective approach to implementing self-checking CED circuits involves the so-called data
inversion: all input and output signals are represented as sequences 0101...01 and 1010...10
instead of constant values 0 and 1 [6]. This approach to implementing self-checking discrete devices
is associated with using hardware redundancy and, moreover, temporal redundancy. It includes
computation control via a definite diagnostic attribute, considering the constant change of input
signals and the supply of input argument sets in pairs, i.e., the operating and check sets of argument
values. Self-dual functions and Boolean functions [7], “close” to the former, possess the peculiarities
that can be considered when organizing diagnostic support in this operation mode. The issues
of implementing self-dual discrete devices were studied in several research works, e.g., [6, 8-11].
Also, note three monographs covering the basic results from the theory of self-dual discrete device
design [12-14].

Computation control via the self-duality attribute requires the self-dual implementation of dis-
crete devices, implying an appropriate structure to describe all their outputs by self-dual functions.
Not all discrete devices are self-dual. Here are some examples: a full adder, a majority element,
encoders of some separable block codes, etc. [6]. However, since the number of self-dual functions
of t variables equals 22t_1, it is possible to design C;;t_l combinational devices with m < 22" ~1
outputs. For example, for ¢ = 4 and m = 4, the number of different self-dual combinational discrete
devices reaches 174 792640. In addition, any structure of a combinational discrete device can be
transformed into a self-dual one using only a single variable based on the well-known Shannon
decomposition [15]. For a self-dual implementation of memory devices, it suffices to make the com-
binational parts self-dual [6]. The design peculiarities of self-dual discrete devices are well-studied;
for example, see [9].

In this paper, the reader’s attention is focused on the issues of organizing computation control at
the outputs of self-dual discrete devices, using not only the diagnostic attribute of signal self-duality
but also additional attributes. As shown by numerous experiments, this self-checking device design
approach allows increasing checkability (in terms of error observability) under a smaller level of
hardware redundancy compared to the well-known duplication method [16]. This effect is achieved
by using properties of some noise-immune codes with self-dual and “close” functions describing
their check symbols [17]. As such, we consider a wide class of polynomial, or algebraic, codes [18].

2. POLYNOMIAL CODES AND THEIR PECULIARITIES
2.1. Construction Principles of Polynomial Codes

Polynomial codes are based on the division, with remainder (residue), of binary polynomials
corresponding to data messages. When dividing different polynomials of degree ¢ by a generating
polynomial G(y), 27 residues are obtained. Each check symbol of the polynomial code is thus
described by a logical expression containing only mod M = 2 addition (the XOR operation) with
the values of definite data symbols. For the sake of simplicity, let the functions describing the check
symbols of the codewords of polynomial codes be called check functions.

When forming the codewords of polynomial codes, each bit of the code vector is assigned a
variable y with degree j, which corresponds to the bit location: the least significant bit is assigned
the value j = 0, the next the value j = 1, and so on. The algebraic representation of the code vector
is obtained by multiplying the value of 3/ by the value of the corresponding bit. For example, the
codeword < 1011 > can be written as a polynomial as follows: 1 x 32 +0 x 32 +1 x y' +1 x 3.
By removing the zero terms, we have the polynomial 3% + y + 1.
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Fig. 1. The division of polynomials with residue: an illustrative example.

To form the codeword V(y) of a polynomial code, the residual polynomial R(y) is deter-
mined by dividing the polynomial M (y), with the factor y"~"™, by the generating polynomial [18]:
y" "M (y) = G(y)Q(y)+ R(y), where Q(y) and R(y) denote the quotient and residue from dividing
y""™M(y) by G(y). In this case, the residue R(y) will be the check vector occupying the £ least
significant bits of the codeword of length n. The m most significant bits will correspond to the
data vector.

We encode the data vector < 1011 > by a polynomial code with the generating polynomial
y? + 1. This polynomial has degree 2. (It must not exceed the degree of the data polynomial.) When
multiplication is performed, the polynomial y™~™M (y) takes the form vy?(y> +y+1) = 3° +y3 + 3>

Let us divide it by the generating polynomial y? + 1 (Fig. 1).

The polynomial corresponding to the codeword is obtained by summing the polynomials
y" "M (y) and R(y): y° + v + y? + 1. Thus, the encoded message becomes < 101101 > (instead
of the original combination < 1011 >). In fact, the data vector has been supplemented by the check
vector < 01 >.

Since a generating polynomial can be mapped into a binary number, we will use the decimal
equivalent N of this binary number to indicate the generating polynomial. Some error detection
properties in CED circuits based on polynomial codes with different values of N were investigated
in [19, 20]. Note that the generating polynomial G(y) is chosen based on the condition of maximum
error detection. For example, there is no sense in choosing 3° as a generating polynomial: when
dividing any polynomial of arbitrary degree by this polynomial, the residue will always be 0. (Also,
zero residue is obtained when dividing by several polynomials even of the highest degree, e.g.,
y? or 33.) Such polynomials allow detecting no errors in the code vector. We exclude from further
analysis the generating polynomials without the free term " (the numbers N corresponding to such
polynomials are even). Therefore, we will consider polynomial codes whose generating polynomials
correspond to odd numbers N. Only for such polynomials is it possible to obtain a complete set of
check vectors with & bits and, accordingly, easier to provide the full self-checking of encoders and
checkers of these codes in CED circuits [20].

2.2. Logical Expressions for the Check Functions of Polynomial Codes

As a rule, the values of check symbols for polynomial codes are obtained using shift registers [18],
which is due to the specifics of their application. However, in some applications of polynomial
codes, polynomial code encoders representing combinational circuits are required. One example
is the design of CED circuits for discrete devices. When constructing an encoder, one needs a
formula describing each check symbol of a polynomial code, since this device should be universal
and generate a check vector on the incoming data vector in one cycle.
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The following trivial method can be used to get formulas for the check symbols of a polynomial
code: for the complete set of data vectors with m bits, compute the values of check symbols and
form check vectors; then, for each check symbol, obtain logical expressions. Based on such functions,
the encoder of the polynomial code under consideration (a combinational circuit) is easily designed.

To get logical expressions for the check functions, it is necessary to determine the values of
all check symbols when substituting as arguments the Boolean vectors corresponding to the code
data vectors from the complete set 2”7*. Here, m denotes the number of arguments. However, this
operation becomes rather computationally intensive even for m > 6. The number of data vectors
can be reduced to m by utilizing the following result.

Theorem 1. 7o obtain functions describing the check symbols of polynomial codes, it is necessary
and sufficient to determine the values of check symbols when substituting the arguments from data
vectors with weight r = 1.

The proof of this theorem is given in the Appendix.

Theorem 1 leads to an algorithm for determining logical expressions for the check functions of
a polynomial code.

Algorithm 1. Rules to form check functions for polynomial codes:
1. Specify a generating polynomial N and the number m of bits in the data vector.
2. Determine the number of bits in the check vectors, k = |logy N |.

3. Form the set @ of data vectors with weight » = 1 and cardinality |)| = m. Rank the data
vectors by the significant bit precedence and compile their list.

4. Let i = 1.
5. Consider the ith data vector and determine the values of bits of the check vector by division.

6. Compile formulas for check functions: if the value of the check symbol equals 1, then include
the ith data bit in the formula; otherwise, do not.

7. Write the bits in formulas through the XOR sign.

8. Let i : =4+ 1.

9. i+ 1>m?If “yes,” proceed to Step 10; otherwise, get back to Step 5.

10. The formulas have been obtained.

Using Algorithm 1, we obtain the formulas for the check functions of the above polynomial code
with NV = 13 and m = 6. All the data vectors with weight » = 1 are provided in Table 1.

Table 1. The codewords of a polynomial code with the generating polynomial
corresponding to N = 13 given m = 3, for data vectors with weight » = 1

| m || Yo | Ys | Y4 | Y3 | Y2 | Y1 || 93 | g2 | 91 |
6 1 0 0 0 0 0 1 0 1
5 0 1 0 0 0 0 1 1 1
4 0 0 1 0 0 0 1 1 0
3 0 0 0 1 0 0 0 1 1
2 0 0 0 0 1 0 1 0 0
1 0 0 0 0 0 1 0 1 0

Based on Table 1, it is easy to get the formula for each function g;. One should proceed as
follows.

Algorithm 2. Rules to form the check functions of polynomial codes by the codeword table for
data vectors with weight r = 1:

1. Determine m codewords for the data vectors with weight r = 1.
2. Let j = 1.
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3. Consider the jth column corresponding to the jth check function.

4. Compile the formula by including those data symbols f; for which 1 is written in the jth
column.

5. Let j:=j+ 1.
6. 7+ 1> Kk? If “yes,” proceed to Step 7; otherwise, get back to Step 3.
7. The formulas have been obtained.

We arrive at the following system of Boolean functions:

91 = Y3 D Ys D Ye
92 =y10YsDYs DYs
93 = Y2 D Ya D Y5 O Ye-
Algorithms 1 and 2 yield formulas for any polynomial code with the linear rate of computational

intensity. They can be used to design encoders of polynomial codes as part of checkers in CED
circuits.

3. A CLASSIFICATION OF POLYNOMIAL CODES BY THE TYPE OF CHECK FUNCTIONS
3.1. Special Properties of Polynomial Codes

The check functions of polynomial codes are linear. The following peculiarities of linear Boolean
functions are well known [17].

Theorem 2. A linear Boolean function is self-dual only if it has an odd number of essential
arguments.

Theorem 3. A linear Boolean function is self-quasidual only if it has an even number of essential
arguments.

Let us recall several well-known definitions [7].

Definition 1. A function belongs to the class of self-dual Boolean functions if it takes opposite
values when inverting all its arguments:

SD = {f(z1,22,...,2)|f(T1,72,...,T7) = fz1,22,...,20)}.

Definition 2. A function belongs to the class of self-quasidual' Boolean functions if it takes the
same values when inverting all its arguments:

SQD - {f(l’]_,.’EQ,...,ﬂi't)‘f(ﬂ?_l,ﬂ?_g,...,.’E_t) = f(xlax27"'7xt)}~

According to Theorems 2 and 3, polynomial codes with different generating polynomials N and
with different number m of data symbols belong to one of the three classes: codes whose encoders
are described only by self-dual Boolean functions (class I), codes whose encoders are described only
by self-quasidual Boolean functions (class II), and codes whose encoders are described by both
self-dual and self-quasidual Boolean functions (class III).

Definition 3. Discrete devices whose outputs are described only by self-dual functions are called
self-dual devices (SD devices).

Definition 4. Discrete devices whose outputs are described only by self-quasidual functions are
called self-quasidual devices (SQD devices).

Definition 5. Discrete devices whose outputs are described, in one part, by self-dual Boolean
functions and, in the other part, by self-quasidual Boolean functions are called self-dual/self-
quasidual devices (SD/SQD devices).
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The encoders
of polynomial codes

[ SD devices ] [ SQD devices ] ( SD/SQD devices ]

Fig. 2. The encoders of polynomial codes: classification.

Thus, the encoders of polynomial codes may be devices of only three types (Fig. 2).

It is necessary to emphasize the following important peculiarities inherent in the encoders of
polynomial codes [17].

Theorem 4. In the circuit implementation of a linear Boolean function with an odd number of
essential arguments, computation control via the self-duality attribute does not check faults of logic
gates connected by paths with an even number of inputs.

Theorem 5. In the circuit implementation of a linear Boolean function with an even number of
essential arguments, computation control via the self-quasiduality attribute does not check faults of
logic gates connected by paths with an even number of inputs.

According to Theorems 4 and 5, it is impossible to design a fully self-checking CED circuit
via the attribute of self-duality and/or self-quasiduality of check functions since it is impossible to
detect all faults of polynomial encoders when controlling only such attributes. Indeed, the errors
caused by faults of XORs in linear circuits are always translated to their outputs, and computation
control via the attribute of self-duality or self-quasiduality checks the two-rail property of the spatial
signal but not of that coming in parallel to the checker’s inputs. Therefore, under the conditions
of Theorems 4 and 5, the error is manifested when supplying both sets of argument values to
the inputs of the device and is not detected by the checker of a self-dual or self-quasidual signal.
Additional control via one more diagnostic attribute is required. The codeword’s belonging to the
chosen polynomial code may be such an attribute. Indeed, on each set of argument values in the
presence of an error, either the correct values of all bits of the check vector will be computed or a
distortion will occur at least in one bit. The checker of a polynomial code will detect this event.
Thus, polynomial codes can be effectively used in the structure of computation control via several
diagnostic attributes, which will be discussed below.

3.2. The Classes of Polynomial Codes by the Encoder Type

Based on the properties of linear functions and the logical expressions for the functions describing
the check symbols of polynomial codes (see the simple method above), we have classified polynomial
codes by the type of their encoders used in checkers within CED circuits [21]. Table 2 gives a
fragment of this classification.

The first column in the table contains the numbers N corresponding to the generating polynomi-
als. Table 2 provides all generating polynomials for constructing polynomial codes with k =1,...,6
check symbols.

In practice, a convenient representation for different classes of polynomial codes is a matrix form
that indicates the belonging of an encoder of a particular code with a given generating polynomial
to a certain class under a given number of data symbols. Table 3 presents such a matrix for codes

! The author [7] used the somewhat inappropriate term of self-antidual functions to denote self-quasidual ones.
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with k£ < 4 check symbols. Here, the cells at the intersection of particular rows and columns are
set off in three different colors: black, gray, and white (meaning that the encoder of the polynomial

EFANOV, PIVOVAROV

code belongs to the class of SD devices, SQD devices, and SD/SQD devices, respectively).

Table 2. The detailed classification of polynomial codes by encoder types

N | SD SQD SD/SQD
k=1
3 ‘ m = 1(mod2) ‘ m = 0(mod2) -
k=2
5 | m=2(mod4) m = 0(mod4) m = 1(mod2)
7 | m=2(mod3) m = 0(mod3) m = 1(mod3)
k=3
9 | m = 3(mod6) m = 0(mod6) m = a(mod8), a € {0,1,...,5}\{0, 3}
11| m = 2(mod7) m = 0(mod7) m = a(mod7), a € {0,1,...,6}\{0,2}
13 | m = 6(mod7) m = 0(mod7) m = a(mod7), a € {0,1,...,6}\{0,6}
15 - m = 0(mod4) m = a(mod7), o € {1,2,3}
k=4
17 | m = 4(mody) m = 0(modR) m = a(mod8), a € {0,1,...,7}\{0,4}
19 | m=3(modl5) | m =0(modl5) | m = a(modlb), a € {0,1,...,14}\{0, 3}
21 - m = 0(mod6) m = a(mod6), o € {1,2,3,4,5}
23 | m=2(modl4) | m =0(modl4) | m = a(modld), a € {0,1,...,13}\{0,2}
25 | m =8(modl15) | m =0(modl5) | m = a(modlb), « € {0,1,...,14}\{0, 8}
27 | m=4(mod12) | m =0(modl12) | m = a(modl2), « € {0,1,...,11}\{0,4}
29 | m=6(modl4) | m =0(modl4) | m = a(modld), a € {0,1,...,13}\{0,6}
31 | m = 4(mod5) m = 0(modb) m = a(modb), a € {1,2,3}
k=5
33 | m =5(modl10) | m =0(modl0) | m = a(modl0), a € {0,1,...,9}\{0,5}
= a(mod42 = a(mod42
3 | m=2modt2) |72 f{yo( 2?)?131])»’ o€ {O,Tln,. . .i&}o\io,)ﬁ, 20,31}
37 | M= a(mod62), | m = a(mod62), m = o(mod62),
a € {40,56) a € {0,38) ae{0,1,....61\{0,38, 40, 56}
39 | m=1(mod28) | m =0(mod28) | m = a(mod28), a € {0,1,...,27}\{0,1}
41 | m = a(mod62), | m = a(mod62), m = a(mod62),
a e {18,60} | a e {0,39,62} a e {0,1,...,611\{0, 18,39, 60, 62}
43 | m = 11(mod30) | m = 0(mod30) | m = a(mod30), « € {0,1,...,29}\{0,11}
45 - m = 0(mod12) m = a(modl12), o € {1,2,...,11}
47 | m =2(mod31) | m =0(mod31) | m = a(mod3l), a € {0,1,...,30}\{0,2}
49 - m = 0(mod21) m = a(mod21), o € {1,2,...,20}
51 | m = 5(mod8) m = 0(mod8) m = a(mod8), a € {0,1,...,7}\{0,5}
53 | m =1(mod30) | m =0(mod30) | m = a(mod30), a € {0,1,...,29}\{0,1}
55 | M= a(mod62), | m = a(mod62), m = o(mod62),
a € {34,42) a € {0,10} a € {0,1,...,621\{0,10, 34, 42}
57 | m =17(mod28) | m = 0(mod28) | m = a(mod28), « € {0,1,...,27}\{0,17}
59 | m = 18(mod31) | m = 0(mod31) | m = a(mod31), a € {0,1,...,30}\{0,18}
61 | m =22(mod31) | m =0(mod31) | m = a(mod31), « € {0,1,...,30}\{0,22}
63 - m = 0(mod6) m = a(mod6), « € {1,2,...,5}
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Table 3. The matrix of polynomial codes with &k =1,...,4 check symbols

N

k=3

k=4

3 5

11 | 13

15

21

23 | 25

27 | 29 | 31

17 | 19

4. USING POLYNOMIAL CODES IN THE DESIGN OF SELF-CHECKING
DISCRETE DEVICES WITH COMPUTATION CONTROL

VIA SEVERAL DIAGNOSTIC ATTRIBUTES

4.1. The Structural Diagram of a CED Circuit

409

Consider the peculiarities of using polynomial codes in the design of self-checking discrete devices
with computation control via several diagnostic attributes. The approach to implementing CED
circuits via several diagnostic attributes simultaneously was used earlier in [22] when organizing
computation control of devices based on the principle of Boolean signal correction and the properties
of balanced codes of the form “r of 2r,” where r specifies the weight of a codeword. It was also
investigated in [16] in the context of computation control via several diagnostic attributes using
the well-known Hamming codes. Figure 3 shows the structural diagram of computation control via

several diagnostic attributes.
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Fig. 3. The structural diagram of a CED circuit for self-dual discrete devices via several diagnostic attributes.

In this structure, the initial discrete device (the object under diagnosis) is a block F'(X) in-
tended to compute the values of Boolean functions f1(X), fo(X),..., fm—1(X), fm(X) when sup-
plying the sets of argument values < X >=< x;x¢_1 ...x2x1 > to the inputs. This object is an SD
device. A special CED circuit with several diagnostic attributes is used to control computations
at the outputs of the block F(X). The CED circuit is implemented on the basis of polynomial
codes. The object’s outputs are identified with a data vector with m bits. Given the values of
functions f1(X), fo(X),..., fm—1(X), fm(X), the block G(F') forms the values of check symbols
91(X),92(X), ..., gk—1(X), g (X) for the codewords of a selected polynomial code, thus generating
a particular check vector. On the other hand, the block G(X) generates the values of check symbols
91(X),95(X), ..., 9._1(X), g,(X) for the codewords of the same polynomial code when supplying
the sets of argument values < X >=< x4 ... T2x1 > to the inputs. This solution provides a
computation control subcircuit based on the belonging of the codewords formed in the CED circuit
to the selected polynomial code. More precisely, the same-name outputs of the blocks G(F') and
G(X) are connected to the inputs of the two-rail comparator kTRC1, which compares k pairs of
signals at the inputs and forms a single pair of check signals 2{(X) and z{(X). This block is imple-
mented in the two-rail logic and represents a two-rail compression circuit based on k — 1 elementary
two-rail checkers (TRC) [23]. Therefore, the signals from one of the blocks G(F) or G(X) are pre-
inverted. (In Fig. 3, these are the signals from G(X) are inverted.) In general, when designing the
block G(X), one can immediately receive the inverted signals ¢1(X), g2(X), ..., gr—1(X), gk (X);
then inverters at the comparator’s inputs will not be needed. Computation errors at the outputs of
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the blocks G(F') and G(X), as well as in the comparator’s structure, violate the two-rail property
of the signal at the outputs 2¥(X) and z{(X), which indirectly indicates the presence of faults
in the structure of the entire system. This structure of computation control (with check symbols
supplementing data symbols) has been studied quite well [24].

Since the outputs of the block G(F) are described by self-dual and/or self-quasidual functions,
the self-duality /self-quasiduality control subcircuit is used for the signals g1 (X), gx—1(X), gx (X) to
control computations. For self-duality, the block £*SDC1 is installed to control k* self-dual signals
and generate one pair of two-rail outputs. Similarly, for self-quasiduality, the block (k — k*)SQDC'1
is installed to control k — k* self-quasidual signals and generate one pair of two-rail outputs. These
blocks are built based on compression circuits for self-dual and self-quasidual signals [11] and
checkers of self-dual and self-quasidual signals [25]. The outputs of both blocks £*SDC1 and
(k — k*)SQDC1 are connected to the inputs of the elementary compression block TRC' of two-rail
signals. Its outputs are the check outputs 29(X) and 24(X) of the computation control subcircuit
via self-duality /self-quasiduality. The outputs of the computation control subcircuits via different
diagnostic attributes are connected to the inputs of one block TRC'. Its outputs 2°(X) and 2z!(X)
are the check outputs of the CED circuit.

The operation principles and tuning of control devices for self-dual and self-quasidual signals
were described in [25]. The entire structure involves temporal redundancy and the data inversion
mode [6]. In this case, signals are represented as pulse sequences: zero is encoded by the sequence
0101...01 and one by 1010. ..10. As a result, the operation of devices is implemented by supplying
sets of input argument values in pairs: the first is an operating set, and the second is a check set.
The sets of input arguments in a pair are orthogonal in all variables (inverse in all variables). This
peculiarity of the computation control approach requires a rectangular pulse generator G, forming
a signal ¢ with a pulse ratio of 2. A sequence of signals corresponding to the input variables is
obtained using a cascade of two-input XORs: their first inputs receive signals from particular inputs
and the second ones the signal a. The same signal can be supplied to the inputs of the blocks F'(X)
and G(X) when they are designed from non-self-dual structures using the Shannon decomposition
with a single variable. The signal a is also required for the operation of self-duality /self-quasiduality
checkers.

According to [16], the computation control structure with several diagnostic attributes has better
checkability in terms of error observability at the outputs of objects under diagnosis, owing to the
operation mode and the possibility of versatile computation control.

Note the following important peculiarity of the computation control structure with several di-
agnostic attributes.

Theorem 6. In the CED circuit with computation control via several diagnostic attributes, any
single errors are detected at the outputs of the computation control subcircuit by the attributes of
the self-duality and/or self-quasiduality of the signals formed.

The proof of this result is given in the Appendix.

In practice, Theorem 6 simplifies the design of CED circuits with detection of any errors at the
outputs of the object under diagnosis by excluding from consideration the object’s faults that cause
single errors at their outputs.

4.2. An Algorithm for Selecting the Generating Polynomial
The general algorithm for designing a self-checking CED circuit with several diagnostic attributes
using polynomial codes contains the following steps.
Algorithm 3. Rules to design a CED circuit with several diagnostic attributes using polynomial
codes:
1. Consider the structure of a combinational object under diagnosis with m outputs and ¢
inputs.
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2. From the complete set Q of faults within a given model (e.g., single stuck-at faults at the
outputs of logic gates), select a subset Q' C Q of only those occurring at the outputs of logic gates
connected by paths with two or more outputs of the object under diagnosis.

3. If Q' = @, organize computation control using a polynomial code with a generating polynomial
N = 3 and design a CED circuit with several diagnostic attributes. If Q' = &, consider the possibil-
ities of error detection using polynomial codes with the generating polynomials N =3 + 2i, ¢ € N.
In this case, take only polynomials for which k = |logy N | < m. In other words, the maximum value
of this number is N = 2™~! — 1, and the list contains the numbers N = 3+2i,i = {1,...,2m 22},

4. Simulate the operation of the self-dual device by supplying all pairs (Ag,B%n_l_i) to its
inputs, where Ag and B%”—l—i are the values of the jth function formed at the jth output of the
object under diagnosis under an input combination corresponding to the decimal equivalent of ¢
and 2" — 1 — 4, sets of argument values, and the impact of single stuck-at faults from the set €2'.
Fix the errors caused by them at the outputs.

5. Compile the list of generating polynomials N = 3 + 2i, i = {1,2,...,2™ 2 — 2} and arrange
them in ascending order of N. With such an ordering, one first considers the generating polynomials
yielding codes with the smallest number of check symbols.

6. Take the first member of this list and remove it from there.

7. On the complete family of the sets of argument values, determine the values of the functions
defining the check symbols for the codewords of the polynomial code with the chosen generating
polynomial N.

8. Check error detection by computation control via the self-duality and/or self-quasiduality
attribute of the check functions obtained. From the complete set ¥ of errors occurring at the
circuit outputs, eliminate single errors and all errors with multiplicities d > 2, detected by compu-
tation control via the self-duality and/or self-quasiduality attribute. Form the set ¥/ C ¥ of errors
undetectable via this attribute.

9. If ¥/ = @, organize computation control using a polynomial code with the generating poly-
nomial corresponding to the number N. If ¥/ = &, check the detection of errors from the set W’
using the polynomial code selected.

10. If all errors are detected, design the CED circuit based on the polynomial code selected;
otherwise, take the next generating polynomial from the list (if non-empty) and return to Step 4 of
the algorithm. In the case of the empty list, it is impossible to design a fully self-checking structure
with computation control via several diagnostic attributes.

Consider an example of computation control using this algorithm for a self-dual discrete device
described by the following system of Boolean functions:

J1 = 2122V 2171 V 22T,
e e Ve Ve
1 2 3
f2=x3x4 V2124V 2123,
e Ve Ve
4 5 6
f3 = 1T2T3 V Tax3x4 V ToT3x4 V T1T2T3,
—_—— Y= Y~ Y=
7 8 9 10
fa = Tow3rsV x0T3T4 V Tox3Ta V T123T4 V L1 T2T3T4;
—_— = Y Y Y
8 9 11 12 13
fs = 11TV 2173V 2173 V ToT3T4,
A e N
2 14 15 16
f6 = x1T314 V £123T4 V T1Tax3 V T1X3T4 V T1T2T3T4 -
—_—— Y Y Y~ Y~
17 18 19 20 21

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 5 2025



DESIGN OF SELF-CHECKING DISCRETE DEVICES 413

At Step 1 of the algorithm, we take a particular two-level implementation of the device by the
above formulas, with the inversions of arguments transferred to the inputs of the first-cascade gates.
Let all non-repeating conjunctions in the expressions be numbered. The structural diagram of this
implementation is omitted here due to its bulkiness. It contains 21 multi-input AND gates in the
first cascade and 6 multi-input OR gates in the second one.

At Steps 2 and 3, we determine the subset of single stuck-at faults of logic gates causing multiple
errors at the device outputs and error detection possibilities using a polynomial code with the
generating polynomial N = 3. Multiple errors at the device outputs can be caused only by the
faults of the gates realizing conjunctions with numbers 2, 8, and 9. (They correspond to possible
simultaneous distortions in the values of the functions f; and f5, the functions f3 and f4, and the
functions f3 and f4, respectively.) The polynomial code with the generating polynomial N = 3 is
not suitable for computation control in the case considered.

At Step 4, we simulate the operation of the device under single stuck-at faults and memorize
the results in tabular form.

We compile the list of generating polynomials N =3 + 2i, ¢ = {1,...,14}.
Next, we choose the polynomial corresponding to the number N = 5, removing it from the list.
We check the error detection possibilities at the outputs of the device.

According to the simulation results, the polynomial code with the chosen generating polynomial
allows detecting all multiple errors caused by the faults of the gates realizing conjunctions with
numbers 2, 8, and 9, except for five double errors caused by a stuck-at-1 fault of the gate realizing
conjunction with number 2. (These five faults are detected neither by self-duality control of the
functions describing the check symbols of the codewords (see the matrix in Table 3) nor by the
control by the belonging of the check vector to this polynomial code.) The cardinality of the set
is |U/| #5. Hence, it is necessary to choose the next polynomial from the updated list. This
polynomial corresponds to the number N = 7.

We perform the same actions as before. Here, judging by the matrix in Table 3, computations
are controlled via the following attributes: the belonging of the functions describing the check
symbols of the codewords to the class of self-quasidual ones and the belonging of the check vector
to the codewords of the polynomial code selected. According to the simulation results, all multiple
errors are detected by computation control via only one of the diagnostic attributes. Next, we
design the CED circuit with two diagnostic attributes using the polynomial code selected.

Note that computation control via the attributes of self-duality and self-quasiduality insignifi-
cantly complicates CED circuits compared to CED circuits with computation control via polynomial
codes: the compression schemes of self-dual/self-quasidual signals, as well as the checkers of these
signals, have a rather simple structure [11, 25]. Therefore, it is possible to design less redundant
structures than, e.g., in the case of duplication, while obtaining improved checkability in terms of
error observability at the outputs of CED circuits.

An advantage of Algorithm 3 is that, with an appropriate choice of the generating polynomial
from small N = 3 to N = 2™~2 — 2. it is possible to achieve the full detection of errors using codes
with small k£, which also affects the performance of CED circuit implementation. A drawback is
the necessity of fault modeling and error detection at the outputs of objects under diagnosis, which
limits the applicability of this method for a sufficiently large number of inputs. The applicability
of the method for CED circuit design in some discrete devices also depends on the complexity of
Boolean functions computed at their outputs [26]. The complexity of the algorithm for construct-
ing a self-checking device can be asymptotically estimated as 20 i.e., the problem is solved in
exponential time with a linear index. Nevertheless, it is always possible to construct CED circuits
using decomposition methods. Besides, considering the structures of objects under diagnosis is
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an effective CED circuit design method when standard modular redundancy-based ones are not
applied.

Note also that polynomial codes detect a large number of errors under high degrees of the
polynomials M (y) and G(y), which is widely used in computation control and data transmission.
However, in the above application of polynomial codes, the degree of the polynomial M(y) is
determined by the number of outputs in the object under diagnosis, whereas the degrees of the
generating polynomials are selected considering the detection of errors caused by faults in the
structures of such objects. As a matter of fact, the earlier the number N is found by Algorithm 3,
the smaller the degree of the residue R(y) will be, and the less structural redundancy the final
self-checking discrete device will have.

5. CONCLUSIONS

Compared to the widely known approaches, the design method proposed above endows the
resulting fully self-checking discrete devices with improved checkability indicators. Moreover, the
method allows detecting a subset of errors in computations under fixed input actions. This is due
to the binary-sequence representation of signals in discrete devices.

The CED circuit design algorithm developed above based on the properties of polynomial codes
involves a sequential search of generating polynomials from the smallest, associated with the num-
ber N = 3, to the corresponding number N = 272 — 2. Under m < 6, the number of generating
polynomials satisfying this condition is small, reducing the possibilities for constructing a fully
self-checking device. Hence, the approach under consideration should be most effective for devices
with sufficiently many outputs: m > 6. As N grows to the limit, the number of check symbols
in the codewords changes from k=1 to k =m — 1, also increasing the cardinality of the set of
errors detected by polynomial codes. Therefore, the algorithm will be effective when constructing
self-checking devices for almost any structures of objects under diagnosis with m > 6. Nevertheless,
for each particular discrete device, it is necessary to compare the indicators of their self-checking
implementation with those of self-checking implementations obtained by other methods, e.g., du-
plication.

Possible directions of further research include setting various experiments with test discrete
devices and estimating the efficiency indicators of their self-checking implementations, developing
other algorithms for choosing generating polynomials considering the structural peculiarities of
objects under diagnosis and the peculiarities of other linear codes in CED circuit design via sev-
eral diagnostic attributes, and studying the peculiarities of constructing such devices on different
(particularly programmable) element bases.

As we believe, the use of computation control via several diagnostic attributes in the design of
self-checking discrete control devices is a promising and underinvestigated approach to the realiza-
tion of components of highly reliable control systems.

APPENDIX

Proof of Theorem 1.

Necessity. Each check function is described by the general expression g; = fi; @ fi, ® ... ® fi,,
Jj e {1k}, i1,42,...,ig € {1,...,m}. To obtain detailed expressions for each check function, it is
necessary to establish significant data symbols. Consider all data vectors with weight r» =1 to
determine sequentially the values of the check symbols by substituting a single significant data
symbol. If the function value is g; = 0, the corresponding data symbol will not affect the particular
check function; otherwise (g; = 1), it will be included in the logical expression describing the check
function.
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Sufficiency. When substituting the data vector with weight r = 1, the value of the function g;
will be determined only by the value of the significant data symbol; hence, it will be included in
the descriptive formula for the corresponding check function. Consider all data vectors with weight
r = 1 to determine all arguments summed in each function g;. This yields the formulas describing
the check symbols of polynomial codes.

Proof of Theorem 6.

All functions of the encoder of a polynomial code are linear: g; = f;, © fi, ©... @ fi,, j € {1,k},
i1,12,...,0q € {1,...,m}. Consider one of them and suppose the occurrence of a single error at the
output f, € {1,...,m}. Then the value of the function f, is distorted, becoming equal to f, = 0 or
Jp = 1. The original expression for the check functionis g; = fi, ® fi, ®... ® f, & ... @ fi,. Dueto
the distortion, it takes the form g; = f;, ©® fi, ® ... © (fp,=0)© ... O fi, = fi, D fi, © ... D fi, or
G =fu@fi®...(fp=1)®...0 fi,=fiy, ® fi, ... © fi,- In the first case, we have a parity
change in the number of arguments of the original function and its dependence on all variables
except fp. In the second case, the parity of the number of arguments changes as well but, besides,
the function of mod 2 addition is inverted, which preserves all the attributes of belonging to the
classes of self-dual and/or self-quasidual functions. In other words, the function has turned from
self-quasidual /self-dual into self-dual/self-quasidual. Due to the new type, the function will be
detected in the computation control subcircuit with the attribute selected: it will change under a
single error.
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Abstract—Programming is one of the most important skills of the 21st century. However, for
many students, learning programming is a rather complex process. In such cases, it is important
to maintain the interest and involvement of students in the learning process. It is believed that
digital games can solve this problem. One of the types of games that are well suited for
the field of computer science are puzzles, which are aimed, among other things, at developing
cognitive abilities. The purpose of the work is to develop models, an algorithm for the operation
and structure of a game chatbot with artificial intelligence for learning programming using
Wordle-like puzzles. Game Wordle was chosen due to its worldwide popularity and adapted
as a gaming chatbot for use in learning programming. Artificial intelligence in the chatbot is
necessary to control the appropriateness and appropriate time of its use, as well as adaptively
forming the difficulty level of puzzle. Based on the data collected as a result of using a non-
intelligent gaming chatbot, regression models of the influence of student indicators on the level
of interest and difficulty of puzzles offered by the gaming chatbot were built. The developed
models formed the basis of the algorithm of operation and structure of the gaming chatbot with
artificial intelligence. When using an intelligent gaming chatbot, it is possible to further train
the models and adjust the previously obtained coefficient values.

Keywords: gaming chatbot, learning to program, artificial intelligence
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1. INTRODUCTION

For many students, learning to program is quite a difficult process. This is due to the fact that
solving programming problems requires not only knowledge of programming languages, but also
appropriate levels of cognitive abilities (logical, critical, computational thinking). Low levels of
such abilities often create difficulties in learning and lead to a decrease in student engagement and
motivation.

The use of educational computer games is one of the methods for maintaining student interest
in learning in various disciplines and areas [1], including programming [2]. Cognitive abilities
and functions (working memory, processing speed, executive functions, etc.) can be significantly
improved by using games [3], and the specific effect depends on the types of games used [4]. Thus,
logical games and puzzle games are well suited for teaching computer science [5].

Traditionally, Parsons programming puzzles [6], which are randomly jumbled code fragments
that the learner must arrange in the correct order to obtain a working program, are well suited
for teaching programming at the initial stage. They are effective for mastering basic syntactic
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structures and programming logic, but their capabilities are limited and they are not sufficiently
focused on developing more complex cognitive skills.

At the same time, word puzzles, which are widely used in teaching foreign languages and
medicine, are practically not used in teaching programming, despite their enormous potential for
developing cognitive abilities [7]: vocabulary, working memory, cognitive processing, strategies for
retrieving information from working memory, reasoning and thinking abilities [8].

Effective programming directly depends on the knowledge of the syntax of the programming
language, vocabulary related to specific terminology, syntactic rules [9]. Even a minor deviation
from the syntax can lead to compilation or execution errors, requiring significant time spent on
debugging. Moreover, unclear and imprecise use of terminology in the code significantly complicates
its understanding both by the author and other developers, increasing the cost and time spent on
supporting and upgrading the software [10]. This is especially critical in large projects where
the code is written and supported by many people, and unclear vocabulary can lead to code
incompatibility, loss of time, and even to the occurrence of errors leading to a failure of the entire
system. Given the potential of word puzzles, it is necessary to develop the direction of their use
in teaching programming and computer science. Moreover, it is necessary to search for options for
implementing word puzzles that would be interesting and exciting for students of different levels,
while developing their skills.

One approach to creating educational games is to adapt well-known computer games (for exam-
ple, the adaptation of Super Mario in [11]). In recent years, a fairly popular word game is Wordle
(https://www.nytimes.com/games/wordle/index.html). Wordle is a word puzzle game in which
players must guess a word in several attempts. Scientific works appear that study strategies, the
process of solving puzzles, the complexity of words, and the behavior of players in this game [12-14].
Therefore, the principle of the Wordle game can be adapted to create a puzzle game for recognizing
program code for use in the process of teaching programming. Given the growing popularity of
chatbots in various fields, including education [15], as well as the text format of the Wordle game,
the adaptation can be implemented in the form of a chatbot.

The gaming chatbot with puzzle tasks can be embedded with models that will make it intelligent,
for example, in terms of generating tasks with an appropriate level of difficulty and interest. This
will increase the efficiency of its use, in particular due to the fact that interest affects engagement
and motivation, and the difficulty of tasks can affect interest. Similar gaming chatbots were no
found in the literature.

The aim of the work is to develop models, an algorithm for the operation and structure of the
gaming chatbot with artificial intelligence for learning programming using like Wordle-like puzzle.
To achieve this aim, it is necessary to collect data on the use of the first version of the non-intelligent
gaming chatbot, on the basis of which regression models can be built. These models will form the
basis for the algorithm for the operation and structure of the new version of the gaming chatbot.

2. RELATED WORK
2.1. Use of Educational Games

Although some studies have not found any positive effects from using educational games, most
scientists consider games to be a very effective and inexpensive teaching method that increases
interest in the training course, student engagement, academic performance, and knowledge as-
sessment after using games [17, 18]. Games can influence various aspects, including affective and
motivational elements, behavioral changes, knowledge acquisition, and the development of cognitive
and social skills [19].
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There are computer games for teaching computer science and programming, and their number
has been steadily increasing in recent years [5, 20-22]. There are games for different levels of
education, although games for teaching programming to beginners and schoolchildren predominate.
Among the existing games, puzzles and logic games are a separate area, since they are well suited
for teaching computer science and allow developing thinking skills and logical thinking [23]. This
is manifested in the improvement of such indicators as the speed of information processing, the
volume of working memory, cognitive control, argumentation and problem solving.

Word puzzles are a fairly popular type of game used in educational practice, especially in teaching
foreign languages and medicine. Their integration with courses, in combination with other learning
tools, helps to reduce the cognitive load on students, stimulate motivation, improve academic
performance [16], effectively develop general knowledge [25] and cognitive abilities [7, 24]. However,
word puzzles are not very common in programming education.

In recent years, one of the most popular word puzzles is the Wordle game. This game is intended
for entertainment, but it is possible to note the appearance of a fairly large number of scientific
works studying this game, the solution process, options for enumeration and search for a solution,
etc. [12-14]. Therefore, it is possible to consider the direction of adapting this game, as applied to
the educational process, in particular for use in teaching programming.

2.2. AI Chatbots

Puzzle games can be implemented in a variety of forms, including a chatbot. This format may
work well for some text/word puzzles. Basic chatbots use a rule-based approach [26]. In contrast,
AT chatbots use machine learning models.

Al chatbots are one type of conversational Al application. According to forecasts, the global
conversational Al market size is expected to grow at a CAGR of 21.8%, reaching $18.4 billion by
2026 (https://www.marketsandmarkets.com). Conversational AI has the potential to become a
mainstream technology in almost all market verticals (https://www.emarketer.com/content /tech-
catches-up-conversational-ai-ambitions).

Overall, the benefits of Al chatbots include providing a natural language, user-friendly interface
that can improve the user experience [27]. Using Al chatbots can reduce stress and help users avoid
information overload [28], providing users with a unique and more personalized experience. Such
chatbots can influence users’ emotions in a way that conventional enterprise systems cannot [29].

AT conversational systems can exhibit personality and have anthropomorphic characteristics [30],
better match user and organizational contexts, and are able to continually evolve by learning from
the content of requests and how users interact with them. Therefore, the continued use of Al
systems is important for their continued improvement, since they are usually based on machine
learning technologies. Since the continuous improvement of an Al chatbot depends on its use, it is
important to consider user behavior and engage usage patterns [31].

Currently, the development of AT chatbots is focused on the development of algorithm training
methods and approaches related to customization, anthropomorphism [32], personalization [33],
improving algorithms to obtain more accurate results [34] and expanding functionality, includ-
ing, for example, sentiment analysis [35]. There are proposals to create a new human-machine
intelligence [36].

Examples include AI chatbots that are used in the workplace [37], in business processes [38],
in organizing effective interactions with users and clients [39], in training [40]. Such chatbots are
more effective due to the automatic detection of user needs [41, 42] and the formation of user-
oriented behavior [43]. For example, in education, Al-powered chatbots can increase users’ interest
in learning mathematics [44] and reading [45].
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2.8. Formulation of the Task

In general, there are very few educational gaming chatbots described in the literature, and even
fewer educational gaming chatbots with artificial intelligence. [46] can be used as an example.

Each described chatbot has its own logical/scenario or AI/ML behavior model. Given the
originality of the task, such models are not suitable for building an intelligent gaming chatbot with
puzzles like Wordle and need to be developed. To do this, we will use the non-intelligent gaming
chatbot and conduct an experiment with it. The data collected as a result of the experiment will be
used to create machine learning models to control the behavior of the intelligent gamimg chatbot.
The models will control the level of difficulty of tasks and assess the feasibility of using a chatbot
at a given stage of learning a programming language by predicting interest in the task. The models
can be further trained based on new data obtained when using an intelligent gaming chatbot. Based
on the obtained models, we will create an algorithm for the operation and structure of the gaming
chatbot with artificial intelligence for teaching programming using Wordle-like puzzles.

3. GAMING CHATBOT WITH PUZZLE FOR LEARNING PROGRAMMING

The non-intelligent gaming chatbot “Identify the Python command” for the Telegram messenger
with text puzzle similar to the Wordle game [47] has been created, which is designed to teach a
text programming language, in particular Python (Fig. 1), and has the following game mechanics.

1. The aim of each task is to recognize a line of a certain program in several steps-attempts.
Initially, the line of the program is presented as a sequence of symbols 3, the number of which is
equal to the length of the line (with spaces).

2. Simplifications in the formation of the task are carried out in relation to the names of variables,
values of numbers, strings, lists, dictionaries and other structures. Thus, variables are changed and
used in the order a, b, ¢, ..., numbers — in the order 1, 2, 3, ..., symbols and strings — in the
order ‘a’, ‘b’, ‘c’, ..., mathematical operations — in the order ‘4, ‘=7, “x’, lists, tuples, dictionaries,
etc. are simplified to 1 element.

3. The text entered at each step is checked for compliance with the length of the program line,
the syntax rules of the language and the rules of PEP8 (in the case of Python), and a check is also
made for the presence of already open and known symbols. In case of violations, the student is
informed about the discrepancy and incorrectness of the input, and in case of absence, a line with
open symbols is given, followed by a hint after the # symbol. The hint is given as a set of symbols
sorted in ascending order of ASCII code.

4. Open symbols and a hint after each attempt are formed based on the result of a symbol-by-
symbol comparison of the entered text with the required line of the program according to the same
rules as in the Wordle game: if the symbols match, i.e. are in the correct places, these symbols
appear instead of *, and if the symbols are in other positions, i.e. are not in their places, these
symbols appear in the hint.

5. The maximum number of correct attempts given to complete the task is 20.

6. There are 3 levels of tasks of varying difficulty and different scoring, the ability to change
and move between levels. When completing at least 3 tasks at the current level, the level can be
changed to the next one. The level can always be changed to a lower one. When completing task
in 5 or fewer attempts, on the first level 10 scores are awarded, on the second level 20 scores are
awarded, on the third level 30 scores are awarded. If the task is completed in more attempts, the
number of scores received decreases.

7. The number of characters in the task depends on the level: the higher the level, the more
characters in the used line of the program. Program lines with widespread functions, commands,
methods are used at levels 1 and 2, less common ones are used at level 3.
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task in 3 attempts, scoring 10 points!
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10.

Your current rating among other students is
58

Fig. 1. Operation of the gaming chatbot “Identify the Python command”.

8. A rating is maintained and after completing the task, the number of scores scored for the cur-
rent task, the total number of scores and the student’s current position in the rating are displayed.

The gameplay of “Identify the Python command” is as follows.

1. Every day at 09.00 the bot sends a task. The duration of the task within 24 hours is not
limited in any way.

2. The bot tracks the task completion, the entered attempts and, if there are none, sends a
reminder about the need to complete the task twice a day.

3. Text is entered in the Telegram input line, no keyboards other than the standard one for
entering text on a smartphone are used.

4. There is a functionality for answering students’ questions.

5. The student’s actions are recorded, statistics are collected on working with the chatbot:
determining the number of steps taken when completing each task, points scored, changing the
level.
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6. Interaction with the gaming chatbot is aimed at supporting the development of hard skills
(memorization and recall of commands, functions, methods of the programming language), as well
as cognitive skills (working memory, attention and logical thinking) [48].

4. MODELS DEVELOPMENT
4.1. Conducted Experiment

The experiment involved 60 first-year I'T students studying the Python programming language
as part of a two-semester course. Most of the students had no programming experience when they
began their studies at the university. The experiment itself took place in the second semester.

The experiment used a non-intelligent game chatbot “Identify the Python command” and 2 ques-
tionnaires. The indicators in the questionnaires were assessed using a 5-point Likert scale.

Stages of the experiment.

1. Filling out the first questionnaire and indicating self-assessment of the level of writing pro-
grams in Python and the complexity of the course.

2. Using the chatbot for 10 days outside the classroom and solving one puzzle per day. Automatic
collection of data on the progress and results of solving tasks for each student.

3. Filling out the second questionnaire and indicating the interest and difficulty of the tasks,
sensation of involvement of working memory, attention and logical thinking when solving tasks.

4.2. Developed Models

To build the models, we used three data sources: the first questionnaire, the second question-
naire, and statistics on students’ work with the gaming chatbot.

The following indicators were obtained from the first questionnaire:
e Self-assessment of Python coding skill (SAWP);
e Assessment of Python course difficulty (ACD).

The following indicators were obtained from the second questionnaire:

e Self-assessment of sensation of working memory involvement in solving tasks (SAWM);
e Self-assessment of sensation of logical thinking involvement in solving tasks (SALT);

e Self-assessment of sensation of remembering Python function in solving tasks (SARF);
Perceived difficulty of tasks (PDT);

Interest in tasks (PIT).

The following indicators were obtained from the student work statistics:

e Final level of tasks in the gaming chatbot (FLT);

e Number of steps/attempts spent on solving a separate task (NS);
e Average number of steps spent on solving tasks (ANS);

e Final number of points for completing tasks (SRT).

We assume that the PDT perceived difficulty of tasks is influenced by SAWM, SALT, SARF,
FLT (Fig. 2). This influence can be explained as follows. If a student was at 2 or 3 levels, he faced
more difficult tasks, compared to those who were at 1 or 2 levels and were not at 3. Therefore, such
students will obviously rate the tasks as more difficult, i.e. FLT influences PDT. However, it should
be taken into account that if a student cannot solve a task while at a level, he will most likely move
to a lower level. Working memory and logical thinking play a key role in solving various problems.
To successfully complete tasks, it is necessary to remember Python functions and commands and
apply logical reasoning at each step (attempt) when open symbols appear. Working memory will
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Perceived
difficulty of tasks
(PID)

Fig. 2. Model of the influence of indicators on the perceived difficulty of tasks.

Interest in
tasks (PIT)

Fig. 3. Model of the influence of indicators on the interest in tasks.

ensure the process of solving tasks, so SAWM will influence PDT. It should be noted that simple
tasks, unlike complex ones, do not exert a significant load on working memory. In addition to
working memory, the student’s level of logical thinking and the number of previously memorized
Python functions and commands will affect the perceived difficulty of the tasks. With a low level of
logical thinking and a low number of memorized functions, the student may experience difficulties
in solving even problems of average complexity, and the tasks will be perceived as difficult. Hence
the influence of SARF and SALT on PDT [49].

We assume that PIT interest in tasks is influenced by ANS, SAWP, PDT, ACD, SRT (Fig. 3).
This influence can be explained as follows. A large number of attempts spent on solving a task may
indicate both high task complexity and the use of brute force. Both of these options negatively
affect the interest in the tasks being performed. Therefore, ANS affects PIT. To successfully write
code, students must know and remember the functions of the Python language. Students who rate
their programming skills highly usually know a sufficient number of functions and have developed
logical and algorithmic thinking. Therefore, solving problems will be more interesting for them than
for students who are unsure of their programming abilities, are not familiar with a sufficient number
of functions, and do not have developed logical and algorithmic thinking. Therefore, SAWP affects
PIT. If students spend a lot of time solving complex problems, especially if they have a low level
of working memory and logical thinking, this can cause some discomfort and reduce the level of
interest. Therefore, PDT affects PIT. The use of gamification tools and digital games can reduce the
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Fig. 4. Heat map of the frequency of occurrence of combinations of perceived task difficulty and the number
of attempts to solve tasks.

cognitive load in complex courses. Therefore, ACD affects PIT. The more points a student scored
as a result of working with a game chatbot, the more engaged he was and the more interesting it
was for him to work with the chatbot. Thus, SRT affects PIT [49].

We conducted a regression analysis and built models of the impact of the parameters on the
interest and perceived difficulty of the gaming chatbot. To assess the importance and contribu-
tion of each parameter to the value of the dependent variable, standardization was used with a
mathematical expectation of 0 and a standard deviation of 1. The dependent variables were not
standardized.

To assess the perceived difficulty of the gaming chatbot tasks, a linear regression with a signifi-
cance level of p < 0.01 was obtained:

PDT = agawn - SAWM + asarr - SARF + asapr - SALT + appr - FLT +abPT, (1)
where the weighting coefficients take the following values:

asawm = 0.63** . agarp = —0.52**, agarr = —0.41**, appr = 0.23*,
al’PT = 3.07* (***—p < 0.001," —p < 0.01,* —p < 0.1).

The coefficient of determination of the model was 0.82 (adjusted — 0.74).

To assess the interest in the gaming chatbot tasks, a linear regression with a significance level
of p < 0.001 was obtained:

PIT = aans - ANS + asawp - SAWP + appr - PDT + aacp - ACD + asrr - SRT + al'™, (2)
where the weighting coefficients take the following values:

ains = —0.68*, agawp = 0.64**, appr = —0.47*,

aacp = 0.44*, agpr = 0.27%, af = 373",
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The coefficient of determination of the model was 0.86 (adjusted — 0.78).

In the model (1), the SAWM, SALT, SARF indicators change little over a short period of time.
The FLT indicator characterizes the final level of tasks in the chatbot. With different FLT values,

different values of the number of steps to solve tasks are observed. So, with F'LT = 2, the average
value of ANS = 5.4, and with F LT = 3, the average value of ANS = 5.0.

In the model (2), the SAWP, ACD indicators change little over a short period of time. The
SRT indicator characterizes the final number of points scored for completing tasks in the chatbot.
This indicator is correlated with ANS, and the Pearson correlation coefficient is —0.43. The PDT
indicator used in the model (2) is the output of the model (1).

We constructed a heat map that shows the frequency of occurrence of various combinations
of perceived task difficulty and the number of attempts used to solve the tasks. We plotted the
frequencies on the heat map as a percentage of the total number of tasks solved by students (Fig. 4).

The heat map showed that the highest frequencies of combinations of PDT values and the
number of attempts to solve tasks are observed among students who solved tasks in 1-6 attempts
and for whom PDT is medium or high. An increase in the number of attempts is observed among
students for whom the perceived difficulty of the gaming chatbot tasks was medium.

Therefore, it is possible to propose to use models (1) and (2) in the task issuance control
algorithm based on the ANS value.

4.8. Limitations of the Developed Models

Despite the statistical significance of the obtained results, it is necessary to take into account a
number of limitations associated with the developed models.

e Limited sample of students. The experiment was conducted on a limited sample of students
(60 people), which may not reflect the diversity of educational contexts and different groups
of students. Students with different levels of training, motivation and previous experience of
interacting with chatbots, programming in Python, using traditional puzzles may demonstrate
different reactions to tasks, which limits the generalizability of the results.

e Limited set of factors. The models do not take into account demographic factors of students,
the influence of external factors. These factors can affect the perception of difficulty and
interest in tasks, but they were not included in the analysis. In addition, time parameters
for completing tasks in the chatbot, such as duration or frequency of attempt input, were not
used.

e Subjectivity of assessments. The perception of difficulty and interest in tasks are subjective and
may vary among different students. The models are based on self-assessments by participants,
which may introduce biases related to individual preferences.

e Linear dependencies. The assumption of a linear relationship between the parameters and
perceived difficulty and interest in tasks may be an oversimplification. Real relationships may
be more complex and nonlinear, which requires further research and more complex models.

e Long-term effects. The experiment does not take into account the long-term effects of us-
ing the gaming chatbot, such as the impact on academic performance, motivation, and the
sustainability of interest in the learning process over time. This limits the ability to draw
conclusions about the long-term effects of introducing such technologies into the educational
process.

5. STRUCTURE OF THE GAMING CHATBOT WITH ARTIFICIAL INTELLIGENCE

The effectiveness of using the gaming educational chatbot in learning programming depends on
a number of factors related to the characteristics of the students. These factors include:
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Fig. 5. Structure of the gaming chatbot with artificial intelligence.

F.

e Programming proficiency: students with basic knowledge and experience with a programming
language (in this case, Python) will benefit more from using the chatbot.

e Task-solving strategies and trajectories: students ability to effectively analyze tasks, plan
solution steps, and use adequate algorithms is directly related to their success in solving
tasks.

Perception of difficulty task is a key factor influencing interest in the chatbot. Perception of

difficulty is influenced by:

e Cognitive abilities: the volume of working memory and the level of logical thinking play an
important role in students ability to cope with tasks.

e Objective difficulty of task: the difficulty of the tasks should be adequate to the level of
students preparation.

e Solution trajectory: the number of steps required to solve a problem can affect the perception
of its difficulty.

e Knowledge of programming language functions and commands.

Based on this, we can conclude that the use of the gaming chatbot by beginners in programming
is associated with a certain risk. And a certain “threshold” level of student preparation is required,
including:

e Knowledge of basic Python functions and commands.

e Skills in reading and writing program code.

Students with a low level of working memory, logical thinking, or insufficient knowledge of
Python commands may face increased difficulty of tasks, which will negatively affect their interest
in the chatbot. Therefore, when introducing the gaming chatbot into the educational process, it is
important to take into account the individual characteristics of students and provide a “threshold”
level of preparation for its effective use.

It is possible to propose a structure of the gaming chatbot with models for managing Wordle-like
puzzle for learning programming. Here, based on the results of the survey and data transfer to the
chatbot, an assessment of the level of difficulty and interest of the tasks can be made, showing the
feasibility of using the chatbot at the current moment in time. Accordingly, the chatbot, depending
on the received values, will monitor the feasibility of use, and in case of feasibility, depending on
the strategy used and the completion of tasks, it will select puzzles of the appropriate level (Fig. 5).

We presented the algorithm of the intelligent gaming chatbot (Algorithm 1) in the form of
pseudocode.
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Algotithm 1. Intelligent chatbot behavior

Input : Models (1) and (2), survey and task completion results
Output: Chatbot usage recommendation, puzzle
1 Setting PDT; and PIT; thresholds.
2 Determining SAW M, SARF, SALT, SAW P, AC'D values based on testing and survey
results.
3 Using models (1) and (2) and determining initial values PDT and PITj.
4 if PDTy > PDT; or PITy < PIT; then
Issuing a recommendation about undesirable and premature use of the chatbot at this
point in time.
Exit.
else
Issuing the first puzzle.
Monitoring the solution of the first puzzle.
10 Determining N .S.

ot

© o N &

11 end

12 if Puzzle solved then

13 Based on NS and models (1), (2), the values of PDT', PIT are determined and a new
puzzle is generated taking these values into account.

14 As puzzles are solved, AN S is determined.

15 The values of PDT', PIT are recalculated and each new puzzle is formed in accordance

with them.
16 else

17 Formation of a new puzzle.
18 end

6. CONCLUSION

Wordle-like puzzles can be used at the stage of learning programming. In general, they are
quite an interesting educational tool for students. However, they should be used when the level of
students’ competencies is not low. In this case, solving puzzles will be exciting and useful. Also,
this type of puzzles may not be very interesting for students with a low level of RAM and logical
thinking.

Therefore, the introduction of machine learning models into the gaming chatbot, taking into
account the student’s indicators and the progress of the task, will allow the chatbot to predict the
perceived difficulty of tasks and interest in them. Due to this, it is possible to adapt the behavior
of the chatbot to the student’s level in order to make the difficulty of the tasks optimal, and the
interest — maximum.

The developed machine learning models formed the basis for the algorithm of operation and
the structure of the game chatbot with artificial intelligence. Based on the developed structure, a
new version of the game chatbot was implemented. Testing of the resulting chatbot showed great
interest in its use among students studying programming.

Some parameters of the models (FLT, ANS, SRT, PDT) can be determined by the chatbot
based on the results of completing the task and using the model 1. However, for some parameters
(SAWM, SARF, SALT, SAWP, ACD), it is necessary to conduct surveys at least at the initial stage
of connecting and launching the chatbot and, preferably, adjust them as the chatbot is used by
more frequent surveys. In this regard, it is of interest to replace subjective indicators with objective
ones and search for models that do not contain subjective indicators, or in which these indicators
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are expressed through the parameters of task completion. This will be the main direction of further
work.

In our future work, we also plan to expand the sample and take into account other indicators
in the models, in particular, demographic data of students and their experience with chatbots,
Python programming and solving traditional puzzles. We plan to consider nonlinear models of the
influence of indicators on the perceived difficulty and interest in tasks.
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Abstract—This paper considers a two-criteria three-index axial assignment problem, represent-
ing a classical NP-hard problem even in the single-criterion case. Within this formulation, the
problem of combining feasible solutions is posed; it is an assignment problem on the set of
solutions containing only the components of the feasible solutions selected. A polynomial algo-
rithm is proposed to find Pareto optimal solutions in the combination problem of two feasible
solutions. Based on this algorithm, a heuristic approach is constructed to estimate the Pareto
set of the multicriteria axial assignment problem.

Keywords: axial assignment problem, multi-index problems, multicriteria problems, Pareto op-
timality, combining solutions, polynomial solvability, NP-hardness
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1. INTRODUCTION

There is a wide class of applied problems formalized by multi-index axial assignment problems.
Examples include resource allocation, scheduling, object tracking, robotic logistics [1-5], and others.
The class of multi-index axial assignment problems is NP-hard even in the three-index case [6].
Particular polynomially solvable subclasses [1, 7] and subclasses with polynomial approximation
algorithms [1, 8, 9] are known. The three-index axial assignment problem was studied in [10-16],
including the construction of approximate approaches and the implementation of exact algorithms.
Multi-criteria formulations of multi-index assignment problems were discussed in [17-20].

This paper addresses the issue of constructing the Pareto set in a two-criteria three-index axial
assignment problem. We formulate the problem of combining feasible solutions, which is a multi-
criteria assignment problem on the set of solutions obtained by combining the components of
given feasible solutions. We propose a polynomial algorithm for constructing a subset of Pareto
optimal solutions on the set of combinations of two feasible solutions. This algorithm is applied
to develop a heuristic algorithm for approximating the Pareto set of the two-criteria three-index
assignment problem. A computational experiment is carried out to illustrate the approach. The
paper continues the series of research works [21-24] devoted to combining the solutions of the axial
assignment problem.

The remainder of this paper is organized as follows. In Section 2, we formulate the two-criteria
three-index axial assignment problem and the corresponding combination problem of feasible so-
lutions. Section 3 describes an algorithm for finding a subset of Pareto optimal solutions of the
combination problem. The results of computational experiments are provided in Section 4.

432
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2. PROBLEM STATEMENT

Let I, J, and K be disjoint index sets, INJ =0, INK =0, JNK =0 and |I| = |J| = |K| = n;
cijik and d;;p,, where i € I, j € J, and k € K, are three-index cost matrices; finally, 2,1, where ¢ € I,
7 € J,and k € K, is the three-index matrix of the variables. Then the two-criteria three-index axial
assignment problem is formulated as the following integer linear programming problem:

szi]’kzla ke K, (1)

icl jeJ
i€l keK
szijkzlv 1€ 1, (3)
jeJkeK
zir €{0,1}, iel, jelJ, keK, (4)
Z Z Z CijkTijk — min, (5)
el jeJ keK
Z Z Z dz‘jkxz‘jk — min . (6)
i€l jeJ keK

For the sake of convenience, we denote by Z, the two-criteria problem (1)-(6) and introduce

Clx) =D cijrziji,

i€l jeJ keK

D(x) =3 dijiijn-

i€l jeJ keK

Then z* is called a Pareto optimal solution of the problem Zj if 2* satisfies the constraints (1)—(4)
and there is no ' satisfying (1)-(4) such that C(z*) > C(2') and D(x*) > D(2') or C(z*) > C(2')
and D(z*) > D(z').

As is well known, the (single-criterion) axial assignment problem (1)—(5) is NP-hard [6]. Hence,
the problem of constructing a Pareto optimal solution of the two-criteria axial assignment prob-
lem Z is also NP-hard. To prove this fact, we need to define ¢;;, = djji, i €1, j€J, k€ K, in
the corresponding problem Zs.

Proposition 1. The problem of constructing a Pareto optimal solution of the problem Zo is NP-
hard.

Thus, it is topical to develop effective heuristic approaches to estimating the Pareto set of the
problem Zs. The heuristic approach proposed below is based on combining feasible solutions of the
problem Z5. Here, combining means solving the problem on the set of solutions containing only
the components of given feasible solutions.

Now we state the combination problem. Let a given set W C I x J x K define a subset of
allowed assignments. We introduce the auxiliary constraint

The two-criteria problem (1)-(4), (7), (5), (6) for a given set W will be denoted by Zy(W).
Obviously, problem (1)—(6) corresponds to the problem Z5(I x J x K).
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Then z* is called a Pareto optimal solution of the problem Z,(W) if x* satisfies the con-
straints (1)—(4), (7) and there is no a’ satisfying (1)—(4), (7) such that C(z*) > C(z’) and
D(z*) = D(2) or C(z*) = C(2') and D(z*) > D(a').

Checking the consistency of all constraints in the problem Z5(W') with an arbitrary set W, i.e.,
the system (1)—(4), (7), is an NP-complete problem [1]. When solving the combination problem,
we will consider the sets W corresponding to the assignments of a given subset of feasible solutions.

Let x;j1, wherei € I, j € J, and k € K, be a feasible solution of the system of constraints (1)—(4).
Then W (x) will denote the following set of allowed assignments:

W(l’) = {(2,],]€)|$Uk = lai € I,] S J,k S K}

Consider x}jk,xfjk, .. ,xfjk, where 1 € I, j € J, and k € K, representing arbitrary r feasible
solutions of the system of constraints (1)-(4). Then

Wizt z?, .. 2") =WEhHuwEHu...uWw ().

Below, we will investigate the problem Zo(W (2!, 22,...,2")).

3. CONSTRUCTING A SUBSET OF PARETO OPTIMAL SOLUTIONS

For r = 2, let 2! and 22 be given feasible solutions of the system of constraints (1)—(4). Consider
the problem Zy(W (z!,2?)) and the issue of constructing its Pareto optimal solutions.

Algorithm 1. Constructing a subset of Pareto optimal solutions of the problem Z(W (zt, x?)).

Step 1. Construct a graph G = (V, A), where

V={1uJuk}, A={G5),0,k), G k)G5k) € W' a?)}.

Step 2. Find the connected components Vj, [ = 1, ¢, of the graph G and construct the subgraphs
Gy = (V;, A)), 1 =1, q, generated by the corresponding connected components.

Step 3. Construct the sets

Df = {14, B)I(0,3.%) € W), (0,9). (. k). (k) € A}, 1=Toq,

D = {(0.3.K)I.5. ) € W), (.0). G.k), G F) € A}, 1=Tg
Step 4. Let
P=<p Z Cijk = /2?1112} Z Cijky P € {172} ,
(i,4,k)eD] Pt (gD

p; = argmin Z dijr, 1=1,q.
PERL (i jk)eDy

Step 5. Construct the Pareto optimal solution z*? using the following algorithm. Let acjfk =0,
where i € I, j € J, and k € K. For each [ = 1, ¢, execute x’f‘;)k :=1,(i,j,k) € DI

1,
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Step 6. Construct the following index set of the connected components:
L=< Z Cijk > Z Cijk and Z dijk < Z dijka l e {1, S ,q} s
(i,j,k)eDFT (i.j,k)eD]! (i,j,k)eDPT (i.4,k)eD;”

where p = 3 — p for p € {1, 2}.
Step 7. Sort this set in ascending order of the value

> digk— X dijk

g Pl .. Py
tall) — (4,5,k)ED, (i,5,k)€D;
g( ) - )
> Cijk — . Cijk
— .. D
(i,4,k)eD! (i,5,k)e Dyt

ie,let L ={l1,...,l 1} and tg(ls) = tg(lsy1), s =1,|L| — 1.

Step 8. Construct |L| Pareto optimal solutions 2**, s = 1, |L|, in the following way.
Let 275 =0, i€, j € J, k € K and, for each ¢ =1, lq|, execute:

if t € {l1,..., L}, then a5 := 1, (i, 5, k) € DI%;
otherwise, =75 := 1, (i,5, k) € D{".

Here is a numerical example for the operation of Algorithm 1.
Example 1. An illustration of Algorithm 1.

Let n = 6 and let the matrices c;;, and d;; be

0,(i, 7, k) € {(1,1,1), (1, ),(2 2,1),(3,3,3), (4,4,4), (3,3,4),
(5,5, 5>,< 6).,(6,6,5)},
I ERCR AR (PR3
“* N2, 6,5,k) € {(6,6,6)},
3, (1,3, k) € {(2,2,2)},

10 otherwise.

0,(i,5.k) € {(1,1,1),(1,1,2),(2,2,2), (3,3,3), (4,4,3), (3,3, 4),
(5,5,5), (5,5,6), (6, 6 6)},
(2,2,1), (4,4,4)},
(6,6,5)},

4, (1,7, k) €{

10 otherwise,

Consider two feasible solutions z! and 22 of the form

:‘[' — 17 (27]?k) E {(1? 17 1)7 (272?2)7 (3?3?3)7 (474?4)?(57575)?(67676)}?
ik 0 otherwise,

Lijk = .
K 0 otherwise.

_ {]ﬂ(i,j,k) €{(1,1,2),(2,2,1),(3,3,4), (4,4,3),(5,5,6), (6,6,5)},

We describe the operation of Algorithm 1 on this example.
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1 J K

Fig. 1. The graph G at Step 1.

Figure 1 shows the graph G yielded by Step 1.
At Step 2 the connected components of the graph G are constructed. Obviously, the graph G

has three connected components of the same structure. The sets obtained at Step 3 have the form
Dy ={(1,1,1),(2,2,2)}, D;={(3,3,3),(4,4.4)}, Ds=1{(5,5,5),(6,6,6)},
Di ={(1,1,2),(2.2,1)}, D3={(3,3,4),(4,4,3)}, D3={(5,5,6).(6,6,5)}.

At Step 4 we obtain

Pl = {2}7 pP1 = 27
P2 - {1}7 p2 = 17
Py ={2}, p3=2.

At Step 5 the first Pareto optimal solution z*° is constructed as follows:

ijk —

*0 _ 17 (27]?k) E {(1? 172)7 (272? 1)7 (3?3?3)7 (474?4)?(57576)?(67675)}?
0 otherwise.

The criteria values achieved at this solution are C'(z*?) = 0 and D(z*?) = 6.

At Step 6 the set L contains all three connected components; at Step 7 it will be sorted to I; = 3,
lo = 2, and I3 = 1. The next three Pareto optimal solutions constructed at Step 8 are

a {1,(i,j,k) €{(1,1,2),(2,2,1),(3,3,3), (4,4,4), (5,5,5), (6,6,6)},
ijk —

0 otherwise,

o {1,(i,j,k) €{(1,1,2),(2,2,1),(3,3,4), (4,4,3),(5,5,5), (6,6,6)},
ijk —

0 otherwise,

5 {1,(i,j,k) € {(1,1,1),(2,2,2),(3,3,4), (4,4,3),(5,5,5), (6,6,6)},
ijk —

0 otherwise.

The corresponding criteria values are

C(z*) =2, D) =2,
C(z*?) =3, D(*?) =1,
C(z*®) =6, D(@**) =0
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Fig. 2. The solutions found on the C'D plane.

The resulting solutions are displayed on the C'D plane, according to the value of their criterion

(Fig. 2). Here, ! and z? are the initial solutions; z*°, z*!, 2*?, and z*3 are the Pareto optimal

solutions of the combination problem obtained using Algorithm 1; finally, 2’' and 2’ are feasible
solutions of the combination problem. In this example, there is one more Pareto optimal solution
r! in addition to those found by the algorithm.

Next, we prove the correctness of Algorithm 1.

C&si)der the multicriteria problem. Let X C R™ be the set of feasible solutions of the problem
and f(z) € R™ be the objective function of the problem, f;(z)— min, i = 1, m.

Proposition 2. Let a set X C R"™ be finite. If x € X is not a Pareto optimal solution, then there

exists a Pareto optimal solution y € X dominating x, i.e., fi(y) < fi(x), i = 1,m, and there exists
an index j € {1,...,m} such that f;(y) < f;i(z).

Proof. Under the hypotheses of this proposition, suppose that x € X is not a Pareto optimal
solution. In this case, we construct an algorithm for obtaining such a solution .

Step 1. Find a solution 2’ dominating the solution z. If no such solution existed, the solution x
would be Pareto optimal (a contradiction).

Step 2. Let z := 2/ if x is Pareto-optimal, and return z; otherwise, go to Step 1.

By the definition of Pareto optimality, the total number of Steps 2 of the algorithm will not
exceed the cardinality of the solution set. Since the set is finite, the algorithm will output a Pareto
optimal solution in a finite number of steps. The proof is complete.

Proposition 3. Any feasible solution = satisfying the system of constraints of the problem
Zy(W (xt, 22)) can be constructed by choosing triples only from the first or only from the second
solution for each connected component independently.

Proof. This result was established when proving Theorem 1 in [21].

Therefore, we have

1if 2, = 1 for all (i, j, k) € D}
(@) =19, . . 5
2 if x5, = 1 for all (i,4,k) € D

Proposition 4. For any Pareto optimal solution x' of the problem Zo(W (x!,x?)),

/ *0 / *0
(i,j,k)e DI (i,jk)yeDPt ) (i,j,k)e D) (i,jk)eDP1 )
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Proof. Assume on the contrary the existence of a Pareto optimal solution 2’ with an index [ ¢ L
such that

> Cijk 7 > Cijl; OF > diji # > dij.-

(i, kyeDp ") (i k)eD]1 ™) (ig.k)eDl ™" (1.3 k)e D™
Consider two cases.
L. > Cijk 7 > . Ciih-
! z*
(i.5.k) DIV (i, k) €D
According to Step 5 of Algorithm 1,
> > > Cijk-
2! 2*0

(i.j.k)e DY) (i.j )eD ™)
Then:
a) If 3 diji < > d;ji, we have [ € L (a contradiction).

(i,j,k)eDP ™) (i)D"
b) Otherwise, > , diji, > > . d;j1, and the triples corresponding to connected
(i3, k)eD]H (i, k) D}

component [ in the solution 2’ can be replaced as follows:
xgjk =0, (i,5,k) € sz(x ),
*0
xgjk =1, (i,5,k) € sz(x ).

The values of both criteria will be reduced accordingly; therefore, x’ is not a Pareto optimal solution
(a contradiction).

2. > Cijk = > Cijk > dijk 7 > dij-
(i.g,k)e D) (13 keDP ™ (g kenp™” (i, k)eDP ")
According to Step 5 of Algorithm 1,

S diji > > dijik,
(i.g k)eD] " (g k)eD] ™
and the triples corresponding to connected component [ in the solution 2’ can be replaced as follows:
=0, (i,5,k) € DI,
*0
x;jk =1, (i,5,k) € sz(x ),

Again, the values of both criteria will be reduced, and hence 2’ is not a Pareto optimal solution (a
contradiction). The proof of this proposition is complete.

We denote by P, t = 1,|L|, the straight line connecting the points 2*' and 2***! on the CD
plane. The equation of P; has the form

D—-D@*)  C-C(z")
D(x*t_l) _ D(x*t) - C(x*t_l) _ C(x*t)'

For the sake of convenience, it can be reduced to

D(x*t) o D(x*t_l)
C(x*t—l) _ C(x*t)

D = D(z*") + (C(z*") — C) = D(z*) + tg(l,)(C(x*) — O).
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Also, this equation is equivalently written as
D = D(z"Y +tg(l,)(C(=*1) — O).

We say that a feasible solution z of the problem Z(W (!, 2?)) is not below the straight line P
if

D(x) > D(a™) + tg(ly)(C(2™) — C(2)).

Obviously, if a solution x is not below the straight line P, it will not dominate any of the

solutions z*~1 2*t,

Proposition 5. If for some e € {1,...,|L|} a solution x is not below the straight line P. and
C(x) < C(x*¢), then it is not below any straight line Py, t = e,|L|.

Proof. Since x is not below the straight line P, we have
D(x) = D(z*) + tg(le)(C(z™) — C(x)).

By construction, tg(ly) > tg(l4+1) =0, t = 1,|L| — 1. Due to the hypothesis of this proposition,
(C(z7¢) = C(z)) = 0. Therefore,

tg(le)(C (™) = C(x)) = tg(le1)(C(z™) — C(x))
and consequently,
D(z) 2 D(z") + tg(le+1)(C(z™) — C(x)).

In other words, the solution x is not below the straight line P,,;. By induction, we establish that
x is not below the straight line P;, ¢ > e. The proof is complete.

Theorem 1. There exists no Pareto optimal solution x' of the problem Zy(W (', 22)) that dom-
inates any of the solutions constructed by Algorithm 1.

Proof. Assume on the contrary the existence of a Pareto optimal solution z’ dominating at
least one of the solutions z*0, ..., z*/El constructed by the algorithm. Due to Proposition 4, such a
solution can differ from z*° only in the triples of components [ € L.

We construct |L| + 1 solutions "%, s = 0,|L|, as follows.

Step 1. Let 7% =0, i€ 1, jeJ, ke K.

Step 2. For each t = 1, ¢, execute:
— Ift e {ly,...,ls} and py(2') # pi(z*°), then ais =1, (i,5,k) € DY".
— Otherwise, x5 := 1, (i,7,k) € D}*.

110

By construction, 2””° = 2*Y, and hence the solution 2" is not below the straight line P;.

Now we demonstrate that if the solution z”’* is not below the straight lines P;, ¢t = 1,|L|, then

the solution 2”**! is not below the straight lines P;, t = 1, |L|, as well.

For each straight line P, t = 1,7 4+ 1, two cases are possible:

/11s+1

L pi, (@) = pi,,, (z*Y), then the solution z coincides with the solution x’*; therefore, it is

not below the straight line P;.
2. pi,., (2') # pi,,, (2*0), then the condition that 2" is not below P, implies

D(a") = D(a™) + tg(l:)(C (=) — C(2"™)). (8)
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By construction,
D) = D(a") + t(l, 1) (Ca") — "))
Applying inequality (8) yields
D(a" ™) = D(a™) + tg(1e)(C(a™) — O(a"*)) + tg(ls41)(C(2") — O (&)
and consequently,
D("*1) 2 Da) + 1g(l) (C(a™) = C"H) + (tgll) — to(lsr))(CE" ) — ™))
By construction C(z”*T1) — C(2"%) > 0 and tg(l;) — tg(ls41) > 0 for s +1 > t. Then
D(a"**) = D(a™) + tg(Is)(C(z™) — C(a"™),

/1s+1

i.e., the solution x is not below the straight line P;.

Hence, if the solution 2" is not below the straight lines P;, t = 1,|L], then the solution 2/**!
is not below the straight lines P, t =1,s+ 1.

By construction, C(z"t1) < C(z***1). Then, according to Proposition 5, the solution x
not below the straight lines P, t = s + 1, |L| (here e = s + 1). Therefore, if the solution z”* is not
below the straight lines P;, t = 1,|L|, then the solution z”**! is not below the straight lines P;,

t = 1,|L]. By induction, we establish that 2"/ is not below the straight lines P;, t = 1, |L]|.
nL| _ x/

11s+1 is

By construction, x i.e., 2’ is not below the straight lines P, ¢t = 1,|L|; hence, the solu-
tion 2’ dominates neither of the solutlons 20, ... 2*L found by Algorithm 1. This contradiction
completes the proof of Theorem 1.

*0
s

Theorem 2. The solutions x z*Ll obtained using Algorithm 1 are Pareto optimal in the

problem Zy(W (x!, 2%)).

Proof. Assume on the contrary the existence of a solution 7 ¢ € {0,..., L}, that is not Pareto

optimal in the problem Zs(W (!, 22)). Then, according to Proposition 2, there is a Pareto optimal

solution 2’ of the problem Zy(W (z!,z?)) dominating 2*¢

C(z') < C(z*") and D(z') < D(z*7).
However, due to Theorem 1, such a solution z’ does not exist. This contradiction completes the

proof of Theorem 2.

Proposition 6. Algorithm 1 does not necessarily yield the entire set of Pareto optimal solutions
of the problem Zy(W (z!,z?)).

Proof. We provide a corresponding numerical example. Let n = 4 and

xl»k _ Lif (4,7,k) € {(1,1,1),(2,2,2),(3,3,3),(4,4,4)}
" 0 otherwise,

) {1&@&%)eﬂLmezznxaagxaam}
Lijk =

0 otherwise.

In addition, let

0if (1,5, k) € {(1,1,1),(2,2,2), (3,3,3), (4,4,4), (2,2,1), (4,4,3)}
LG = (1,1,2)
* 2if (4,5, k) = (3,3,4)

5 otherwise,
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0if (4,7, k) € {(2,2,2), (4,4,4), (1,1,2), (2,2,1), (3,3,4), (4,4,3)}
1if (3,5, k) = (1,1,1)
2if (4,,k) = (3,3,3)

5 otherwise.

ijk =

Then there exist four feasible solutions of the combination problem:
*1 . 1 if (27]?k) e {(1? 17 1)7 (272?2)7(373?3)7 (47474)}
ijk = :

0 otherwise,

where C(2*!) = 0 and D(z*!) = 3;

*2 . 1 if (2.7]'? k) e {(1? 172)7 (27 2? ]‘)7(3?3?4)7 (4?4?3)}
ijk = .
0 otherwise,

where C(2*?) = 3 and D(2*?) = 0;

3 J1if(i,5,k) € {(1,1,2),(2,2,1),(3,3,3),(4,4,4)}
ijk = .
0 otherwise,

where C(z*3) = 1 and D(z*?) = 2; and finally,
o (LG g k) € {(1,1,1),(2,2,2), (3,3,4), (4,4,3)}
ijk — .

0 otherwise,

where C(z**) = 2 and D(z*) = 1.

Each of the four solutions constructed is Pareto optimal in the problem Zo(W (2!, 2?)). Note that
q =2 and |L| = 2; hence, Algorithm 1 will find only three solutions. The proof of this proposition
is complete.

Thus, Algorithm 1 constructs Pareto optimal solutions of the problem Zy(W (z!,2?)) without
any guarantee of obtaining the entire Pareto set.

Theorem 3. Algorithm 1 requires O(n?) computational operations.

Proof. Let the input data of Algorithm 1 be feasible solutions ! and z? represented as a
collection of triples (i, 7, k) and costs ¢;j;, for which the corresponding variables are 1. According
to (1)-(4), the number of such triples is n for each feasible solution. Step 1 of the algorithm is
to construct a graph G = (V, A), where |[V| =O(n) and |A| = O(n). At Step 2 the graph G is
partitioned into connected components. This partition is obtained using the width-first traversal
of the graph, which requires O(|V|+ |A]) = O(n) computational operations. Step 3 serves to
determine the corresponding connected components for the input triples of the algorithm; this step
requires O(n) computational operations. At Step 4, for each connected component, the algorithm
determines from which solution the triples will be taken to the first Pareto optimal solution; this step
requires O(n) computational operations. Step 5 is to construct the first Pareto optimal solution;
since the solution can be represented as a collection of n triples (i, j, k), this step requires O(n)
computational operations. At Step 6 only the connected components matching the criterion are
selected from all such components, which requires O(n) computational operations. Step 7 serves to
sort the subset of the connected components, which requires O(nlog(n)) computational operations.
Finally, at Step 8, O(n) solutions are constructed, each in O(n) computational operations. Thus,
Algorithm 1 requires O(n?) computational operations. The proof of the theorem is complete.
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4. COMPUTATIONAL EXPERIMENTS

Algorithm 1 yields a subset of the Pareto set in the problem Z(W (z!,22)). Let us apply this
algorithm to develop heuristic approximation methods for the Pareto set of the original problem Z5.
The effectiveness of the heuristic algorithm will be assessed via computational experiments.

Experiment 1. Construct the matrices c;;, and d;;, in the following way: for each index
i € IUJUK, generate a random point p on the XY plane so that p, and p, are integer and uni-
formly distributed on the closed interval [0,232 — 1]. Then ¢y, = dist(i, j) + dist(j, k) + dist(i, k),
where dist(a,b) indicates the Manhattan distance between points a and b. Determine d;j;, by
analogy.

A local optimization procedure for a feasible solution x of the problem Z5 includes several steps
as follows.

Step 1. Choose a random number a € [0, 1] equiprobably.

Step 2. Construct the three-index cost matrix e;j, = aciji + (1 — a)d;jp.

Step 3. Apply the local optimization procedure proposed in [15] to the solution z of the original
problem, but with the criterion ;c; > ic s > pek €ijkTijr — min.

We construct n random feasible solutions x1,...,z, of the problem Z5, and apply the local
optimization procedure to each of them until the solution stops changing. Let ...,/ denote
the resulting solutions. From these solutions, we select the nondominated ones. Let R be the
Pareto curve approximation constructed from the latter solutions.

Next, we apply Algorithm 1 to the pairs of locally optimized solutions to solve the following
problems:

ZQ(W(xllﬂ xl2))7 AR Z2(W(x;7,—17 x;z))

From all the solutions obtained, we choose the nondominated ones. Let () be the Pareto curve
approximation constructed from the latter solutions.

We compare the number of points not dominated by the corresponding approximation and
differing by the criterion value from all points of this approximation. We introduce the number of
points not dominated by the approximation A as follows: B(A) = |[{z|z is a feasible solution of the
problem Zs, 2’ € A such that C(2') < C(z) and D(2') < D(x)}|. For each test, B(R) and B(Q)
were computed by checking the entire set of feasible solutions for the nonexistence of a dominant or
equal-criteria-value solution in the corresponding approximation (via complete enumeration). The
tests were carried out on dimensions n = 6,7, 8, with 50 tests for each dimension.

The results of the first computational experiment are given in Table 1. Clearly, the application
of Algorithm 1 reduced the number of nondominated points by 6.57% on average.

Table 1

Problem dimension %100%
6 2.14%
7 8.03%
8 9.54%

Experiment 2. Construct the matrices c;;, and d;;, in the following way: for each index
i € IUJUK, generate a random point p on the XY plane so that p, and p, are integer and uni-
formly distributed on the closed interval [0,232 — 1]. Then ¢y, = dist(i, j) + dist(j, k) + dist(i, k),
dijr, = —max(dist(i, j), dist(j, k), dist(i, k)), where dist(a,b) indicates the Manhattan distance be-
tween points a and b. Determine d;j; by analogy.
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We construct n? random feasible solutions 1, ...,x,s of the problem Z, and apply one itera-
tion of the local optimization procedure to each of them. Let x,z5,...,z/ 5 denote the resulting
solutions. From these solutions, we select the nondominated ones. Let R be the Pareto curve
approximation constructed from the latter solutions.

Next, we apply Algorithm 1 to the pairs of locally optimized solutions to solve the following
problems:

Zo(W (a,2h)), . Zo(W (@51, 2 3)).
From all the solutions obtained, we choose the nondominated ones. Let ) be the Pareto curve
approximation constructed from the latter solutions.

We compare the number of points not dominated by the corresponding approximation and
differing by the criterion value from all points of this approximation.

The tests were carried out on dimensions n = 6,7,8, with 50 tests for each dimension.

Table 2

Problem dimension %100%
6 11.44%
7 18.08%
8 11.71%

The results of the second computational experiment are given in Table 2. Clearly, the application
of Algorithm 1 reduced the number of nondominated points by 13.74% on average.

5. CONCLUSIONS

This paper has proposed an algorithm for constructing Pareto optimal solutions in the problem
of combining two feasible solutions of the two-criteria three-index assignment problem. The correct-
ness of the algorithm has been proved, and a quadratic estimate of its complexity has been obtained.
This algorithm can be an additional step in heuristic approaches for estimating the Pareto domain
of the two-criteria three-index assignment problem. According to the results of computational ex-
periments provided, post-processing by the proposed optimal combination algorithm improves the
quality of approximate solutions.
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Abstract—The traveling salesman problem is one of the most widely studied problems in the
field of combinatorial optimization. However, the investigation of new approaches and the
improvement of existing methods remain a significant area of research. This paper presents
an analysis of the quality of the cycle merging algorithm used to solve the minimum traveling
salesman problem. The results of a computational experiment on five families of problems are
provided, and the accuracy and time complexity of the algorithm are analysed. For symmetric
instances, a regression model is constructed to describe the dependence of the relative error
estimate on the number of vertices. It is shown that a polynomial model provides the best
approximation of the obtained data and satisfies key statistical assumptions. The results allow
us to evaluate the error growth patterns and to justify the applicability of algorithms to large-
scale instances of the traveling salesman problem.

Keywords: traveling salesman problem, heuristic algorithm, asymptotic accuracy of the algo-
rithm, statistical study
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1. INTRODUCTION

The traveling salesman problem is a classical combinatorial optimization problem and remains
one of the most important and topical problems in the field of applied mathematics and computer
science. Its importance is manifested in many practical spheres, such as logistics, transportation,
production, route planning and others. The minimum traveling salesman problem consists in
finding the Hamiltonian cycle with minimum sum of weights of edges in a complete graph.

In recent decades, a variety of methods for solving the traveling salesman problem has been
widely studied. These include exact algorithms, approximations, and heuristic techniques [1, 2].
However, with the advent of new computational technologies and the constant increase in the
amount of data, there is a need to develop more efficient and scalable algorithms to solve this
problem.

The traveling salesman problem is NP-hard [3]. Therefore, the development of polynomial
approximate algorithms is relevant for its solution.

This paper presents an empirical study and statistical analysis of the accuracy and time com-
plexity of a heuristic algorithm for solving the traveling salesman problem — the cycle merging
algorithm. Section 2 characterizes the accuracy and running time estimates of popular efficient
algorithms for solving the minimum traveling salesman problem. Section 3 gives a brief description
of the algorithm under study. Section 4 describes the problem generation and the computational
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experiment. The results of the computational experiment on random input data are presented in
Section 5: data on the accuracy and solution time of the problems are given. Section 6 provides a
statistical analysis of the accuracy of the cycle merging algorithm. Section 7 summarizes the main
conclusions of the experimental results.

2. STATE OF THE PROBLEM OVERVIEW

Heuristic and approximate algorithms such as nearest neighbor algorithm, greedy algorithm,
nearest insertion and others are widely used in practice due to their simplicity and efficiency. They
often show good results for small datasets, but may not provide the optimal solution for high
dimensional problems.

Table 1 presents priori estimates of the accuracy and time of some heuristic algorithms [4] for
the minimum traveling salesman problem. The upper bounds for the algorithms are calculated as
the ratio f(s)/f(so), where f(s) is the obtained tour length and f(sp) is the optimal tour length.

Table 1. Upper bound of accuracy estimation and running time of the algorithms

Algorithm Upper bound Operation time

Immediate neighbor [5]
Immediate double-ended neighbor [6] 0.5 [logy N + 1]
Greedy [5] O(N?)log N
Nearest addition [6]
Nearest insert [6, 7]
Cheapest insert [6, 7] O(N?)log N
Farthest insert [6, 7]

Arbitrary insertion [7]

O(N?)

O(N?)

2-2/N

Inserting the nearest segment O(N?)

Dual minimal spatial tree [8]

Dual minimal spatial tree modified
Christofides [9] 3/2—1/N O(N?3)

Mura curve [10]

log N O(Nlog N)

Serpinsky curve [11]
2-Opt [12] ~ 2 O(N?)

The above algorithms for solving the traveling salesman problem have different advantages and
disadvantages depending on the characteristics of the input data and the required accuracy of the
result.

The following sections will analyze the accuracy and time complexity of the cycle merging
algorithm.

3. THE CYCLE MERGING ALGORITHM FOR SOLVING
THE TRAVELING SALESMAN PROBLEM

The authors of the study [13] investigated a heuristic algorithm for solving the traveling salesman
problem — Cycle Merging Algorithm (CMA). Here is a brief description of the algorithm.

The first step of the algorithm consists of finding an extreme weight in a given graph of a 2-regular
subgraph, i.e. covering this graph with cycles. This construction is commonly referred to as
a 2-factor of minimum weight. The problem of finding a 2-factor of minimum weight can be
reduced to an assignment problem for which exact polynomial algorithms are known.
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Vi [ Y
v, U, Vi U,
r ‘ I ¢ A ret
Y, U, [ % Y U,
Initial cycles r, t € C: Merge option 1: Merge option 2:
ezr@t} = {U17U2}7 fTEBt = {U17U2}7 fTEBt - {U17U2}7
€lrany = (w1, uz} Gret = {u1,us} Grot = {u1,us}

Fig. 1. Cycle merging options.

In the second phase, the condition of cycle singularity of the obtained solution is checked. If
the 2-factor is represented by a single cycle, then this cycle is the solution of the problem. If the
2-factor is represented by several cycles, then different cycles r and ¢ are searched in pairs. In each
cycle of the selected pair, one edge is searched.

Let e’{T@t} = [vl,v2] and ef{T@t} = [ul, u2] be chosen, for them two pairs of conjugate edges are
found (f = [vl,ul], g = [v2,u2]) and (f = [v],u2], g = [v2,ul]), used to connect the cycles (Fig. 1).
We search for a set r,t, e’{”r@t}, et{r@t}, f, g of the listed elements such that the connected cycle has
minimum weight.

The found pair of cycles is then replaced by the joined cycle with minimum cost. The algorithm
terminates when the current 2-factor contains only one cycle.

A theorem on the computational complexity of the algorithm is formulated and proved for the
described algorithm.

Theorem 1. The computational complexity of the cycle merging algorithm does not exceed
O([V]?).

A more detailed description of the cycle merging algorithm and a proof of the computational
complexity theorem are given in [13].

For the metric maximal traveling salesman problem, a theoretical accuracy bound was previously
established for this algorithm [13], which allows us to rigorously evaluate its quality in this class
of problems. However, there are no such theoretical bounds for the minimum traveling salesman
problem, so it is of interest to conduct an empirical study of the accuracy of the algorithm.

4. DESCRIPTION OF TEST PROBLEMS

To evaluate the quality of the cycle merging algorithm for the traveling salesman problem at min-
imum, a computational experiment was conducted on problem sets from the TSPLIB library [14],
as well as on randomly generated instances with different characteristics of the cost matrix.

The performance of the algorithm was evaluated on the following families of the traveling sales-
man problem:

1. Asymmetric instances of the traveling salesman problem from TSPLIB. TSPLIB contains real
and artificially generated problems that are widely used in heuristic and exact algorithms. The
asymmetric cost of traveling between vertices makes the solution more complex, since the inherent
symmetry inherent in many classical methods is broken.

2. Euclidean instances of the traveling salesman problem from TSPLIB (n < 3000). This data
type models geometric versions of the problem, where vertices correspond to points in the plane and
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the costs of transitions between them are determined by the Fuclidean distance. Such problems
are commonly found in logistics, navigation, and network planning.

3. Asymmetric cost matrices W = [w(4, j)], where w(i, j) are random numbers from {0,1,2, ...,
10°}. The uniform distribution of values in a fixed interval models random systems with indepen-
dent transition weights. This allows to test the algorithm under full uncertainty of the structure
value.

4. Asymmetric cost matrices where w(i, j) are random numbers from {0,1,2,...,7 x j}. In this
family, the range of possible costs increases as the vertex indices increase, which models problems
where the communication between vertices becomes more expensive or complex as their numbers
increase. This type of matrix allows to analyze the behavior of the algorithm on problems with
non-uniform complexity of links.

5. Symmetric cost matrices W where w(i, j) are random numbers from {0, 1,2,...,10%} fori < j.
In contrast to the asymmetric cases, the symmetric structure limits the set of possible solutions,
but leads to an increase in the number of short cycles in the original coverage. This makes it
difficult to combine cycles into a single route and can negatively affect the accuracy of the heuristic
algorithm.

6. Symmetric matrices where w(i, j) are random numbers from {0, 1,2,...,i x j} fori < j. Sim-
ilar to the asymmetric case, but taking into account the symmetry of the weights. This type of
problem models cases where distant vertices are associated with higher cost of transitions. How-
ever, the presence of many short cycles in the early stages of the solution makes the problem
computationally complex, and may worsen the accuracy of an approximate solution.

7. Sloped plane instances of the problem where the arc weight is defined as

w(i,j) = \/(xz' —x;)* + (yi — ;)% — max(0,y; — y;) + 2max(0,y; — vi),

with vertex coordinates generated independently and uniformly on the interval {0,1,2,...,10°}.
This model simulates a situation in which moving vertically involves additional costs, such as
traveling on mountain roads. The difference in the cost of upward and downward movement makes
the problem asymmetric and complicates its solution.

For families 3-6, the number of vertices n was varied from 100 to 3000 by increments of 100.
All results are the average of 100 trials each.

The experiment uses instances that are generated in both a random and determined way. The
number and variety of families used allows us to check the reliability of the algorithm under test.

5. RESULTS OF COMPUTATIONAL EXPERIMENT FOR THE TRAVELING
SALESMAN PROBLEM AT MINIMUM

For the first and the second family of problem instances (asymmetric and euclidean problems
from TSPLIB), the results are given in [15]. The analysis of accuracy and computational efficiency
of the cycle merging algorithm for the other families are considered within the framework of this

paper.

5.1. Analysis of Relative Error Estimation

Figure 2 shows the relative error estimates obtained in the course of the numerical experiment
for different families of traveling salesman problems. The elements of the cost matrix of these
problems were randomly generated according to the generation rules described in Section 4.
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Fig. 2. Relative error estimation of the cycle merging algorithm for different families
of the traveling salesman problem.

The analysis of the results shows differences in the behavior of the relative error estimation
depending on the family of the considered instances.

For asymmetric instances of the traveling salesman problem with uniformly distributed elements
of the weight matrix from the set {0,1,2,...,105} (family 3) relative error decreases with increasing
number of vertices. At n = 100 its average value is 9.15%, and at n = 3000 it decreases to 1.97%.
Analogous tendency is observed for family 4, but the error value in average remains lower, decreasing
from 5.12% at n = 100 to 1.06% at n = 3000.

For symmetric instances of the traveling salesman problem, represented by families 5 and 6, a
different behavior is observed. The relative error in both cases increases with increasing number
of vertices. Thus, for family 5 it increases from 103% at n = 100 to 541% at n = 3000. A similar
increase is characteristic for the family 6, with the error increasing from 65 to 175% for the same
values of n.

For the sloped plane instances (family 7), the estimate of the relative error remains relatively
stable over the entire interval of n values, fluctuating between 36.6-37.7%. This result indicates
that the accuracy of the algorithm is less dependent on the dimensionality of the problem in this
family of instances.

Thus, the analysis shows that:

e for asymmetric instances of the traveling salesman problem, the estimate of the relative error
decreases with increasing number of vertices;

e for symmetric instances of the traveling salesman problem, the opposite trend is observed —
the error increases with increasing problem dimensionality;

e the family of sloped plane demonstrates stable values of the relative error, insignificantly
changing with increasing number of vertices.

5.2. Analyzing the Solution Time

Figure 3 presents the average running time of the cycle merging algorithm at solving one problem
for different families of instances of the traveling salesman problem.

The analysis of time characteristics shows different behavior of time growth of the solution
depending on the family of considered instances.
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Fig. 3. Solution time per instance of the traveling salesman problem using the
cycle merging algorithm for various problem families.

For asymmetric instances of the traveling salesman problem with uniformly distributed elements

of the weight matrix from the set {0,1,2,...,10°} (family 3) solution time increases from 0.105 s
at n =100 to 259.88 s at n = 3000. For family 4 (W = [w(i,7)], where w(i,j) are uniformly
distributed random numbers of {0,1,2,...,i X j}) the solution time grows faster, starting from

0.14 s at n = 100 and reaching 3057.04 s at n = 3000. This indicates the significant influence of
structure of the cost matrix on the computational complexity of the algorithm.

For symmetric instances of the traveling salesman problem, a faster growth of the solution time
is observed. In particular, for family 5 (W = [w(i,j)], where w(i,j) are uniformly distributed
random numbers from {0,1,2,...,10°}) it increases from 0.114 s when n = 100 to 5760.3 s when
n = 3000. For family 6 (W = [w(i, )], where w(i,j) are uniformly distributed random numbers
from {0,1,2,...,i x j}) this growth of is even more pronounced: from 0.27 s to 16669.63 s over
the same interval of n values. Thus, the specificity of the structure of weights influences not only
the accuracy, but also the computational complexity of the algorithm.

For the instances of sloped plane (family 7), a significant increase in the solution time is also
observed. At n = 100 the average time is 0.279 s, and at n = 3000 it reaches 16 694.93 s, which is
similar to the indicators for the sixth family of problems and significantly exceeds the data for all
other families of problems. This indicates the complexity of processing such instances by the cycle
merging algorithm.

In general, the analysis of temporal characteristics shows that:

o asymmetric instances of the traveling salesman problem are solved faster than symmetric
ones, but the structure of the cost matrix significantly affects the growth of solution time;

o for symmetric instances there is an accelerated growth of the running time of the algorithm,
especially for family 6;

« instances of sloped plane show the highest values of the solution time, which may be related
to the peculiarities of the geometric structure of the problems.

The complexity of the symmetric non-Euclidean traveling salesman problem for algorithms start-
ing from the assignment problem is due to the low accuracy of the lower bound obtained using this
method. In particular, for the vast majority of symmetric instances, the assignment problem leads
to a cycle coverage containing a large number of short cycles (Table 2). This significantly compli-
cates the process of combining them into a single route, increasing both the computational cost
and the resulting relative error.
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Table 2. Ratio of the number of initial cycles to the number of problem vertices

Number of vertices Asymmetrical instances Symmetrical instances
100 0.0382 0.4920
200 0.0225 0.4768
300 0.0162 0.4771
400 0.0139 0.4892
500 0.0118 0.4848
600 0.0101 0.4867
700 0.0086 0.4896
800 0.0076 0.4902
900 0.0071 0.4890
1000 0.0070 0.4878

As can be seen from the table, for asymmetric instances the ratio of the number of initial
cycles to the number of vertices decreases significantly with increasing dimensionality of problem,
decreasing from 0.0382 (100 vertices) to 0.0070 (1000 vertices). This indicates a tendency to form
longer cycles, which contributes to a more efficient connection of routes at subsequent stages of the
algorithm.

In contrast, for symmetric instances this ratio remains practically unchanged, fluctuating in the
range 0.4768-0.4920. This indicates that during the formation of the 2-factor for this family of
problems, a lot of short subcycles are formed, which makes it difficult to combine them into the
final route.

The growth of the solution time for symmetric instances is explained by the fact that the process
of connecting a large number of short cycles requires a significantly larger number of iterations,
which leads to a complication of the algorithm structure and an increase of its computational com-
plexity. As shown in Fig. 3, the running time of the algorithm for connecting cycles for symmetric
instances significantly exceeds the similar values for asymmetric problems.

Thus, in order to improve the accuracy and reduce the time to solve the symmetric non-Euclidean
traveling salesman problem, further study of specialized heuristics and approximate algorithms
adapted to work with this family of problems is required.

6. STATISTICAL ANALYSIS OF THE ACCURACY OF THE CYCLE MERGING
ALGORITHM FOR SYMMETRIC TRAVELING SALESMAN PROBLEM

As part of the investigation of the accuracy of the cycle merging algorithm for the symmetric
traveling salesman problem at minimum, a statistical analysis of empirical data obtained for in-
stances of the problem with a weight matrix whose elements are generated uniformly from the set
{0,1,2,...,7 x j} (the fifth family of problem instances from Section 4) was carried. Since there
are no theoretical bounds on the accuracy of the algorithm for the symmetric minimum comparison
problem, we used regression analysis methods to predict the dependence of the relative error on
the number of vertices.

Three possible regression models were considered: steppe, second-order polynomial, and loga-
rithmic. These models were chosen on the basis of observations on the nature of the relative error
growth with increasing number of vertices.
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6.1. Selection of Regression Model

Exploratory analysis is a necessary step to test the assumptions [16] associated with regression
models and to select the most appropriate model to approximate the data. As part of this analysis
phase, visual inspections were performed and statistical characteristics were calculated for each
model to compare their performance and accuracy.

Visual methods such as scatter dot plot and dot plot matrix were used to analyze the relationship
between the number of vertices and relative error. Histograms and tests for normality of the
distribution of residuals were also used. Statistical tests, such as the coefficient of determination R?,
adjusted R?, and the Durbin-Watson and Breusch-Pagan tests, were used to assess the model’s fit
to the statistical assumptions.

6.1.1. Power regression. The power model is of the form

y = ax®. (1)
After logarithmization, the equation takes a linear form:
logy =loga+b-logx. (2)

The following results were obtained for this model:

e The coefficient of determination R? = 0.9676, adjusted R? = 0.9665, which indicates high qual-
ity of data approximation.

e The significance of the model coefficients is confirmed by the p-values, which are less than
210716,

e The Durbin—-Watson test showed no significant autocorrelation of the residuals (DW = 1.9527,
p=0.3711).

e The Breusch-Pagan test revealed the presence of heteroscedasticity (p = 1.24 - 1079), indicat-
ing instability in the variance of the residuals.

e The global test for compliance with the linear regression assumptions showed violation of the
assumptions (p = 2.81-1077).

Thus, although the power model has a high coefficient of determination and provides a good

approximation, the identified problems with heteroscedasticity and violation of linear assumptions
indicate its limitations.

6.1.2. Polynomial regression. The second-order polynomial model is

logy =a+b-logz+c-log? . (3)

The statistical characteristics of this model are:

R? =0.9999, adjusted R? = 0.9999, which confirms the almost perfect fit of the model data.
All model coefficients are statistically significant (p < 0.001).

e The Durbin—Watson test showed no autocorrelation (DW = 2.2082, p = 0.5771).

e The Breusch-Pagan test showed no heteroscedasticity (p = 0.1035).

The global test showed small deviations from the assumptions (p = 0.002).

The second-order polynomial model showed a significantly better fit to the data compared to
the power model, eliminating heteroskedasticity problems. However, the test for global fit to the
linearity assumptions indicates possible deviations, which nevertheless do not have a significant
impact on the accuracy of the model.
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Fig. 4. Comparison of regression models for symmetric instances from the set {0,1,2,...,10°}.

6.1.3. Logarithmic regression. The logarithmic model is described by equation

y=a+b-Inz. (4)

Statistical results:

e R? is slightly lower than that of the polynomial model, but remains high.

e The residuals meet the requirements of normality and homoscedasticity.

e The global test confirms satisfactory compliance with the prerequisites.

The logarithmic model, as well as the polynomial model, showed good correspondence with the
data and regression assumptions with easily interpretable coefficients.

6.1.4. Model selection. Figure 4 shows plots of empirical and model values for different personal
regression models.

The analysis showed that the power model has a high coefficient of determination, but violates
the regression assumptions. The second-order polynomial model significantly improves the quality
of approximation by eliminating heteroscedasticity. The third-order polynomial model improves
the quality of predictions, but may lead to overcomplication. The logarithmic model describes the
slowing growth well, but has limitations in extrapolation.

According to the test results and interpretation of the data, the second-order polynomial model
and logarithmic regression are the most fitting. The polynomial model provided the best fit to the
data, eliminating the major problems of power regression. The logarithmic model describes slowing
growth well, but when extrapolated to values beyond the training set, it can produce bias because
the logarithmic relationship assumes infinite growth at large x, which does not always fit real data.
In the further analysis we will use the polynomial model of the second order as the most accurate
and satisfying the key statistical requirements (Table 3).

Table 3. Global verification of polynomial regression assumptions

Test Value p-value

Global Stat 16.843 0.0021 (not satisfied)
Skewness 3.189 0.0742 (acceptable)
Kurtosis 2.321 0.1277 (acceptable)
Link Function 9.898 0.0017 (not satisfied)
Heteroskedasticity 1.436 0.2308 (acceptable)
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polynomial regression on symmetric instances from the set {0,1,2,..., 105}.

The polynomial model on a logarithmic scale shows a good fit to the data, but small deviations
from linearity may indicate its limitations in extrapolation. In general, the results support their
applicability, although a possible bias should be considered when forecasting large values.

0.2. Evaluation and Interpretation of the Model

The constructed polynomial regression model describes the dependence of the average relative
error on the number of vertices. The inclusion of a quadratic term made it possible to take into
account the nonlinear nature of the error growth. The coefficient b; = 0.4465 at logn indicates an
accelerating growth of the error with increasing dimensionality of the problem, and the positive
value by = 0.0035 at (logn)? confirms a small acceleration of growth at small values of n. However,
this effect is smoothed out at large problem dimensions, which indicates a tendency to stabilization
of error.

Key statistical measures of the model:

e R? =0.9999 (almost complete explanation of variance).
o F-statistic: 129100 (p < 2-107'6), which confirms the significance of the model and high
degree of fit to the data.

e Confidence intervals show that all model coefficients are statistically significant (p < 0.01).

Figure 5 presents a graphical comparison of empirical data and predicted values of the model.

Analysis of the global regression assumption test showed a violation of the link function (p =
0.0017). However, the absence of heteroscedasticity and autocorrelation of residuals allows us to
consider the polynomial model suitable for describing the relationship, despite small deviations
from the assumptions of linearity.

6.3. Prediction for Problems of High Dimensionality

On the basis of the constructed polynomial model, we extrapolated to predict the relative error
for problems of up to 10000 vertices (Fig. 6). The results show that at large n the tendency to
the error growth remains, but the effect of acceleration due to the quadratic term becomes less
pronounced. This confirms that the relative error tends to stabilize and its increase slows down.

Statistical analysis demonstrates that the proposed polynomial model describes well the depen-
dence of the relative error on the dimensionality of the problem and allows us to make predictions
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Fig. 6. Prediction of the relative error estimate for large-scale sym-
metric instances from the set {0,1,2,...,10°}.

for large n. Although the model retains high approximation accuracy, possible deviations in extrap-
olation indicate the need for further investigation of error behavior for problems of extremely large
dimensions. Nevertheless, the obtained results confirm that the cycle merging algorithm demon-
strates a stable character of change of error and can be applied to the solution of the symmetric
salesman problem in the case of high dimensionality.

7. CONCLUSION

The article presents the results of an empirical study of the accuracy and time complexity of
the cycle merging algorithm, as well as a statistical analysis of the accuracy of the algorithm for
one of the considered families of the symmetric traveling salesman problem on the minimum.

The empirical analysis was performed on seven families of problems, of which the article presents
results for five families of randomly generated instances.

The study shows that the solution quality and computational complexity of the algorithm depend
on the structure of the cost matrix. For asymmetric instances the relative error estimate decreases
to 1-2% at 3000 vertices, whereas for symmetric instances and sloped plane instances there is a
gradual increase in relative error. The solution time for all families increases polynomially, with
the solution time for symmetric and sloped plane instances being significantly higher than for the
asymmetric instances.

The analysis shows that the relative error of the cycle merging algorithm for the symmetric
traveling salesman problem demonstrates polynomial growth with increasing dimensionality of the
problem. This is confirmed by statistical processing of experimental data, where the polynomial
regression model provides the best fit to empirical observations.

In spite of the error growth, the proposed algorithm retains acceptable accuracy and polynomial
running time, which makes it a promising tool for solving instances of the traveling salesman
problem of large dimensionality. To further improve the quality of solutions, it is advisable to
investigate hybrid approaches combining cycle merging algorithm with additional heuristics and
local improvements.
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1. INTRODUCTION

The average shortest path length is one of the most important characteristics of real graphs
(or networks). The first essential attempt for calculation this value was in 1969 year by two social
psychologists Stanley Milgram and Jeffrey Travers (small-world experiment [1]). They found a
phenomenon that any two people know each other by a sequence of 6 contacts. This theory is
known as six degrees of separation theory. Further, this theory was proved by Duncan Watts and
Steven Strogatz in [2]. It turns out, that many graphs in real applied works have the same property:
they have small average shortest path length.

Another very important characteristic for real networks was found by Watts and Strogatz —
big average clustering coefficient (or Watts and Strogatz clustering coefficient [2]). Graphs which
satisfied these properties (small average shortest path length and big average clustering coefficient)
are called small-world networks. In Social Networks science there are many other important char-
acteristics for networks so-called centralities (for example, stress, closeness, betweenness, radiality
centralities and so on). In this field they analyzed distributions of all these centralities to understand
intrinsic characteristics of networks (see for example [3-7]), but the existence of relations between
centralities is still not very well-known question. In these article we found relations between aver-
age shortest path length and radiality, closeness, stress centralities and also the connection between
average shortest path length and average clustering coefficient for geodetic graphs.

2. MAIN DEFINITIONS
All subsequent definitions are given for a simple, connected, undirected graph G. Let’s denote
by
e V(G) the set of vertices, E(G) — the set of edges, A = {a;;} adjacency matrix of graph G,

e neighborhood N(v) — the induced subgraph in G on vertices which adjacent to the vertex v,
e N'(v) induced subgraph in G on vertices = V(N (v)) U{v},
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f(x1,...,xx) for any function f: V x V x ... x V. — R — the restriction of this function on
N'(v) (for example L(z,y) will be the average shortest path between x and y with restriction

to subgraph N’(v)),

d; = deg(v;),

dist(s,t) — the shortest path length between s and ¢,
n=|V(G), m=I|EG)],

X (i) = X(v;) for any X — set or function corresponding to vertex v;.

Let’s give definitions of centralities.

(8)

Diameter diam(G) = max, ey () dist(s, ).

Average shortest path length

L(G) = n(nl_l) > dist(s, t).
s,teV(G), s#t

Local cluster coefficient

number of edges in N(i) _
maximum possible number of edges in N(z) ~— d;(d;—1) *

ci =c(i) =

Average clustering coefficient

Cws(G)=1 ¥

1€V(G)

1 Z E 7 1 7, keV(G
n i(di — n E i(di—
i€V (G) di(di—1) ieV(G) di(di=1)

Global clustering coefficient

AjjA5k QL4
C(G) __ number of closed triplets in G __ i,5,k€V(G)
~  number of all triplets in G = Z di(d;—1)
iEV(G)
oseness centrali ow) = ———"7"".
Cl trality Cl n—l
> dist(v,t)
teV(G)

Radiality Rad(v) _ teV(G)t#v

Stress Str(i) =

> (diam(G)+1—dist(v,t))

n—1

ost(1), where o4 (i) — is the total number of shortest paths from

steV(G), s#t#i
s to t which contains vertex 1.

Note that all centralities are non-negative and ¢;, Cyy g, Clo(v) are less or equal 1.

Also let’s give the definition of geodetic graph:

Definition 1. If there exists the unique shortest path between any two vertices in G then the

graph G is called geodetic.

This definition is equivalent to the condition then there is no even cycles in a graph.

3. MAIN RESULTS

Let’s consider a induced subgraph G’ C G. In general G’ can be not connected graph. In this
case let’s define the average shortest path length for vertices of G’ with relation to the distance dist
in the ambient graph G. Let’s call L(N (7)) the local average shortest path length for the vertex i.

Let’s start with simple relations: let’s proof the relation between local shortest path length and

local clustering coefficient.

Lemma 1.
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Proof.
1
LIN(i)) = ——— > dist(s,?)
d; (dl B 1) s,tEN(i),s#t
= ﬁ Z dlSt(S,t) + Z dlSt(S,t)
i(di — )(s,t)eE(N(z‘)) stEN (i), (s,t)2 E(N (i)
1 . .
= 7@=7 <2|E(N(z))| + > dlst(s,t))
A (5,9),(1,0) EE(G), (s, )¢ E(G)
1

= 2@ =) HEN )] +20d:(d; ~ 1) ~2ABENE))) =2~ e

Note that shortest paths for vertices in N (i) are defined corresponding to whole graph G.
Averaging by i we obtain simple corollary about the relation between local shortest path length
and average clustering coefficient.
Corollary 1.

Cws(G _2—— > LN
zEV(G

Let’s proof the relation between shortest path length in subgraph N’(i) and shortest path length
in N (7).

Lemma 2.
LIN'G) = (di — 115(?71(@)) +2
Proof. By definition
L(N'(i)) = m > dist(s, t) = dH_iL(N(i)) + diil

s,teV(N'(1)), s#t

Let’s proof the relation between shortest path length in a induced subgraph and shortest path
length in ambient graph if induced subgraph is obtained from ambient graph by deleting one vertex.

Theorem 1. Let a graph G is obtained from a connected simple graph G’ by deleting one vertex
and |V(G)| =n. Then
n

!
>
L(G)/n—i-l

L(G)7

where the average shortest path length L(G) is defined in the ambient graph G', if G is not connected.

Proof. Let’s denote the deleted vertex by v. By the triangle inequality Vs,t € V(G) : dist(s,v)+
dist(v,t) > dist(s,t), here the equality holds if, there are no paths from s to t in G. Therefore,

> (dist(s,v) +dist(v, ) = D dist(s, £),

s,teV(G),s#t s,teV(G),s#t

Z dist(v, t) (nl_ 0 Z dist(s, 1),

n( tEV(G s, teV(G), st

Z dist(v,t) > L(G).

teV (@)
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Then,
1

LG = ——— dist(s,t
( ) (n T 1)n s,tEV(zG:/),s;ét ( )

- (n+ Ln (2 2 st Z) S#diSt(SJ))

teV(G) stEV(G,
1 —1
: Z dist(v, t) + — CL(G) > o -L(G).
n—l— nteV(G) n+ n+

Note that if G' consists of n isolated vertices then the equality holds.
We obtain corollaries.

Corollary 2. Let a graph G is obtained from a connected simple graph G' C H by deleting one
vertex, |V (G)| =n and H is connected and simple. Then

L(G),

n
n+1

L(G) >

where the average shortest path lengths L(G) and L(G') are defined in the ambient graph H, if
corresponded graphs are not connected.

Proof. The proof is the same as for the previous theorem and also if G consists of n isolated
vertices then the equality holds.

Corollary 3.
d.
L(N'(i)) > ——=L(N(3)).
(V@) > S LIVE)

Let’s proof the relation between shortest path length in a induced subgraph and shortest path
length in ambient graph.

Theorem 2. Let’s G' C G be induced subgraph and |V (G)| =n,|V(G')|=n+ k. Then

n

LG) > ——
(&) n+k

L(G)7

where the average shortest path length L(G) is defined in the ambient graph G', if G is not connected.

Proof. Let’s construct the graph G’ from G by adding sequentially k vertices and corresponded
edges. Let’s first sequentially add vertices adjacent to vertices of the graph G. Adding these vertices
one by one we obtain a sequence of graphs G1,Go,...,G)p, where |V(G;)| = n + i. Further, let’s
add is the same way vertices adjacent to vertices of the graph G, and so on. In the end we obtain
the graph G’. By previous corollary

y n+k—1 n+k—1n—k—2
> — >
L&) > n—+k L(Gr) 2 n—+k n—k—lL(Gk_z)
n—k—2 n
= TI(Gro) = > L(G).
n+k (Gr—2) n—+k (@)

Let’s proof the relation between average closeness centrality and average shortest path length.

Lemma 3.
n

S Clo(v)

veV(Q)

L(G) >
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Proof. By the inequality of harmonic mean and arithmetic mean

n—1 n(n—1) 1
Z Clo(v) = = > S dist(o,f) © S dist(v,f)  L@)

"evia veV(G) yeir(a) v teV(G)
Note that an equality holds when all average shortest path lengths from any vertex to all remaining
vertices are equal.

Let’s proof the relation between average shortest path length and average radiality.
Lemma 4.
L(G) = diam(G) +1 — — Z Rad(v
UGV(G

Proof. The proof holds from definition
(n —1)(diam(G) + 1) — > dist(v, t)

Z Rad(v % Z teV(Q), t#v

" vev(a) veV (@) n—1

= diam(G) + 1 — L(G).

Let’s prove a theorem about a connection between the average stress centrality and average
shortest path length for geodetic graphs.

Theorem 3. If G is geodetic, then

Z Str(i

’LEV(G
Proof. Let’s define

(0) {1, if i # s # t — is the vertex of the shortest path between s and ¢,
Xst =

0, otherwise.

Thus, Str(i) = > xst(i). If there exists the unique shortest path between any two vertices
s,teV(G)
in G, then dist(s,t) = Y.  xs(i)+1 (otherwise, dist(s,t) < Y. xst(i)+1). Therefore, for any 4
ieV(G) ieV(@)
Z dist(s,t) = 2|F| + Z dist(s, t)
s,teV(G) s,teV(G), dist(s,t)>2

=2|E| + > ( > xst(i)+1)

s,teV(G), dist(s,t)>2 \i€V(G)

=2(E|+ Y Str(i) +n(n—1)—2/E[= Y Str(i)+n(n—1).
eV (Q) ieV(Q)

Corollary 4. For any simple connected G

L(G) <1+ 1 > Str(i).
n(n — 1) eV (Q)
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First let’s proof theorem about a connection between average clustering coefficient and stress
centrality and we will use it for a connection between the average shortest path length and the
average local clustering coefficient further.

Theorem 4. If there is no pendant vertices in graph, then

1 Str(i)
us@)= 1 ¥ (1 S0y,
"ievie di(d; —1)
Proof. Note that Vj,k € N(i) : (j, k) ¢ E(N(i)) the shortest path between j and kis j — ¢ — k
Therefore,

sufi) 2 2 (U= v

—Str(i) > 1 —¢;.
di(di—l)s r(4) c
Averaging by ¢

1 Str(i)
Cs(G) > — ooy
vs@>5 3 (- a@-n)

Note that for diam(G) = 2 holds an equality.
Corollary 5. For any simple connected graph G

1 Str(4 number of pendant vertices
Cws(@) >~ Y (1—d,(d_<_>1))— /7 |
i€V (G) TR

n

Proof. Let’s define 7 ( T _Str@i) Ty as 0 for every pendant vertex i, then in the inequality T d

)Str( i) >

1 — ¢; in the right side will be 1 and in the left side 0, thus if we add in the left side 1 for every
pendant vertex, will be right equality.

Now let’s prove a theorem about a connection between the average shortest path length and the
average local clustering coefficient for geodetic graphs

Theorem 5. If G is geodetic and Vi,j € V(G) hold, if d; < dj then Str(i) < Str(j), then

| Cus(G) < 1 Z (L(C;) (;1) (112)— 1) N number of pendant Uertices'
"ievia) i\ —

Proof. Let’s re-numerate vertices such that Vi < j: d; <

d;. Then for i < j hold Str(i) < Str(j)
and d;(d; — 1) < d;(d; —1). By Theorem 3 and Corollary 5 for the case if there is no pendant
vertices in graph holds

n

1 Str(i)
1-Cws(@) <= > —t
e Gildi —1)

Chebyshev’s sum inequality 1 1
< - Str(i) | |~ -
nze; (G) ) (n Z di(di_l))

i€V (G)

1 1)(n—1)'
n ; d—l)

For pendant vertices we should add 2umber of pendant vertices i the right side. Note that if there exist

two vertices i,j € V(G) such that d; < d; and Str(i) < Str(j) then the inequality in this theorem
will be strict.
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Ezample 1. Let’s consider a star G with V(G) = n+ 1 vertices. The star is geodetic graph. The
central vertex has degree n, local clustering coefficient ¢; = 0 and stress centrality Str(i) = n(n—1).
Other vertices are pendant (d; =1, ¢; =0, Str(i) = 0). Thus for this graph holds Theorem 5.

ni2n—1)+n 2n
L — — = U.
(@) (n+1)n n+1’ Cws =0
1_CWS(G):1:n(n—1) n+1

1 Z (L(G) —1)n number of pendant vertices

n+1i€V(G) dl(dl—l) n+1

Thus, for this example holds equality.
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Abstract—The paper proposes a decomposing data augmentation method. As against the
available ones, it handles multidimensional time series and during the augmentation retains the
general trend and the structure of multidimensional data based on plant sensor readings. The
gist of the method proposed is the application of multilevel variational mode decomposition
coupled with conventional augmentation techniques. The method was verified using real-life
multidimensional time series for thermocouples and load cells. The augmentation results were
analyzed using MAE criterion as well as stochastic process PDF.

Keywords: equipment state diagnosis, sensor readings, augmentation, multidimensional data,
synthetic data, variational mode decomposition
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1. INTRODUCTION

Data augmentation refers to the generation of new synthetic data that maintains similarity to
the original dataset. Currently, the development of data augmentation techniques represents one
of the most pressing challenges in measurement data preprocessing, with applications in several
critical scenarios:

en obtaining a sufficiently large dataset for developing adequate mathematical models is
1) Wh btaini fficiently 1 dataset for developi d t thematical models i
prohibitively expensive due to high experimental costs.

(2) When addressing missing data issues that frequently occur during practical implementation of
predictive models in industrial settings, caused by system failures, production stoppages, or
other disruptions.

(3) When generating anonymized sensor data is required for model testing and public dissemina-
tion of results.

Conventional data augmentation techniques employ various manipulations of original data to
create synthetic samples, including: time series noise injection [1], scaling method, magnitude
warping [2], time warping, window warping [3], rotation, and permutation [2] and several other
methods [4]. These approaches share a fundamental characteristic: they operate by distorting,
reducing, enlarging, or otherwise modifying the original dataset. This leads to a specific challenge
in their application to sensor signal processing — the potential for excessive distortion relative to
the original signal, which may adversely affect subsequent model development.

Furthermore, the aforementioned methods demonstrate a crucial limitation: they cannot effec-
tively process sets of different signals that are synchronized in time. This represents a common
scenario in industrial applications where simultaneous recording from multiple sensors is required
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for mathematical model development. Such signals typically exhibit shared temporal characteris-
tics (outliers, trends, etc.), but applying independent augmentation to each signal disrupts these
synchronized features, resulting in incorrect data for subsequent analysis.

Recent trends in data augmentation have shifted toward machine learning approaches, particu-
larly:

e Generative adversarial networks (GANs) [5], which synthesize completely new datasets by
learning the underlying data distribution from original samples

e Variational autoencoders (VAEs) [6], which generate data by mixing features from learned
probability distributions rather than creating entirely novel samples

However, these advanced methods present two significant limitations:

(1) They demand substantial volumes of original training data, which are often unavailable in
practical applications.

(2) The augmentation process requires considerable computational time, even for relatively small
signals (e.g., 1000 data points), frequently necessitating segmented dataset processing that
further complicates implementation.

We emphasize that this study does not address methods for generating stationary random pro-
cesses with normal distributions, as these are well-documented in the literature [7] and typically
employ inverse Fourier transform-based approaches.

This paper presents a novel decomposition-based data augmentation method for multivariate
time series that combines multivariate variational mode decomposition with conventional augmenta-
tion techniques. The first section establishes the theoretical foundations of multivariate variational
mode decomposition, traditional augmentation methods, and synthetic data validation criteria.
The second section details the proposed decomposition-based augmentation approach. The third
section demonstrates method verification using actual sensor data.

2. THEORETICAL FRAMEWORK
2.1. Multivariate Variational Mode Decomposition

The multivariate variational mode decomposition (MVMD) was developed by the authors of [8]
as an extension of the variational mode decomposition algorithm (VMD) [9].

VMD represents a fully adaptive and non-recursive algorithm for time-frequency signal analysis.
The fundamental assumption of this method posits that any original signal f can be decomposed
into a finite number K of modes uy (intrinsic mode functions — IMFSs), each characterized by
central frequencies wy and limited bandwidths.

The signal decomposition through VMD is formulated as a constrained variational optimization

problem:
2
, } (1)

K

subject to the constraint: Y wuy (t) = f where {u} and {wy} denote the sets of modes and their
k=1

corresponding central frequencies;  represents the Dirac function; jo = —1; || - ||, indicates the

vector norm; wy denotes the central frequency; * denotes the convolution integral; each mode
ug (t) = Ag (t) cos (¢ (t)) consists of an amplitude envelope Ay and phase ¢;. The unconstrained

ot [(5 (t) + %] sy, () eIkt

K
min
{ur} {wr} {kgl
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form of Equation (1), incorporating the augmented Lagrangian method, can be expressed as:

K .
L} o ) = a3 08 [0+ Z ] s w0 |
" . @)
+ <A<t>,f<t>—zuk<t>>,
2 k=1

where L represents the augmented Lagrangian function, A denotes the Lagrange multiplier, (a, b) in-
dicates the scalar product of a and b.

2

+

K
F) = ()
k=1

The solution is obtained through iterative optimization of uzﬂ, w,?“, and )\Z'H using the

alternating direction method of multipliers (ADMM) [10]. The final VMD formulation comprises:
fl)= T af (@) = ¥ af () + A" (W) /2
i<k i>k
1+ 20(w— w,:})2
2
Js? | ()| dw "
4
o0 | ~Amy 2 ’
Jo ’“k“ (w)‘ dw
flw)=> at (W)] : ()
k

where A denotes the Fourier transform; n represents the iteration number; « is the quadratic
penalty coefficient; 7 indicates the time step.

it (w) =

: (3)

n+1l __
wk =

Nan (w) = A" (w)+T7

The MVMD method extends VMD by enabling the alignment of common frequencies across
multiple synchronized signals (C). This capability proves particularly valuable in numerous scientific
and engineering applications.

2.2. Augmentation by Magnitude Warping and Window Warping

The magnitude warping augmentation algorithm modifies signal amplitudes within a specified
window through multiplication by random scalars [2]. This amplitude transformation is imple-
mented by convolving the data window with a smooth curve varying around unity. The method’s
key parameters include: (o) the root mean square value of random noise, (knots) the number of
control points defining the smooth warping curve [11].

The window warping augmentation algorithm distorts data within a randomly selected time se-
ries window through either expansion or compression (Fig. 1) [3]. The primary parameter governing
this method is the original window size.

0 20 40 60 80

Fig. 1. Expanding and compressing data in the selected window.
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2.8. Criteria for Evaluating Synthetic Data Adequacy

Currently, no universal standards exist for assessing data augmentation algorithm quality. The
development of appropriate metrics for evaluating synthetic data quality and diversity remains an
open research question [12].

The most widely adopted criterion for synthetic data validation is the mean absolute error
(MAE):

n
where y; represents the synthetic data set, x; denotes the original dataset, and n indicates the time
series length.

Alternative approaches employ neural networks for quality assessment. Yoon et al. [13] pro-
posed evaluating synthetic data quality using a discriminative model comprising a two-layer LSTM
network trained on original data. Similarly, Esteban et al. [14] developed a quality metric based
on the mean absolute error of predictions from models trained on synthetic data.

For our analysis, we employ MAE while additionally comparing: probability density functions
(PDFs) of original and synthetic processes; key statistical parameters (kurtosis and skewness).

3. PROPOSED METHOD FOR DATA AUGMENTATION

We present a novel decomposition-based data augmentation method designed to synthesize mul-
tivariate datasets while preserving critical time series characteristics, including trends and outliers.
From an applied perspective, industrial applications typically involve synchronous data acquisi-
tion from heterogeneous sensors, which subsequently serve as input for neural network models.
However, existing augmentation methods predominantly treat each signal independently, generat-
ing statistical processes that mimic individual signals while disregarding inter-signal relationships.
This approach may introduce artifacts that compromise subsequent analysis.

Consider the example of process temperature sensor data (Fig. 2), where all sensors exhibit a
temperature drop within the time interval (3.8...4.3) - 10* minutes, corresponding to equipment
shutdown. This shared temporal feature must be preserved during synthetic data generation.
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Fig. 2. Example of temperature change implementation with equipment shutdown zone.
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Original multivariate time series

Jio fos fosois

i=1

v
Executing MVMD for each process f;
[FLELE By = MyMD(f,)

j=1
N2
Performing Magnitude Warp augmentation for a process Fj"
Y, = MagnitudeWarp(lf;)
i=i+1 1
Performing Window Warp augmentation for a process Yj"
Y] = Window Warp(Y/’)

j=m

v

Summation of the resulting processes

v=2"Y

Synthetic multivariate time series
Y5 Va5 V3o Yy

End

Fig. 3. Flowchart of the decomposition augmentation algorithm.

Furthermore, the relative temperature hierarchy ¢1 > t2 > ¢3 > t4 must be maintained throughout
the augmented dataset.

Our decomposition-based augmentation method employs multivariate variational mode decom-
position (MVMD) to separate each source signal into constituent modes (narrowband processes)
with simpler structures. We then apply conventional augmentation techniques — magnitude warp-
ing and window warping — independently to each mode. Finally, we reconstruct the augmented
signal by summing the processed modes, yielding synthetic multivariate datasets. Figure 3 presents
the complete algorithm flowchart.

Like all augmentation methods, our approach incorporates several tunable parameters that
significantly influence the results:

(1) MVMD Parameters:

e The number of decomposition modes (m) must be carefully selected based on signal
non-stationarity and length. For typical applications, we recommend 4-6 modes.
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e The first (low-frequency) mode may remain unaugmented to preserve global signal struc-
ture, or alternatively, may undergo augmentation with reduced intensity.
(2) Conventional Augmentation Parameters:
e Magnitude Warp: (o) Standard deviation of Gaussian noise, (knots) Number of control
points for the smoothing curve.
e Window Warp: (window ratio) Size of the original window, (scales) Distortion factor
for window expansion/compression.
The selection of magnitude warping (for amplitude modification) and window warping (for tem-
poral distortion) provides comprehensive signal transformation capabilities across both amplitude
and time domains.

4. EVALUATION OF THE APPLICABILITY OF THE PROPOSED METHOD
4.1. Sensor Data Characteristics

The proposed decomposition-based augmentation method was validated using temperature mon-
itoring data acquired from multiple bearing support sensors in industrial equipment [15]. As shown
in Fig. 4, the dataset comprises four synchronized time series with a sampling frequency of 1 minute,
spanning 27 hours of continuous operation, with each signal containing 10000 data points. The
temporal synchronization of the acquisition system ensures consistent representation of trends and
behavioral patterns across all measurement channels.

4.2. Augmentation Results and Validation

Implementation of the decomposition augmentation algorithm with the parameters specified in
Table 1 yielded synthetic temperature data that maintains several critical characteristics of the
original dataset. By deliberately excluding augmentation of the first low-frequency MVMD mode,
we preserved the fundamental structure of the time series while introducing controlled variations
in other frequency components.

Table 1. Parameters of decomposition augmentation

MVMDe Magnitude-Warp Window-Warp
Number of modes, units | Sigma, units | Knots, units | Window ratio, units | Scales
6 0.2 10000 0.5 [0.5 4.0]

The synthetic data successfully maintains both the characteristic temperature drop correspond-
ing to equipment shutdown events and the consistent temperature hierarchy t1 > t2 > t3 > t4
throughout the generated dataset. Comparative analysis of the original and synthetic signals
(particularly evident in Fig. 6 for channel ¢1) demonstrates effective preservation of global trends
while introducing natural variability in oscillation characteristics, including both amplitude and
frequency components.

Statistical evaluation reveals close agreement between original and synthetic datasets. The prob-
ability density functions shown in Fig. 7 exhibit similar distributions, with root mean square values
differing by less than 1%. The kurtosis and skewness parameters show deviations within 14%
and 16% respectively, while maintaining the essential characteristics of the original signals. Quan-
titative assessment using mean absolute error yields values of 0.06 (6%) for t1 and ¢2, 0.04 (4%)
for t3, and 0.02 (2%) for t4, confirming the method’s accuracy.

The critical advantage of the MVMD-based approach becomes particularly evident when com-
paring direct augmentation with the proposed decomposition method (Fig. 8). While conventional
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Fig. 4. Implementations of signals from temperature sensors (left) and an enlarged fragment of the imple-
mentations (right).
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Fig. 5. Implementations of synthetic signals from temperature sensors (left) and an enlarged fragment of the
implementations (right).
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Fig. 6. Implementations of the original signal and the first synthetic signal (t1) from the multivariate data
set (left) and an enlarged fragment of the implementations (right).
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Fig. 8. The original signal and the first synthetic signal (t1) from the multivariate data set without preliminary

decomposition of signals (left) and with decomposition (right).

augmentation fails to maintain temporal alignment and characteristic features, our method success-
fully preserves both synchronized events and global signal properties, demonstrating its superior

performance for multivariate time series augmentation.

5. CONCLUSION

This study has presented an innovative decomposition-based approach for augmenting multi-
variate time series data, combining multivariate variational mode decomposition with conventional
augmentation techniques. The developed method fundamentally advances current capabilities by
preserving critical temporal characteristics while maintaining synchronization across multiple sensor
signals — a crucial requirement for industrial monitoring applications where data from heteroge-
neous sensors must remain temporally aligned.
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Through experimental validation using real-world temperature sensor data, we have demon-
strated the method’s ability to maintain both global data structure and precise inter-sensor re-
lationships. The synthetic data preserves required operational characteristics such as the tem-
perature hierarchy while introducing appropriate variability, with quantitative analysis confirming
close agreement through mean absolute error metrics ranging between 2-6%. Statistical evaluation
further substantiates the method’s effectiveness, showing minimal deviations in key parameters
including root mean square values (under 1% difference), kurtosis (within 14% variation), and
skewness (below 16% deviation).

The comparative analysis provides compelling evidence for the necessity of the MVMD pre-
processing stage, clearly demonstrating its superiority over direct augmentation approaches in
preserving synchronized events and temporal relationships within multivariate datasets. This ca-
pability proves particularly valuable for industrial condition monitoring systems where maintaining
temporal correlations between sensor signals is paramount for accurate diagnostics and predictive
maintenance.
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Abstract—The paper examines the diagnostics of rotor bar breakage in induction motors using
electric current signals in the conditions of limited data set. The available failure detection
procedure is based on the filtering of the current around the seventh harmonic of the supply
voltage frequency with subsequent development of an envelope underlying the scalograms. In-
stead of scalograms, the paper offers recurrent graphs, which demonstrate higher computational
efficiency. It also proposes the modeling of the lacking abnormal operation data that is typ-
ical for real-life operating conditions. The paper shows that a convolutional neural network
(CNN) model taught on both design operation data obtained at various operation modes and
the abnormal operation data from a single mode poorly detects the defect in case of operation
mode changes. This is caused by the change of specific defect frequencies dependent on the
operation mode. To overcome this challenge, the paper offers a data augmentation method
based on spectrum restructuring. The spectrum of a real-life defective signal is reshaped in
view of its structure, and synthetic data are developed, which simulate the lacking defect sig-
nals for other operation modes. Experimental testing showed that data augmentation based on
spectrum reshaping significantly improves CNN model performance under insufficient volume
of defect-mode training data.

Keywords: induction motor, broken rotor bar, scalogram, convolutional neural network, recur-
rent graphs, spectrum reshaping, Hilbert transform, data augmentation
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1. INTRODUCTION

Lifecycle management of industrial equipment is critical for maintaining uninterrupted produc-
tion processes [1]. Unplanned downtime due to equipment failures results in substantial financial
losses, driving modern lifecycle strategies to prioritize machinery condition assessment. This is
achieved through specialized monitoring systems that employ data processing algorithms, utilizing
measurements from onboard sensors [2]. Integrating advanced analytics into existing monitoring
infrastructure allows enterprises to not only improve operational safety but also optimize the per-
formance of complex industrial systems [3].

Induction motors are among the most widespread and mission-critical industrial assets, serving
as the primary driving force for the majority of industrial machinery across virtually all manu-
facturing sectors. However, like all electromechanical equipment, they are susceptible to various
operational faults and failures. For instance, a broken rotor bar accounts for up to 10% of all
failures in induction motors [4]. Early detection of this fault is crucial, as operating a motor with
this defect leads to increased energy consumption, reduced torque output, and elevates the risks of
rotor locking and stator winding damage [5].
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Most existing diagnostic methods are based on the analysis of side harmonics arising near the
power supply frequency fs, the amplitude of which increases as the defect progresses [6]:

Ssidepeaks = (1 + 25)fs~ (1)
Here s is the motor slip. Although side harmonics are an established sign of broken bars, their
amplitude may be reduced and masked by the fundamental frequency of the supply voltage, partic-
ularly during low-load operation. Partial bar failures further exacerbate this challenge by producing
extremely weak diagnostic signals that are prone to noise contamination. Moreover, various op-
erational factors interfere with reliable harmonic detection [7]. Specifically, cyclostationary loads,
magnetic asymmetry, and rotor ventilation ducts generate current harmonics in the same spectral
range as bar breakage signatures. These confounding factors substantially degrade the diagnostic
reliability of conventional harmonic analysis, limiting its effectiveness for precise fault detection.

An alternative diagnostic approach that circumvents these masking effects involves analyzing
the motor’s starting current transient [8]. This method enables precise fault detection by iden-
tifying distinctive time-frequency patterns generated during motor startup. Unlike steady-state
operation under cyclostationary loads, the startup transient produces a unique spectral signature
that effectively isolates fault-related components from interfering harmonics, significantly improving
diagnostic reliability.

However, this diagnostic approach has several important limitations. First, it cannot be applied
to motors driven by frequency converters, as their low slip values prevent effective testing. Second,
the method is impractical for medium- and high-power motors [9], since implementation requires
repeated start-stop cycles that may compromise motor performance and operational efficiency.

When a rotor bar defect occurs, in addition to peaks (1), a number of components in the higher
harmonics range also appear in the current signal spectrum [10]:

fspace - (k(l - 5) + 8)f87
frotare = (k + 2n5)f57

where k = 5,7, n =1,2,3. While cyclostationary loads may still obscure certain frequency compo-
nents in this range, their masking effect is significantly less pronounced compared to the interference
observed near the supply frequency’s sidebands. Consequently, higher harmonic analysis of the sta-
tor current spectrum offers superior diagnostic reliability. For this study, we specifically examine
signal characteristics surrounding the seventh harmonic of the supply frequency.

Beyond signal processing challenges, significant obstacles emerge during data acquisition. The
development of robust fault diagnosis systems is hindered by the scarcity of failure data, as in-
duction motors typically operate reliably for extended periods with infrequent malfunctions. This
scarcity makes it particularly difficult to collect comprehensive datasets encompassing all poten-
tial operating conditions. Consequently, the resulting training data often lacks representativeness,
posing substantial challenges for building reliable machine learning models capable of generalizing
across diverse operational scenarios.

This paper presents a novel diagnostic method for detecting broken rotor bars in induction
motors under conditions of severely limited failure data. To address the data scarcity challenge, we
introduce an innovative spectrum restructuring technique for signal augmentation that preserves the
inherent structure of motor current signatures. The proposed approach combines: (1) advanced
analysis of higher-order harmonics in stator current signals with (2) synthetic data generation
through physics-informed spectrum transformation. This dual methodology enables reliable fault
detection even when training data is sparse or unrepresentative of all operational conditions. Signals
are acquired from both healthy and faulty motors under varying load conditions. Each signal is
filtered to extract the informative component that exhibits changes in the presence of defects. The
faulty signals are then augmented to simulate modes with insufficient load. The processed signals
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are then transformed into recurrent graph images and used to train a convolutional neural network
(CNN) classifier. During training, the CNN is exposed to defect data from only a single load level,
while during testing, it evaluates data across all load conditions. This approach validates the rotor
bar break diagnosis model’s capability to detect faults under varying motor operating conditions.

The paper is structured as follows: Section 2 presents the proposed diagnostic methodology.
Section 3 introduces the spectrum restructuring-based augmentation technique. The experiment
is described in Section 4, followed by the discussion of diagnostic model test results in Section 5.
The key contribution of this work is demonstrating the efficacy of envelope spectrum distortion-
based augmentation when training a classification model using higher-order stator current spatial
harmonics as diagnostic features for detecting broken rotor bars in induction motors.

2. THE PROPOSED DIAGNOSTIC METHOD

Figure 1 shows the scheme of the broken rotor bar diagnostic method using stator current anal-
ysis, used in [11]. The process begins with signal preprocessing, which includes bandpass filtering
around the seventh harmonic of the supply frequency. The defect frequencies are then separated
from the fundamental component through the demodulation, by finding the envelope. The prepro-
cessed signals are converted into image representations for classifier training using a convolutional
neural network. Unlike the original method in [11] that employs computationally expensive scalo-
grams, this paper proposes using more efficient recurrent graphs, achieving comparable diagnostic
accuracy with significantly reduced computational requirements.

The recurrence graph is defined as a binary matrix R, where each element R;; is determined
by:

Rz‘,j:@(f‘:_nxi_xju), i,j:1,...,N,
where N is the number of measured points z;, € is a threshold distance, O(-) is the Heaviside

step function and | - || is a norm. The matrix R is symmetric across its main diagonal and highly
sensitive to the e threshold selection.

An alternative approach uses a distance matrix D with elements
dij = @i — 4,

eliminating threshold dependence. To convert these distances into grayscale images, values are
normalized to [0, 255] by computing the matrix’s minimum and maximum values. The resulting

Spectrum of the original Signal spectrum after Spectrum of the seventh
signal filtering harmonic envelope
x10° ) x10° 3 x10°
=g Filtration 4 Demodulation
s —_— —_— —_
0 0 0
0 200 400 0 200 400 0 5 10 15
Frequency, Hz Frequency, Hz Frequency, Hz

Recurrent graphs

Formation of
images

———————————

Fig. 1. Scheme of the proposed method.
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Fig. 2. Recurrence graphs of signals for healthy and rotor-bar-faulty induction motors under low, medium,
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Fig. 3. Training datasets using only original data (Model 1) and augmented data (Model 2).

images are resized to 256 x 256 pixels using linear interpolation, which scales the original data to
the target resolution while preserving value transitions.

Figure 2 displays 256 x 256 pixel recurrence plots generated from signals representing different
motor operating conditions. The underlying dataset used to produce these images will be com-
prehensively detailed in Section 4. The analysis of the generated recurrence plots reveals two key
findings. First, the visible dissimilarities between plots from healthy and defective motors confirm
that the model can effectively differentiate between these operational states. Second, the observed
variations across different operating modes suggest potential challenges for model generalization,
particularly when processing data from the operating conditions that were not represented in the
training dataset.

In practice, limited data availability across load conditions restricts the model’s classification
accuracy. While healthy motor signals can be acquired under various operating modes, faulty motor
data is typically available for only one load condition. Consequently, the training set contains defect
patterns from a single operating mode, constraining model performance. This scenario corresponds
to Model 1 in Fig. 3.

To address this limitation, we propose augmenting the dataset through load simulation. By
artificially generating signal variations that emulate different load conditions, we can significantly
expand the available training data for faulty motor states. Model 2 (Fig. 3) trained on such a data
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set will have greater load invariance, which will improve its accuracy in classifying different motor
states. The method of current signal augmentation to expand the faulty data set will be described
in the next section.

3. DFT SPECTRUM RESTRUCTURING METHOD FOR DATA AUGMENTATION
The N-point Discrete Fourier Transform (DFT) S(k) of a discrete signal s(n),n =0,...,N —1,
is given by:

N—-1
Stk)y =" (stm)e*F), k=0,...,N -1,
n=0

where j is the imaginary unit.
The signal s(n) can be recovered from its DFT by taking the inverse DFT:
1 Nl - 2mnk

S(n)zﬁkz_%(S(k‘)ej 7)., n=0,..,N-1

The DFT of a real-valued signal has the following conjugate symmetry property:

1,...,%—1, if N is even,
S(N —m)=58%(m), m= N1
1,...,7_—1, if N is odd.

Here * denotes the complex conjugation operation.
The complex-valued discrete function S(k) can be written in exponential form:

S(k) = A(k)e’*®),

where A(k) = |S(k)|, ®(k) = arg S(k) are known as the amplitude spectrum and the phase spec-
trum, respectively.

From the property of complex symmetry S(N —m) = S*(m) for real-valued signals, the sym-
metry properties follow:

AN —m) = A(m), ®(N —m)=—>(m).

Our method involves stretching (or compressing) the original spectrum on the interval [a, ¢] to
a new interval [a, c;], while compressing (or stretching) the spectrum on [c, b] to [c1, b]. This
transformation modifies the spectral segment S(k) over [a, b|, corresponding to frequency range

{“'TFS, b']{;s ], where F's is the sampling frequency. Due to spectral symmetry requirements, it is also

necessary to change the corresponding symmetric parts of the spectra.

For spectral transformation, we employ linear interpolation. Given that S(k) is the complex-
valued function, we can either interpolate its real and imaginary parts, or interpolate its magnitude
and its argument. These two approaches can lead to different results. For example, the work [12]
examines these different approaches to interpolating complex response amplitude operator data
which are used in marine hydrodynamics for the prediction of the ship motions. Interpolation
of complex numbers using the real and imaginary parts performed worst for most cases tested
in [12]. The authors also used linear interpolation and stated that it is “safest” to use as it ensures
interpolated values will always be within the ranges of neighboring values.

Our experiments have convinced us that for our problem, linear interpolation using separate in-
terpolation of the magnitude and the argument, rather than real and imaginary parts, is preferable.
This interpolation is used in the spectrum distortion algorithm proposed below.
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Algotithm 1 (of spectrum distortion).
[a,c] = [a,c1],[e,b] = [e1,b] :
Input: s(n), F's,a,b,c,cq.

1) Calculate DFT S(k) of s(n).

2) la,c] = [a,c1]:

2.1) Calculate the stretching rate: p = a-a
c—a
1 c—a
2.2) Old les: t=0: : .
) samples: s Fs 1
2.3) New samples (the interpolation nodes): t; =0 : .y
p-Fs Fs

3)
2.4) Part of the spectrum to be distorted: u = S(a : c).
2.5)

Interpolate separately the magnitude and argument of u:

= interp(t, |u|,t1) - exp(j - interp(t, arg u,ty))

3) [c,b] — [c1,b]:
bh—
3.1) Calculate the stretching rate: p = 2 _ccl.
1 b-c
.2) Old les: t = : .
3.2) Old samples: 0: 75 T 1 b
3.3) New samples (the interpolation nodes): t; =0 : o Fs : I*:sc'

3.4) Part of the spectrum to be distorted: v = S(c: b).
3.5) Interpolate separately the magnitude and argument of v:

0 = interp(t,|v|,t1) - exp(j - interp(t,arg v,t1))
4) Concatenate:
W =1u(l:end—1),0(1:end)] or W = [u(1 : end),0(2 : end)].

5) Initialize S(k) = S(k).
6) Replace the desired part with the interpolated one: S (a,b) =W.
7) Take into account the property of spectrum symmetry:
ifa#0
S(N—b—1:N—a—1)=(flip(W))*,

else:
S(N—=b—1:N —a) = (flip(W(2: end)))",

Output: distorted DFT S(k)

Remark 1. In step 4 of the Algorithm, it is necessary to take into account that one and the same
sample c is included in both @ and 9, so it should not be taken twice.

Remark 2. The case a = 0 needs to be considered separately, because S(0) lacks a symmetric
counterpart in the spectrum.

Remark 3. flip reverses the order of the elements. interp(t, f,t1) returns interpolated values at
points t1 of a function f initially given by its values at points .
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Fig. 4. Spectrum restructuring to obtain a signal with frequencies corresponding to a high load.

Let us consider the application of the algorithm using the following example. We model the
envelope of the signal from a faulty rotor, containing three equally spaced frequencies of 2, 4, 6 Hz.

3
s(t) = Z cos(2m f1t - k) + n(t),

k=1

where f; =2 Hz, and n(¢) is the additive Gaussian noise. The Signal-to-Noise Ratio (SNR) was
measured at 16 dB, calculated as:

SNR = 10log, (%) ,
where Ps; and P, represent the signal power and noise power, respectively. The signal duration was
4 seconds with a sampling frequency F's = 50 Hz, yielding N = 200 samples.

According to the algorithm, we take: a =0 - %, b=20- %, c=28- %, cp =14 % Here the
% multiplier is used to go from frequency to sample number. Thus, we modify the spectrum in
the section from 0 Hz to 20 Hz as follows. We stretch a part of the spectrum in the frequency
range [0, 8] Hz to a new range [0, 14] Hz, and compress a part in the range [8, 20] Hz to [14, 20] Hz.
Under this transformation, the original equispaced frequencies (2 Hz, 4 Hz, 6 Hz) are mapped to
new equispaced frequencies (3.5 Hz, 7 Hz, 10.5 Hz). The spectra of the original and restructured
signal are shown in Fig. 4. As expected, the spectra are identical above 20 Hz since this frequency
region remained unmodified by the transformation.

In induction motors, the characteristic peak spacing in the envelope spectrum equals 2s, where
s is the motor slip coefficient. Our simulation of frequency transformation from (2, 4, 6) Hz
to (3.5, 7, 10.5) Hz effectively models a slip change from 1 to 1.75 caused by a change in the
motor load.

4. EXPERIMENTAL DATA

The effectiveness of the proposed diagnostic method was studied using data obtained from an
experimental setup, which includes a 0.37 kW induction motor with one pair of poles, a bearing
shaft connected to the motor through a claw coupling, a belt drive and a load. The load is a brake
with permanent magnets that sets the torque on the motor shaft. A frequency converter powers
the motor and sets the rotor speed.

The study utilized two identical motors: one healthy and one with artificially induced rotor
bar defects (three drilled holes in the bar area). Stator current data was collected across supply
frequencies from 20 Hz to 50 Hz (10 Hz increments) under three load conditions: Low (2%), Medium
(20%), and High (36%) of rated torque. For each load level, four 60-seconds signals were recorded
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Fig. 5. Current signal spectra for low and high load levels (left — both signals are real, right — light — real,
dark — synthetic).

at 50 kHz sampling frequency. The training set for Model 2 augmented real fault data using the
spectral restructuring method described previously.

Figure 5 displays envelope spectra of actual current signals under two load conditions. Defect-
related spectral peaks appear at: 1) low load (2%): 1.2 Hz, 2.4 Hz, 3.6 Hz; 2) high load (36%):
1.9 Hz, 3.8 Hz, 5.7 Hz. Through spectral restructuring, we transform the low-load signal by stretch-
ing the [0, 4.8] Hz interval to [0, 7.6] Hz. The spectrum of the new, rebuilt signal (Fig. 5, right),
closely matches the actual high-load spectrum. Since there are no signals at different load levels in
real conditions, our method allows compensating for the lack of data by creating them synthetically.

5. EXPERIMENT RESULTS

The training sets for Model 1 and Model 2 each contained 3000 recurrence plot representations
(256 x 256 pixels) derived from processed current signals. The training approach differed between
models: Model 1 used only high-load fault data, whereas Model 2 combined real high-load data with
augmented samples (Fig. 6). For testing the trained Models 1 and 2, a set containing 1000 images
for each class and for each load was used.

The training dataset consists of 1500 images for each class. The normal class contains data for
all load values. In the case of Model 1, the defective class contains 1500 images of signals obtained
at one load level. In the case of Model 2, the defective class contains 500 images of real signals
obtained at the same load level as for Model 1 and 1000 images of synthetic signals obtained by
augmentation, i.e., also 1500 images in total.

For training purposes, we utilize fault data collected under high-load conditions, as this oper-
ational regime represents the most critical and industrially relevant case, given that equipment

Model 1 Model 2

m Normal
1000
Real defective
1500 signals
Synthetic
500

defective signals

Fig. 6. Composition of the training dataset for Model 1 and Model 2.
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Fig. 7. Confusion matrices for Model 1 and Model 2.

typically operates under substantial loads. The model’s capability to identify faults under low-load
conditions demonstrates its sensitivity, as these subtle signatures are particularly challenging to
detect. This example specifically evaluates the model’s performance in recognizing incipient faults
during their early developmental stage.

A 9-layer neural network model is used to train on the generated image dataset. The first 2D
convolution layer includes 32 kernels that produce 256 x 256 feature maps. The next pooling layer
performs the pooling operation, producing 32 maps of size 128 x 128. The second convolution
layer generates 64 maps of size 128 x 128. This is followed by another pooling layer that produces
64 maps of size 64 x 64. The third convolution layer produces 128 maps of size 64 x 64, and the
next pooling layer generates 128 maps of size 32 x 32, which are then pulled out and fed to a fully
connected layer with 2048 neurons. At the output, the data is passed through two additional fully
connected layers and an output layer.

Model 1 training was completed after 100 epochs. While demonstrating perfect (100%) classi-
fication accuracy on high-load test data, its performance on low-load conditions (Fig. 7) revealed
limitations: though all normal-class images were correctly identified, only 37 defective samples were
properly classified. Model 2 similarly achieved perfect (100%) classification accuracy on high-load
test data. For low-load conditions, the model showed significantly improved performance, correctly
identifying 651 defective-class images — representing an order-of-magnitude increase in detection
capability compared to Model 1. Consequently, Model 1 achieved an average accuracy of 52%
on low-load conditions, while Model 2 demonstrated significantly improved performance with 83%
accuracy — a 31 percentage point increase in diagnostic capability.

On medium-load test data, Model 1 achieved 60% classification accuracy compared to Model 2’s
98% accuracy, though Model 2 produced seven false positives. It is important to note that in
real production environments, the focus is usually on minimizing false negative cases, as they can
lead to more serious consequences. Therefore, false positive classification errors are considered less
critical for Model 2.

6. CONCLUSION

The paper proposes a method for diagnosing a broken rotor bar of an induction motor under re-
alistic industrial conditions characterized by limited fault data availability. To solve the problem of
insufficient training sample, we introduce a novel signal augmentation technique based on spectral
restructuring This approach allows modeling variations in the motor load, generating synthetic sig-
nals corresponding to both a decrease and an increase in load, which expands the representativeness
of the data set.
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This work also introduces, for the first time, the application of recurrence plots for induction
motor fault diagnosis as an effective time-series visualization and analysis tool. Compared to con-
ventional color scalograms requiring wavelet transform computation, recurrence plots offer superior
computational efficiency while preserving feature discriminability. This allows reducing computa-
tional costs without losing classification accuracy.

During the experimental studies, it was found that the use of a convolutional neural network
trained on recurrent graphs, in combination with the developed data augmentation method aimed at
modeling reduced load conditions, led to a significant increase in the accuracy of defect classification.
The achieved performance improvement validates the augmentation approach’s effectiveness in
developing load-invariant fault detection models.

The proposed methodology — combining spectral-based synthetic data generation with recur-
rence plot analysis — significantly enhances diagnostic reliability under data scarcity conditions.
These findings directly support the development of robust predictive maintenance systems for indus-
trial induction motors, particularly in scenarios with limited fault examples available for training.
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Abstract—This work addresses the problem of determining the optimal parameters of a model
predictive controller under conditions of plant parametric uncertainty, unmeasured distur-
bances, and the need to account for the prioritization of control objectives. An algorithm
is proposed for determining the optimal parameters of a model predictive controller, which can
be applied to both newly developed and existing control systems with predictive models, with-
out requiring structural modifications. The algorithm incorporates a criterion that accounts
for plant parametric uncertainty, the magnitude of output variable deviations beyond specified
limits, and the duration of constraint violations. The effectiveness of the proposed algorithm is
demonstrated through its application to an existing controller for a complex distillation column
within a hydrocracking process unit. Using the algorithm, it was possible to achieve the min-
imum permissible initial boiling point of the kerosene fraction withdrawn from the bottom of
the stripping column equipped with a thermosiphon, even under conditions of reduced coolant
flow.

Keywords: model predictive control, parametric uncertainty, distillation column, hydrocraking
unit
DOI: 10.31857/S0005117925050107

1. INTRODUCTION

In the oil refining industry, predictive model-based controllers are widely used due to their
ability to control complex, multidimensional processes while operating under constraints on both
control and controlled variables [1, 2]. A major advantage of these controllers is their capacity
to optimize production performance, for example, by maximizing the yield of high-value products
while ensuring compliance with quality specifications and minimizing energy consumption. Due to
the multidimensional nature of process systems, predictive model-based controllers utilize weight
matrices for input and output variables to achieve control objectives. However, these objectives
can be compromised by plant parametric uncertainty, unmeasured external disturbances, or the
use of suboptimal controller parameters [3].

Existing methods for ensuring the fulfillment of control goals can be divided into three groups.
The first group includes methods that significantly change the common standard algorithms for
model predictive controllers (MPCs). These methods are generally not suitable for existing systems,
as they demand significant structural changes, which are often impractical in real-world applica-
tions. Thus, in the paper [4], the correct enforcement of priorities for controlled variables (CVs)
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is achieved by determining the optimal changes in manipulated variables (MVs) through a lexico-
graphic optimization approach. This involves sequentially solving multiple optimization problems,
where each subsequent problem includes additional constraints that preserve the solutions obtained
in the previous steps. A similar approach is presented in paper [5], which also addresses the priori-
tization of CV by solving a sequence of optimization problems. The method of taking into account
the priorities of CV is known, taking into account the restrictions on the state of the plant by
solving the problems of mixed-integer programming with additional restrictions that penalize the
violation of the priority of the control objectives [6]. These works address only the prioritization
of CV and do not consider the effects of plant parametric uncertainty or unmeasured disturbances.
The method of handling the parametric uncertainty of the plant involves online identification of
controller model parameters using the recursive least squares method [7]. However, this method
requires persistent excitation of the system in a closed-loop configuration, even in the presence
of unknown and unmeasured external disturbances. It is also important to note that the meth-
ods described above generally entail a high computational burden, primarily due to the repeated
execution of optimization routines.

The second group includes methods for online adjustment of weight matrices of controllers that
do not require significant changes to existing algorithms and are a superstructure over existing
systems. The paper [8] proposes a 2-stage method for taking into account priorities with the ad-
justment of weight matrices online. In the first stage, using the solution of the linear programming
problem, the optimal achievable target values of CV are determined, taking into account the limi-
tations and priorities of the control goals, as well as the optimal weight matrices of the controller.
In the second stage, the controller with updated parameters issues optimal MV increments that
provide tracking of target CV values. The method of adjusting weight matrices using a linear
approximation of the relationship between the predictions of the output variables and the values
of the weight matrices, as well as the subsequent solution of the linear programming problem with
constraints, is known [9]. In this paper, the criterion of the optimization problem is based on the
assessment of the quality of the transient process and does not take into account the uncertainty
and priorities of CV. Paper [10] is devoted to the definition of weight matrices, taking into account
the uncertainty of the plant in online mode by solving the optimization problem based on the
simulation of the controller and aimed at minimizing the CV mismatch and minimizing the MV
increment. Paper [11] considers the application of the particle swarm optimization (PSO) method
for online adjustment of weight matrices of the controller without taking into account the uncer-
tainty of the plant, control goals, and CV priorities; a root-mean-square error is used as a criterion
for the optimization problem.

The third group includes methods for offline determination of weight matrices that do not require
any changes in the parameters of the controller. Thus, in paper [12], using PSO, the weight matrices
of the controller and the dimensions of the prediction and control horizons are determined, taking
into account the uncertainty and priorities of CV in order to minimize CV mismatch. It should be
noted that in this paper, in order to take into account the priorities of CV, it is necessary to set
weights in the PSO criteria, which increase the penalty for violations for higher-priority variables.
It is indicated that it is necessary to accurately select the weights in the criteria in order to obtain
the expected result. However, in this case, the task of determining the weights that ensure the
fulfillment of the priorities of CV is “transferred” from the weight matrices of the controller to the
weights of the scalarized criterion. A similar method [13] for optimizing the weight matrices of
the controller using PSO is known, taking into account the uncertainty, but this method does not
take into account the priorities of CV. The paper [14] proposes a method for optimizing weight
matrices using a genetic algorithm with a criterion based on fuzzy logic, which allows describing
CV priorities and minimizing control error, without determining the weights related to CV in the
genetic algorithm criterion. A method is known for determining weight matrices without taking into
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account the uncertainty and priorities of CV by solving a multi-criteria optimization problem. This
approach seeks a compromise solution — known as a Pareto-optimal point — where improving one
criterion is not possible without degrading the other. The criteria used are CV control error and MV
increment [15]. In a similar work [16], also considering the task of determining the optimal weight
matrices as multi-criteria, CV priorities are taken into account. This approach requires specifying
time constant multipliers for the controller models used in the optimization criteria, ensuring that
higher-priority CVs respond more quickly than lower-priority ones. However, it does not define
the specific difference in the response rate needed to guarantee strict adherence to priority levels.
In [17], the weight matrices of the controller are optimized in order to increase the speed of the
transient process and minimize the CV error. In [17], several operating points are considered when
determining the optimal weights, and the uncertainty of the plant and the priority of CV are not
considered.

In contrast to the references considered above, this paper proposes an algorithm for finding the
ratios of the weight matrices of the controller based on the predictive model, taking into account
the control objectives (CV priority), the parametric uncertainty of the plant, and the unmeasured
disturbances acting through the control channel. Also, the proposed algorithm can be used both
at the stage of synthesis of new MPCs and to adjust the parameters of existing MPCs without the
need to change the structure of the existing control algorithm. In the present paper, it is proposed
to consider the ratios of the weight matrices, since the behavior of the MPCs is mainly determined
by the ratios, and not by the absolute values of the weights [9]. The application of the proposed
algorithm for determining the parameters of the existing MPCs of the complex distillation column
of the hydrocracking process unit is considered. It is demonstrated that the developed algorithm for
determining the optimal weight matrices of the MPC, based on the proposed criterion, enables the
achievement of the minimum permissible initial boiling point of the kerosene fraction and ensures its
maximum recovery from the bottom of the stripping column with a thermosiphon under conditions
of low coolant flow. Additionally, the algorithm provides stable liquid accumulation at the bottom
of the stripping column.

2. PLANT AND CONTROL SYSTEM DESCRIPTION

A complex distillation column of the hydrocracking process unit is considered, designed to
separate the incoming stable hydrogenate into a gasoline fraction, a kerosene fraction, a middle
distillate, a heavy diesel fraction, and a hydrocracking residue. Figure 1 shows a flowsheet diagram
of the considered process unit.

One of the target products of this complex distillation column is the kerosene fraction. In this
regard, the control task under consideration is to maximize the withdrawal of the kerosene fraction
by involving lighter hydrocarbons of the gasoline fraction in it. This redistribution is achieved by
minimizing the initial boiling point (FC IBP) of the kerosene fraction through three key actions:
decreasing the top temperature of column K1, reducing the bottom temperature of column K2,
and increasing the 98% boiling point (FC 98%) of the kerosene fraction by maximizing the flow
rate of the column K2 output to the boundary limit. The bottom temperature of column K2 is
regulated by adjusting the flow rate of coolant through the thermosiphon reboiler (TO2), which
operates without a steam space. The coolant flow rate is controlled by valves FV113 and FV113B.
It is noted that in the area of low coolant flow rates, i.e. when opening the valve FV113 less
than 10%, stable accumulation of liquid in the bottom of column K2 can not be maintained. In
such cases, the control mode is typically switched from automatic to manual by the operator to
restore stability. Based on this operational constraint, the following control objectives are defined
in descending order of priority: (1) ensure stable liquid accumulation in the bottom of column K2,
(2) minimize the FC IBP of the kerosene fraction, and (3) maximize the recovery of the kerosene
fraction.
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Fig. 1. Diagram of the process unit and control system: K1 — complex distillation column; K2 — kerosene
fraction stripping column; K3 — diesel fraction stripping column; K4 — heavy diesel fraction stripping column;
TO1 — gasoline fraction vapor condenser; TO2 — K2 column thermosiphon; TO3 — K3 column thermosiphon;
TO4 — top pumparound stream cooler; TO5 — bottom pumparound stream cooler; FV112 — valve on the top
reflux line of the K1 column; FV113 — valve at the outlet of the TO2 column; FV113B — valve on the TO2
bypass; SS FC IBP — soft sensor (SS) of the initial boiling point of the kerosene fraction; SS FC 98% — SS of
the boiling point of the 98% kerosene fraction.

The control system consisting of ncy controlled and njsy control variables is considered. The
MPC generates values of increments of control actions, taking into account the predicted values of
the output variables by solving the quadratic optimization problem on each time period k:

mindy = %AUE (S}st + R) AU, + (E,Est) AU, (1)
subject to:
T T
l Loy |- | Toary 1 Auf' <AUL < | Ty |- | Tnasy 1 Aufl, (2)
nyv xXnyyv M nyv Xnyv M
T T
[ Loy | [Ty | (wf? = ) STAUR < | Ly | Ty 1 (uf —w), )

nyv Xnyy M nyv Xnyv M
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T
where M — control horizon; AU}, = [ Aug ‘ ‘ Augﬂ ‘ ‘ AUE+M_1 } — the vector of MV
increments on the control horizon M; Awugy; = (Auggrr .. Aupyr, ... Auk+l7nMv)T — the vec-
- LL LL LL oL\t
tor of MV increments for the [th step forward; Aup™ = (Auyy ... Auy™ ... Au and
? k k,1 k,r knyv
T
Aull = (Aul 0 AuPE 0 AL — the vectors of lower and upper limits on MV incre-
k k1 k,r kv
T T
. . LL _ (, LL LL LL HL _ (, HL HL HL o
ments; w;~ = (um ce Uy ukva) and u; - = (uh1 e Uy uk,nMv) the vec-
tors of lower and upper limits on MV increments; ui; — the vector of actual MV values at a
Lo| 0 |[---] 0
. I I . . __ .
time k; L = |—2MV | MV — the lower triangular block matrix consisting of diago-
:_ : 10
In]\/[V InMV In]\/[V
nMvMXTL]\/[\/M
fs1| O 0 |- 0 T
S9 S1 0 ce 0
nal unit matrices L,,,,; Sy = |— - - : - — the matrix of plant dynamics
Sj | Sj—1 | Sj—2 | | Sj—M+1
L Sp|Sp-1|SP-2| """ | SP-—M+1 |
Sjity o Sile o Siltnay
formed from step response (SR) coefficients; s; = Sjlg,1 Silgr T Silamay —
Sjlncv,1 " Sjlncv,r T Silncv.nmy

the matrix of jth SR coefficients for CV and MV pairs; s — the jth SR coefficient for gth

Jlar

T
CV and rth MV; Q = diag lInCV ‘ ‘ L., ] wey | — a matrix for taking into account

nov Xncvy P

CV weight coefficients when calculating (1); wey = (Q1 ... Qq ... Qneyv)t — the vector of CV

T
weights; P — the prediction horizon; R = diag l L., ‘ . ‘ | ] wyv | — a matrix for tak-
nyv Xnyyv M
ing into account MV weight coefficients when calculating (1); wyv = (Ry ... Ry ... RnMV)T —
. T
the vector of MV weights; Ej = [ egll ‘ ‘ e;f‘j ‘ ‘ eap } — a vector of errors of the pre-

diction of unforced dynamics of all CV from references to the prediction horizon P in time k;

erl; = <6k|17]~ cee Chlgj - ek|ncv7j)T — a vector of errors of the prediction of unforced dynamics
Yo" = Tkl Uklag > Yo "

of all CV to the jth step forward in time &; ey, ; = {0, quL < Uklgy < ny — a error
Yo" = Uiags Trlag < Yg"

of the prediction of unforced dynamics of the gth CV from the reference for the jth step forward

in time k; y{]:L — the lower limit of the ¢th CV; ny — the upper limit of the gth CV. Constraints
(2) and (3) reflect the given limits for MV increments and limits for MV values.
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3. STATEMENT OF THE PROBLEM

The vector of the optimized parameters W of the controller is as follows:

T
W= (why |wly ) =@ Q- Quey Ri o By oo Ruy)'

In the industrial conditions, the models used in the controller may not correspond to the plant; in
this regard, it is assumed that the values of the parameters of the transfer matrix of the plant model
are in a known predetermined range. Therefore, in order to ensure the robustness of the MPC, it
is necessary to determine the weights W, taking into account the change in the parameters of the
plant in the permissible range. Since the number of possible scenarios of variation of parameters
in the range is large, in order to reduce the computational load, a limited number of scenarios Ng
are used that reflect the maximum possible deviations of the parameters of the models used in the
controller from the plant.

Determination of tuning parameters W is carried out by solving the optimization problem with
a given control performance function J:

W = argminJ (W),
W€R>0

The following criterion is proposed as a control performance metric:

1

Ngs ncv N N
P3P P Dy Z (4)
m=1 q= =
0, yq Lyl (W) <yl
where Détz) = ’yé:L — y§7mk) (W)|, yq k (W
’yﬁ) (W) - ny’ (W) >yl
sible boundaries of the qth CV at a time k; N7 — the number of simulation time cycles; y((;z) (W) —

< y{]:L — the value of exceeding the permis-

)
)

the value of the gth CV at a time k, obtained when used a controller with parameters W for sce-
0, yi <y (W) <yt
Ly (W) <yt vyl (W) > yHE

violating the boundaries of the qgth CV at a time k obtained for a controller with parameters W
for scenario m.

nario m; Béflz) = { — the flag value (discrete value) of

The proposed criterion (4) takes into account the duration (time) and absolute values of the
output of CVs beyond the boundaries. Uncertainty consideration is implemented by summarizing
the values chv (ZNT D(m ZNT B(m ) for each of the Ng selected scenarios of parameters of

controller model.

4. THE PROPOSED ALGORITHM FOR OBTAINING THE OPTIMAL
PARAMETERS OF THE MPC

Due to the discontinuity of the proposed criterion (4) the problem of finding the optimal pa-
rameters of the controller cannot be solved by quadratic optimization methods. For this reason,
the proposed algorithm for determining the optimal parameters of the controller is based on the
grid search method [18, 19], which assumes that the value of the control performance function is
calculated for all combinations of the values of the optimized variables within the given search space
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and the combination with the lowest value of the criterion is selected. The proposed algorithm is
presented in Table 1.

Table 1. Algorithm for determining the optimal parameters of the MPC
Inputs: W4, ®, J*
Outputs: w
Forv=1...Nw:
Set J =0
Form=1...Ng:
Reading Y if using [®],
Calculating J := J + doast ( o D((;Z) ST Béfz))
If J < J*:
W .= vavars]v
J=J
Return W

© XN e

For the algorithm to work, it is necessary to set the matrix of combinations of possible values
of the controller parameters W q.s:

QLl Ce Ql,q Ce Ql,ncv R171 e Rl,r e Rl,nMv T
anrs = Qv,l e Qv,q e Qv,ncv Rv,l s Rv,r s Rv,nMv )
L QNW:I s QNW:Q s QNW,TZCV RNW:I s RNWJ" s RNW,TIMV ]

where Ny — the number of combinations of the parameters of the controller.

In this paper, first-order transfer function with time-delay is used as the transfer functions of
the model of the plant F(s) = (T;;Jrl)e_as due to its widespread in practice. To take into account
the uncertainty in the algorithm for finding the optimal parameters of the controller, it is necessary
to set the matrix of scenarios for the parameters of the transfer functions used:

G, | Ty | ©

P = Gm Tm em )

GNS TNS ®Ns_

m)

where G,, = ( (m )
m 9i.j 1<i<neov,1<j<npv
(m)>

scenario m; T, = (7‘- -

— the matrix of the controller’s model gain coefficients for the

5 — the matrix of the controller’s model time constants
7 Ji<i<noy 1<j<nuy

(m)

for the scenario m; @, = (HZ. : ) ‘ ‘
J ) 1<i<noy 1<i<nmy

— the matrix of the controller’s model delay
values for the scenario m.

During the operation of the algorithm, for each scenario of the parameters of the transfer func-
tions and for each combination of parameters of the controllers, the values of the measured output
vector are read for the entire simulation time:

YO = [y (Woarsd) |- |97 (Waarsl,) | [ 952 (Waare),) |
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m m m m T
where y,E/, ) (Whars),) = (ygk,) ([Waars)y) --- y;k) ([Waars)y) --- yflcz/k ([anm]v)) — a vector
of CV values at time k& when using the scenario m of transfer functions parameters and a combi-

nation v of controller parameters; [-], — the vth row of the matrix.

At the beginning of the algorithm J*, it is necessary to set some large threshold value of the
function so that when using the combination 1 of the controller parameters, the calculated value
of the function J is less than J*.

5. RESULTS AND DISCUSSION

Table 2 shows the transfer functions of the considered model of the plant.

Since the impact of various unmeasurable disturbances (UD) is possible on a real plant, for
example, a change in the feed composition or a change in the characteristics of the coolant, addi-
tional transfer functions have been introduced into the plant model to take into account possible
UD disturbances. These disturbances are used in the search for optimal parameters W in such a
way as to create conflict situations in terms of priorities, when it is possible to keep only one CV
within the boundaries.

Table 2. Coefficients of the transfer fumctions of the plant model

MV1 MV2 MV3

TC32 TCO03 FC16
g11=-6 |gi2=4 |913=03 |g14=10|g15=0 |gi6=0
CVl FV113 T1,1 = 70 T1,2 = 70 71,3 = 80 T1,4 = 30 71,5 = 0 T1,6 = 0
9171 =30 9172 =10 9173 =15 91,4 =0 9175 =0 91,6 =0
g2,1 =2 g2,2=35]g23=0 g24=0 |g25=10]g26=0
CV2 K_IBP 72,1 = 40 72,2 = 30 72,3 = 0 72,4 = 0 72,5 = 30 72,6 = 0
9271 =20 9272 =10 9273 =0 92,4 =0 9275 =0 92,6 =0
931 =0.25]9g32=0 |9g33=0.55|g34=0 |g35=0 |g36=10
CV3 K_T95 73,1 = 55 73,2 = 0 73,3 = 15 T3,4 = 0 73,5 = 0 73,6 = 30
9371 =25 93’2 =0 93’3 =10 93}4 =0 (93’5 =0 93,6 =0

UD1 UD2 UD3

For the controller UD1, UD2 and UD3 are unmeasurable, therefore it is assumed that the
controller matrices for the case without uncertainty coincide with the fragments of the plant model
matrices:

G = (giyj)lgz‘,jggﬂ T = (Ti7j)1<i,j<3’ ®= (ei,j)1<z',j<3'
In this paper, the uncertainty, considered as a mismatch between the controller and plant parameter
matrices, is set intervalized as a parameter difference of 35%. The parameters of the controller
matrices with uncertainty are described as follows:

—8.1 5.4 0.4 A -39 26 0.2 A
G=| 27 47 0 |=~135G, G=| 13 23 0 | ~0.65G,
03 0 0.7 02 0 04

94.5 94.5 108 A 45.5 45.5 52 A
T=| 54 405 0 |~135T, T=| 26 195 0 | ~0.65T,

743 0 203 358 0 98

40.5 13.5 20.3 A 19.5 6.5 9.8 A
O=| 27 135 0 |~130, ©=| 13 65 0 |~0.650.

338 0 135 163 0 6.5

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 5 2025



492 SHTAKIN et al.

The given scenarios of the parameters of the controller matrices, considered in the search for
optimal parameters W, are presented in Table 3.

Table 3. Options for model parameters used in the MPC

Index m of the scenario of models used in the controller | 1 | 2 [ 3 |4 |5 |6 |7 |89
G|G|G|G|G|G|G|G|G

Parameters of models used in the controller T\T|T|T|T|T|T|T|T
©|le|l6|l6|6|6|B|OB|6

The plant control simulation time is limited to N7 = 300 minutes. The initial values of the plant
inputs and outputs are: CV1 = 116, CV2 = 205, CV3 = 75, MV1 = 12, MV2 = 145, MV3 = 241.
Restrictions on increments for MV1, MV2 and MV3 are set to +0.25, £0.25 and +0.33, re-
spectively. At the same time, the permissible limits for CV1 = [10 ...90], CV2 = [135 ... 145],
CV3 = [235 ...245], MV1 = [112,5 ... 118], MV2 = [203 ...210] and MV3 = [75 ...85].

The behavior of the specified UDs is defined as follows: from the beginning of the simulation,
UD 1, UD 2 and UD 3 are equal to 0, at time 50, the value of UD 1 changed by —1.5, at time 100,
the value of UD 2 and UD 3 became equal to —1.7 and 1, respectively, at time 150, the values of
UD 2 and UD 3 became equal to 0.

Since the goal is to find the optimal ratios of the weights wey and wyry, the search space is
set as follows:

W’U(ITS g N*7
Woars = {(Q1Q2Q3R1R2R3)T| Q1 =8 Q2,Q3¢c{l,....7}; Ri,Ry,Rz3 € {1,... ,8}}'

In order to reduce the time needed to iterate through possible controller parameters, the search
space is limited to positive integers that are less than or equal to 8, and a fixed weight of the highest
priority CV1 is set to 8. In this case, the number of possible combinations of controller parameters
is Ny = 25088. If we increase the search space and limit it to 10, then the number of possible
settings will increase to Ny = 81000, that is, a slight expansion of the search space significantly
increases the number of combinations of controller parameters. Due to the fact that the weights
of the lower priority CV are always less than the weight of the more important one, the priorities
of the control goals described earlier are taken into account. It should be noted that there are no
fundamental restrictions preventing the expansion of the search space to the set R+y.

To confirm the efficiency of the proposed criterion, alternative versions of the criterion that

consider either only the magnitude or only the timing of CV violations of acceptable limits are
considered:

Ns ncv Nr

ZEDIDID W (5)

m=1 g=1 k=1
Ns ncy Nrp

ss= 3 S5 B ©

m=1 ¢g=1 k=1

For a comparative analysis, the optimal MPC parameters were determined for the case without

taking into account the uncertainty (only the scenario m = 1, Table 3): when using the proposed
criterion (4) — W =(® 2 5 1 1 7)"; by criterion (5) — WP =8 3 7 1 1 1)T; by cri-
terion (6) — WO(thB) =8 1111 77" Figure 2 shows graphs of the change in CV and MV

when using the found optimal parameters of the controller Wo(pjt), WéziD ) and WO(Z‘;B ),
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Fig. 2. The simulation results with the MPC parameters W(,(Z‘,It), Wo(z‘,]tD ) and Wo(z‘,]f ).

According to Fig. 2, it can be concluded that criterion Jp (6) makes it possible to find controller
parameters that ensure the fulfillment of priorities, but at the same time the boundaries on CV1
and CV2 are largely violated; criterion Jp (5) makes it possible to find controller parameters
that provide a minimum overshooting of boundaries on all CVs, but priorities are not always
met; criterion J (4) makes it possible to find such parameters that equally take into account both
priorities and values of CV overshooting.

Table 4 shows the optimal parameters (ratios between weights) found by the criterion J for each
case of models used in the controller.

Table 4. MPC parameters

m scenario index of controller models | 1 2 3 4 5 6 7 8 9
8 8 8 8 8 8 8 8 8

J criterion optimal values of con- 2 3 1 3 1 2 1 3 1
troller parameters for scenario m — 5 1 6 7 7 7 7 1 7
wIm) 1 8 4 1 7 1 1 1 1
opt 1 1 1 1 1 1 8 1 8

7 7 7 2 7 6 1 7 5

Taking into account the uncertainty, the optimal parameters were found according to crite-

rion J (4) WO(Z;? =(8 2 6 1 1 5)". Figures 3 and 4 show a comparison of the simulation results
using the controller parameters Wo(pjt) and the same weight ratios Wy =(1 1 1 1 1 1)T for the

scenarios m = 1 and m = 8, accordingly.
The results presented in Figs. 3 and 4 demonstrate the efficiency of the proposed algorithm for

finding the optimal parameters of the controller. When using the parameters of the controller Wo(pjt),
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Fig. 3. Comparison of the simulation results using the controller parameters WO(;Q and Wyiq
for the scenario m = 1.
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Fig. 4. Comparison of the simulation results using the controller parameters WO(;Q and Wyiq
for the scenario m = 8.
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Fig. 5. Comparison of the output variables of the process unit in industrial conditions before and after
determining the optimal parameters of the controller.

the time of violation of the boundaries for the most priority CV1 decreased by 42.6% (from 185 min.
to 106 min.), 56.2% (from 137 min. to 60 min.) and 29.9% (from 204 min. to 143 min.) for the
scenarios of the controller matrices m =1 and m = 8, accordingly, in comparison with the use
of Wyq. Figure 5 shows the output variables of an industrial process unit when controlled with
the parameters Wy;y and Wo(gt), respectively. The presented comparison plot makes it possible to
conclude that the use of the found optimal parameters of the controller made it possible to prevent
a significant violation of the boundaries CV1 — FV113, thereby ensuring a stable accumulation
of liquid in the bottom of the K2 column. Also, the optimal parameters found made it possible
to stabilize the fractional composition of the kerosene fraction taken from the bottom of the K2
column and to achieve the minimum possible initial boiling point of the kerosene fraction.

6. CONCLUSION

The proposed algorithm for determining the weight matrices enables the determination of the
optimal MPC parameters — specifically, the relative weighting factors — under conditions of plant
parametric uncertainty, unmeasured disturbances, and control objective prioritization. For the
model example under consideration with the controller parameters determined using the proposed
algorithm for the highest priority controlled variable, the boundary violation time decreased by an
average of 42.9% in comparison with non-optimal controller parameters. Using the example of an
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industrial MPC of a complex distillation column in a hydrocracking process unit, it demonstrates
that the parameters determined by the proposed algorithm enable stabilization of the fractional
composition and achievement of the minimum possible initial boiling point of the kerosene fraction
withdrawn from the bottom of the stripping column with a thermosiphon, even under low coolant
flow conditions.
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