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CONTROL IN TECHNICAL SYSTEMS

A Hybrid Method for Integrating Separated Sensors

for the Adaptive Identification of Stationary

and Mobile Objects under Prior Uncertainty

Yu. G. Bulychev

JSC Concern Radioelectronic Technologies, Moscow, Russia
e-mail: profbulychev@yandex.ru

July 14, 2024

February 25, 2025

February 27, 2025

Abstract—A novel adaptive identification method for stationary and moving objects is devel-
oped within the combined application of the classical statistical approach based on probabilistic
models and an unconventional approach oriented to the principles of continuity, multiplication,
and clustering for a set of arbitrary spatially distributed sensors. The problem is solved under
essential prior uncertainty associated, e.g., with the presence of weakly formalized abnormal
measurement errors, faults and complete failures of individual sensors, or significant changes in
the observation conditions of an identified object. Identification models, criterion, and algorithm
robust to such uncertainty are presented. As a comparative analysis example, a triangulation
system of sensors is used, and the effect achieved through adaptation is shown for this system.
Practical recommendations are given.

Keywords : essential prior uncertainty, sensor, information and measurement system, identi-
fied object, integration, hybrid method, adaptation, abnormal measurement errors, continuity
principle, multiplication principle, clustering principle, objective function, family of partial es-
timates, competing cluster, identification algorithm, posterior weights, resulting estimate

DOI: 10.31857/S0005117925070012

1. INTRODUCTION

By now, many theoretical and practical advancements have been made for building various infor-
mation and measurement systems (IMSs) consisting of spatially distributed sensors (homogeneous,
inhomogeneous, stationary, and mobile), used for jointly identifying the state of stationary and
moving objects. Such systems are widespread in different fields: medicine, fault diagnosis, radio
astronomy, active and passive radar, electronic intelligence, field tests, security, etc.

Among the IMSs, there is an entire class of systems characterized by the following operating con-
ditions: multistage data processing, real-time mode, essential uncertainty, and high risks (damage)
from poor-quality assessments and decisions made on their basis. Uncertainty may be associated
with unreliable knowledge of the distribution laws of measurement errors, skips in observations,
the occurrence of equipment faults and complete failures, the presence of abnormal measurement
errors (AMEs), etc.; for example, see [1–5]. Concerning possible risks, by assumption, it is im-
portant to consider not only the possible average damage but also the losses from a poor-quality
solution in each particular case, i.e., when handling a fixed sample of measurements, particularly of
a small size. Such samples are encountered at the stages of secondary and tertiary data processing,
e.g., in active and passive radar systems (when forming the indirect measurements of bearings,
time delays, slant ranges, radial velocities, etc.). The quality of such measurements determines the
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600 BULYCHEV

efficiency of estimating the location and motion parameters of observed objects within the well-
known coordinate measurement methods (triangulation, difference ranging, triangulation difference
ranging, etc.).

Data processing algorithms under uncertainty are based on the classical probabilistic methods
of maximum posterior probability density or maximum likelihood, usually in an extended ver-
sion [1, 6–8]. In this version, all unknown uncertainty parameters are included in the expanded
state vector, but in practice, the expansion procedure sharply increases computational cost and
leads to the well-known effect of “smearing accuracy” and problems with the convergence and
stability of the estimates. The above difficulties of classical methods are even further aggravated:
within the multi-alternative approach [6], uncertainty is often eliminated by introducing a family of
different hypotheses, each to be either rejected or confirmed. Analysis shows that for uncertainty
conditions and strict requirements for IMSs, classical probabilistic methods are often of little use,
but they can be effectively used at the mathematical modeling stage to study the potential capa-
bilities of the IMSs being designed.

There exist other optimal and quasi-optimal estimation methods that can be used under un-
certainty. They include the extended least squares (XLS) method [7], the minimum method of
geometric and kinematic residuals [9], the method of invariants [10], various methods of linear
and nonlinear filtering (e.g., Kalman) [1, 6, 7, 11], different adaptive methods with parameter tun-
ing [12, 13], robust methods [6, 14, 15], randomized methods [16, 17], cluster methods [17, 18],
and neural network methods [19], as well as numerous heuristics used in special-purpose IMSs
(for example, see [20–25]). When imposing several constraints on observation conditions, these
methods allow overcoming uncertainty factors (e.g., AMEs). However, under essential uncertainty,
these methods encounter various unforeseen limitations and strict requirements for IMSs, which
significantly narrow the scope of their application.

This is often due to the difficulty of considering the geometric factor, which depends on the spa-
tial arrangement of the sensor family and the observed object. For example, triangulation-incorrect
observation domains arise for goniometric systems, which are typical even in the case of good mea-
surements. In addition, spatial estimation problems often involve pronounced nonlinearity, with
the use of unbounded (e.g., some trigonometric functions, necessary for describing the relationship
between the estimated and measured parameters), etc.

As a rule, the above methods guarantee convergence on average (either over an ensemble of
realizations or on a single sufficiently long realization), not ensuring a high-quality estimate based
on one small sample. In addition, the estimation procedures mainly use weight processing, in
which weights are calculated based on a large volume of prior information. Under the specified
uncertainty, such information may often be absent or turn out to be unreliable.

The general trend to build IMSs capable of withstanding different uncertainty factors is to in-
tegrate various estimation methods considering the limits of their applicability (including those
mentioned above). Each method of a selected family should be “accuracy-orthogonal,” in some
sense, to other methods of this family and realize its potential capabilities for definite observa-
tion conditions. A hybrid method implementing the principle of integration should combine the
advantages of both the classical statistical approach (ensuring optimality on average) and the
unconventional approach (ensuring optimality in partial), covering to the maximum extent the
specifics of an applied IMS and the uncertainty conditions.

For the unconventional approach, one can use the cluster-variant method [18], which has proven
to be an effective tool for eliminating prior uncertainty, both on average and in partial. It involves
the principle of multiplication of single estimates (considering a set of solution variations for the
same problem with different sets of measurements based on an initial input observation), the clus-
tering principle (dividing these estimates into several competing clusters), and an algorithm for
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A HYBRID METHOD FOR INTEGRATING SEPARATED SENSORS 601

constructing the resulting estimate based on these clusters. This method suffers from the following
drawbacks. First, only a triangulation system of goniometric (i.e., homogeneous) sensors is con-
sidered. Second, the identified object is supposed to be stationary (only its location is estimated).
Third, the resulting estimate neglects the different accuracies of single estimates within one cluster.
(This disagrees with the important principle of adaptability of the identification algorithm for a
wider range of observation conditions.)

Below, we develop a generalized cluster-variant identification method (GCVIM) to completely
remove all these disadvantages of the cluster-variant method [18]. The method should be based
on principles understandable to experts in the field of construction and application of this class
of IMSs in order to form guaranteed estimates (within the accepted constraints) of the location
and, moreover, motion parameters of identified objects under essential uncertainty. The weights
for measurement processing should take into account both prior and posterior information.

2. BASIC DEFINITIONS, MODELS, AND CONSTRAINTS.
PROBLEM STATEMENT

By analogy with [18], to omit cumbersome notation and considerations, the method proposed
is described mainly for the case of a single object. The method will be generalized to the case of
several objects in Section 5.

In the Cartesian frame XY Z, we consider a system consisting of a set of sensors Dm, m = 1,M ,
where the position of each sensor is given by a vector ρm = [ρxm, ρym, ρzm]

T. An object is char-

acterized by the vector of estimated constant parameters λ =
[
λp, p = 1, P

]T
, and all measured

parameters are combined into the vector s =
[
sj , j = 1, J

]T
. For a moving object, the components

of the vector λ represent the unknown spectral coefficients at the corresponding basis functions of
a selected functional space. For a stationary object, λ includes the Cartesian coordinates of the
object. Depending on the type of sensors used, the components of the vector s can be, e.g., the
values of the following quantities: azimuth and elevation angle, slant range, radial velocity, as well
as the level (amplitude or power), phase difference, or time delays of the received signal (including
various derivatives of these quantities), related to different points in space and time instants.

The input observation is characterized by a vector

h = s+Δ+ ξ, (1)

where Δ =
[
Δj, j = 1, J

]T
is an unknown measurement error and ξ =

[
ξj, j = 1, J

]T
is measure-

ment noise with an unknown distribution law but zero mean and a given correlation matrix Kξ.

To describe the error Δ, we use the following approach. Let JΔ correspond to the real number
of those nonzero components of the vector Δ that are AMEs and lead to unreliable identification
results. Assume that JΔ � JΔ

max, where J
Δ
max ∈ {0, 1, . . .}, and

Jh
min + JΔ

max � J, (2)

where Jh
min is the minimum number of components of the vector h sufficient for the high-quality

identification of the object, given no AMEs.

Below, various sets of measurements will be formed on the basis of h : hi =
[
hij , j = 1, Ji

]T
,

where hij ∈
{
hj , j = 1, J

}
, Ji � J , hi �= hr ∀i �= r, i, r = 1, I. For these sets, we introduce the

constraint

Jh
min � Ji � J. (3)
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602 BULYCHEV

With this descriptive approach to the errorΔ, some of its nonzero components can take arbitrary
values (including anomalous), they can be located in the vector Δ in the most arbitrary way, and
there is no universal and satisfactory model to describe them. The only way to formalize the
error Δ is to introduce some quantitative constraints (like (2) and (3)), which correspond to the
operation practice of a particular IMS.

The parameter vector λ is subject to the traditional constraints

λ ∈ Λ ⊂ RP , (4)

where Λ = {Λpmin � λp � Λpmax}, Λ
p
min ∈ R1, and Λpmax ∈ R1.

By assumption, we know an operator Ψ such that

Ψ : s → λ, (5)

i.e., λ = Ψ(s); in addition, there exists an inverse operator

Ψ−1 : λ → s (6)

for which s = Ψ−1(λ).

GCVIM involves three major principles: continuity, multiplication, and clustering. According
to the first principle, the quality of identification continuously depends on the parameters of the
input observation of a sufficient dimension. In particular, a sequential decrease in the parameter J
(by excluding certain components of the vector h) smoothly improves the accuracy of the resulting
estimate. The second principle states that it is possible to form a set of partial estimates (both
good and bad) and, due to conditions (2)–(4), the set of good estimates has sufficient cardinality.
By the third principle, under conditions (2)– (4), all possible partial estimates can be clustered, and
among the competing clusters there exists an optimal one, a basis for forming a reliable resulting
estimate.

According to the multiplication principle, we associate the main vector h with a family of partial

vectors
{
hi, i = 1, I

}
:

hi = si +Δi + ξi, (7)

where si =
[
sij, j = 1, Ji

]T
, Δi =

[
Δij, j = 1, Ji

]T
, and ξi =

[
ξij , j = 1, Ji

]T
.

The choice of I and J1, . . . , JI should agree with conditions (2) and (3); moreover, among{
hi, i = 1, I

}
there should exist vectors without AMEs.

Each vector hi can be assigned a certain operator Ψ∗ of classical optimal estimation (e.g., the
maximum likelihood operator):

Ψ∗ :
(
hi,Kξi

)
→ λ∗

i , (8)

where λ∗
i = Ψ∗(hi,Kξi) is a partial estimate characterized by the correlation matrix K∗

i of estima-
tion errors and Kξi is the correlation matrix of the noise ξi.

The elements of the matrix K∗
i are calculated using well-known formulas (for example,

see [1, 3, 4]); they are completely determined by the IMS type (triangulation, difference ranging,
angle-power, etc.), its geometry and observation conditions, as well as the matrix Kξi .

For each estimate λ∗
i , the vector of secondary measurements

(
s∗i =

[
s∗ij, j = 1, Ji

]T)
is estimated

using the known operatorΘ (which also depends on the type, geometry, and parameters of the IMS):

Θ : λ∗
i → s∗i , (9)

where s∗i = Θ (λ∗
i ).
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A HYBRID METHOD FOR INTEGRATING SEPARATED SENSORS 603

Note that generally, the dimension Ji of the vector s∗i does not coincide with that (J) of the
vector s. The vector s∗i is calculated by considering the Cartesian coordinates of only those IMS
sensors that are used to form the partial estimate vector hi.

Secondary measurements allow discarding bad partial estimates λ∗
i by checking the condition∣∣∣s∗ij − hij

∣∣∣ � εij ∀j = 1, Ji, (10)

where εij is the maximum value of the residual calculated considering the IMS type and the ma-
trix K∗

i .

If condition (10) fails or the estimate λ∗
i does not agree within the constraint (4), this par-

tial estimate will be eliminated. Let λ∗
[n], n = 1, N denote the partial estimates remaining after

elimination, where λ∗
[n] ∈ {λ∗

1, . . . ,λ
∗
I}. Obviously, the set of such estimates is non-empty under

conditions (2) and (3).

Definition 1. A scalar error Δij, representing one component of the vector Δi, is said to be
called abnormal if it violates condition (10). Otherwise, the error Δij is said to be normal.

Definition 2. Any group of scalar errors (two or more) representing components of the vector Δi

is said to be anomalous (even if each of these components is itself normal) if it violates condition (10).
Otherwise, the group is said to be normal.

Definition 3. The “clogging” coefficient of an original sample h is the value kh = 100(kΔ/J)[%],
where kΔ denotes the total number of abnormal scalar errors and scalar errors included in abnormal
groups.

The generated set X∗ = {λ∗
[1], . . . ,λ

∗
[N ]} is divided into competing clusters Kq, q = 1, Q. (Any of

the well-known clustering algorithms can be used, e.g., [18, 26, 27].) The estimates λ∗
[1], . . . ,λ

∗
[N ] are

sequentially (step by step) combined into groups: first the closest, and then those with increasing
distance to each other. At the first step, each estimate λ∗

[n] is treated as a separate cluster.

The clustering algorithm sets a mapping of the form Υ: X∗→{Kq, q=1,Q}, and the following
condition should hold:

X∗ =
Q⋃
q=1

Kq, (11)

where Kk ∩ Kr = ∅, k, r ∈ {1, . . . , Q}, k �= r, and Kq �= ∅ ∀q = 1, Q.

For each cluster, we will use the representation Kq =
{
λ∗
[q,n], n = 1, Nq

}
, where λ∗

[q,n] is a partial

estimate that falls into the cluster Kq and is assigned the number n. By analogy with (9), an estimate

of the vector of secondary full-dimensional measurements s∗[q,n] =
[
s∗j[q,n], j = 1, J

]T
is associated

with each λ∗
[q,n] :

s∗[q,n] = Θ
(
λ∗
[q,n]

)
. (12)

By full-dimensionality we mean that the dimensions of the vectors s and s∗[q,n] coincide.
The choice of the family of clusters {K1, . . . ,KQ} was discussed in detail in [18]; in particular,

a new adaptive clustering algorithm was proposed therein, including the case of unknown Q. This

algorithm divides the entire family
{
λ∗
[1], . . . ,λ

∗
[N ]

}
into clusters autonomously (without operator

intervention), is simple enough for computer implementation, and requires reasonable computa-
tional cost. According to the application results, this algorithm has high effectiveness and good
asymptotic properties.

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 7 2025



604 BULYCHEV

Based on (1)–(12), it is required to develop an adaptive GCVIM, in an optimal formulation, that

has robustness to the errorΔ and constructs the resulting estimate λ∗ =
[
λ∗p, p = 1, P

]T
considering

the different accuracies of partial estimates included in competing clusters. The method should
include a justification of the objective function, criterion, and algorithm for selecting an optimal
cluster and constructing an optimal resulting estimate.

3. JUSTIFICATION AND CONSTRUCTION OF THE OBJECTIVE FUNCTION.
CRITERION AND IDENTIFICATION ALGORITHM

In the case where Δ = 0 and the only prior information available about the noise ξ is the cor-
relation matrix Kξ, preference is given to the traditional statistical method, which uses the weight
matrix Wξ = K−1

ξ . (This ensures optimization on average.) Within GCVIM, under essential un-
certainty, it is necessary to form a new objective function that would incorporate all the parameters
figuring in the constraints (2)–(4) and characterizing competing clusters. This function should in-
clude weights that, unlike any optimal statistical method, are calculated a posteriori based on one
fixed sample of measurements. (This ensures optimization in partial.)

To solve the identification problem, we use the following dimensionless normalized objective
function:

F (λ, q) = J−1
J∑
j=1

⎧⎨⎩
[
sj(λ)− hj

δj

]2
w(hj , q)

⎫⎬⎭ , 0 � F (λ, q) � 1, (13)

where sj(λ) is a known dependence of the measured parameter sj on λ; w(hj , q) is the posterior
weight of the measurement hj , 0 � w(hj , q) � 1; δj > 0 is a coefficient limiting the value |sj(λ)−hj |
for all viewed (model) values of λ ⊂ Λ and providing the corresponding normalization.

To find the weights, by analogy with (10), it is necessary to check the condition∣∣∣s∗j[q,n] − hj
∣∣∣ � εj[q,n] (14)

for the cluster Kq and any of partial estimates λ∗
[q,n] in this cluster.

The left-hand side in (14) characterizes the residual between the primary hj and secondary s∗j[q,n]
measurements for all possible values of j, q, and n. To consider the constraint on this residual, we
use the indicator function

ϕ(p) =

{
1− p, 0 � p � 1,

ϕ(p) = 0, p > 1.
(15)

With p =
(
s∗j[q,n] − hj

)2
/ε2j[q,n], the weights covering all the accepted constraints of the iden-

tification problem and the results of multiplying the partial estimates and their clustering, are
determined as

w(hj , q) = N−1
q

Nq∑
n=1

ϕ

⎛⎜⎝
(
s∗j[q,n] − hj

)2
ε2j[q,n]

⎞⎟⎠ , 0 � w(hj , q) � 1, (16)

where N−1
q acts as a normalizing factor.

Formula (16) takes into account the number Nq of partial estimates in each cluster Kq, the
thresholds εj[q,n] of admissible errors in secondary measurements, and the presence of gross mea-
surement errors (single and group) by introducing the indicator function ϕ(p). The coefficient

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 7 2025



A HYBRID METHOD FOR INTEGRATING SEPARATED SENSORS 605

w(hj , q) shows the specific contribution of the measurement hj to the formation of all marks of
the cluster Kq. It can be called the coefficient of matching between the measurement hj and the
elements of the cluster Kq. The higher value this coefficient takes, the more confidence there will
be in the corresponding primary measurement hj .

In view of (14)–(16), the desired objective function takes the form

F (λ, q) = (JNq)
−1

J∑
j=1

Nq∑
n=1

[
sj(λ)− hj

δj

]2
ϕ

⎛⎜⎝
(
s∗j[q,n] − hj

)2
ε2j[q,n]

⎞⎟⎠ . (17)

The optimal identification criterion becomes

λ∗ = argmin
λ
F (λ, q∗) , (18)

q∗ = argmax
q
w(h, q) = argmax

q

⎧⎨⎩J−1
J∑
j=1

w(hj , q)

⎫⎬⎭ , 0 � w(h, q) � 1, (19)

where w(h, q) is an integral dimensionless normalized weight.

Minimizing the decision function F (λ, q) with respect to the vector argument λ leads to the
equation [

∂F (λ, q)

∂λ

]T
= 0. (20)

By expanding the partial derivatives in (20), we obtain the system of scalar equations

J∑
j=1

{(
sj(λ)− hj

δj

)
w(hj , q)

∂sj(λ)

∂λp

}
= 0, p = 1, P , (21)

where partial derivatives are expanded given the known dependence s = Ψ−1(λ).

System (21) yields the partial estimates λ∗(q), q = 1, Q. As the resulting estimate λ∗ ∈{λ∗(1), . . . ,
λ∗(Q)}, we choose the partial estimate λ∗(q∗), q∗ ∈ {1, . . . , Q}, that satisfies, according to (19), the
following criterion for a fixed h :

w(h, q∗) > w(h, q) ∀q = 1, Q, q �= q∗. (22)

By choosing appropriate values of the parameters in conditions (2)–(4) and (10) and introduc-
ing appropriate ranges for the values of I, Q, and Kξ, one can always ensure a unique solution
of the identification problem with a required accuracy. With the correct planning of the mea-
surement experiment (for example, see [7]), the resulting cluster Kq∗ with the largest number of
partial estimates formed by the reliable observations hi is almost always detected. In turn, the
parameters εj[q,n] significantly affect the accuracy of identification.

The introduction of constraints (4) allows cutting the so-called incorrect identification domains,
in which the uniqueness condition of the solution may be violated. For example, consider a tri-
angulation IMS consisting of two direction finders; for such domains, the triangle formed by the
base and two lines of sight has a too small angle at its apex (the object is located in it). In these
cases, the lines of sight are almost parallel, and even minor bearing errors, not to mention AMEs,
can cause significant coordinate measurement errors. In addition, there may appear competing
clusters that are in the same direction, are separated by large distances, and have approximately
the same number of elements. Such incorrectness is tackled either by introducing constraints (4) or
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606 BULYCHEV

by using additional measurements from some external system that, together with the IMS under
consideration, eliminates incorrect domains. This also applies to optimal experimental planning
problems.

If we consider only one cluster, remove the accepted constraints, and let the weights w(h1, q), . . . ,
w(hJ , q) be the reciprocal values of the variances of the primary measurement errors (distributed
according to the Gaussian law), the solution (18)–(21) will correspond to the well-known maximum
likelihood estimate for the case of no AMEs.

In the classical statistical formulation, the identification problem is solved based on all measure-
ments (regardless of whether they are good or bad), which undergo joint optimal processing consid-
ering pre-assigned prior weights. The novel hybrid method also operates all measurements but takes
into account both prior information (in the form of the weight matrices Wξi = K−1

ξi
used to con-

struct partial estimates) and posterior information (in the form of the weights w(h1, q), . . . , w(hJ , q)
and w(h, q)), which is required to find the optimal cluster and construct the resulting estimate.

The algorithm for solving the identification problem in the cluster optimal formulation includes
the following steps:

1) The partial estimates are divided into clusters Kq, q = 1, Q (see clustering recommendations
in [18]).

2) For each cluster Kq, the number of marks (Nq) in it, as well as the partial w(h1, q), . . . , w(hJ , q)
and integral w(h, q) weights, are calculated.

3) The number q∗ of the optimal cluster Kq∗ is found using the criterion (19).

4) For the cluster Kq∗ , the system of equations (21) is solved, with the initial condition in the
form of a partial estimate taken as the center of this cluster. Finally, in view of (21), we obtain the

resulting estimate λ∗ = λ∗(q∗) =
[
λp(q

∗), p = 1, P
]T

of the parameter vector λ∗ of the identified

object.

Remark 1. Based on the linear approximation of the residuals sj(λ)− hj , the well-known ap-
proximate approach to constructing the maximum likelihood estimate yields the corresponding
system of linear algebraic equations instead of (21).

The implementation of the proposed algorithm (with the preparation of initial data) requires
the computational cost Γ = Γ1 + Γ2 + Γ3, where Γ1 is the cost of constructing a family of partial
estimates, Γ2 is the cost of clustering these estimates and selecting the resulting cluster, and Γ3 is
the cost of obtaining the resulting estimate. The implementation of these operations in special
computing environments causes no particular difficulties and can be done in real time.

Formulas (13)–(22) form the mathematical basis of GCVIM.

4. APPLICATION OF THE NOVEL METHOD TO A TRIANGULATION IMS

Consider a triangulation IMS with two-channel direction finders used as sensors (Dm,m = 1,M ),
to measure the azimuth αm and elevation angle βm of a stationary emitting object. In this case, we

have P = 3, λ = [λ1, λ2, λ3]
T = [x, y, z]T, J = 2M , s =

[
αm, βm,m = 1,M

]T
, h =

[
hj , j = 1, J

]T
=[

hαm, h
β
m,m = 1,M

]T
, and δj = π.

As s = Psi−1(λ) the well-known formulas are applied:⎧⎪⎪⎨⎪⎪⎩
αm(λ) = arccos

{
(x− xm)

[
(x− xm)

2 + (y − ym)
2
]−1/2

}
,

βm(λ) = arcsin

{
(z − zm)

[
(x− xm)

2 + (y − ym)
2 + (z − zm)

2
]−1/2

}
.

(23)
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The system of equations (21) is formed based on (23).

Condition (14) turns into ⎧⎪⎨⎪⎩
∣∣∣α∗
m[q,n] − hαm

∣∣∣ � εαm[q,n],∣∣∣β∗m[q,n] − hβm

∣∣∣ � εβm[q,n],
(24)

and the objective function becomes

F (λ, q) =
M∑
m=1

⎡⎣(αm(λ)−hαm
π

)2

w(hαm, q)+

(
βm(λ)−hβm

π

)2
w
(
hβm, q

)⎤⎦ , (25)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

w (hαm, q) = N−1
q

Nq∑
n=1

ϕ

⎛⎜⎝
(
α∗
m[q,n] − hαm

)2
(
εαm[q,n]

)2
⎞⎟⎠ ,

w
(
hβm, q

)
= N−1

q

Nq∑
n=1

ϕ

⎛⎜⎝
(
β∗m[q,n] − hβm

)2
(
εβm[q,n]

)2
⎞⎟⎠ .

(26)

The integral weight is calculated as follows:

w(h, q) =M−1
M∑
m=1

[
w(hαm, q) + w(hβm, q)

]
. (27)

As an example, we take the planar problem by letting ρzm = 0 and λ3 = z = 0, i.e.,
βm = 0 ∀m = 1,M . Assume that the matrix of primary azimuthal errors is diagonal: Kξ =
diag[σ2α1, . . . , σ

2
αM ]. In this case, using the known operator Ψ∗, we can form a family of partial

estimates λ∗
i = [x∗i , y

∗
i ]

T, where{
x∗i = (BiEi − CiDi)(AiCi −B2

i )
−1,

y∗i = (BiDi −AiEi)(AiCi −B2
i )

−1.

Here, Ai =
∑Mi
m=1 cos

2 αmi/γmi, Bi = 2−1∑Mi
m=1 sin 2αmi/γmi, Ci =

∑Mi
m=1 sin

2 αmi/γmi,
Di =

∑Mi
m=1ϕmi/γmi, Ei =

∑Mi
m=1μmi/γmi, γmi = R̃2

miσ
2
αmi, ϕmi = ρxmi cos

2 αmi− 2−1ρymi sin 2αmi,
μmi = 2−1ρxmi sin 2αmi − ρymi sin

2 αmi, and R̃mi is the approximate range from the object to the
sensor Dmi, m ∈ {1, . . . ,Mi}.

For the triangulation IMS, we construct estimation error ellipses and, in view of the partial esti-
mates and the geometry of the triangulation IMS, use these ellipses to calculate the constants εαm[q,n]
for each cluster and partial estimates in it.

Formulas (25)–(27) form the basis of the one-stage GCVIM for the triangulation IMS. Unlike the
well-known cluster-variant triangulation estimation method [18], when forming posterior weights,
the novel method considers the fact that the right-hand sides of inequalities (24) depend both on
the competing cluster number q and on the partial estimate number n in this cluster.

It is also possible to use the two-stage GCVIM for the triangulation IMS in two versions. The first
version is based on the possibility to initially implement the two-stage GCVIM only on azimuthal
channels (the first stage) to form a family of planar partial estimates and clusters and then determine
the estimates x∗ and y∗ of the two Cartesian coordinates of the object (x and y, respectively).
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A particular line of the object’s position corresponds to the point (x∗, y∗) in the three-dimensional
space. Combining this line and all possible position cones corresponding to the elevation angles,
one constructs the missing estimate z∗ of the spatial coordinate z (the second stage).

The second version is to find, in relation only to azimuth channels, unreliable azimuth chan-
nels using the matching coefficients w (hαm, q) . The measurements of such channels are excluded
from further processing. Then, on the remaining (priority) azimuth channels and all elevation
channels, GCVIM is implemented in full. In this case, the number of partial estimates analyzed
increases (compared to the first version), which improves the quality of triangulation estimation
under uncertainty.

Obviously, the two-stage GCVIM for the two versions above does not exhaust the potential
capabilities of the optimal GCVIM under uncertainty but is less costly from a computational
viewpoint. This is primarily due to a significant reduction in the number of partial triangulation
estimates and competing clusters.

5. GENERALIZATION OF THE METHOD TO THE CASE OF MANY OBJECTS

The extension of GCVIM to this case depends on the purpose, design principles, and organi-
zation of the computing process in a particular IMS. We mention two basic versions of GCVIM
implementation in the case of many objects.

Version 1. A separate stage is to divide measurements into classes based on their belonging to
a given object (the measurement identification problem). Such a truncated problem formulation
is quite common in practice under the corresponding decomposition of the computational process.
In this case, GCVIM is applied to each class identified. For this, it is necessary to form the

measurement vectors h(l) =
[
h(l)j , j = 1, J(l)

]T
, where l ∈ 1, L denotes the object (class) number.

For the lth class, by analogy with Section 3, the elements K(l)q, M(l)q, w(l)(hj , q), w(l)(h, q), and q
∗
(l)

are formed, and then the resulting estimates λ∗
(l) =

[
λ∗(l)j , j = 1, J

]T
, l = 1, L, are constructed on

their basis. Version 1, the most efficient from a computational viewpoint, allows organizing L
parallel processing channels for measurements, but it does not exhaust the potential joint processing
capabilities for available measurements.

Note 1. If incorrect decisions are made when solving the identification problem, then the false
measurements falling into a wrong class can be treated as measurements with gross errors. GCVIM
allows one to effectively struggle with such errors regardless of their nature.

Note 2. It is possible to solve the identification problem by engaging ancillary measurements,
which often “load” basic measurements. (For example, in radar and electronic intelligence, these
may include the carrier frequency, pulse repetition period, pulse duration, the type of intra-pulse
modulation, etc.) The joint use of basic and ancillary measurements is often necessary for deeper
identification of objects.

Version 2. In this case, GCVIM is applied to all measurements at once, forming clusters Kq,
q = 1, Q. Initially, it is necessary to determine the numbers q∗(l) ∈ {1, 2, . . . , Q} of priority (optimal)

clusters Kq∗
(l)
, which is achieved by introducing the criterion w(l)

(
h, q∗(l)

)
� γ, where γ is a given

threshold for object recognition, γ > 0. Next, for all these clusters, the resulting estimates are

constructed: λ∗
(l) =

[
λ∗(l)j , j = 1, J

]T
, l = 1, L.

Version 2 is quite costly from a computational viewpoint, as it yields a large number Q of
clusters. The advantage of this version is that the identification problem for the case of many
objects realizes the potential capabilities of GCVIM under uncertainty.
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6. COMPARATIVE ANALYSIS

Consider a triangulation IMS in which the sensors Dm are located on a circle: ρm =
[ρxm, ρym, ρzm]

T, ρxm = 104 cos[2π(m − 1)/M ], ρym = 104 sin[2π(m− 1)/M ], ρzm = 0, and M = 5,
m = 1, 5. For a stationary object, we investigated the set of its possible positions, with each po-
sition described by an individual vector of the form λk = [xk, yk, zk]

T, xk = 5× 104 cos(2πk/K),
yk = 5× 104 sin(2πk/K), zk =3×103, k = 1,K , where K = 180. From this point onwards, the
coordinates of the object and sensors are specified in meters whereas the azimuth, elevation an-
gle, and bearing errors in radians. For each k, it was assumed that the measurement noises of
different equally accurate sensors are independent and obey the Gaussian distribution with zero
mean, and the correlation matrix of the sensor Dm has the diagonal form Km = diag[σ2α, σ

2
β ], where

σα = π/360 and σβ/360. Errors were formed by a random number generator. The numbers of un-
reliable channels (no more than half of all azimuth channels and no more than half of all elevation
channels) containing AMEs were selected randomly. In the channels, the resulting measurement
error was formed as the sum of the AME and the admissible random error, with the possible ranges
(3σα, π/6) for the azimuth channel and (3σβ , π/6) for the elevation channel.

For comparative analysis, four algorithms corresponding to the well-known cluster-variant
method (CVM, see [28]) and GCVIM (the novel method) were considered: A1 is the CVM al-
gorithm with a predetermined number Q of clusters; A2 and A3 are the one- and two-stage CVM
algorithms, respectively, with an optimally chosen number Q of clusters for a given initial condi-
tion Q0; A4 is the GCVIM algorithm. The algorithms were compared in terms of accuracy and
computational efficiency.

The estimation procedure was carried out for each k with subsequent averaging over 100 exper-
iments. In Algorithm A1, Q = 7; in Algorithms A2 and A3, Q0 = 2 was set as the initial condition.
Two numerical characteristics were used to compare the algorithms: S(Ai), the integral accuracy
characteristic expressed in meters, and T (Ai), the computational efficiency characteristic expressed
in seconds.

For the integral accuracy characteristic, we have

S(Ai) =
180∑
k=1

Sk(Ai) =
2π

180

180∑
k=1

τk(Ai),

where τk(Ai) =
∥∥∥λ∗

k(Ai)− λk

∥∥∥
2
is the partial residual corresponding to the kth position of the

object,

λ
∗
k(Ai) =

100∑
p=1

λ∗
kp(Ai)/100

is the average estimate of the vector λk (over 100 experiments), and λ∗
kp(Ai) is the partial estimate

for the kth position of the object in the pth experiment.

Algorithms Ai were compared in terms of the relative integral accuracy characteristic

δS(Ai) = 100S(Ai)S
−1(A1)[%]

and the relative computational efficiency

δT (Ai) = 100T (Ai)T
−1(A4)[%],

as A1 is less accurate and A4 requires more time compared to the other algorithms. The simulation
results are presented in the table below.

Table

Algorithms (Ai) A1 A2 A3 A4

δS(Ai), % 100 50 67 39

δT (Ai), % 81 92 14 100
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Clearly, in the abnormal operation conditions of the triangulation IMS, the modified algo-
rithm A4, which considers the posterior change in weights depending on the object’s position,
the competing cluster number, and the position of each partial estimate in this cluster, is signifi-
cantly better (in terms of accuracy) than the alternative algorithms. According to the simulation
results, by analogy with [18], under the above abnormal observation conditions, the maximum like-
lihood method is not applicable in either a simple or extended version. For instance, the error of
coordinate measurement based on the IMS under consideration reaches 100% in several directions.

7. CONCLUSIONS

The GCVIM proposed in this paper allows extending the idea of cluster-variant estimation from
the simplest problem of determining the location of a stationary object in a triangulation IMS
to a more complex one of identifying the parameter vector of a moving object in an arbitrary-
type IMS with homogeneous and even heterogeneous measurements related to arbitrary points in
space and time. The method produces a resulting estimate of the parameter vector that is robust
to the effect of gross measurement errors (e.g., abnormal single and group ones) under essential
prior uncertainty. GCVIM, both independently and in combination with traditional statistical
approaches, can be effectively used to improve the existing and develop promising IMSs. In the
case of limited computing resources and/or a large number of sensors and a high dimension of the
observation vector, the two-stage version of GCVIM implementation can significantly increase the
efficiency of identification.

Modern progress in the field of parallel computing (especially based on new operation princi-
ples [29, 30]) gives hope that the principle of multiplying partial estimates and their clustering
in the optimal variant will not become an obstacle to the practical implementation of GCVIM in
promising real-time IMSs. However, such an approach is feasible not for all existing IMSs: on large
samples, it may require too many parallel data processing channels and significant computational
cost.
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Abstract—The problem of searching for observation objects appearing in accordance with the
Poisson flow mathematical model is considered. This problem is solved in the case of a finite
number of processing lines in the independent channels of a multichannel search system. Under
a high-intensity flow of objects, this may cause queues in object processing. A set of queuing
systems with independent incoming flows is selected as a model to determine a search law.
The systems of Kolmogorov differential equations describe the dynamics of the probabilistic
characteristics of their states under a finite number of processing lines in the search channels.
Two formulations of the optimization problem are considered, namely, with probabilistic and
time performance criteria. An iterative procedure is proposed to control the distribution of
search intensities in the channels of the search system. Examples are given.

Keywords : search for observation objects, multichannel search system, distribution of search
intensities, the system of Kolmogorov differential equations
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1. INTRODUCTION

The problems of rational effort distribution in search systems (SSs) [1–13] are an important class
of problems in the general theory of observation control and management [14–17]. Their effective
solution decreases the probability of undetected observation objects (OOs) in the SS coverage area,
reduces the time of their search, improves the reliability of OO detection, etc. In particular, such
problems include the search for and detection of space debris, since the corresponding flow of
particles can be treated as a Poisson flow [18], car traffic monitoring on multilane highways, air
traffic management near large airports, airspace use monitoring in megacities, etc.

The rules of solving the above class of problems can be applied to control other systems and
queuing networks, including the management of water resources, power grids, data transmission
processes in telecommunication systems, etc. [19–26].

The most general structural assumption regarding the mathematical model describing OOs in
the search process is their arbitrary (in particular, unlimited) number and appearance in the field
of view in accordance with a spatiotemporal random flow [27–30], usually Poisson.

In the latter case, the search problem was investigated in [6–10]. The common feature of the
above works is the absence of constraints on the number of processing lines in the SS channels.
Under certain conditions, this feature significantly simplified the mathematical models underlying
the design of the distribution laws of search intensities. However, for real SSs with a finite number
of processing lines in the channels, such distribution law design approaches cannot be used. This
is due to the peculiarities of the mathematical models (the Kolmogorov equations) describing the
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dynamics of the probabilistic characteristics of the SS channel states in terms of a queuing problem
with a finite number of processing lines in each channel [31–34].

In this regard, it is topical to control, via an appropriate law, the distribution of search intensities
for multichannel parallel SSs with independent channels and a finite number of processing lines in
each channel.

2. STRUCTURAL ANALYSIS OF THE MATHEMATICAL SEARCH MODEL

Let observation objects appear in the SS field of view X in accordance with a spatiotemporal
Poisson flow ϕ [19–22]. Here, X ⊂ Rn (1 � n � 3), and (x1, . . . , xn) denotes the Cartesian frame
in X.

Suppose that the field of view X is divided into I zones Xi, i = 1, I, each served by the corre-
sponding ith SS channel.

By assumption, X =
⋃
i
Xi, Xi

⋂
Xj = ∅, i = 1, I, j = 1, I, i �= j. Then any two flows defined

from ϕ as

ϕi(t) = ϕ(Xi, t), ϕj(t) = ϕ(Xj , t), i = 1, I, j = 1, I, i �= j, (2.1)

are Poisson and independent [27, 30].

According to [8, 9, 27, 34, 35], the intensity measures ξi(t), i = 1, I, often called the rates of
the temporal Poisson flows ϕi(t), respectively, are known continuous and bounded deterministic
functions. They characterize the temporal Poisson flows ϕi(t), i = 1, I, as flows with variable
parameters [27–29].

For each zone Xi, the probability of the appearance of one successive OO on a time interval
[t, t+Δt] is given by [32, 33]

ξi(t)Δt+ o(Δt), (2.2)

whereas the probability of the appearance of more than one OO constitutes o(Δt). Here, o(Δt) is
the residual of an infinitesimal order higher than Δt.

Let us introduce the following constraint: for the ith SS channel, i = 1, I, the number of pro-
cessing lines is finite and equal to ai.

We define the search time interval as Ω = [0, t ]. Be assumption, during this interval the ith SS
channel provides a search intensity λi(t) � 0.

Then, if there are k OOs in the zone Xi, during the time [t, t+Δt] at least one of them will be
found with the probability [8–10, 32, 33]

kλi(t)Δt+ o(Δt), k � ai,

aiλi(t)Δt+ o(Δt), k > ai.
(2.3)

In other words, for k > ai, the probability of detecting an OO on [t, t+Δt] stops growing with
increasing k.

The search intensities λi(t) in the zones Xi, i = 1, I, are supposed to be unknown, nonnegative,
continuous time-varying functions bounded on [0, t̄]. They are to be determined by solving an
optimization problem.

The search system problem in the zone Xi can be interpreted as servicing this zone with an
incoming OO flow that forms a Poisson-type load with the intensity measure ξi(t). As a rule,
this class of problems is described using the mathematical apparatus of reproduction and death
processes [31–33]. The dynamics of such processes are characterized using infinite-dimensional
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systems of Kolmogorov linear ordinary differential equations for the probabilities of process states.
These systems form a set of Cauchy problems [32, 33, 36]

Ṗi0 = −ξi(t)Pi0 + λi(t)Pi1,

Ṗik = −(ξi(t) + kλi(t))Pik + ξi(t)Pik−1 + (k + 1)λi(t)Pik+1, (k = 1, . . . , ai − 1),

Ṗik = −(ξi(t) + aiλi(t))Pik + ξi(t)Pik−1 + aiλi(t)Pik+1, k � ai,

Pi0(0) = 1, Pik(0) = 0, i = 1, I, t ∈ [0, t̄],

(2.4)

where Pi0 is the probability of absence of undetected OOs in Xi or the probability of an event
associated with the non-engagement of all processing lines of the ith SS channel for t ∈ Ω; Pik is
the probability of presence of undetected OOs in Xi k or the probability of an event associated
with the engagement of k processing lines of the ith SS channel if 1 � k < ai, or ai processing lines
if k � ai; the functions {λi(t), ξi(t), i = 1, I} on the interval Ω are supposed to be non-negative,
continuous, and bounded.

The Cauchy problem (2.4) reflects the physical meaning of the search carried out by independent
channels of the SS with a finite number of processing lines, sequentially in time as the OOs appear
in the zones Xi, i = 1, I.

When determining a control law for the distribution of search intensities in the SS, it is difficult
to use the mathematical models (2.4) due to their infinite dimension. In addition, the structures
of these models eliminate the possibility of their convolution, e.g., in terms of the expected (mean)
number of undetected OOs in each SS channel, as was done in [10].

By the service elements (servers) of the ith channel we will understand its processing lines. Then
there is no queue in search information processing in the ith channel if:

— None of its servers is busy or none of the processing lines is engaged in processing, which
corresponds to k = 0.

— k servers (k = 1, . . . , ai) are busy or k processing lines are engaged in processing.

The above states of the ith channel can be represented by the set

Si =
{
si0, si1, . . . , sik

∣∣
k=ai

}
, i = 1, I, (2.5)

where each subset sik (k = 0, 2, . . . , ai) includes C
k
ai =

ai!
k!(ai−k)! elements.

3. PROBLEM STATEMENT

Let pi, i = 1, I, denote the probability of an event associated with a single exit of the ith SS
channel from the set (2.5) given 0 � k � ai busy servers at the initial time instant. Note that
“single exit” means that the channel leaves Si exactly once.

Such events are joint and independent, and the probability of their sum is given by the rela-
tion [37]

pΣ(t) = p1(t) + p2(t)(1− p1(t)) + . . .+ pI(t)
I−1∏
i=1

(1− pi(t)). (3.1)

We define the first performance criterion for the search system as

Υ1 = pΣ(t̄) + η

t̄∫
0

λ(t)Tλ(t)dt → min
λ∈Λ

, (3.2)
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where λ(t) = [λ1(t) . . . λI(t)]
T is the vector of search intensities; η ∈ R1, η > 0 is a weight coefficient;

Λ is a set of admissible control laws (distribution laws of search intensities).

The set of admissible control laws consists of nonnegative and continuous time-varying functions
bounded on [0, t̄].

The criterion (3.2) is probabilistic. It assumes minimizing the sum of two components. The first
component is the probability with which the state of at least one SS channel will exit the set (2.5)
at the terminal time instant t̄ of observations. The second component is an analog of the search
energy cost of the SS.

Consider the second performance criterion. To do this, we introduce the mean dwell times of
the SS channels in the states excluding any queues in search information processing: mi = M[τi],
i = 1, I, where τi is a random variable specifying the dwell time of the ith SS channel in the state
set (2.5). We define the second performance criterion as

Υ2 = I t̄−
I∑
i=1

mi + η

t̄∫
0

λ(t)Tλ(t)dt → min
λ∈Λ

. (3.3)

The criterion (3.3) is a time criterion. It assumes minimizing the sum of two components at the
terminal time instant of observations. The first component is the sum of the mean dwell times of
the SS channels in the state sets (2.5), taken with a minus sign. The second component, as in (3.2),
is an analog of the search energy cost of the SS.

The problem is to design control laws for the distributions of search intensities λi(t), i = 1, I,
t ∈ Ω, in (2.4) between the channels of the multichannel SS with a finite number of processing lines
in each channel that serve the non-intersecting zones Xi, i = 1, I, of the SS field of view X via the
probabilistic (3.2) and time (3.3) performance criteria.

4. THE DISTRIBUTIONS OF SEARCH INTENSITIES IN THE MULTICHANNEL SS
WITH A FINITE NUMBER OF PROCESSING LINES:

CONTROL DESIGN VIA THE PROBABILISTIC CRITERION

Consider the control design procedure for the search for observation objects from the spatiotem-
poral Poisson flow ϕ in the multichannel search system with independent channels and a finite
number of processing lines in each channel in terms the probabilistic performance criterion (3.2).
To do this, we establish the following result.

Proposition 1. The probability of an event associated with a single exit of the ith SS channel
(i = 1, I) from the state set Si (2.5) provided the belonging of its state to this set at t = 0 is given by

pi(t) = P̄i ai+1(t), (4.1)

where the probability P̄i ai+1(t) is obtained by solving the system of differential equations

˙̄Pi0(t) = −ξi(t)P̄i0(t) + λi(t)P̄i1(t),

˙̄Pik(t) = −(ξi(t) + kλi(t))P̄ik(t) + ξi(t)P̄ik−1(t) + (k + 1)λi(t)P̄ik+1(t), (k = 1, . . . , ai − 1),

˙̄Piai(t) = −(ξi(t) + aiλi(t))P̄iai(t) + ξi(t)P̄iai−1(t),

˙̄Piai+1(t) = ξi(t)P̄ai(t), i = 1, I,

(4.2)

with the initial conditions
ai∑
k=0

P̄ik(0) = 1, P̄i ai+1(0) = 0. (4.3)

The proof is postponed to the Appendix.

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 7 2025



PROGRAM CONTROL OF A MULTICHANNEL OBJECT SEARCH SYSTEM 617

Note that equations (4.2) form a set of fictitious dynamic systems [15] with vector control
λ = [λ1 λ2 . . . λI ]

T. The initial conditions (4.3) determine the belonging of the states of the ith
channel to the set Si at t = 0 and correspond to the absence of a queue at its inputs.

Thus, for (3.1) we have

pΣ(t̄) = P̄1 a1+1(t̄) + P̄2 a2+1(t̄)(1− P̄1 a1+1(t̄)) + . . .+ P̄I aI+1(t̄)
I−1∏
i=1

(1− P̄i ai+1(t̄)). (4.4)

In view of (3.2) and (4.2), we define the Hamiltonian

H =
I∑
i=1

ψT
i AiPi + ηλTλ, (4.5)

where ψi = ψi(t) ∈ Rai+2 is the vector of conjugate variables; Pi(t) =
[
P̄i0(t) P̄i1(t) . . . P̄i ai+1(t)

]T
;

Ai ∈ R(ai+2)×(ai+2), Ai = ξiBi1 + λiBi2; the structure of the matrices Bi1 and Bi2 follows from (4.2)
and is presented in the Appendix.

A peculiarity of the matrices Bi1 and Bi2 is the zero sum of each column.

From (4.5) we obtain the systems of equations for ψi(t), i = 1, I :

ψ̇i = − ∂

∂Pi
H = −

(
ξiB

T
i1 + λiB

T
i2

)
ψi, t ∈ Ω. (4.6)

Due to (4.4), the boundary value conditions for (4.6) can be written as

ψi(t̄) =
∂

∂Pi(t̄)
pΣ(t̄) =

⎡⎣0 0 . . .
I∏

j=1,j �=i
(1− P̄jaj (t̄))

⎤⎦T , i = 1, I. (4.7)

The minimum condition of (4.5) in λ yields

∂

∂λi
H = ψT

i Bi2Pi + 2ηλi = 0, i = 1, I. (4.8)

Considering (4.8), we define the optimal control

λi =
−ψT

i Bi2Pi
2η

, i = 1, I. (4.9)

To solve the two-point boundary value problem (4.2), (4.6), (4.7), we will apply the Krylov–Cher-
nous’ko method of successive approximations [14, 15, 39]. Assume that P̄i0(0) = 1 to specify (4.3).

Let a search control law, i.e., a search intensity vector λq, be formed at the qth step of the
iterative procedure.

The method of successive approximations involves the following operations.

1. Equations (4.2) are solved on the time interval Ω forward, and the vector of variables Pqi ,
i = 1, I, corresponding to the distribution of search intensities λqi , i = 1, I, is determined.

2. Based on these solutions, the terminal conditions for the conjugate variables ψqi (t̄), i = 1, I,
are formed according to (4.7).

3. The system of equations (4.6) is solved on the time interval Ω backward with the terminal
conditions (4.7), and the vector of conjugate variables ψqi (t), t ∈ Ω, i = 1, I, corresponding to the
control laws λqi , i = 1, I, and the vector of variables Pqi , i = 1, I, is determined.
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4. Based on the vectors Pqi (t) and ψ
q
i (t), i = 1, I, the intermediate control vector corresponding

to the (q + 1)th step of the iterative procedure is calculated according to (4.9):

λ̃q+1
i =

−(ψqi )
TBi2P

q
i

2η
, i = 1, I, t ∈ Ω. (4.10)

5. By the principle of partial control update [5, 8, 28], the search intensity control laws for the
(q + 1)th iteration are calculated using the distribution of search intensities λqi , i = 1, I, obtained
at the previous step:

λq+1
i (t) = εqλ̃q+1

i (t) + (1− εq)λqi (t), i = 1, I, t ∈ Ω, (4.11)

where εq ∈ (0, 1).

The parameter εq denotes the degree of updating of the search control laws λqi (t), i = 1, I,
t ∈ Ω. It is determined by minimizing the objective function of the performance criterion (3.2) at
the corresponding step of the iterative procedure.

Next, the control law λq+1
i (t) is used as the initial one for the (q + 2)th step, and operations 1–5

of the iterative procedure are repeated.

Note that for the initial step of the iterative procedure (q = 0), the initial distribution of search
intensities λ0i , i = 1, I, is selected from the set Λ of admissible control laws.

The optimal control (i.e., the optimal distribution law of search intensities) is given by

λiOS(t) = lim
q→∞λ

q
i (t), i = 1, I, t ∈ Ω. (4.12)

At each step of the iterative procedure, the partial control variation (4.11) obtained by solving
the optimization problem is intended to reduce the values of the objective functional. The values
εq ∈ (0, 1) in (4.11) are chosen from the condition of its maximum decrease. On the other hand,
according to (3.2), the objective functional corresponding to this criterion is bounded from below.
(At least, the functional under consideration cannot be negative.) Thus, the limit (4.12) exists.

In practice, one often performs q � Q (finitely many) iterations, where Q is the step number
after which the variations of the objective functional of the performance criterion (3.2) become
insignificant. By assumption, λiOS(t) � λQi (t), i = 1, I.

5. THE DISTRIBUTIONS OF SEARCH INTENSITIES IN THE MULTICHANNEL SS
WITH A FINITE NUMBER OF PROCESSING LINES:
CONTROL DESIGN VIA THE TIME CRITERION

Let the upper limit t̄ of the observation interval Ω be chosen so that the densities wi(t), i = 1, I,
of the dwell times τi of the SS channels in the corresponding sets (2.5) satisfy the conditions

t̄∫
0

wi(t)dt = 1, ∀i, i = 1, I. (5.1)

In other words, these densities are finite on Ω.

In view of (5.1), we transform the performance criterion (3.3) as follows.

Assertion 1. Under condition (5.1), the mean dwell time τi of the ith SS channel in the state
set Si (2.5) with the initial conditions (4.3) (a single stay) is given by

mi =

t̄∫
0

(1− P̄iai+1(t))dt. (5.2)

The proof of this result is provided in the Appendix.
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Considering (5.2), we transform the performance criterion (3.3) to

Υ2 =

t̄∫
0

[
ηλ(t)Tλ(t) +

I∑
i=1

P̄iai+1(t)

]
dt → min

λ∈Λ
. (5.3)

The mathematical models (4.2) and (5.3) are associated with the Hamiltonian

H =
I∑
i=1

(
ψT
i AiPi + P̄iai+1(t)

)
+ ηλTλ. (5.4)

The equations for the conjugate variables have the form

ψ̇i = − ∂

∂Pi
H = −(ξiB

T
i1 + λiB

T
i2)ψi − Ui, i = 1, I, t ∈ Ω, (5.5)

where the matrices Bi1 and Bi2, as in the first case, are determined according to (A.2); Ui ∈ Rai+2,
Ui = [0 0 . . . 0 1]T.

Due to (5.3), the boundary value conditions for (5.5) take the form ψi(t̄) = 0, i = 1, I; by (5.4),
the structure of the resulting control laws coincides with (4.9).

Like for the probabilistic criterion, the two-point boundary value problem (4.2), (5.5) is solved
using the Krylov–Chernous’ko successive approximation procedure. It is applied similarly to the
previous section.

Owing to the structure of mathematical models in the case under consideration, the computa-
tional optimization procedure can be decomposed channel-wise.

If the length of the observation interval is inconsistent with the structure of at least one of
the densities wi(t), i = 1, I (i.e., equality (5.1) holds only approximately), the solution becomes
suboptimal.

6. THE DISTRIBUTIONS OF SEARCH INTENSITIES IN THE MULTICHANNEL SS
WITH A FINITE NUMBER OF PROCESSING LINES:

CONTROL DESIGN EXAMPLES

Example 1. Consider a two-channel SS (I = 2) with three and four processing lines in the first
and second channels, respectively. The fictitious dynamic systems corresponding to the SS are
described by a mathematical model consisting of two systems of equations (4.2) with a1 = 3 and
a2 = 4, respectively. In this case, the performance criterion (3.2) takes the form

Υ1 = P̄14(t̄) + P̄25(t̄)− P̄14(t̄)P̄25(t̄) + η

t̄∫
0

(
λ21(t) + λ22(t)

)
dt→ min

λ1,λ2∈Λ
. (6.1)

The direct systems of equations (4.2) for i = 1, 2 were solved with the initial conditions corre-
sponding to (4.3),

P̄10(0) = P̄20(0) = 1,

P̄11(0) = P̄12(0) = P̄13(0) = P̄14(0) = 0,

P̄21(0) = P̄22(0) = P̄23(0) = P̄24(0) = P̄25(0) = 0

on the search time interval Ω = [0, 5]. From this point onwards, the parameters are presented in
dimensionless units.
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Fig. 1.

Fig. 2.

The conjugate systems (4.6) are completely determined by the structures of the matrices (A.2)
with

B11, B12 ∈ R5×5 and B21, B22 ∈ R6×6. (6.2)

They were solved in reverse time (backward) with the terminal conditions corresponding to (4.7):

ψ1(t̄) =
[
0 0 0 0

[
1− P̄25(t̄)

]]T
,

ψ2(t̄) =
[
0 0 0 0 0

[
1− P̄14(t̄)

]]T
.

(6.3)

The appearance intensities of OOs in the zones X1 and X2 of the SS search area were supposed
to be linear functions of time: ξ1(t) = 2 + 0.4t and ξ2(t) = 3− 0.1t (lines 1 and 2 in Fig. 1).

The initial distributions of search intensities λ01 and λ02 were set uniform over the observation
interval (lines 1 and 2 in Fig. 2). The equations were solved on the search time interval with a step
of Δ = 10−3.
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Fig. 3.

Figure 3 shows the probability pΣ(t̄) of exiting the state sets

S1 = {s10, s11, . . . , s13}, S2 = {s20, s21, . . . , s24} (6.4)

by at least one of the two SS channels depending on the iteration number q in the Krylov–Cher-
nous’ko successive approximation procedure.

The variations in the probability component of the objective functional of the performance
criterion (6.1) become insignificant already for q � Q = 7. The structure of the optimal control
laws for the distribution of search intensities is presented in Fig. 2: curves 3 and 4 for the first and
second channels, respectively.

Note that these dependencies are consistent with the variation in the appearance intensities of
OOs from the flow (Fig. 1) in the corresponding SS channels.

The relative gain from optimization via the probabilistic criterion makes up δ = pΣ0(t̄)−pΣOS(t̄)
pΣ0(t̄)

�
0.42, where pΣ0(t̄) is the probability of exiting the state sets (6.4) by at least one of the two SS
channels under λ01, λ

0
2; pΣOS(t̄) is the same probability under λQi (t) � λiOS(t), i = 1, 2.

Example 2. For the two-channel search system of Example 1, consider the control design problem
for the distributions of search intensities via the time performance criterion (3.3) in the form (5.3).
In this case, the criterion becomes

Υ2 =

t̄∫
0

[
η(λ21(t) + λ22(t)) + P̄14(t) + P̄25(t)

]
dt→ min

λ1,λ2∈Λ
. (6.5)

The direct systems of equations remain unchanged and have the form (4.2). The systems
of equations for the conjugate variables correspond to (5.5) with the matrices (6.2), the vectors
U1 ∈ R5 and U2 ∈ R6, and the zero terminal conditions ψi(t̄) = 0, i = 1, 2.

The appearance intensities of OOs in the zones X1 and X2 were supposed to be linear functions
of time: ξ1(t) = 9 + 0.5t and ξ2(t) = 12− 0.1t (lines 1 and 2, respectively, in Fig. 4).

The initial distributions of search intensities λ01 and λ02 were set uniform over the observation
interval (lines 1 and 2 in Fig. 5).
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Fig. 4.

Fig. 5.

Figure 6 shows the mean dwell times m1 (curve 1) and m2 (curve 2) of the SS channels
are in the state sets (6.4) and their sum (curve 3) depending on the iteration number q in the
Krylov–Chernous’ko successive approximation procedure. The time characteristics had insignifi-
cant changes for q � Q = 9.

The smaller growth of m1 compared to m2 is due to the smaller number of states in the set S1
compared to the set S2.

The optimal control laws for the distribution of search intensities are demonstrated in Fig. 5:
curves 3 and 4 for the first and second SS channels, respectively. The lower search intensity in the
first channel is due to the lower appearance intensity of OOs in it (Fig. 4).
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Fig. 6.

Fig. 7.

Figure 7 presents the structure of the densities of the dwell times of the SS channels in the
state sets (6.4): for t = 0, curves 1 and 3 for the first and second channels, respectively; for t = 5,
curves 2 and 4 similarly.

In this example, the optimization procedure increased the total mean dwell time of the SS
channels in the state sets (6.4), excluding any queues in search information processing, by more
than 2 times.

Considering the structure of the above mathematical models, it is easy to establish the following
fact: under the hypotheses of Proposition 1, the search intensities obtained by solving the opti-
mization problems for both performance criteria ((3.2) and and (3.3)) always belong to the class
of nonnegative, continuous, and bounded functions.
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7. CONCLUSIONS

The above control design approach to the search for OOs from a spatiotemporal Poisson flow
in a multichannel SS is oriented toward several practically important cases with a finite number of
processing lines in each SS channel. In such cases, it is impossible to apply methods associated with
the convolution of an infinite system of Kolmogorov equations, e.g., in terms of the mean number
of undetected OOs, particularly considered in [10].

The approach is based on the transition from infinite-dimensional systems of differential equa-
tions describing the probabilistic characteristics of SS channel states to finite-dimensional auxiliary
systems. Their dimensions are determined by the number of processing lines in each channel.

The parameters of the auxiliary systems of equations are the probabilistic characteristics of dwell
of the processing lines of SS channels in the state sets excluding any queues for search information
processing. With these parameters, it is possible to design control laws for the distribution of search
intensities from two viewpoints: minimizing the probability of exiting the above state sets by at
least one SS channel or maximizing the mean dwell time of the channels in these sets.

The solution of the first optimization problem with the probabilistic performance criterion (3.2)
is more complex due to the structure of the terminal component of this criterion. Characterized
by the total dimension of all auxiliary systems of equations (4.2), the dimension of this component
is given by

∑I
i=1 ai + 2I.

In the second case, the general control design procedure for search intensities can be decomposed
channel-wise.

Due to a rather high level of complexity, it is advisable to solve the arising optimization problems
using the Krylov–Chernous’ko method of successive approximations together with the principle of
partial control update. The examples have shown the possibility of their effective solution using
the above approach, particularly the gain from optimization.

Note that the approach can be generalized to the case when the search intensities of OOs in
different SS channels are not independent and satisfy the constraint

∑I
i=1 λi(t) = λΣ = const.

APPENDIX

Proof of Proposition 1

We associated with the system of equations (2.4) the state graph [38] presented in Fig. 8.

The graph reflects the sequence of variations in the states of the ith channel with a finite number
of processing lines. We select on this graph the states corresponding to the set

Si =
{
si0, si1, . . . , sik

∣∣
k=ai

}
→
{
s̄i0, s̄i1, b . . . , s̄ik

∣∣
k=ai

}
= S̄i. (A.1)

For (A.1), we construct the auxiliary state graph (Fig. 9) as a fragment of the original graph
(Fig. 8) with only one absorbing state s̄iai+1 added.

Fig. 8.

Fig. 9.
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It can be shown [38] that the time variation of the probabilistic characteristics P̄i0(t),

P̄i1(t), . . . , P̄iai(t), P̄iai+1(t) of the states
{
s̄i0, s̄i1, . . . , s̄ik

∣∣
k=ai

, s̄iai+1

}
corresponding to the graph

in Fig. 9 is described by the system of differential equations (4.2). For the initial conditions (4.3),
the probability of an event associated with a single exit from the set S̄i (and, accordingly, from
the set Si) is determined by the probability of passing from the state s̄ik|k=ai to s̄i ai+1. In other
words, it corresponds to the component of the solution of system (4.2) determined by the proba-
bility P̄i ai+1(t).

The proof of Proposition 1 is complete.

The structure of the matrices Bi1, Bi2 ∈ R(ai+2)×(ai+2)

Bi1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 0 0 0 . . . 0 0
1 −1 0 0 . . . 0 0
0 1 −1 0 . . . 0 0
0 0 1 −1 . . . 0 0
. . . . . . .
0 0 0 0 . . . −1 0
0 0 0 0 . . . 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, Bi2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 0 . . . 0 0
0 −1 2 0 . . . 0 0
0 0 −2 3 . . . 0 0
. . . . . . .
0 0 0 0 . . . ai 0
0 0 0 0 . . . −ai 0
0 0 0 0 . . . 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (A.2)

Proof of Proposition 2

We write the last equation of the auxiliary system of equations (4.2) corresponding
to the ith channel:

˙̄Piai+1(t) = ξi(t)P̄iai(t), P̄iai+1(0) = 0. (A.3)

Recall that the parameter P̄iai+1(t) means the probability of an event associated with a single
exit of the ith SS channel from the state set Si (2.5). Therefore, its derivative (A.3) determines the
density wi(t) of the random dwell time τi of this channel in the state set Si. In other words [38],

wi(t) = ξi(t)P̄iai(t). (A.4)

Now we multiply the left- and right-hand sides of (A.3) by t and integrate over the observation
interval Ω. As a result, in view of (A.4), we obtain

t̄∫
0

t ˙̄Piai+1(t)dt =

t̄∫
0

tξi(t)P̄iai(t)dt =

t̄∫
0

twi(t)dt. (A.5)

From (A.5) it follows that

t̄∫
0

t ˙̄Piai+1(t)dt = mi, (A.6)

where mi =
∫ t̄
0 twi(t)dt is the mean of the random dwell time τi.

Integrating by parts the left-hand side of (A.6) yields

tP̄iai+1(t)
∣∣∣t̄
0
−

t̄∫
0

P̄iai+1(t)dt = mi. (A.7)
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Considering condition (5.1), we finally arrive at

t̄∫
0

(1− P̄iai+1(t))dt = mi. (A.8)

The proof of Proposition 2 is complete.
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Abstract—This paper addresses the problem of improving the accuracy of a multi-output soft
sensor (SS). It is demonstrated that implementing a predictor for the vector time series allows
for consideration of the dynamic interdependence of process components, thereby enhancing
the SS accuracy. The development of a multi-output error predictor is performed using vec-
tor autoregressive models and a set of autoregressive distributed lag models, with their opti-
mal structures and parameters determined by numerical methods. The proposed approach to
developing a multi-output SS is compared with traditional methods based on the sequential
development of single-output SS within the quality control system of the target product (light
diesel fraction) of a complex industrial distillation column. The effectiveness of the proposed
approach is also demonstrated for the class of adaptive SS.

Keywords : multi-output soft sensor, multi-output error predictor, vector autoregressive model,
autoregressive distributed lag model, adaptation, complex distillation column
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1. INTRODUCTION

Soft sensors (SS) are key elements of modern process control systems, responsible for providing
feedback on the quality of the final product [1]. Fractional distillation (or fractionation) is one
of the most common and energy-intensive continuous technological processes in oil refining and
the petrochemical industry. In industrial fractionating columns, crude oil feedstock is separated
into various fractions of petroleum products. Typically, the separation occurs in complex columns
featuring several intermediate circulating refluxes and the withdrawal of multiple products. The
target, or most valuable, product is identified, and stabilizing its quality provides significant eco-
nomic benefits for the production facility. Important quality indicators for the target product, such
as the light diesel fraction of a hydrocracking process unit, are the key points of the fractional
composition (initial boiling points, 10, 50, 90, 95%). These are determined in a plant laboratory
at a frequency of once or twice per day, which is insufficient for real-time optimal control tasks.
Therefore, the implementation of a SS primarily serves to estimate the quality indicators of the
products at each control step. A SS typically includes statistical models that correlate hard-to-
measure quality indicators (output variables) with easily accessible measurements (input variables)
of process parameters (temperature, pressure, flow rates, etc.). The efficiency of process control
largely depends on the accuracy of the models within the SS. In this regard, improving the ac-
curacy of the SS is crucial and directly related to enhancing the efficiency of production process
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control [2, 3]. It is worth noting that the task of identifying dependencies between the quality in-
dicators of fractionating column products and a set of input variables has been extensively studied
for the case of a single-output variable [4–8]. Methods for developing SS based on neural networks
have also become widespread. Study [9] is devoted to the development of a dynamic soft sensor
based on a convolutional neural network that accounts for changes in the characteristics of the
analyzed process over time. The use of deep learning methods for developing SS is also known [10].
The work [11] focuses on a neural network training method combining backpropagation with par-
tial least squares. The key advantage of neural network methods is their ability to approximate
nonlinear dependencies with high accuracy on the training sample; however, significant errors can
be observed on the test sample.

It should be noted that the task of developing a multi-output SS (MOSS) is highly relevant.
In comparison with traditional single-output models, multi-output regression analysis better ex-
plains the dependency between the evaluated variables and the input data, due to the correlation
among the output variables when considering complex relationships between the input and output
data [12]. The problem of developing a MOSS can be addressed by developing new methods and
models, as in [13], which describes a method for developing a multi-output SS based on multi-
output tree chaining. The essence of this method lies in constructing an ensemble of trees that
evaluate several output variables simultaneously. Existing methods can also be improved for de-
veloping a MOSS. For instance, [14] presents a modification of the Least-Squares Support Vector
Machine method (LS-SVM) for developing models with multiple outputs and accounting for the
nonlinear relationship between different output data, along with a proposed training method for
such a model.

A widely adopted class of methods for improving SS accuracy for non-stationary plants involves
the development of adaptive SS. The paper [15] is dedicated to the development of ensemble adap-
tive SS based on several Gaussian process models. In [16], the combination of several adaptation
mechanisms to achieve the best SS accuracy is discussed. Methods for developing adaptive SS
based on the Just-In-Time (JIT) approach are also common [17]. The most significant advantage
of methods for developing adaptive soft sensors is the ability to account for process evolution over
time, not only at the level of updating the model parameters but also at the level of updating the
model structure, as shown in works [18, 19] devoted to SS based on the JIT approach combined
with online selection of SS input variables. It should be noted that the effectiveness of the JIT
approach decreases with less data in the training sample, which is a significant limitation in real-
world conditions and prevents its use for developing MOSS in the presence of significant data gaps
or small training samples.

There is also a class of methods for improving the accuracy of SS through bias updates (BU)
of the regression model. In [20], a strategy for updating the bias term of the regression model is
described, based on a Bayesian approach that considers the mean value and standard deviation of
the SS error. A weighted strategy for BU of the regression model is known from [21]. This strategy
is based on considering the previous values of the regression model’s bias term.

The common drawback of the above methods and approaches is their failure to account for the
mutual influence between the evaluated quality indicators, which in some cases can be of significant
importance. There are a number of works treating the task of BU as the task of predicting the SS
error, which allows accounting for the dynamic influence of the error on SS accuracy. For example,
in [22], the bias term update strategy for the MOSS regression model is considered as the task
of predicting the soft sensor error using a moving-average autoregressive model. The work [23] is
devoted to the development of a predictive filter for adaptive SS. It should be noted that the works
[19–22] do not account for the mutual influence of correlated SS errors. In [24], the problem of
predicting the vector of cross-correlated SS errors is solved using analytical methods. However,
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the choice of the predictor model order from auto- and cross-spectral forms does not allow for
structural adaptation of the predictor in online mode at each discrete time step, and also increases
the complexity of developing SS for the case of n-outputs.

This paper proposes a method for developing a MOSS with a predictor, distinguished by tak-
ing into account the interdependence of errors using vector autoregressive (VAR) models [25] or
autoregressive distributed lag (ARDL) models [26] These models are developed using numerical
methods, which allows for both structural and parametric adaptation of the SS error predictor at
each discrete moment in time in a closed loop of the quality control system for the target product
of a continuous technological process.

2. PLANT DESCRIPTION AND PROBLEM STATEMENT

The object of the study is a complex distillation column of a hydrocracking process unit for
separating the feed into the following products: gasoline fraction (GF), kerosene fraction (KF),
light diesel fraction (LDF), heavy diesel fraction (HDF), and hydrocracking residue (HR). LDF is
subsequently used as a component of arctic diesel fuel (ADF). Figure 1 shows the flow chart of the
distillation process and the control system with a controller based on the predictive model (PM)
for the LDF fractional composition. The following conventions are used: K1 – complex distillation

Fig. 1. Industrial plant scheme and control system.
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column; K2 – kerosene fraction stripping column; K3 – diesel fraction stripping column; K4 –
heavy diesel fraction stripping column; HE1 – gasoline fraction vapor condenser; HE2 – reboiler of
column K2, HE3 – reboiler of column K3, HE4 – cooler of upper circulation reflux; HE5 – cooler of
lower circulation reflux; V1-1 – valve on bypass of HE1; V2-1 – valve on outlet of HE2; V2-2 – valve
on bypass of HE2; V2-3 – valve on flow line of KF for mixing with LDF; V3-1 – valve on outlet
of HE3; V3-2 – valve on bypass of HE3; V3-3 – valve on flow line of LDF for mixing with KF.
Table 1 shows a fragment of matrix of gain factors of process object. Table 2 shows the input
variables of the fractional composition (FC) of the LDF used in industrial conditions: FC initial
boiling point (IBP), 10, 50, 95%.

Table 1. Fragment of the gain factors matrix of an industrial plant

SS
TC232

(K1 top temp.)
TC203

(K2 temp.)
TC204

(K3 temp.)

FC117
(KF rate for mixing

with LDF)

FC188
(LDF rate for mixing

with KF)

FC IBP 2,2 2,4 2,7 0,5

FC 10% 1,1 1,2 2,3 0,35

FC 50% 0,2 1,2

FC 90% 1,7

Table 2. MOSS input variables

No. Designation Description Unit of meas.

1 P131 K1 top pressure MPa

2 P124 K1 bot pressure MPa

3 FC105 K1 reflux rate m3/h

4 FC106 K1 top pumparound stream m3/h

5 FC107 K1 bottom pumparound stream m3/h

6 FC116 KF product rate m3/h

7 FC117 KF rate for mixing with LDF m3/h

8 FC188 LDF rate for mixing with KF m3/h

9 TC232 K1 top temperature ◦C
10 T233 Return upper product temperature from K2 to K1 ◦C
11 T234 Return upper product temperature from K3 to K1 ◦C
12 T235 Return upper product temperature from K4 to K1 ◦C
13 T238 Sidestream temperature from K1 to K2 ◦C
14 T239 Sidestream temperature from K1 to K3 ◦C
15 T240 Sidestream temperature from K1 to K4 ◦C
16 T242 Temperature above the feedstock input zone in K1 ◦C
17 T247 Temperature at the outlet of HE2 into K2 ◦C
18 T248 Temperature at the outlet from K2 to HE2 ◦C
19 T253 Temperature at the outlet from HE3 to K3 ◦C
20 T254 Temperature at the outlet from K3 to HE3 ◦C
21 TC275 Temperature of bottom pumparound to K1 ◦C
22 TC279 Temperature of top pumparound to K1 ◦C
23 FY098 K1 feed rate m3/h

The problem of estimating the parameters of the MOSS and constructing a model of correlated
error predictor of the SS is considered. In general, the MOSS model with a correlated error predictor
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(MOSS with a CEP) has the following form:

Ŷ ∗
t = KXt + b̃+ΦEpast

t , (1)

where Ŷ ∗
t =

(
ŷ∗1,t . . . ŷ∗j,t . . . ŷ∗N,t

)T
is a vector of estimated values of quality indicators;

K =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

k1,1 . . . k1,j . . . k1,m
...

. . .
...

. . .
...

kh,1 . . . kh,j . . . kh,m
...

. . .
...

. . .
...

kN,1 . . . kN,j . . . kN,m

⎞⎟⎟⎟⎟⎟⎟⎟⎠
is a MOSS coefficient matrix; Xt =

(
x1,t . . . xj,t . . . xm,t

)T

is MOSS input variables vector; b̃ =
(
b1 . . . bh . . . bN

)T
is a MOSS free term vector;

m is a number of MOSS input variables; N is a number of MOSS output variables;

Φ =

⎛⎜⎜⎝
φ1,1|1 . . . φ1,1|α . . . φ1,N |1 . . . φ1,N |α
...

. . .
... . . .

...
. . .

...
φN,1|1 . . . φN,1|α . . . φN,N |1 . . . φN,N |α

⎞⎟⎟⎠ is a coefficient matrix of MOSS correlated

error predictor; φi,j|α is αth MOSS correlated error predictor coefficient for considering
of the influence between the jth and ith components of the multivariable error series;

Epast
t =

(
e1,t−1 . . . e1,t−α . . . eN,t−1 . . . eN,t−α

)T
is an error predictor input vector; α is an error

predictor order; ei,t = yi,t −
(
bi +

[
K
]
i
Xt

)
is a MOSS estimation error of the ith quality indicator

at time t;
[
·
]
i
is an ith matrix row.

MOSS with a preliminary whitening correlated error predictor (i.e. with passage through a filter
that equalizes the spectral density) of an error series using the AR model (MOSS with a WCEP)
is described by the expression:

Ŷ ∗∗
t = KXt + b̃+WEpast

t + Φ̃V past
t , (2)

where Epast
t =

(
e1,t−1 . . . e1,t−q . . . eN,t−1 . . . eN,t−q

)T
is a MOSS error vector;

W =

⎛⎜⎜⎜⎜⎝
w1,1|1 . . . w1,1|q 0 . . . 0 . . . 0 . . . 0

0 . . . 0 w2,2|1 . . . w2,2|q . . . 0 . . . 0
...

. . .
...

...
. . .

...
. . .

...
. . .

...
0 . . . 0 0 . . . 0 . . . wN,N |1 . . . wN,N |q

⎞⎟⎟⎟⎟⎠ is a whitening pre-

dictor coefficient matrix with order q; wi,j|q is a qth whitening predictor coefficient for
considering the influence of the jth element on the ith multidimensional error series;

Φ̃ =

⎛⎜⎜⎝
φ̃1,1|1 . . . φ̃1,1|α̃ . . . φ̃1,N |1 . . . φ̃1,N |α̃
...

. . .
...

. . .
...

. . .
...

φ̃N,1|1 . . . φ̃N,1|α̃ . . . φ̃N,N |1 . . . φ̃N,N |α̃

⎞⎟⎟⎠ is a whitening correlated error predictor

coefficient matrix with order α̃; V past
t =

(
v1,t−1 . . . v1,t−α̃ . . . vN,t−1 . . . vN,t−α̃

)T
is an error

predictor input vector; vi,t = ei,t −
[
W
]
i
Epast
t is a whitening error for ith quality indicator MOSS

error.

The required parameters matrix θ1 for (1) and θ2 for (2) have the following form:

θ1 =
(
K b̃ Φ

)
, (3)

θ2 =
(
K b̃ W Φ̃

)
. (4)
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The determination of estimates of unknown parameters θz (z = 1, 2) is carried out by solving
an optimization problem for a given quality functional J :

θ̂z = argmin
θz∈R

J(θz). (5)

The MOSS mean square error is considered as the criterion J :

J =
1

n

n∑
i=1

∣∣∣∣∣∣Yi − Ŷi (θz)
∣∣∣∣∣∣2 , (6)

where Yi and Ŷi are the vectors of measured and estimated values of the target product quality
indicators, respectively; n is an observations number in a sample; ||·|| is an Euclidean norm.

3. DEVELOPING A MULTI-OUTPUT SOFT SENSOR

The diagram of the proposed multi-output soft sensor with a predictor as part of the control
system is shown in Fig. 2, whereMPC is a model predictive controller; G(U) is an industrial plant;
U is the control actions vector; Ŷt is a SS estimate (no consideration of error predictor); et is a
vector of SS errors; vt is a vector of whitening errors; êt is an error prediction; v̂t is a whitening
error prediction; B is the back shift operator. The main advantage of the proposed multi-output
soft sensor lies in accounting for the dynamic influence of correlated errors in evaluating the quality
indicators of the target product of a complex fractionating column. It should be noted that the
proposed predictor is an add-on to any model within the multi-output soft sensor and can be used
in combination with other models, such as neural network models that form the basic component
of the yield estimation Ŷt.

Fig. 2. Structural scheme of the control system with MOSS with a predictor of correlated errors: (a) without
preliminary whitening; (b) with preliminary whitening.

In expressions (1) and (2) the first two terms (KXt+ b̃) represent the multiple linear regression
(MLR) model, which is widely used in industrial settings [27].

The search for a solution to the optimization problem (5) consists of several stages. At the first

stage, the first two blocks of the matrix θz (K̂ and ˆ̃b), which are responsible for the model within
the MOSS, are determined:

{K̂, ˆ̃b} = argmin
K,b̃∈R

1

n

n∑
i=1

∣∣∣∣∣∣Yi − (KXi + b̃
)∣∣∣∣∣∣2 . (7)
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At the second stage, the MOSS error predictor is developed, i.e. the third block of matrices θz is
determined. At this stage, for the multi-output soft sensor with a correlated error predictor (CEP),
Φ̂ is determined taking into account the cross-correlations of the MOSS errors:

Φ̂ = argmin
Φ∈R

1

n

n∑
i=1

∣∣∣∣∣∣ei − ΦEpast
i

∣∣∣∣∣∣2 . (8)

For the MOSS with a whitening correlated error predictor (WCEP), Ŵ is determined, i.e. the
parameters of the “whitening” predictor are determined without taking into account the cross-
correlations of the MOSS errors:

Ŵ = argmin
W∈R

1

n

n∑
i=1

∣∣∣∣∣∣ei −WEpast
i

∣∣∣∣∣∣2 . (9)

Since the interdependence of the error series is not accounted for in the MOSS with a WCEP
in the previous stage, a third stage becomes necessary, during which the optimal parameters of the

“whitening” error predictor ˆ̃Φ are determined, taking their cross-correlation into account:

ˆ̃Φ = argmin
Φ̃∈R

1

n

n∑
i=1

∣∣∣∣∣∣vi − Φ̃V past
i

∣∣∣∣∣∣2 . (10)

Well-known autoregressive (AR) models can be used as a model of the “whitening” predictor W .
Typically, single-output AR models make it possible to significantly increase the SS accuracy.
However, this approach has its drawbacks, namely, it does not account for the correlation of SS
errors for interconnected quality indicators.

The MOSS with a CEP described in (1) is further considered for the case N = 2, and its
parameters θ1 are found using (7) and (8). In this paper, the CEP for the MOSS is implemented
based on the following VAR model: (

ê1,t ê2,t
)T

= ΩE
(q)
t , (11)

where Ω =

(
ω1,1|1 . . . ω1,1|j . . . ω1,1|q ω1,2|1 . . . ω1,2|j . . . ω1,2|q
ω2,1|1 . . . ω2,1|j . . . ω2,1|q ω2,2|1 . . . ω2,2|j . . . ω2,2|q

)
is the coefficients matrix

of the VAR model; E
(q)
t =

(
e1,t−1 . . . e1,t−j . . . e1,t−q e2,t−1 . . . e2,t−j . . . e2,t−q

)T
is the input

vector of the VAR model; q is VAR model order.

This paper also considers another method for implementing the CEP using an ARDL model [26]
of the following form:

ê1|t = a1E
endo(1)
1|t + l1E

exo(1)
2|t , ê2|t = a1E

endo(2)
2|t + l2E

exo(2)
1|t , (12)

where a1 =
(
a1,1 . . . a1,j . . . a1,A1

)
and a2 =

(
a2,1 . . . a2,j . . . a2,A2

)
are the regression coeffi-

cients of the endogenous component of the model error series ê1 and ê2; l1 =
(
l1,1 . . . l1,j . . . l1,L1

)
and l2 =

(
l2,1 . . . l2,j . . . l2,L2

)
are the regression coefficients of the exogenous compo-

nent of the model error series ê1 and ê2; E
endo(1)
1|t =

(
e1,t−1 . . . e1,t−j . . . e1,t−A1

)T
and

E
endo(2)
2|t =

(
e2,t−1 . . . e2,t−j . . . e2,t−A2

)T
are the input vectors of the endogenous component

of the model error series ê1 and ê2; E
exo(1)
2|t =

(
e2,t−d1 . . . e2,t−d1−j . . . e2,t−d1−L1+1

)T
and
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E
exo(2)
1|t =

(
e1,t−d2 . . . e1,t−d2−j . . . e1,t−d2−L2+1

)T
are the input vectors of the exogenous com-

ponent of the model error series ê1 and ê2; A1 and A2 are the regression orders of the endogenous
component of the model error series ê1 and ê2; d1 and d2 are the lags of the exogenous component
of the model error series ê1 and ê2; L1 and L2 are the regression orders of the exogenous component
of the model error series ê1 and ê2.

The ARDL model is a more flexible tool for accounting for the correlation of SS errors in
comparison with the VAR model, since it makes it possible to set different regression orders for
endogenous and exogenous components, as well as the lag value for the exogenous component. The
proposed approach to developing a SS includes the possibility of preliminary whitening (2) of the
SS error series (correction of the SS error using the AR model) before applying the VAR or ARDL
models (MOSS with a WCEP). The parameters of the MOSS with a WCEP are found using (7),
(9), (10). In this case, the VAR and ARDL models are used to forecast not the SS errors but the
whitening errors:

v1,t = e1,t − ê1,t, v2,t = e2,t − ê2,t. (13)

Therefore, the VAR (11) and ARDL (12) models take the form (14) and (15), respectively:(
v̂1,t v̂2,t

)T
= ΩV

(q)
t , (14)

where V
(q)
t =

(
v1,t−1 . . . v1,t−j . . . v1,t−q v2,t−1 . . . v2,t−j . . . v2,t−q

)T
is a VAR model input

vector.

v̂1|t = a1V
endo(1)
1|t + l1V

exo(1)
2|t , ê2|t = a2V

endo(2)
2|t + l2V

exo(2)
1|t , (15)

where V
endo(1)
1|t =

(
v1,t−1 . . . v1,t−j . . . v1,t−A1

)T
and

V
endo(2)
2|t =

(
v2,t−1 . . . v2,t−j . . . v2,t−A2

)T
are the input vectors of the endogenous compo-

nent of the model error series v̂1 and v̂2;

V
exo(1)
2|t =

(
v2,t−d1 . . . v2,t−d1−j . . . v2,t−d1−L1+1

)T
and

V
exo(2)
1|t =

(
v1,t−d2 . . . v1,t−d2−j . . . v1,t−d2−L2+1

)T
are the input vectors of the exogenous

component of the model error series v̂1 and v̂2.

As a rule, the order of an AR model for a time series is determined by visual analysis of its
correlogram or autospectrum. Despite the wide prevalence of this approach, in the present work,
a numerical method is used to determine the AR model order, based on the analysis of the partial
autocorrelation estimate ψ̂k, determined by the Yule-Walker equation:

Ψ̂(k) = P−1
k ρ(k), (16)

where k is the lag; Ψ̂(k) =
(
ψ̂1 . . . ψ̂j . . . ψ̂k

)T
is an AR model coefficients vector with

order k; ρ(k) =
(
r1 . . . rj . . . rk

)T
is an autocorrelation vector of estimates before lag k;

Pk =

⎛⎜⎜⎜⎜⎜⎜⎝
1 r1 r2 . . . rk−1

r1 1 r1 . . . rk−2

r2 r1 1 . . . rk−3
...

...
...

. . .
...

rk−1 rk−2 rk−3 . . . 1

⎞⎟⎟⎟⎟⎟⎟⎠ is the Toeplitz matrix based on ρ(k). The equation (16) links

the coefficients of the AR model and the values of the autocorrelation estimate [28]. The use of
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numerical methods allows for the automation of the AR model order determination process and
the implementation of structural predictor adaptation. The method for determining the AR model
order based on the analysis of the estimate ψ̂k is as follows. The value of the partial autocorrela-

tion estimate at lag k is set to zero if
∣∣∣ψ̂k∣∣∣ < 2σ̂ψ̂k

, where σ̂ψ̂k
is the standard error of the partial

autocorrelation estimates, defined as σ̂ψ̂k
= 1

n . Then, the maximum lag value k for which ψ̂k �= 0
is used as the order p.

Partial autocorrelation is also used to determine the order q of the VAR model. Using the
approach described above, the orders of the AR models for each error series included in the vector
model are determined, after which the smallest of the previously obtained AR model orders is
chosen as the vector model order q. This approach helps to avoid including redundant variables in
the model.

To determine the values of A and L for the ARDL model, the method from [29] can be used,
which is based on identifying the instability of the figures of the model parameter estimates as the
model structure becomes more complex. A sequential increase in the model order is performed as
long as the following condition is met:

q−1∑
i=0

sgn b
(q−1)
i sgn b

(q)
i = q − 1, (17)

where q is order of model: x̂t+1 = b
(q)
0 xt + b

(q)
1 xt−1 + . . . + b

(q)
q xt−q =

∑q
i=0 b

(q)
i xt−i. The orders A

and L of the ARDL model are determined in a similar manner. The methods presented above
for determining the orders of AR, VAR, and ARDL models are used to implement the structural
adaptation of the error predictors in online-mode, i.e., at each discrete time step.

The coefficients of the AR model are determined using the Yule-Walker equation:

WY W = P−1
τ ρ(τ), (18)

where WY W =
(
w1 . . . wj . . . wp

)T
is the coefficients vector of AR model order p;

ρ(τ) =
(
r1 . . . rj . . . rτ

)T
is the vector of autocorrelation estimates before the lag τ = p; Pτ is

the Toeplitz matrix based on ρ(τ) determined as in the (16). The tasks (8) and (10) for finding the
parameters of the VAR and ARDL models are solved using the least squares method.

4. EXPERIMENTAL VALIDATION AND DISCUSSION OF RESULTS

The proposed approach for developing a multi-output soft sensor with a predictor was tested as
follows. To implement the error predictors that account for the correlation of soft sensor errors for
the fractional composition (FC), pairs are considered: the first pair is the initial boiling point of
fractional composition (IBP FC) and 10% FC; the second pair is 50% FC and 95% FC. Figures 3
and 4 show the presence of a dynamic relationship between the selected pairs of soft sensor error
time series using smoothed squared coherency spectral estimate smoothed sample estimates [30] of
the squared coherence spectrum :

K
2
12(λ) =

A
2
12(λ)

C11(λ)C22(λ)
, 0 � λ � F, (19)

where A12(λ) =
√
L
2
12(λ) +Q

2
12(λ), 0 < λ < F is the smoothed cross amplitude spectral estimate;

L12(λ) = 2

(
l̃12 (0)+2

L−1∑
κ=1

l̃12 (κ) β (κ) cos πκλF

)
, 0� λ� F and Q12(λ) = 4

L−1∑
κ=1

q̃12 (κ) β (κ) sin
πκλ
F ,
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Fig. 3. Smoothed sample estimate of the quadrature coherency spectrum of SS IBP FC and FC 10% errors
on the training sample.

Fig. 4. Smoothed sample estimate of the quadrature coherency spectrum of SS FC 50% and FC 95% errors
on the training sample.
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1 � λ � F − 1 are the smoothed co- and quadrature spectral estimates, respectively;
l̃12 (κ) = 0.5 (c12 (κ) + c12 (−κ)), 0 � κ � L− 1 are the even cross covariance function estimates;
q̃12 (κ) = 0.5 (c12 (κ)− c12 (−κ)), 0 � κ � L− 1 are the odd cross covariance function estimates;

c12 (κ) = 1
n

n−κ∑
t=1

(e1,t − e1) (e2,t+κ − e2), c12 (−κ) = 1
n

n−κ∑
t=1

(e1,t+κ − e1) (e2,t − e2), 0 � κ � L− 1 is

the cross covariance function estimate; C11(λ) = 2

(
c11 (0) + 2

L−1∑
κ=1

c11 (κ) β (κ) cos
πκλ
F

)
, 0 � λ � F

is the smoothed spectral estimate; β (κ) =

{
1− |κ|

M , |κ| �M

0, |κ| > M
is the Bartlett window; c11 (κ) =

1
n

n−κ∑
t=1

(e1,t − e1) (e1,t+κ − e1), 0 � κ � L−1 is the autocovariance function estimate; e1 =
1
n

n∑
t=1

e1,t is

mean of the SS error; L is number of lags of used covariation functions; F is the maximum frequency
of calculating spectral estimates; estimates C22(λ) and c22 (κ) are calculated similarly as C11(λ)
and c11 (κ).

The amplitude values of the squared coherence spectrum shown in Fig. 3 are greater than 0.6
in the low-frequency region, indicating a close relationship between the soft sensor errors for IBP
FC and 10% FC and low autocorrelation of the error series for these indicators. The graph in
Fig. 4 reflects a relationship between the soft sensor errors for 50% FC and 95% FC, but there is
significant autocorrelation of the soft sensor errors for one of the indicators in the low-frequency
region, which is expressed by a low amplitude value of the smoothed sample estimate of the squared
coherence spectrum, around 0.15.

The proposed MOSS is compared with an error predictor based on an AR model (which does
not account for SS error correlation and is widely used in industry) through the procedure of bias
update (BU) for the MLR model within the SS. The proposed approach is implemented for both
adaptive (AdaptSS) and non-adaptive SS. The adaptation is implemented within the framework
of the moving window (MW) method. Versions of the error predictors with structural adaptation
(SA) and parametric adaptation (PA) are also implemented. PA is understood as the recalculation
of the predictor parameters on the shifted MW without changing their order, which is determined
by the methods described in the previous section during the first MW iteration. SA is understood
as the calculation of the predictor parameters along with the determination of their order at each
shift of the MW.

The total available sample contains 1382 observations. It is divided into a training sample with
967 observations and a test sample with 415 observations. For adaptive soft sensors and predictors,
the size of the SW is the same as the size of the training sample for non-adaptive SS.

Tables 3 and 4 present the test results for non-adaptive and adaptive soft sensors, respectively.
The coefficient of determination R2

j and the mean absolute error (MAEj) were used as accuracy
criteria for the jth quality indicator:

R2
j = 1−

∑n
i=1 (yj,i − ŷj,i)

2∑n
i=1

(
yj,i − yj

)2 , (20)

MAEj =
1

n

n∑
i=1

|yj,i − ŷj,i| , (21)

where yj,i – laboratory value of jth quality indicator; ŷj,i – estimate of jth quality indicator;
yj =

1
n

∑n
i=1 yj,i.

It should be noted that the model parameters were found according to criterion (6). Criteria
(20) and (21) are used for comparative analysis due to their widespread use in monitoring and
automation systems for industrial processes.
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Table 3. Testing results for non-adaptive SS

Type of SS

Pair with correlated errors Pair with correlated errors

IBP FC 10% FC 50% FC 95% FC

R2 MAE R2 MAE R2 MAE R2 MAE

Industrial approaches

SS MLR 0.250 13.590 0.506 10.177 0.824 4.735 0.274 7.302

SS BU 0.667 9.023 0.776 6.808 0.905 3.293 0.601 5.105

The proposed method in comparison with the AR model (non-adaptive)

SS AR 0.872 5.108 0.851 4.974 0.928 2.606 0.375 6.418

SS ARDL 0.868 5.180 0.909 3.731 0.927 2.679 0.707 4.047

SS VAR 0.868 5.184 0.909 3.732 0.928 2.678 0.707 4.048

SS AR ARDL 0.873 5.063 0.839 5.166 0.928 2.606 0.397 6.298

SS AR VAR 0.872 5.108 0.851 4.975 0.928 2.607 0.375 6.416

The proposed method in comparison with the AR model (parametric adaptation)

SS AR PA 0.887 4.558 0.829 5.373 0.933 2.443 0.372 6.378

SS ARDL PA 0.883 4.654 0.914 3.510 0.933 2.473 0.715 3.910

SS VAR PA 0.883 4.647 0.914 3.507 0.933 2.472 0.715 3.909

SS AR PA ARDL PA 0.888 4.522 0.819 5.552 0.933 2.450 0.395 6.269

SS AR PA VAR PA 0.887 4.551 0.829 5.375 0.933 2.441 0.373 6.375

The proposed method in comparison with the AR model (structural adaptation)

SS AR SA 0.885 4.652 0.828 5.366 0.933 2.479 0.372 6.378

SS ARDL SA 0.883 4.654 0.914 3.510 0.933 2.473 0.715 3.910

SS VAR SA 0.883 4.607 0.914 3.485 0.933 2.472 0.715 3.909

SS AR SA ARDL SA 0.887 4.565 0.817 5.592 0.932 2.469 0.395 6.274

SS AR SA VAR SA 0.885 4.645 0.828 5.369 0.933 2.478 0.373 6.375

Table 4. Testing results for adaptive SS

Type of SS

Pair with correlated errors Pair with correlated errors

IBP FC 10% FC 50% FC 95% FC

R2 MAE R2 MAE R2 MAE R2 MAE

Industrial approaches

AdaptSS MLR 0.549 10.642 0.659 8.522 0.892 3.401 0.494 5.579

AdaptSS BU 0.771 7.504 0.828 5.899 0.930 2.566 0.677 4.251

The proposed method in comparison with the AR model (non-adaptive)

AdaptSS AR 0.877 4.904 0.885 4.131 0.938 2.279 0.545 5.328

AdaptSS ARDL 0.877 4.935 0.912 3.694 0.939 2.268 0.729 3.657

AdaptSS VAR 0.877 4.938 0.912 3.694 0.939 2.267 0.729 3.659

AdaptSS AR ARDL 0.879 4.861 0.877 4.268 0.938 2.272 0.560 5.225

AdaptSS AR VAR 0.877 4.905 0.885 4.131 0.938 2.280 0.546 5.325

The proposed method in comparison with the AR model (parametric adaptation)

AdaptSS AR PA 0.879 4.857 0.885 4.137 0.939 2.247 0.545 5.334

AdaptSS ARDL PA 0.879 4.886 0.913 3.671 0.939 2.248 0.728 3.661

AdaptSS VAR PA 0.879 4.883 0.913 3.669 0.939 2.248 0.728 3.660

AdaptSS AR PA ARDL PA 0.880 4.810 0.877 4.286 0.938 2.245 0.561 5.217

AdaptSS AR PA VAR PA 0.879 4.854 0.885 4.137 0.939 2.246 0.545 5.332

The proposed method in comparison with the AR model (structural adaptation)

AdaptSS AR SA 0.876 4.932 0.885 4.175 0.938 2.247 0.545 5.330

AdaptSS ARDL SA 0.879 4.886 0.913 3.671 0.939 2.248 0.728 3.661

AdaptSS VAR SA 0.882 4.802 0.915 3.647 0.939 2.248 0.728 3.660

AdaptSS AR SA ARDL SA 0.878 4.849 0.876 4.347 0.939 2.249 0.561 5.219

AdaptSS AR SA VAR SA 0.876 4.929 0.885 4.176 0.939 2.246 0.545 5.329
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Based on Tables 3 and 4, for IBP FC estimation, the best results in terms of accuracy criteria
are achieved using the MOSS with a WCEP of type (2). For the 10% FC estimation, the MOSS
with a CEP of type (1) shows the best results. For the 95% FC, the MOSS with a CEP of type (1)
also shows the best results. A high degree of similarity is noted in the results of the MOSS with
a CEP of type (1) based on VAR and ARDL models, and their significant advantage over the SS
with an error predictor based on an AR model is also noted.

According to Fig. 4 and Tables 3, 4, the minor effect from using the CEP for the 50% FC SS
(in comparison with the CEP for other SSs) is associated with an insufficiently strong dependence
of the 50% FC SS errors on the 95% FC SS errors, as well as the presence of significant serial
correlation in the 50% FC SS errors.

Tables 5 and 6 show the percentage change in accuracy criteria for the best result relative to
the baseline methods (SS, SS BU, SS AR, SS AR PA, SS AR SA), which do not account for error
cross-correlation for non-adaptive and adaptive SS, respectively. According to Tables 5 and 6, the
lowest mean absolute error (MAE) is most often achieved using a CEP based on a VAR model with
parametric or structural adaptation (VAR PA, VAR SA are highlighted in bold in the tables).

Table 5. Change of the accuracy criteria for non-adaptive SS

Type of SS

Pair with correlated errors Pair with correlated errors

IBP FC 10% FC 50% FC 95% FC

R2 MAE R2 MAE R2 MAE R2 MAE

Basic method

SS MLR 71.83% 66.73% 44.62% 65.76% 11.67% 48.41% 61.69% 46.47%

SS BU 24.93% 49.88% 15.10% 48.81% 3.08% 25.81% 15.92% 23.44%

SS AR 1.82% 11.47% 6.95% 29.94% 0.53% 6.26% 47.55% 39.10%

SS AR PA 0.11% 0.79% 9.32% 35.15% 0.00% 0.00% 47.90% 38.72%

SS AR SA 0.36% 2.79% 9.39% 35.07% 0.08% 1.48% 47.90% 38.72%

Best result

SS AR PA
ARDL PA

SS VAR SA SS AR PA SS VAR PA

R2 MAE R2 MAE R2 MAE R2 MAE

0.888 4.522 0.914 3.485 0.933 2.443 0.715 3.909

Table 6. Change of the accuracy criteria for adaptive SS

Type of SS

Pair with correlated errors Pair with correlated errors

IBP FC 10% FC 50% FC 95% FC

R2 MAE R2 MAE R2 MAE R2 MAE

Basic method

AdaptSS MLR 37.71% 54.88% 27.97% 57.20% 4.96% 33.99% 32.14% 34.39%

AdaptSS BU 12.53% 36.00% 9.43% 38.17% 0.92% 12.53% 6.99% 13.90%

AdaptSS AR 0.53% 2.08% 3.30% 11.70% 0.03% 1.51% 25.04% 31.30%

AdaptSS AR PA 0.34% 1.12% 3.25% 11.84% −0.04% 0.10% 25.12% 31.38%

AdaptSS AR SA 0.61% 2.64% 3.21% 12.65% −0.01% 0.10% 25.09% 31.33%

Best result

AdaptSS
VAR SA

AdaptSS
VAR SA

AdaptSS AR
PA ARDL PA

AdaptSS
VAR PA

R2 MAE R2 MAE R2 MAE R2 MAE

0.882 4.802 0.915 3.647 0.938 2.245 0.728 3.660
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The results presented in Tables 3–6 make it possible to conclude that the proposed method
(SS/AdaptSS VAR, ARDL, AR VAR, AR ARDL) is effective compared to the existing methods
considered. For non-adaptive and adaptive SS, the reduction in MAE compared to BU was on
average 37 and 25.1%, respectively. For FC IBP – 49.9 and 36%, for FC 10% – 48.8 and 38.2%,
for FC 50% – 25.8 and 12.5%, for FC 90% – 23.4 and 13.9%. Compared to the AR-based error
predictor, the MAE reduction for FC IBP was 11.5 and 2.1%, for FC 10% – 29.9 and 11.7%, for
FC 50% – 6.3 and 1.5%, for FC 90% – 39.1 and 31.3%, averaging 21.7 and 11.7% for non-adaptive
and adaptive SS, respectively.

5. CONCLUSION

The problem of developing a MOSS with a correlated error predictor has been solved. The
effectiveness of the proposed approach for developing a MOSS with a predictor has been demon-
strated for use in a quality control system for the fractional composition indicators of the light
diesel fraction from a complex fractionating column in a hydrocracking unit. The comparison of
the proposed MOSS with the BU and the AR model-based error predictor without considering error
cross-correlation showed a reduction in MAE by an average of 29.3 and 21% and an increase in the
coefficient of determination by 14 and 7% for non-adaptive and adaptive soft sensors, respectively.
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Abstract—This paper considers a game of three oligopolistic firms (a triopoly) with the linear
demand and cost functions of players. The reflexive behavior of players is investigated through
a formalization with conjectural variations, i.e., players’ expectations regarding the impact of
their actions on the counterparty’s action. A method is developed to calculate the optimal
(consistent) sum of conjectural variations of a given player in terms of the utility functions of
the other players (environment). An algorithm is proposed to control the player’s actions by
the environment: implementing this algorithm forms a given mental type of the player and
predetermines the latter’s goal-oriented behavior. Computer simulations are carried out for a
hierarchical game in which the environment (the Principal) applies informational control to the
player’s actions, using the Russian telecommunications market as an example. According to
the simulation results, the control algorithm is effective and increases the environment’s utility.

Keywords : oligopoly, conjectural variation, hierarchical game, optimal control, telecommunica-
tions market
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1. INTRODUCTION

The game-theoretic model of oligopoly as an economic sphere in which several firms sell an
identical product formalizes the interaction of these firms as players. As a rule, players are treated
as price takers: they face the equilibrium market price on the aggregate demand curve and perform
game actions (choose their strategies) in the form of supply quantities of the product. The key
feature of this game is that the equilibrium price depends on the actions of all players, so when
choosing a strategy, players must predict the actions of their counterparties (the environment). The
change in the environment’s action expected by a player in response to a unit change in the latter’s
action is called a conjectural variation. The player’s a priori unawareness regarding the conjectural
variations of the environment predetermines the fundamental complexity of the oligopoly game. As
is known from the classical models of A. Cournot [1] and H. Stackelberg [2], the optimal strategies of
players depend on two factors: the inverse demand function for the product and the cost functions
of the players. Therefore, the simpler form these functions have, the more complete and informative
the analysis of oligopoly game outcomes will be.

The oligopoly game with the linear demand function for a product and linear cost functions
of players is the most typical case considered by researchers [3–17], since this model is the most
convenient tool for studying game strategies. In particular, dynamic oligopoly games based on
finite-difference equations of players’ responses [3–6] and dynamic games with differential equa-
tions describing the change process of the utility functions of players [7–9] were studied in such
a formulation. A dynamic game based on fractal differential equations of changes in the players’
actions was investigated as well [10]. Also, static oligopoly games were introduced and Cournot
and Stackelberg equilibria were compared accordingly [11].
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Applied aspects of the oligopoly game with linear demand and cost functions were considered
in the context of choosing a firm’s tax policy [12], assessing the consequences of merging firms [13],
entering a bilateral oligopoly game by a new firm [14], selling product sets [15, 16], and adopting
new technology [17].

The above studies involved a non-hierarchical game-theoretic model of oligopoly with initially
equal players, even in the case of Stackelberg leadership: being not conditioned by an original
hierarchy of players, leadership arises from their asymmetric awareness in game dynamics. The
awareness levels were formalized using reflexion ranks r, and reflexion was understood as the process
of making conjectures by a player regarding the strategies of other players (the environment) [18].
As a result of this process, each player creates a set of phantom environment players in the mind,
which can be followers at reflexion rank 1, first-level Stackelberg leaders at reflexion rank 2, and
(r − 1)th-level Stackelberg leaders at reflexion rank r. In other words, at each reflexion rank,
the player thinks that the environment consists of players of a lower reflexion rank. Relating
these theoretical considerations to business practice, we emphasize that the decision-maker (DM)
representing a firm may have no idea of Stackelberg leadership as a scientific category. Nevertheless,
when choosing an appropriate action in the market, the DM must analyze the possible responses
of the counterparties (i.e., must perform reflexion). Therefore, if a player correctly predicts the
environment’s beliefs (i.e., the phantoms coincide with the real players), he/she will dominate in
equilibrium in accordance with the leadership level [19]. But in a non-hierarchical model of the
game, the leader does not actually control the environment players.

However, in reality, it is easy to imagine a game situation where a certain group of players can
choose a common strategy aimed at increasing their payoffs at the expense of one player. Therefore,
a topical issue is to study the following hierarchical system of oligopoly players: a group of players
(the Principal) controls the strategy of a certain player by choosing a group strategy, inducing this
player to choose an optimal strategy in terms of the group’s utility functions. In this case, the
control process is also based on the above reflexive behavior of players. Below, this problem is
investigated for the three-player game model with linear demand and cost functions, which makes
the analysis of equilibria explicit.

2. THE NON-HIERARCHICAL GAME WITH LINEAR DEMAND
AND COST FUNCTIONS (THE LINEAR MODEL)

The non-hierarchical model of an oligopoly market describes the behavior of n players (firms)
supplying an identical product to the market. The consumer demand for this product is charac-
terized by an inverse demand function P (Q), decreasing with the total sales quantity Q(P ′

Q < 0).
The players are equal and choose actions (strategies) in the form of their supply quantities Qi, in
accordance with their increasing cost functions Ci(Qi) (C

′
Qi > 0), with the goal of maximizing the

utility function πi(Q,Qi) = P (Q)Qi − Ci(Qi).

Consider the oligopoly game in the case of the linear demand and cost functions of players:

P (Q) = a− bQ, A > 0, b > 0, a	 b,

Ci(Qi) = B0i +BiQi, B0i � 0, Bi > 0,

where Qi denotes the action of player i; a, b,B0i, and Bi are constant coefficients expressing the
parameters of the demand function (the maximum price a and the price decline rate b) and the
parameters of the cost function (the fixed costs B0i and the marginal costs Bi). The total action
of the players is Q =

∑
i∈N Qi.

In this case, the players seek to maximize their utility functions πi as follows:

max
Qi�0

πi(Q,Qi) = max
Qi�0

[(a− bQ)Qi −B0i −BiQi], i ∈ N = {1, . . . , n}, (1)

where N stands for the set of players and n is the number of players.
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The Nash equilibrium Q∗
i in the non-hierarchical game Γ = 〈N, {Qi, i ∈ N}, {πi, i ∈ N}〉 is cal-

culated based on the necessary optimality conditions
∂πi(Q

∗
i ,ρij)

∂Qi
= 0, i, j ∈ N , which involve the

conjectural variation of player i. For the system of the objective functions (1), the necessary
optimality conditions have the form

a− bQ− b(1 + Sri )Qi −Bi = 0, i ∈ N, Sri =
∑
j∈N\i

ρrij, (2)

where Sri is the sum of conjectural variations of player i at reflexion rank r. Due to equations (2), the
sum of conjectural variations (SCV) of each player is crucial for calculating the game equilibrium:
the other parameters in (2) can be considered common knowledge, and the player’s SCV value may
be unknown to the environment.

With the player’s type parameter denoted by αi =
a−Bi
b , system (2) can be conveniently written

as

αi − (2 + Sri )Qi −Qj
∑ = 0, i ∈ N, (2a)

where Qj
∑ is the total action of the environment of player i; the environment is designated as the

generalized player j.

A comparative analysis of (1) and (2a) allows deriving the maximum profit of player i depending
on the latter’s equilibrium action, i.e., the function π∗i = πi(Q

∗
i ), in the case of reflexive behavior

of players.

Proposition 1. Under the reflexive behavior of all players, the dependence of the maximum of
the player’s utility function on his/her equilibrium action has the form

π∗i = b(1 + Sri )(Q
∗
i )

2 −B0i. (3)

Proof. From (1) it follows that

πi =
(
a− b

(
Qi +Qj

∑))−BiQi −B0i = b
(
αi −

(
Qi +Qj

∑))Qi −B0i;

on the other hand, by formula (2a),

αi −Q∗
i −Q∗

j
∑ = (1 + Sri )Q

∗
i .

Substituting this result into the former expression finally gives (3).

According to equations (2), the solution of this system (the vector of equilibrium actions Q∗ =
{Q∗

i , i ∈ N}) depends on the SCV vector S = {Si, i ∈ N}. Therefore, if the SCV value of some
player i is such that the utility functions of the other players (the environment) are maximized
in equilibrium, then we can say that the environment purposefully controls this player (i.e., a
hierarchical game arises).

3. THE HIERARCHICAL GAME IN THE LINEAR TRIOPOLY MODEL

Consider an oligopoly game with three players (i.e., the triopoly case). In this model, one player i
opposes all other players (the environment), which have a common goal of reaching a beneficial
action of the former player from their standpoint. Therefore, player i will be called the controlled
player. Let the number j be associated with all environment players taken together.

We describe the awareness system in the hierarchical game with the reflexive behavior of players
by the following assumptions.

1) All players are completely aware of each other’s utility functions and actions and choose their
actions simultaneously; the controlled player and the environment are independent of each other.

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 7 2025



A CONTROL ALGORITHM FOR PLAYER’S ACTIONS IN A TRIOPOLY GAME 647

2) Environment players j are informed about each other’s conjectural variations and are not
informed about the SCV values of the controlled player; they choose the same strategies (actions
denoted by q) and have the same SCV value (denoted by s). In addition, suppose that the envi-
ronment players are identical in the type parameter αj , j ∈ N\i, with α being the average value of
this parameter. Accordingly, the values of the environment’s objective functions will be the same,
denoted by π. The environment players can change the SCV value in a coordinated manner de-
pending on the SCV value of the controlled player. Moreover, this dependence is inverse: increasing
the SCV value of the controlled player (lowering his/her leadership level) reduces the SCV value
of the environment (i.e., raises its leadership level). We formalize this assumption as follows:

q = Qj , α =
1

n− 1

∑
j∈N\i

αj, π = πj,

s = Sj, s′ =
∂Sj
∂Si

< 0, s′ = const ∀j ∈ N\i.
(4)

3) At each time instant (step) of the game, the controlled player i chooses an action independently
of the environment’s actions by considering the latter’s previous actions. The controlled player is
unaware of the SCV values of the environment but can indirectly estimate them by restoring the
optimal reactions (best responses) from the observed actions of the environment and his/her actions.
The controlled player determines the SCV value as a Stackelberg leader (i.e., by differentiating the
optimal reaction function of the environment).

4) Both counterparties (the controlled player and the environment) are unaware of each other’s
true leadership levels: they do not know the opponent’s SCV value in the game.

The last assumption is crucial for organizing an informational control process by manipulating
the controlled player’s actions. With a goal-oriented action, the environment can create a controlled
player’s belief that the former’s SCV value has changed appreciably, although the true action may
be unit, leaving the environment’s reaction curve and SCV value actually unchanged.

Based on these assumptions, we formulate a hierarchical model of the game: if the controlled
player chooses an optimal action considering the available data on the environment’s SCV values,
then the environment maximizes its utility functions, inducing the controlled player to choose the
best SCV value from the former’s standpoint. In other words, the environment solves the following
problem:

max
Si

π∗(q(s, Si), Qi(s, Si)), s = s0 = const, (5)

provided that the controlled player chooses the strategy from the condition

max
Qi

πi(Q(s, Si), q(s, Si)), (6)

where s0 is the environment’s SCV value at the initial step of the game.

Consider the environment’s control process for the behavior of player i. For this purpose, we
determine the optimal SCV value Si of this player in terms of the environment’s utility function (5):
Si = argmax

Si

π(q(s, Si), Qi(s, Si)).

Proposition 2. The controlled player’s SCV value maximizing the utility function (5) of the
environment is calculated by solving the equation

2(1 + s)q∗
′
Si

+ q∗s′ = 0 (7)
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under the condition

s′ < −(1 + s)q∗

2q∗′Si

. (7a)

Proof. By the first-order optimality condition applied to the environment’s objective func-
tion π∗ (3), we have

π∗
′
Si

= 2b(1 + s)q∗
′
siq

∗ + b(q∗)2s′ = 0,

which immediately gives (7). Let a change in the SCV value weakly impact the shift of the
equilibrium q∗′′SiSi

. In view of s′′ = 0 (see (4)), we transform the second-order optimality condition

π∗
′′
SiSi

= b{2s′q∗′siq
∗ + 2(1 + s)(q∗

′′
SiSi

q∗ + q∗2) + 2q∗
′
Si
q∗s′ + q∗2s′′} < 0 (7b)

to

2s′q∗
′
si + (1 + s)q∗ < 0. (7c)

The analysis of the Stackelberg leadership levels dynamics shows that q∗′si > 0; in addition,
1 + s > 0 in the linear oligopoly model. Therefore, according to (7b), the maximum is achieved at
s′ < 0 (see Assumption (4)), particularly under condition (7a).

Note that equation (7) corresponds to the previously known formula [20] 2(1 + Sri )Q
∗
jQ

∗′
jSi
P ′
Q+(

(1 + Sri )P
′′
QSi

+ P ′
Q

∂Sr
j

∂Si

)
Q∗2
j = 0 for the general oligopoly problem, since P ′

Q = −b and P
′′
QSi

= 0

in the model with linear demand and cost functions under consideration.

4. OPTIMAL CONTROL METHODS

Equation (7) has been written for each environment player. The desired value Si in (7) figures in
the expressions for q∗′si , q

∗, which are necessary to calculate this unknown. Therefore, we consider a
special case of a triopoly, where, without loss of generality, the second player will be the controlled
one (i = 2) whereas the first and third players the environment (j = 1, 3).

Let us find the equilibrium in this game and the solution of the control problem in the hierarchical
system (5).

Proposition 3. In the triopoly game with players j = 1, 3 as the environment and player i = 2
as the controlled one, we have:

i) The optimal reaction functions of the controlled player and the environment are given by

q =
α−Q2

3 + s
, Q2 =

α2 − 2q

2 + S2
. (8a)

ii) The equilibrium actions have the form

q∗ =
α2 − α(2 + S2)

2− (2 + S2)(3 + s)
, Q∗

2 =
2α− α2(3 + s)

2− (2 + S2)(3 + s)
. (8b)

iii) The controlled player’s SCV value maximizing the utility function of the environment is
calculated by solving the equation

2(1 + s)
zq∗ − α

y
+ q∗s′ = 0 (8c)

under the condition

π∗′′SiSi

b
=

4q∗

y
s′
(
zq∗

2
+ (1 + s)q∗ − α

)
+ 2(1 + s)q∗2 < 0, (8d)

where y = 2− (2 + S2)(3 + s) and z = s′(2 + S2) + 3 + s.
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Proof. In the case under consideration, system (2a) becomes⎧⎪⎪⎨⎪⎪⎩
α1 − (2 + S1)Q1 −Q3 −Q2 = 0

α2 − (2 + S2)Q2 −Q1 −Q3 = 0

α3 − (2 + S3)Q3 −Q1 −Q2 = 0,

⇒
{
2α − 2(2 + s)q − 2Q2 − 2q = 0

α2 − (2 + S2)Q2 − 2q = 0.

Consequently, the optimal reaction functions of the second player and the environment take the
form (8a). Resolving them yields the equilibrium actions (8b). For the sake of simplification, let
us introduce y = 2− (2 + S2)(3 + s) and z = s′(2 + S2) + 3 + s. In this case, the derivative q∗′S2

is
calculated as

q∗
′
S2

=
α2z − α[y + z(2 + S2)]

y2
=
z[α2 − α(2 + S2)]

y2
− αy

y2
=
zq∗ − α

y
.

Therefore, equation (7) turns into (8c).

Now we derive the second-order optimality condition (7a) for the environment’s objective func-
tion. In view of s′′ = 0, the value q∗′′S2S2

can be expressed in the form

q∗
′′
S2S2

=
(z′q∗ + zq∗′S2

)y − y′(zq∗ − α)

y2
=
z′q∗ + 2zq∗′S2

y

(more precisely than (7a)).

Substituting this expression into (7b), after appropriate transformations with z′ = 2s′, we obtain

π∗′′SiSi

b
= q∗

(
4s′

zq∗ − α

y
+ 2(1 + s)

2s′q∗ + 2zq∗′S2

y

)
+ 2(1 + s)q∗2

=
4q∗

y

(
z[s′q∗ + (1 + s)q∗

′
S2
] + s′[(1 + s)q∗ − α]

)
+ 2(1 + s)q∗2.

According to (7), the change (1 + s)q∗′S2
= − s′q∗

2 in the last equality finally leads to the sufficient
maximum condition (8d).

Proposition 3 can be used to find S2.

Now we develop an algorithm for reaching the target value S2 from the environment’s stand-
point. Let an equilibrium (q0, Q0

2) be established at some initial step 0 of the game under some
SCV values S0

2 (the controlled player) and s0 (the environment), which are unknown to the coun-
terparties. Let us determine the environment’s phantom reaction under which the controlled player
will choose the SCV value S2. We denote by sf the SCV value that the environment must have
for the controlled player to determine his/her SCV value as S2. It will be called the phantom SCV
value of the environment.

Proposition 4. In the triopoly game, the controlled player i = 2 establishes the response according
to S2 under the phantom SCV of the environment (j = 1, 3) if and only if

sf = − 1

S2
− 3. (9)

Proof. If the controlled player performs the action Q2 and the environment responds with the
action q, the former will calculate the SCV value by differentiating the environment’s reaction
function. The environment’s phantom reaction qf (Q2) is calculated by substituting the unknown

value sf into (8a): qf = α−Q2

3+sf
. Then S2 = q′Q2

=
(
α−Q2

3+sf

)′
Q2

= − 1
3+sf

. Therefore, if the environ-

ment’s goal is to induce the controlled player’s choice S2, then from S2 = − 1
3+sf

we obtain the

environment’s SCV value (9) required.
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Based on Proposition 4, we organize the following iterative control process with time instants
(steps) 0, t, t + 1, t+ 2, . . . , indicated by the superscripts of the players’ actions (t > 0).

1. At step t, the environment performs an action calculated according to its phantom reaction
function:

qt =
α−Q0

2

3 + sf
= −S2(α−Q0

2).

2. At step t + 1, the controlled player calculates the SCV value (9) given this action, which is
equal to S2, and then responds according to the new reaction function Qt+1

2 = α2−2q

2+S2
:

Qt+1
2 =

α2 − 2qt

2 + S2
.

3. At step t+ 2, the environment performs an action according to its true reaction function:

qt+2 =
α2 −Qt+1

2

3 + s0
.

4. At step t + 3, the controlled player calculates the SCV value (9) given this action, which is
equal to S0

2 , and then returns to the original reaction function Qt+3
2 = α2−2q

2+S0
2
.

5. At steps t + 4, t + 5, . . . , the environment and the controlled player repeat Stages 3 and 4,
and the game equilibrium returns to the initial state (q0, Q0

2).

At steps t+ 1 and t+ 2 of this process, the environment achieves the desired result and receives
the maximum profit. As is known [3–6], the above iterative process converges to the equilibrium (8b)
fast enough; therefore, suppose that the game state has already stabilized starting from step t+ 3.
Consequently, the environment receives an additional payoff at steps t+ 1 and t+ 2 but may
incur losses at step t. The payoffs at different steps must be brought to a comparable level based
on discounting πd(t) = πte−ρt, commonly used in dynamic oligopoly models [9]. To assess the
effectiveness of the iterative control process, we compare the maximum values of the environment’s
utility function at steps 0, t, t+ 1, and t+ 2 : control is effective if

π∗te−ρt + π∗t+1e−ρ(t+1) + π∗t+2e−ρ(t+2) � π∗0(e−ρt + e−ρ(t+1) + e−ρ(t+2)),

where ρ denotes a discounting factor.

5. EXPERIMENTAL ANALYSIS OF OPTIMAL CONTROL

Consider a numerical experiment for the optimal control process. Computer simulations were
carried out on the 2016–2021 demand and operator cost data for the Russian telecommunications
market [22]. The linear demand function for the voice traffic of mobile operators was constructed
in the form

P (Q) = a− bQ, a = 1.6, b = 0.000001;

the cost functions of mobile operators were taken without fixed costs due to the latter’s negligible
impact on the equilibrium:

Ci(Qi) = BiQi, B1 = 0.0005, B2 = 0.0018, B3 = 0.0004,

where i = 1 corresponds to MTS, i = 2 to MegaFon, and i = 3 to VimpelCom.

As in Section 4, the second player is the controlled one, with the action denoted by Q2, and
the first and third players represent the environment (j = 1, 3), with the same actions denoted
by q. Figure 1 shows the optimal reaction lines of the players (indicated by R) in the cases of
Cournot equilibrium (the SCV values are s = S2 = 0) and three-party Stackelberg leadership (the
SCV values are s = S2 = −0.5); the latter case is treated as the initial state of the game (point 0).
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Fig. 1. Cournot equilibrium (C) and three-party Stackelberg leadership (0).

Fig. 2. The environment’s utility functions depending on the controlled player’s SCV value for different s′.

Table 1 and Fig. 2 show the impact of changes in the environment’s response on the correspond-
ing changes in the controlled player’s response, expressed by s′. The following model dependence
was used:

s = −1 + s′S2,

in which s ∈ (−1, 0] for S2 ∈ (−1, 0] and s′ ∈ (−1, 0]. According to the data in Table 1, reducing
the rate of change of the environment’s SCV value (the absolute value of s′) shifts the target SCV
value S2 of the controlled player closer to zero and increases the maximum utility π∗ of the environ-
ment. The graphs in Fig. 2 demonstrate the existence of a maximum of the environment’s utility
function for certain SCV values of the controlled player. Note that the second-order optimality
condition (8d) was also verified.
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Fig. 3. The informational control process from Stackelberg leadership (0).

Figure 3 demonstrates the informational control process from the state of three-party Stackelberg
leadership (point 0) for the case s′ = −1. At step 1, the environment’s action according to its
phantom reaction function R13(phantom) transfers the game to the state Et; and the controlled
player performs an action corresponding to the initial position 0 in the game. This change in the
environment’s action allows the controlled player to establish that the former’s behavior corresponds
to the SCV value S2; therefore, at step 2, this player changes his/her reaction function to the one
desired for the environment, R2(target). Then the game evolves to the state E(t+1), and the
environment’s action remains at the level Et. Responding at step 3, the environment returns to
its true reaction function R13(s = −0.5), since the environment calculated its optimal target SCV
value of the controlled player precisely for its initial SCV value. As a result, the game passes into
the state E(t+2). The further process of restoring the initial equilibrium at point 0 is not shown
here: at step t+ 2, the players’ actions are already close to this point.

The economic effect of informational control is presented in Table 2 at a discount rate of 10%.
The total discounted utility of the environment for three steps of the control process exceeds the
total discounted value of its utility in the initial state of the game, which confirms the validity of

Table 1. The impact of changes in the environment’s SCV value on the
environment’s optimum when changing the controlled player’s SCV value

Case s′ S2 q∗ π∗

1 −1 −0.2338 5 079 027 128 969
2 −0.75 −0.1478 518 714 134 506
3 −0.5 −0.002 533 454 142 260

Table 2. The economic effect of informational control, ρ = 0.1

Nominal values Discounted values

Step e−ρt π∗0 π∗t π∗0 π∗t

t 0.905 104 761 163 474 94 821 147 963
t+ 1 0.819 104 761 129 758 85 823 106 301
t+ 2 0.741 104 761 85 005 77 680 63 031
Sum 258324 317 295
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such control from the environment’s standpoint. Note an increased utility of the environment at
step t, which is not always the case; in the situation under consideration, the first action of the
environment was less than in the initial equilibrium, resulting in an equilibrium price increase; if
the first action of the environment were the opposite, its utility would decrease.

6. CONCLUSIONS

This paper has demonstrated the fundamental possibility of implementing informational control
of player’s actions in a triopoly game by other players (the environment). The linear models of
demand and cost functions have been considered; in this case, explicit expressions for the optimal
reactions and equilibrium actions of players have been derived, an informational control algorithm
has been developed, and the effect of informational control has been illustrated. The following key
results have been obtained.

The dependence of the maximum of the player’s utility function on his/her equilibrium action
under the reflexive behavior of all players has been established, showing that the player’s payoff
depends both on his/her SCV value and the SCV value of the environment through the former’s
equilibrium action. Hence, by varying the SCV value of the environment, this player can increase
his/her maximum payoff, which is the basis to control the environment through its SCV value as
the control parameter. However, one player cannot manipulate the other players, while a group of
players, acting in concert, can change the beliefs of one player.

Therefore, a hierarchical game has been investigated in which the environment controls a certain
player by finding the optimal SCV value for him/her. An equation has been obtained for calculating
the optimal SCV value of this player in terms of the environment’s utility function. To motivate
the controlled player to choose the required SCV value, the method of optimal reactions has been
used, with explicit formulas derived in the triopoly case. In the three-player game (one controlled
player and two opponents with a common goal), equilibrium actions have been determined, and an
equation has been compiled for calculating the optimal SCV value of the controlled player.

In the triopoly model under consideration, a phantom reaction-based method has been developed
to determine the environment’s action inducing the controlled player to use the optimal SCV value
from the environment’s standpoint. This method has been developed into an algorithm to model the
action sequence of the environment and the controlled player in the informational control process;
the effectiveness of this process has been assessed.

Computer simulations have been carried out to demonstrate the effectiveness and economic
impact of the control algorithm. Although the controlled player receives higher profit only at two
steps of the game, this outcome is quite significant from a practical point of view. In real business,
the game moment often corresponds to the publication period of the company’s financial statements
(annually). Therefore, one or two years in which environment players receive predominant payoffs
can lead to large financial losses for the controlled player and even force the latter out from the
market. Consequently, the results of this study have practical value.
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Abstract—This paper considers a novel modification of the multidimensional fuzzy controller
with interrelated adjustable parameters. The block diagram of the controller and expressions
for calculating its main parameters are provided. A transition mechanism from the general term
division of input variables to their local one with respect to output variables is described. The
authors’ special software for the visual design of the fuzzy controller, flexible term adjustment,
and the assessment and analysis of the system of production rules is presented. Theoretical
results are illustrated by examples.
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1. INTRODUCTION

Currently, fuzzy controllers and their modifications, including hybrid ones, are increasingly ap-
plied in the development of automated control systems (ACSs). They have more flexible adjustment
compared to traditional PID controllers, which is especially important for multidimensional and
multivariable systems with a complex mathematical model or without any mathematical model as
such. Fuzzy logic is used to design expert and intelligent control systems [1–7].

The practical implementation issues of fuzzy controllers were considered by several authors.
In this context, we note the following drawbacks [8–14]:

1) the high complexity of fuzzy control algorithms (including fuzzification and defuzzification);

2) the ambiguous choice of an appropriate membership function of continuous variables;

3) significant (in some cases, multiple) growth of the number of production rules with increasing
the number of input variables;

4) no flexibility in the implementation of unconventional approaches to fuzzy controllers, etc.

In addition, third-party software for programmable logic controllers (PLCs), particularly
MATLAB [15–17], is often used in the design and program implementation of fuzzy controllers.
This requires additional time and funding as well as complicates the introduction of changes during
ACS operation.

To settle these issues, it is necessary to improve the characteristics of fuzzy controllers and
their operation algorithms; propose new modifications associated with the formation of a system
of production rules; and develop special software with the generation of program blocks of fuzzy
controllers for modern programming environments for PLCs.
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The aim of this paper is to develop, first, a novel modification of the multidimensional fuzzy
controller in order to eliminate the above drawbacks and issues and, second, software for adjusting
its parameters and the system of production rules.

2. DESCRIPTION OF THE FUZZY CONTROLLER MODIFICATION

We propose the following modification of the fuzzy controller, intended for ACSs with a large
number of production rules describing the operation logic of a complex technological object without
an adequate mathematical model. The modification is to settle the issues associated with the
compilation of a system of production rules (SPRs), eliminate the redundancy of rules, and reduce
their maximum number. This is achieved by determining the interrelations of variables and the
transition from the general to local term division of input variables.

Figure 1 shows the block diagram of this modification of the multidimensional fuzzy controller
with interrelated controlled parameters, with the following notation: F1, . . . ,Fn are the fuzzifiers of
input variables x ; D1, . . . ,Dm are the defuzzifiers of output variables y ; FB and DB are fuzzification
and defuzzification blocks, respectively, that control the operation of fuzzifiers and defuzzifiers;
LIB is a logical inference block of the controller with a production rule block PRB; Tt are the
terms of variables handled by LIB at time t ; PrB is a block for predicting the terms of input
variables x ; FEB are blocks for expanding the controller’s functions, including communication and
data exchange with external devices.

Let the term set T x of a continuous variable x have the form

T x =
{
T x1

(
x
(l)
1 � xt < x

(r)
1

)
, T x2

(
x
(l)
2 � xt < x

(r)
2

)
, . . . , T xk(x)

(
x
(l)
k(x) � xt � x

(r)
k(x)

)}
,

where x(l) and x(r) are values determining the left and right limits of the working ranges of the
terms T ; xt is the value of the variable x at a time t ; k (x) is the total number of terms.

Fig. 1. The block diagram of the fuzzy controller modification.
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Fig. 2. The division of the general term set into local term sets.

To improve illustrativeness, we choose the class of trapezoidal (close to rectangular) membership
functions of x, which is characterized by the empty intersection of the ranges of terms within the
general term division of the variable.

By definition,

x
(l)
k = x

(r)
k−1,

and therefore, the value of one range limit is sufficient to describe k (x)− 1 terms T. The limits of
the first or last term are described directly by two values. For example,

T x =
{
T x1

(
x
(l)
1

)
, T x2

(
x
(l)
2

)
, . . . , T xk(x)

(
x
(l)
k(x) � xt � x

(r)
k(x)

)}
.

As is known, the maximum number Rmax of the controller’s production rules depends on the
total number of the terms of its input variables [18], i.e.,

Rmax =
n∏
i=1

k (xi),

where n specifies the number of the controller’s input variables.

In the presence of output variables with feedback (see Fig. 1), the expression for calculating Rmax

takes the form

Rmax =
n∏
i=1

k (xi)
o∏
j=1

k (yj),

where o is the number of output variables of the feedback controller.

For a multidimensional fuzzy controller with m output variables y, the general term division of
some input variables x may be redundant for calculating the values of separate output variables
and cause defuzzification errors associated primarily with the absence of production rules defined
by technical specifications.

The general term division can be simplified to a local one with respect to particular variables y.
For instance, the local term set T x

y
of a continuous variable x with respect to an interrelated

variable y can be analytically represented as follows:

T x
y
=
{
T x

y

1

(
x
y(l)
1 � xt < x

y(r)
1

)
, . . . , T x

y

k(xy)

(
x
y(l)
k(xy) � xt � x

y(r)
k(xy)

)}
,

where k (xy) � k (x) .

This process is visualized in Fig. 2.
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Fig. 3. The conflict of local terms when interpreting variables.

In this case, the expression for calculating the maximum number R
′
max of the controller’s pro-

duction rules takes the form

R
′
max =

m∑
j=1

R
yj
max =

m∑
j=1

s∏
i=1

k
(
x
yj
i

)
,

whereRymax is the maximum number of production rules for a particular output variable y ; s denotes
the number of input variables x interrelated with the output variable y.

To perform calculations, for the sake of convenience, we present the initial data on the number
of the terms of input variables x for their interrelated output variables y in Table 1. Here, the
symbol “–” in particular cells indicates the absence of interrelation between the corresponding
variables.

Table 1. Data to analyze the term relations of variables

The number of the terms of input variables
Output variable

x1 . . . xn
y1 k (xy1

1 ) . . . k (xy1
n )

. . . . . . . . . . . .

ym k (xym

1 ) . . . k (xym
n )

In this case, the minimum number of the terms of output variables must satisfy the condition

kmin (y) � Ry,

where Ry is the number of production rules for a particular output variable y.

If the number Ry of production rules is less than the total number of the terms of y, some
terms will remain unused (not participate in forming the system of production rules). Such terms
should be removed by uniting with neighbor ones to avoid gaps within the working ranges of the
output variables. If the union of terms is impossible, such variables cannot be used for feedback
implementation in order to avoid fuzzification errors.

This approach allows eliminating the so-called conflict of local terms due to the overlap of their
ranges when forming the general term division (Fig. 3), which leads to the emergence of new terms
and consequently increases the maximum number of production rules of the controller.

According to Fig. 3, the general term division of a continuous variable x,

T x = {T x1 (0) , T x2 (20) , T x3 (40) , T x4 (60) , T x5 (80 � xt � 100)} ,
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is formed using the following local term divisions of x with respect to the output variables ya
and yb :

T x
ya

=
{
T x

ya

1 (0) , T x
ya

2 (20) , T x
ya

3 (80 � xt � 100)
}
,

T x
yb =

{
T x

yb

1 (0) , T x
yb

2 (40) , T x
yb

3 (60 � xt � 100)
}
.

For instance, the term T x1 corresponds to the term T x
ya

1 ; the term T x3 , to the term T x
yb

2 ; the
term T x5 , to the term T x

ya

3 . The terms T x2 and T x4 are obtained by uniting the ranges of the
remaining terms from the local term divisions of the continuous variable x with respect to the
output variables ya and yb.

In this example, the general term division of the continuous variable x leads to the following
problems. The terms T x1 and T x2 , T

x
4 and T x5 duplicate the production rules for the output vari-

able yb, and the terms T x2 , T
x
3 , and T

x
4 do the same for the output variable ya. This affects the total

number of production rules, especially when developing multivariable fuzzy systems with

y = f(x1, . . . xs).

Moreover, uniting terms can lead to the incorrect operation of defuzzifiers with certain classes of
membership functions (e.g., triangular) and several difficulties when forming a system of production
rules.

Local term division resolves these problems, allowing the engineer to develop a fuzzy ACS in
full compliance with technical specifications.

If necessary, critical production rules can be identified: they involve the terms of continuous
variables marked as “critical” to indicate their particular importance (e.g., when determining the
extreme ranges of values as an emergency signal).

The number of critical rules for each group of interrelated variables, Rggr cr, can be calculated as
follows:

Rggr cr = Rggr −
ng∏
i=1

(k (xi)− kcr (xi)),

where kcr is the number of critical terms defined for input variables x in the volume ng, forming a
group with the ordinal number g ; Rggr is the maximum number of production rules of the group:

Rggr =

ng∏
i=1

k (xi).

3. DESCRIPTION OF THE CONTROLLER SOFTWARE

Modern design and development environments for fuzzy controllers have no capabilities for
determining the interrelations of variables and passing from the general term division of input
variables to local ones with respect to output variables, as well as no deep analysis tools for a
system of production rules. Therefore, we developed a software solution (computer-aided system)
for the visual development of a PLC program for the above modification of the multidimensional
fuzzy controller, the calculation and analysis of its main parameters, the formation of production
rules, etc.; see Figs. 4 and 5.

When creating a new fuzzy controller project, the following basic information is entered: the
number of input and output variables, their working ranges, and interrelations. Terms are modified,
and production rules are entered, in a special visual editor.

After data entry is complete, the user can analyze the term divisions of variables and the system
of production rules. In this case, the total number of terms and the number of critical terms
(for the entire controller and each variable separately), the belonging of variables to a particular
group (control loop), etc., are assessed.
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Fig. 4. The term editor for continuous variables and their interrelations.

Fig. 5. Analysis results for variables and the system of production rules.
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Fig. 6. SCL program code of the defuzzification functional block.

A separate table displays the values of the controller parameters depending on the content of
the system of production rules (Fig. 5):

1) the maximum Rmax and factual R
′
max numbers of production rules forming the system of

production rules of the controller;

2) the number of groups of interrelated variables;

3) the number Rggr of production rules for each group, the number Rggr cr of critical rules, etc.

The settings of the interrelations and term divisions of variables can be placed in a separate file
of a special format and loaded into the computer-aided design system developed by the authors [19].
This system contains an editor for the system of production rules and special tools for checking its
completeness as well as the correctness of the user data.

Upon completion of the work, it is possible to generate a ready-made program of the controller
and/or its separate functional blocks (fuzzifiers and defuzzifiers) in the SCL and AWL format for
Simatic S7 PLCs considering the requirements of the IEC 61131-7:2000 standard (Programmable
controllers – Part 7: Fuzzy control programming).

Figure 6 presents a fragment of the generated SCL program code of the defuzzification functional
block for a continuous output variable M whose crisp value is found by calculating the midpoint
of the range of the term active at the current time [18].

4. COMPUTATIONAL EXPERIMENT

We carry out a computational experiment to assess the system of production rules of the fuzzy
controller when passing from the general to local term division of input variables.

Consider a control loop with four input and two output continuous variables x and y, respectively;
their interrelation diagram and general term divisions in the working range [0, 100] (in simplified
form) are shown in Fig. 7. Since the terms of the output quantities do not affect the total number
of production rules, they can be omitted for calculations.

The term sets of the input continuous variables have the form

T x1 = {T1 (0) , T2 (10) , T3 (25) , T4 (50) , T5 (75) , T6 (90; 100)} ,
T x2 = {T1 (0) , T2 (25) , T3 (75; 100)} ,

T x3 = {T1 (0) , T2 (10) , T3 (20) , T4 (50) , T5 (80) , T6 (90; 100)} ,
T x4 = {T1 (0) , T2 (15) , T3 (85; 100)} .
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15 85

Fig. 7. The interrelation diagram and general term division of input variables.

Fig. 8. The local term division of the input variables x1, x2, x3 and x4

with respect to the output variables (a) y1 and (b) y2.

Thus, k (x1) = 6, k (x2) = 3, k (x3) = 6, and k (x4) = 3. The maximum number Rmax of produc-
tion rules is

Rmax =
4∏
i=1

k (xi) = 324.

Being extremely redundant, this number will strongly complicate the formation of the system of
production rules of the controller. However, certain interrelations can be used at the controller de-
sign stage to pass from the general to local term division, and production rules can be subsequently
introduced for each output variable separately.

As is known, the input variables x1, x2, and x3 are related to the output variable y1 whereas
x1, x3, and x4 to y2. Figure 8 demonstrates their local term division.

The term sets of the continuous input variables x1, x2, and x3 with respect to the continuous
output variable y1 have the form

T x
y1
1 = {T1 (0) , T2 (10) , T3 (50) , T4 (90; 100)} ,

T x
y1
2 = {T1 (0) , T2 (25) , T3 (75; 100)} ,

T x
y1
3 = {T1 (0) , T2 (20) , T3 (50) , T4 (80; 100)} .

Next, the term sets of the continuous input variables x1, x3, and x4 with respect to the continuous
output variable y2 have the form

T x
y2
1 = {T1 (0) , T2 (25) , T3 (75; 100)} ,

T x
y2
3 = {T1 (0) , T2 (10) , T3 (90; 100)} ,

T x
y2
4 = {T1 (0) , T2 (15) , T3 (85; 100)} .
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Fig. 9. The editor of the computer-aided design system.

The numbers of the terms of the input variables x for particular output variables y are combined
in Table 2.

Table 2. Data to analyze the term relations of variables

The number of terms of input variables
Output variable

x1 x2 x3 x4
y1 4 3 4 –

y2 3 – 3 3

Thus, in view of the known interrelations between the input and output variables, the maximum
number R′

max of production rules is

R
′
max =

2∑
j=1

R
yj
max = k (x1) k (x2) k (x3) + k (x1) k (x3) k (x4) = 75.

The resulting reduction in the maximum number of production rules, ΔRmax, reaches

ΔRmax =
Rmax −R

′
max

Rmax
= 0.8

(4.3 times).

This process can be automated using the above software solution. Based on the calculation
results, it is possible to assess the design complexity and save the settings of the interrelations and
term division of the variables for subsequent SPR formation in the computer-aided design system
(Fig. 9).

Working in a single visual programming environment simplifies coding for the multidimen-
sional fuzzy controller with interrelated adjustable parameters as well as calculating its basic
characteristics.
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5. CONCLUSIONS

The novel modification of the multidimensional multivariable fuzzy controller described in this
paper provides several advantages in automated control system design: the flexible adjustment of
the terms of variables, reduction in the maximum number of production rules, a separate defuzzi-
fication function specified for each output variable [20], etc.

The original special software developed by the authors contains tools for the visual design of the
fuzzy controller, the evaluation and analysis of the system of production rules, and the generation
of a ready program for the Simatic S7 PLC. This software solution can be used by experts and
engineers to design automated control systems for complex technological objects without adequate
mathematical models and create reliable and effective PLC programs for fuzzy controllers, reducing
the time of their development.
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Abstract—This paper considers the problem of generating random data ensembles with given
numerical characteristics. A solution method is developed using randomized machine learning
procedures based on a sequence of functional entropy-linear programming problems with con-
straints in the form of normalized moments. The generation problem is reduced to a system of
nonlinear equations with integral components. The authors’ asymptotic analytical method is
adapted to transform these equations into a system of equations with a polynomial left-hand
side. The analytical methods are applied to generate random data ensembles for asset price
dynamics.
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1. INTRODUCTION

Machine learning methods for many applied and scientific-practical problems are based on data
with required properties. In the context of machine learning methods of the statistical approach,
data requirements are implemented in the form of their probabilistic and numerical characteris-
tics [1]. In addition to traditional classification and forecasting [2–7], we mention other areas such
as software testing [8–10] and knowledge control [11–13], where data serve either to train process
models or evaluate hypotheses statistically. In parallel, the so-called scenario approach is being
developed: parameter arrays are compiled for a parameterized process model (most often, by ex-
perts), and corresponding data ensembles are generated [14, 15]. In any case, data properties must
be properly considered for the correct use of the corresponding theoretical methods and approaches
as well as in the practical application of the developed and trained models.

Nowadays, rich data are available in many areas, as they are collected in abundance and accu-
mulated automatically during the operation of information systems and various technical devices.
At the same time, a still open challenge is to generate necessary data (with required properties)
for the purpose of developing, training, and testing methods and devices. Of course, the required
properties can be formalized in different ways in particular areas and problems. In this paper,
such a formalization is performed within a probabilistic concept; in particular, by suitable data we
mean random ensembles with appropriate probability density functions (PDFs). By assumption,
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appropriate PDFs can be sampled, in one way or another, i.e., transformed into corresponding
random sequences.

Thus, suitable data ensembles are generated by reconstructing optimal, in an accepted sense,
PDFs considering given requirements. Rather high uncertainty arises when formulating such re-
quirements, and entropy is a natural criterion for optimizing PDFs [16–20]. However, this is not
enough, and some additional properties of PDFs are often necessary. Some of them can be formu-
lated in terms of numerical characteristics, namely, moments, semi-invariants, etc. Therefore, the
construction of desired PDFs is reduced to constrained maximization of an information entropy
functional. In its formal description, this problem is close to some mathematical models of ran-
domized machine learning (RML) studied in [21, 22]. Certain differences are associated with the
system of constraints in the problem under consideration.

In this paper, we further develop RML methods in the following directions:
• randomized learning under additional moment-type constraints;
• adaptation of the analytical method for solving nonlinear equations with integral components

to the problem under consideration;
• effectiveness analysis of the methods in asset price forecasting as an illustrative example.
Note that RML problems and the problem of constructing desired distributions involve essen-

tially nonlinear equations with the so-called integral components. They represent multidimensional
integrals with exponential subintegral functions that are defined on simple sets (parallelepipeds)
and parameterized by Lagrange multipliers. Using the analytic properties of exponential functions,
these integrals are approximated by parameterized integrals of multidimensional polynomials as
integrand functions. The latter are calculated analytically.

With the indicated transformations of multidimensional parameterized integrals, a system of
nonlinear equations with integral components is approximated by a system of equations with a
polynomial left-hand side. They are solved by an analytical method based on abstract power
series [23, 24].

In view of the aforesaid, the remainder of this paper is organized as follows. Section 2 presents
the general problem statement addressed. The solution approach and necessary theoretical tools
are described in Section 3. Next, Section 4 is devoted to asset price forecasting. Section 5 discusses
the features of the results and directions for further research. Finally, the outcomes of this paper
are summarized in Section 6.

2. PROBLEM STATEMENT

Consider a random sequence u[n], where n ∈ N = 1, N, and let Y(s×N) be a given data matrix
of numerical characteristics whose elements describe the values of normalized moments1 of order
k = 1, s at observation points (time instants) n = 1, N :

Y(s×N) =

{(
M{uk[n]}

)1/k}
=
{
yk[n] | k = 1, s, n = 1, N

}
. (1)

In particular, this kind of information often appears in the forecasting of financial instruments
prices at stock exchanges [26–28].

The problem of generating data with given properties can be formulated as follows:

At each time instant n, it is required to generate ensembles Zn of random sequences z[n], n =
1, N, with s normalized moments

m(k)[n] =
(
M{zk[n]}

)1/k
, k = 1, s, (2)

that equal given normalized moments yk[n] (1).

1 Here, normalized moments are selected as numerical characteristics. But it is possible to consider, e.g., semi-
invariants or the mathematical expectations of continuous functions of a random sequence.
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The generator of the ensemble Zn is an input-output model or an auto-model.2 In both cases,
the model has random parameters a ∈ A ⊂ Rr of the interval type:

a ∈ A ⊂ Rr, A =
[
a−,a+

]
. (3)

For each time instant n, they are characterized by a continuously differentiable PDF P(n)(a).

Depending on the availability of a priori information about the data origin, either a static or
dynamic input-output model is used.

A static input-output model generating random sequences z[n] is characterized by a nonlinear
differentiable function ϕ with parameters a :

z[n|a] = ϕ (x[n] |a) , n = 1, N, (4)

where x[n] = {x1[n], . . . , xm[n]} and z are the input and output of this model.

From this point onwards, the symbol “|” indicates that random parameters a with a PDF P(n)(a)
are realized for each time instant n.

A dynamic model is characterized by a continuous nonlinear functional B :

z[n|a] = B [x[τ ], n− p � τ � n |a] , n = 1, N, (5)

where p means the model memory (the number of previous input values affecting the current output
value). The random parameters a are of the interval type (3).

This problem is solved in two stages. The first stage is to find the optimal probabilistic char-
acteristics of the random parameters, namely, the PDFs P(n)(a) for all n = 1, N in the static

model (4) or for all n = 1− p,N in the dynamic model (5). The second stage consists in the
sampling of these PDFs, i.e., transforming them into corresponding random ensembles Zn.

3. MATERIALS AND METHODS

3.1. Optimization of PDFs of Model Parameters

To solve the first-stage problem, we utilize the methodology of randomized machine learning [22]:
the specified sequences will be generated by a mathematical input-output model with random
parameters optimized by the information entropy criterion.

It is convenient to introduce the following s-dimensional vectors for further considerations:

• the vector of given normalized moments for each n,

y(n) = {y1[n], . . . , ys[n]} ; (6)

• the model output vector for each n,

z(n)(a) = {z1[n |a], . . . , zs[n |a]} ; (7)

• the vector of model output’s normalized moments for each n,

m(n) =

⎧⎪⎨⎪⎩
∫
A

P(n)(a) z[n |a]da, . . . ,

⎛⎝∫
A

P(n)(a) z
s[n |a]da

⎞⎠1/s
⎫⎪⎬⎪⎭ . (8)

According to [22], the problem of finding the optimal PDFs P(n)(a) can be formulated for each

n = 1, N as follows: maximize the information entropy functional

H(n)[P(n)(a)] = −
∫
A
P(n)(a) lnP(n)(a)da ⇒ max (9)

2 Here, we use an input-output model. In the illustrative example below, an auto-model is described by difference
equations.
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subject to the constraints

•
∫
A

P(n)(a) da = 1 (10)

(the normalization conditions) and

• m(n) = y(n) (11)

(the balances of the model output’s normalized moments with the data).

Assuming that the PDFs are continuously differentiable, the solution parameterized by the

Lagrange multipliers λ(n) =
{
λ
(n)
1 , . . . , λ

(n)
s

}
has the form [22]

P ∗
(n)(a) =

exp
(
−〈λ(n), z(n)(a)〉

)
P(n)(λ(n))

, (12)

where

P(n)(λ
(n)) =

∫
A

exp
(
−〈λ(n), z(n)(a)〉

)
da (13)

and 〈•, •〉 denotes the inner product of vectors with s components.

The Lagrange multipliers λ(n) satisfy the following system of s equations, called the balance
equations: ∫

A

exp
(
−〈λ(n), z(n)(a)〉

) [
z(n)(a)− y(n)

]
da = 0. (14)

This system determines the vectors of the Lagrange multipliers λ(n) for each time instant n from
the interval [1, N ].

The second-stage problem (the transformation of the entropy-optimal PDF into the correspond-
ing random sequence) can be implemented using the methods described in [25].

3.2. An Analytical Method for Calculating Multidimensional Integrals

In view of equation (14), to determine the optimal PDF functions, it is necessary to calculate
multidimensional integrals and then solve the resulting nonlinear equations. The analytical method
developed allows combining these two stages.

The problem under consideration has some useful features that can be utilized when constructing
an approximate analytical method. In particular, they include a simple definitional domain of the
multidimensional integral (namely, a parallelepiped) and the subintegral functions represented by
exponentials of continuous functions.

Note that the exponential function is analytic, and the Lagrange multipliers and the model
output are bounded. Therefore, we have the following polynomial approximation of degree q :

exp(−v(n)) =
q∑

h=0

(−1)h

h!
vh(n), (15)

where

v(n) = 〈λ(n), z(n)(a)〉 < ±M <∞ (16)
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and3

(v(n))
h =

s∑
ij�0;

∑s

j=1
ij=h

A
(h)
i1,...,ih

(λ
(n)
1 )i1 · · · (λ(n)s )ih(z1[n |a])i1 · · · (zs[n |a])ih , (17)

A
(h)
i1,...,ih

=
h!

i1! · · · ih!
. (18)

With this notation, system (14) takes the form

q∑
h=0

(−1)h

h!

s∑
(i1,...,ih)=1

λ
(n)
i1

· · ·λ(n)ih
u
(n)
i1,...,ih;k

− vkn = 0, (19)

where

u
(n)
i1,...,ih;k

=

∫
A

zi1 [n |a] · · · ziq [n |a]
(
zk[n |a]− y(k)[n]

)
da, i1, . . . , ih, k = 1, s. (20)

The numbers i1, . . . , ih take values in the interval [1, s]. This system contains s variables (the
Lagrange multipliers), and each equation is a multivariate polynomial of degree q.

By assumption, the model is characterized by a continuous function (or functional). Hence, it
can be represented by a multivariate polynomial, and then the multidimensional integrals in (20)
are transformed into the product of one-dimensional integrals calculated analytically. Therefore,
the balance system (19) has a polynomial left-hand side.

Consider the following family of systems in the parameter ε ∈ [0, 1] :

−
s∑

i1=1

λ
(n)
i1
u
(n)
i1,k

+ ε
q∑

h=1

(−1)h

h!

s∑
(i1,...,ih)=1∑h

j=1
ij=h

λ
(n)
i1

· · ·λ(n)ih
u
(n)
i2,...,ih;k

− vkn = 0. (21)

For ε = 0, we have the so-called basic system, linear with a square matrix U (n) = [uni1,k, | (i1, k) =
1, s] :

U (n)λ(n) = −vn, (22)

where vn = {v1n, . . . , vsn}.
If detU (n) �= 0, then the Lagrange multipliers yielding the basic solution are

λ
(n)
(•) = −[U (n)]−1vn. (23)

We write the solution of system (21) as an abstract power series in the parameter ε [23, 24]:

λ
(n)
k,� = λ

(n)
k,• + ελ

(n)
k,I + ε2λ

(n)
k,II + · · · , k = 1, s, (24)

where λ
(n)
k,I , λ

(n)
k,II , . . . are the first, second,. . . , corrections to the basic solution, respectively.

To find the corrections sequentially, we apply the method of undetermined coefficients [23] to
obtain:

— the first correction vector

∗λ(n)
I = −[U (n)]−1 b

(n)
(1) (λ

(n)
(•) ), (25)

where

b
(n)
(I) (λ

(n)
(•) ) =

⎧⎨⎩1

2

s∑
(i1,i2)=1

λ
(n)
i1,•λ

(n)
i2,•u

(n)
i1,i2,1

, . . . ,
1

2

s∑
(i1,i2)=1

λ
(n)
i1,•λ

(n)
i2,•u

(n)
i1,i2,s

⎫⎬⎭ , (26)

3 The expression on the right-hand side of (17) is Newton’s polynomials of degree h [31].
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and the second correction vector

∗λn(II) = −[U (n)]−1 b
(n)
(II)(λ

n
(•),λ

n
(I)), (27)

where ⎧⎨⎩1

2

s∑
(i1,i2)=1

λ
(n)
i1,I
λ
(n)
i2,•u

(n)
i1,i2,k

+
1

3!

s∑
(i1,i2,i3)=1

λ
(n)
i1,•λ

(n)
i2,•λ

(n)
i3,•u

(n)
i1,i2,i3,k

⎫⎬⎭ . (28)

Thus, the solution of the balance system (21) is written as

λ
(n)
� = λ

(n)
(•) +

∗ λ(n)
I +∗ λ(n)

II + · · · . (29)

3.3. Asset Pricing Model

Consider the pricing process of an asset during trading sessions and apply the above method for
generating random data with given numerical characteristics to forecast price dynamics.

By a theoretical consensus, the price of an asset at any time instant is the product of balancing
real demand and real supply. However, a trader is guided by the expected demand and supply,
which may significantly differ from the real ones. In these conditions, price forecasting under
sufficiently high uncertainty becomes crucial.

Therefore, it seems natural to attempt to maximize the information entropy as a measure of
uncertainty on training retrospective data containing the values of mean price and its second
moment (variance describing mean volatility).

3.3.1. Price Dynamics Model

We adopt an autonomous model in the form of a linear difference equation of order p, but with
random interval-type parameters:

C[t] =
p∑
i=1

aiC[t− i], t ∈ T , ai ∈ Ai = [d,w], Ap =
p∏
i=1

Ai. (30)

(All parameters have the same intervals [d,w].)

We will use this model at the stages of training, Ttrn = [t0, t0 + p], and forecasting, Tfrc =
[t0 + p+ 1, t0 + p+ 1 + tfrc], where tfrc are one- or two-day forecasts. (Longer forecasts can be
considered by analogy.)

The probabilistic properties of the parameters are characterized by a continuously differentiable
PDF Pt(a).

By assumption, based on the results of each real trading session t, two price indicators are
formed: the mean price m∗

C [t] and its second moment D∗
C [t] as a characteristic of mean volatility:

D∗
C [t] = (V ∗

C [t])
2 + (m∗

C [t])
2, (31)

where V ∗
C [t] is the estimated standard deviation of the price, constructed from the value of its

maximum and minimum deviation.

3.3.2. Data

Consider real price and volatility dynamics data available on a past interval [t0 − p, t0 − 1] :

m∗
C [t0 − p],m∗

C [t0 − p+ 1], . . . ,m∗
C [t0 − 1]

and
D∗
C [t0 − p],D∗

C [t0 − p+ 1], . . . ,D∗
C [t0 − 1],

respectively.
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Using these data, the model (30) generates the prices on the training interval Ttrn :

C[a | t] =
p∑
i=1

aim
∗
C [t− i], t ∈ Ttrn. (32)

3.3.3. The Entropy-Optimal Estimation of the PDFs of Model Parameters

To optimize the PDF Pt(a), we will apply randomized machine learning [22], see formu-
las (9)–(11). This methodology is reduced to solving the following problems for each trading
session t ∈ Ttrn :

Ht[Pt(a)] = −
∫
Ap

Pt(a) lnPt(a) da ⇒ max
P (a)

(33)

subject to the constraints ∫
Ap

Pt(a) da = 1, (34)

∫
Ap

Pt(a)C[a | t] da = m∗
C [t],

∫
A

Pt(a)C
2[a | t] da = D∗

C [t], t ∈ Ttrn, (35)

where Ct[a | t] are given by (32).

According to (12) and (13), problem (33)–(35) has the analytical solution

P ∗
t (a) =

exp
(
−λ(t)1 C[a | t]− λ

(t)
2 C

2[a | t]
)

Pt(λ(t)1 , λ
(t)
2 )

,

P∗
t (λ

(t)
1 , λ

(t)
2 ) =

∫
Ap

exp
(
−λ(t)1 C[a | t]− λ

(t)
2 C

2[a | t]
)
da,

t ∈ Ttrn. (36)

The Lagrange multipliers λ
(t)
1 , λ

(t)
2 are found by solving the two balance equations∫

Ap

exp
(
−λ(t)1 C[a | t]−λ(t)2 C

2[a | t]
)
(C[a | t−1]−m∗

C [t]) da = 0,

∫
Ap

exp
(
−λ(t)1 C[a | t]−λ(t)2 C

2[a | t]
)(

C
2[a | t− 1]−D∗

C [t]
)
da = 0,

t∈ Ttrn. (37)

According to the method developed in [29], we approximate the exponent by a polynomial of
degree 2 :

exp(x) ≈
(
1− λ

(t)
1 C[a | t] + 1

2

(
λ
(t)
1 C[a | t]

)2)
C[a | t], (38)

exp(y) ≈
(
1− λ

(t)
2 C

2[a | t] + 1

2

(
λ
(t)
2 C

2[a | t]
)2)

C
2[a | t].

With the approximations (38), the balance equations take the form

λ1B1(t) + λ2B2(t) + λ21B3(t) + λ22B4(t) + λ1λ2B5(t) = B0(t),

λ1Z1(t) + λ2Z2(t) + λ21Z3(t) + λ22Z4(t) + λ1λ2Z5(t) = Z0(t),
t ∈ T = [t0, t0 + p]. (39)

In the first equation above, the coefficients are

B0(t) = Am∗
C [t]− I

(t)
p,1, B1(t) = m∗

C [t] I
(t)
p,1 − I

(t)
p,2,

B2(t) = m∗
C [t] I

(t)
p,2 − I

(t)
p,3, B3(t) = −1

2
B

(2,3)
2 (t),

B4(t) = −1

2

(
m∗
C [t] I

(t)
p,4 − I

(t)
p,5

)
, B5(t) = −

(
m∗
C [t] I

(t)
p,3 − I

(t)
p,4

)
.

(40)
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In the second equation, the coefficients are

Z0(t) = AD∗
C [t]− I

(t)
p,2, Z1(t) = D∗

C [t] I
(t)
p,1 − I

(t)
p,3,

Z2(t) = D∗
C [t] I

(t)
p,2 − I

(t)
p,4, Z3(t) = −1

2
Z

(2,4)
2 (t),

Z4(t) = −1

2

(
D∗
C [t] I

(t)
p,4 − I

(t)
p,6

)
, Z5(t) = −

(
D∗
C [t] I

(t)
p,3 − I

(t)
p,5

)
.

(41)

In these expressions,

A =

∫
A
da = (w − d)p,

I(t)p,n(k1, . . . , kn) =

w∫
d

· · ·
w∫
d︸ ︷︷ ︸

p

C
n[a | t] da

=
∑

kj�0;
∑n

j=1
kj=n

n!

k1! · · · kn!

⎛⎜⎜⎜⎜⎜⎝
w∫
d

· · ·
w∫
d︸ ︷︷ ︸

p

ak11 · · · aknp da1 · · · dap

⎞⎟⎟⎟⎟⎟⎠
×(m∗

C [t])
k1 · · · (m∗

C [t− p])kn , n = 0, 6.

(42)

4. FORECASTING THE FUTURE PRICE OF A TRADED ASSET

We will experimentally test the method for the one- and two-day forecasting of the mean price
and mean volatility of a traded asset, i.e., Gazprom’s stocks during 2020 on the Moscow Exchange.

Consider twelve trading sessions, each at the beginning of the month. For the convenience of
further calculations, let us introduce a conventional monetary unit (c.m.u. = 1000 rubles). The
stock price data in c.m.u. are combined in Table 1.

Table 1. Gazprom’s stock price quotations in 2020

Month Jan. Feb. Mar. Apr. May Jun.

Data t 1 2 3 4 5 6

Price m∗
C 0.259 0.223 0.208 0.178 0.188 0.200

Max C∗
max 0.262 0.240 0.212 0.196 0.202 0.208

Min C∗
min 0.227 0.201 0.158 0.177 0.182 0.190

V ∗
C 0.017 0.020 0.027 0.009 0.011 0.009

D∗
C 0.084 0.069 0.070 0.041 0.046 0.049

Month Jul. Aug. Sep. Oct. Nov. Dec.

Date t 7 8 9 10 11 12

Price m∗
C 0.195 0.182 0.181 0.171 0.154 0.183

Max C∗
max 0.202 0.195 0.186 0.173 0.189 0.215

Min C∗
min 0.179 0.180 0.170 0.154 0.152 0.182

V ∗
C 0.011 0.007 0.009 0.010 0.019 0.017

D∗
C 0.206 0.189 0.190 0.181 0.173 0.200
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4.1. Training of the Price Model

The price model (30) possesses a memory of p = 2, the initial training instant is t0 = 3 → Mar.,
and the interval limits of the two parameters are d = −1, w = 2.

The price model will be trained on the interval T = [t0, t0 + 2] = [3, 5]. The historical period is
Ip = [t0 − 2, t0 − 1] = [1, 2].

Since model (32) contains the two parameters,

C[a | t] = a1m
∗
C [t− 1] + a2m

∗
C [t− 2]. (43)

The PDFs in the corresponding trading sessions have the form (36) with model (43). Note that
the entropy-optimal PDFs of the parameters generated by the linear model (43) differ from the
Gaussian distribution.

To find the Lagrange multipliers (solve the balance equations), we apply the approximate ana-
lytical method from subsection 2.2.

For trading sessions t = 3, 4, 5, the entropy-optimal PDFs with the approximate Lagrange mul-
tipliers within the first correction have the form

P ∗
3 (a | 1.068; −0.871) = 0.131 exp(−0.238a1 − 0.277a2 + 0.043a21 + 0.058a22 + 0.100a1a2), (44)

P ∗
4 (a | 0.958; 0.102) = 0.133 exp(−0.199a1 − 0.214a2 − 0.004a21 − 0.005a22 − 0.005a1a2), (45)

P ∗
5 (a | − 1.994; 2.609) = 0.092 (0.355a1 + 0.415a2 − 0.083a21 − 0.112a22 − 0.193a1a2). (46)

Their plots are shown in Figs. 1–3.
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Fig. 1. The distribution P ∗
3 (a).
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Fig. 2. The distribution P ∗
4 (a).
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Fig. 3. The distribution P ∗
5 (a).

4.2. Forecasting the Mean Price and Mean Volatility

The above entropy-optimal PDFs P ∗
3 (a), P

∗
4 (a), and P ∗

5 (a) of the model parameters (32) will
be used to generate data ensembles and then calculate the forecasted values of mC [t] and DC [t]
in trading sessions from Apr. (4) to Nov. (11). The realized values of these variables are known
(Table 1); hence, it is possible to estimate the accuracy of different forecasting strategies.
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4.2.1. One-Day Forecasts P ∗
k (a) → (mC [k + 1], VC [k + 1])

For one-day forecasts, we use the optimal PDF for trading session k to predict the results of
trading session (k+1). Consider the procedure for constructing the forecast 3 → 4. For this purpose,
it is necessary to use the PDF P ∗

3 (a) (44) and the forecasting model (32); in this example, the model
takes the form

C[a | 4] = a1m
∗
C [3] + a2m

∗
C [2]. (47)

We transform the PDF P ∗
3 (a) (44) into the random sequence {a1, a2}. The generated ensemble con-

tains 1000 values C[a | 4]. We calculate m̄C [4] = M̃(C[a | 4]) and σ̄2C [4] = M̃{(C[a | 4] − m̄C [4])
2},

where M̃{•} denotes the empirical mean operator.

The forecasts 4 → 5 and 5 → 6 are constructed by analogy. Table 2 presents the resulting one-
day forecasts and their accuracy estimates compared to the realized values in the trading sessions.

Table 2. One-day forecasts
Forecast • 3 → 4 4 → 5 5 → 6
m̄C [•] 0.175 0.145 0.229
m∗

C [•] 0.178 0.188 0.200
σ̄2
C [•] 0.076 0.056 0.041
V ∗
C [•] 0.041 0.046 0.049

|δm[•]| 0.003 0.043 0.029
|δσ[•]| 0.035 0.010 0.008

In this table, the variables are

δm[•] = m̄C [•]−m∗
C [•], δσ [•] = σ̄2C [•]− V ∗

C [•]. (48)

Figures 4–6 show the empirical PDFs of the forecasted prices in trading sessions 4, 5, and 6
under one-day forecasting.
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Fig. 4. The empirical PDF C[a | 4] (one-day forecast 3 → 4).
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Fig. 5. The empirical PDF C[a | 5] (one-day forecast 4 → 5).
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Fig. 6. The empirical PDF C[a | 6] (one-day forecast 5 → 6).
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The integral relative error of the mean price forecast under one-day forecasting is given by

Δm =

√∑6
t=4 δ

2
m[t]√∑6

t=4m
2
C [t] +

√∑6
t=4(m

∗
C [t])

2
= 8%. (49)

The integral relative error of the mean volatility forecast under one-day forecasting is given by

Δσ =

√∑6
t=4 δ

2
σ[t]√∑6

t=4 σ
2
C [t] +

√∑6
t=4(V

∗
C [t])

2
= 17%. (50)

4.2.2. Two-Day Forecasts P ∗
k (a) → (mC [k + 1], VC [k + 1]), (mC [k + 2], VC [k + 2])

In two-day forecasts: the optimal PDF for trading session k is used to predict the results of
trading session (k + 2).

The forecast 3 → 4, 5 with the PDF P ∗
3 (a) can be implemented as

C[a | 4] = a1m
∗[3] + a2m

∗
C [2],

C[a | 5] = a1m
∗[4] + a2m

∗
C [3] (51)

(sequential one-day forecasts) or as

C[a | 4] = a1m
∗[3] + a2m

∗
C [2] = a1 0.208 + a2 0.223,

C[a | 5] = a1 m̄
∗[4] + a2m

∗
C [3] = a1 m̄

∗[4] + a2 0.208, (52)

m̄∗[4] = M̃{C[a | 4]}
(using information from the first one-day forecast).

The two-day forecasts 4 → 5, 6 and 5 → 6, 7 are constructed by analogy. Table 3 presents the
resulting two-day forecasts and their accuracy estimates compared to the realized values in the
trading sessions.

Table 3. Two-day forecasts

• 3 → 4 3 → 5 4 → 5 4 → 6 5 → 6 5 → 7

m̄C [•] 0.175 0.185 0.145 0.206 0.229 0.200

m∗
C [•] 0.178 0.188 0.188 0.200 0.200 0.195

σ̄2
C [•] 0.056 0.060 0.056 0.012 0.041 0.024

V ∗
C [•] 0.041 0.051 0.046 0.009 0.049 0.011

|δm[•]| 0.003 0.033 0.043 0.078 0.029 0.065

|δσ[•]| 0.035 0.049 0.010 0.030 0.009 0.043

The integral relative error of the mean price forecast under two-day forecasting is given by

Δm =

√∑7
t=5 δ

2
m[t]√∑7

t=5m
2
C [t] +

√∑7
t=5(m

∗
C [t])

2
= 7.2%. (53)

The integral relative error of the mean volatility forecast under two-day forecasting is given by

Δσ =

√∑7
t=5 δ

2
σ[t]√∑7

t=5 σ
2
C [t] +

√∑7
t=5(V

∗
C [t])

2
= 25%. (54)

Figures 7–9 show the empirical PDFs of the forecasted prices in trading sessions 5–7 under
two-day forecasting.
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Fig. 7. The empirical PDF C[a | 5] (two-day forecast 3 → 4, 5).
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Fig. 8. The empirical PDF C[a | 6] (two-day forecast 4 → 5, 6).
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Fig. 9. The empirical PDF C[a | 7] (two-day forecast 5 → 6, 7)

5. DISCUSSION

The problem of generating suitable data for testing and forecasting is quite popular in mod-
ern computer science. In this paper, we have adapted and further developed the technology of
randomized machine learning for generating data ensembles with given numerical characteristics.

Unlike the existing technology, an extension has been proposed to consider moment character-
istics from the 1st to sth order. According to the results, this approach leads to non-Gaussian
PDFs even in the case of a linear data model. Similar to the existing technology, the extension is
reduced to solving the corresponding balance equations with integral components. The paper has
presented an approximate analytical solution method for these equations based on power series and
the method of undetermined coefficients.

It has been applied to forecast the price of an asset, and the results have been compared with
the realized data for one- and two-day forecasts. Within this study, quite acceptable accuracy of
the approximate solution has been discovered through two corrections. However, in-depth research
into the approximate method is necessary, both in its theoretical aspects and numerical simulation.

6. CONCLUSIONS

This paper has presented a theory and algorithm for generating test data ensembles with specified
properties (numerical characteristics) based on a structural modification of the randomized machine
learning procedure [22]. As is known, the core of this procedure is the balance equations for
the Lagrange multipliers, which contain the so-called integral components (the multidimensional
integrals of arbitrary subintegral functions).

The analytical solution method developed in [29] has been adapted for solving these equations.
With this method, the multidimensional integration problem is reduced to calculating the sum of
products of the one-dimensional integrals of power functions.
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Finally, a randomized forecasting method has been developed and applied to construct one- and
two-day forecasts of the mean price and mean volatility of a traded asset.
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Abstract—The emergence effect is considered in terms of mappings realized by abstract systems
that describe observable physical manifestations. The emergence phenomenon is interpreted in
terms of the expansion of the class of realized mappings when elements are combined into
a system or new connections between elements arise. The paper considers the problem of
describing emergent properties in models of systems that realize binary mappings. The structure
of interaction of elements in such systems is described by a finite oriented graph. Classes
of mappings are studied for set-theoretical operations on such systems. A “superadditive”
expansion of the class of mappings is shown when systems are combined. The emergence
coefficient is introduced and substantiated. Lower and upper bounds for this coefficient are
proved.
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1. INTRODUCTION

In systems analysis, the concept of emergence is one of the most interesting properties of complex
systems. In the standard formulation, emergence is the appearance of new properties and qualities
that are not inherent in the elements that make up the system. The term “system effect” is also
used as a synonym for emergence. The history of the origin and development of the concept of
emergence within the framework of general systems theory, as well as the basic ideas underlying this
phenomenon, are presented in [1]. In particular, with reference to [2], it is indicated that emergent
behavior can be understood based on the nature and behavior of its parts plus knowledge of how
these parts interact.

A large number of works are devoted to the philosophical and general methodological under-
standing of this phenomenon as a whole [3]. In [4], the categories of strong and weak emergence
are substantiated; these concepts are quite conditional, and it is difficult to draw a clear boundary
between them. Moreover, it is believed that emergence can manifest itself on a continuum from
“weak” to “strong” [5]. Emergence is considered strong if there is no acceptable theory that could
explain or derive the behavior of the system based on the properties or behavior of its components.
On the contrary, emergence is weak if the dependence between the behavior of the components
and the behavior of the system is clearly observed. In [6], an attempt is made to mathematically
prove the possibility of defining the concept of strong emergence. The paper [7] is devoted to
the formalization of the concept of emergence based on entropy. It is argued that there is a
connection between entropy and emergence in complex systems in the sense that an increase in
entropy is an indicator of the possible occurrence of emergent events and states. In conclusion, the
authors formulate the question of how to express the entropy of a system through the entropy of
its constituent subsystems.
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Attempts to give a formal description of such effects in specific physical or engineering systems
cause significant difficulties, so there are far fewer examples of such studies. Here it is worth noting
the work [8], which examines the occurrence of emergent effects in artificial systems, as well as
the work [9], devoted to the study of principles and approaches to the construction of engineering
systems with such properties. Specific examples of the manifestation of the system effect in real
physical systems can be found, for example, in [10–13].

Due to the lack of a clear understanding, emergence is defined differently in different studies.
For example, in [14, 15] it is understood as the ability of interacting autonomous agents to form
coordinated behavior without external control, but only on the basis of internal interaction. A sim-
ilar view is reflected in [16], which examines the processes of selforganization and emergence in the
formation of a common vocabulary at the primary stages of the formation of human communities.
The main idea is also based on modeling the interaction of agents acting on the basis of a small
number of simple rules, which leads to emergent effects.

The study of emergence is closely related to the study of processes that lead to complex behavior
of a system with relatively simple behavior of its elements. Perhaps the formal justification of such
processes even in relatively narrow specific cases of such systems is the key issue in understanding
the nature of emergence as such. These issues are central to the publication [17].

The system effect is found in systems of various natures – polymetallic compounds, chemical
processes, collective decision-making in social structures, etc. The diversity of its manifestations
predetermines the formal methods that are most suitable for research in each case. These may be
equations describing the elastic interaction of solids, laws of chemical reactions, or algorithms for
making compromise decisions, in particular, algorithms for group control in multiagent systems.
The study of system effects involves the preliminary construction of a formal model that should
correctly predict the behavior of the object or process under permissible impacts on it.

It is generally accepted that for the existence of any system, system-forming factors are necessary,
which contribute to the formation of the system, are external in relation to its elements, and are
not caused by the need for unification [18]. In many cases, the role of such factors is played by
connections between elements, the nature of which is determined by the nature of the elements
that form the system.

The basic assumption that motivated this work is that a fairly universal way to study emer-gence
is to study the mappings realized by a complex system depending on the mappings realized by the
elements of the system and on the state of the system-forming factors, i.e., the structure of the
connections between the elements of the system. This is almost obvious in the case of information
processing systems, including those that include people.

Below we consider a class of systems implementing binary mappings. In a certain sense, they can
be considered as automaton mappings. Despite their apparent simplicity, automaton mappings are
in many cases not inferior to classical algebraic structures in terms of their breadth of application
and expressiveness. It is also known that semigroups, groups and rings of automata, as well as their
functional systems, have contributed to the solution of a number of difficult abstract mathematical
problems.

Models of binary mapping systems do not provide a complete explanation of all processes of
system emergence. However, they demonstrate important properties that are inherent in this phe-
nomenon. For example, the so-called “superadditive” effect that occurs when combining systems,
as well as the emergence of limit cycles in a set of states. In physical systems, limit cycles corre-
spond to attractors that can be considered as possible macrostates in multiscale systems. In the
case of binary mapping systems, it becomes possible to move to strictly formal models and obtain
a number of quantitative characteristics of processes that reflect emergence. It should be noted
that superadditive effects on classes of binary mappings, according to the almost generally accepted
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terminology and classification, can be attributed to the class of weak emergence [4–6], since there
is a high level of traceability between the functions of the elements and the functions of the system
as a whole.

The paper is structured as follows. Section 2 provides the basic definitions, notations, and terms
that are used further in the text. Sections 3 and 4 contain the derivation of the basic relations
describing the realized binary mappings in systems with the structure of a complete graph and an
arbitrary directed graph, respectively. Section 5 proves statements describing the classes of binary
mappings that are obtained as a result of set-theoretic operations on systems. The resulting system
effect is also described. Section 6 is devoted to the definition and justification of the emergence
coefficient for binary systems, as well as the proof of two-sided estimates for it.

2. BASIC DEFINITIONS AND NOTATIONS

We will use the Kronecker product A⊗B of matrices A and B, namely, if A = (aij) is a ma-
trix of dimensions m× n, and B is a matrix of dimensions p× q, then by definition the ma-
trix A⊗B = (aijB) and obviously has dimensions mp× nq. The definition and properties of the
Kronecker product can be found, for example, in [19]. In particular, we will need the equality
(A⊗B) (C ⊗D) = AC ⊗BD connecting the ordinary and Kronecker products, where matrices A,
B, C and D have sizes for which all products are defined. This property can be generalized to an
arbitrary number of factors. For convenience, we will denote the Kronecker product of matrices

A1, A2, . . . , Ak by A1 ⊗A2 ⊗ . . .⊗Ak =
k
⊗
i=1
Ai. In particular, we will write the Kronecker kth power

of a matrix A as A⊗ . . .⊗A︸ ︷︷ ︸
k

= A[k]. It is important to take into account the non-commutativity

of the Kronecker product.

The Kronecker extension of a vector a = (a1 a2 . . . an)
	 is the vector

ā = (1 a1 a2 (a1a2) . . . (a1a2 . . . an))
	 =

(
1
an

)
⊗
(

1
an−1

)
⊗ . . .⊗

(
1
a1

)
.

The Kronecker extension of a matrix A by rows is the matrix Ā, each row of which, considered
as a vector, is the Kronecker extension of the corresponding row of the matrix A. The Hadamard
product of matrices A and B is the matrix A∗B, obtained as a result of element-wise multiplication
of these matrices [19]. This product is defined for matrices of the same size and is a commutative
operation. The matrix is called monomial by columns if each of its columns consists of zeros except
for one element, which is equal to one.

Below we will need some basic definitions from graph theory. Let H = (V,E) be a directed
graph, where V = {v1, v2, . . . , vn} is the set of vertices and E = {e1, e2, . . . , ep} ⊆ V × V is the set
of arcs. The graph is allowed to contain loops, i.e., arcs of the form e = (v, v). If vi ∈ V , then
ρi will denote the indegree of the vertex vi, i.e., the number of arcs of the form (v, vi) entering this
vertex, so that

∑n
i=1 ρi = |E|. A graph with n vertices that contains all possible arcs and loops,

i.e., when E = V × V , |E| = n2, is called a complete directed graph with loops (or simply a complete
graph for short), and will be denoted by Kn. If E = ∅, then such a graph is called a null graph
and is denoted by On.

The adjacency matrix of a directed graph H is a square matrix R = (rij) of size n× n, in which
rij = 1, if (vi, vj) ∈ E, and rij = 0 otherwise. The union and intersection of graphs H1 = (V,E1)
and H2 = (V,E2) with the same set of vertices are graphs H1 ∪H2 = (V,E1 ∪ E2) and H1 ∩H2 =
(V,E1 ∩ E2), respectively.
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3. SYSTEMS WITH COMPLETE GRAPH STRUCTURE

By a system we mean a set of n interacting functional elements that operate in discrete time
t = 0, 1, 2, . . . and can be in one of two states – 0 or 1. The state zi of the ith element at a given time
t+ 1 is determined by a Boolean function zi(t+ 1) = fi (x1(t+ 1), . . . , xm(t+ 1); z1(t), . . . , zn(t))
that depends on two groups of arguments. The arguments of the first group are external arguments
x1(t+ 1), . . . , xm(t+ 1) that are binary external signals, the arguments of the second group are
internal arguments z1(t), . . . , zn(t) that are the states of the corresponding elements of the system
at a given time t. We will call the functions zi, i = 1, . . . , n, the state functions of the elements,
and the ordered set of states of all elements — the state of the system. We assume that the system
does not depend on random factors.

The sequence of states of the system can be considered as a binary mapping of the sequence of
external arguments and previous states. In general, the functions implemented by elements may not
depend on the states of some other elements, which is determined by the structure of connections
between elements. Therefore, the sequence of states depends on: 1) the functions implemented by
each element of the system, and 2) the structure of connections between elements. If the system
contains n elements with m inputs, then each element can be described by one of the 2m+n Boolean
functions.

The structure of the system is conveniently defined using a directed graph, the vertices of which
are in one-to-one correspondence with the elements of the system, and the arcs correspond to the
connections between the outputs of some elements and the inputs of others. Since the state of
each element can also depend on its own state, the system graph can have loops. The described
system can be considered as a synchronous sequential logical network implementing an automaton
mapping [20].

Let us consider a system of n elements with structure Kn. The mapping realized by it can be
described by a system of state functions, in which the right-hand sides are some Boolean functions:

zi(t+ 1) = fi (x1(t+ 1), . . . , xm(t+ 1), z1(t), . . . , zn(t)), i = 1, . . . , n.

Next, we will consider the case when there are no external arguments, i.e., zi(t+ 1) =
fi (z1(t), . . . , zn(t)), i = 1, . . . , n. By analogy with differential equations, such a system can be
called autonomous, describing its “own free movement” or, in the terminology of systems analysis,
a closed system demonstrating its behavior depending on the initial state z1(0), . . . , zn(0). We will
describe the mappings realized by such a system for all possible state functions of the system’s
elements.

As is known [21–23], any Boolean function of n variables can be uniquely defined by its arithmetic
representation:

zi(t+ 1) = fi(z1(t), . . . , zn(t)) = ai0 + ai1z1(t) + ai2z2(t) + ai12z1(t)z2(t) + . . .

+ aik1...kpzk1(t) · . . . · zkp(t) + . . .+ ai1...nz1(t) · . . . · zn(t), i = 1, . . . , n, (1)

where ai0, a
i
1, a

i
2, a

i
12, . . . , a

i
k1...kp

, . . . , ai1...n are integers that uniquely define the function fi.

Let us consider the Kronecker extension of the vector z = (z1 z2 . . . zn)
	:

z̄ = (1 z1 z2 (z1z2) . . . (z1z2 . . . zn))
	 =

(
1
zn

)
⊗
(

1
zn−1

)
⊗ . . . ⊗

(
1
z1

)
.

Then the system of relations (1) can be written in matrix form:

z(t+ 1) = Az̄(t), (2)

here A is the matrix of the size n× 2n of the corresponding coefficients.
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Equality (2) can be written differently. The vector z̄(t) takes 2n different values, and each
of them is assigned an image under the mapping A. Therefore, we can write 2n equalities (2)
corresponding to different z̄(t). It is easy to prove by induction that all possible 2n values of the

vector z̄(t), written in the natural order, form a matrix Qn =

(
1 1
0 1

)[n]

. Let us denote by B the

matrix whose columns are the images of the corresponding vectors z̄(t). Obviously, this matrix
completely and uniquely describes the binary mapping realized by the system. Then all possible 2n

equalities (2) can be written compactly as B = AQn. Since Q−1
n =

(
1 −1
0 1

)[n]

, we immediately

obtain

A = BQ−1
n . (3)

This formula gives an explicit expression for the coefficients of the arithmetic representation of
the state functions of all elements of the system that realizes the binary mapping specified by the
matrix B. The uniqueness of solution (3) means that any mapping can be realized in a system
with structure Kn. In other words, the class of mappings realized in such a system coincides with
the set of all possible mappings. If the structure of the system differs from Kn, then this will no
longer be true.

Next, we describe the classes of realizable binary mappings depending on the structure of the
system, defined by an arbitrary directed graph (not necessarily a graph Kn).

4. SYSTEMS WITH ARBITRARY STRUCTURE
AND CLASSES OF MAPPINGS

Let us consider the general case when the system has an arbitrary structure defined by a directed
graph H = (V,E). The state function of the ith element depends on the state of the jth element if
two conditions are simultaneously met: 1) there is a connection between the input of the ith element
and output of the jth element and 2) the value of the state of the jth element is an essential
variable for the ith element. The first condition is determined by the structure of the system,
and the second by the state function. This reflects the relationship between the intra-element and
supra-element organization of the system. A system with a structure Kn is maximally “informed,”
since each element has information about the states of all other elements (including itself) and can
be configured to perform any function.

Let us characterize the class of mappings realized by a system with an arbitrary structure H.
Let R = (rij) be the adjacency matrix of the graph H. Using the arithmetic representation (1), we
obtain a matrix relation z(t+ 1) = Az̄(t) similar to (2), where, as before, A is a matrix, each row
of which is formed by the coefficients of the corresponding arithmetic representations.

However, in the general case zi(t+ 1) does not depend on all values of zj(t), j = 1, . . . , n, but only
on some of them, determined by the structure of the system. More precisely, zi(t+ 1) essentially
depends on zj(t) if rji = 1, and, accordingly, does not depend if rji = 0. Thus, all information about
the structural dependence of the ith element on the other elements is contained in the ith column
of the matrix R. If zi(t+ 1) does not structurally depend on zj(t), then we can assume that the
coefficient aij in the expansion is equal to zero or, in the general case, we can write aij = rjiu

i
j .

It is clear that in the remaining terms of the expansion, for example, aik1...k2zk1(t) · . . . · zk2(t),
the coefficient aik1...k2 is also equal to zero if at least one of the connections of the k1th, . . . ,
kpth elements with the input of the ith element is absent. This is equivalent to the equality:
aik1...kp = rk1i · . . . · rkpiuik1...kp . Consequently, the matrix A can be written as a Hadamard product
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of two matrices:

A =

⎛⎜⎜⎜⎝
a10 a11 a12 a112 . . . a11...n

a20 a21 a22 a212 . . . a21...n
. . . . . . . . . . . . . . . . . .
an0 an1 an2 an12 . . . an1...n

⎞⎟⎟⎟⎠

=

⎛⎜⎜⎜⎝
u10 u11 u12 u112 . . . u11...n

u20 u21 u22 u212 . . . u21...n
. . . . . . . . . . . . . . . . . .
un0 un1 un2 un12 . . . un1...n

⎞⎟⎟⎟⎠ ∗

⎛⎜⎜⎜⎝
1 r11 r21 (r11 · r21) . . . (r11 · . . . · rn1)
1 r12 r22 (r12 · r22) . . . (r12 · . . . · rn2)
. . . . . . . . . . . . . . . . . .
1 r1n r2n (r1n · r2n) . . . (r1n · . . . · rnn)

⎞⎟⎟⎟⎠ .
The first matrix in the product, denoted by U , is actually the matrix of the coefficients of the
representation. The second matrix reflects the structural dependence of the elements of the system.
It is obviously the Kronecker expansion over the rows R	 of the transposed adjacency matrix R.
The matrix R	, obviously consists of zeros and ones, as does the matrix R. In view of this, the
matrix relation can be written as follows:

z(t+ 1) =
(
U ∗R	

)
z̄(t). (4)

This expression defines the mappings realized by a system with an arbitrary structure H, deter-
mined by the adjacency matrix R. In particular, if H = Kn, all elements of the matrix R, and
therefore of the matrix R	, are equal to one, and formula (4) coincides with formula (2).

Just as expression (3) was obtained from (2), for the coefficients of the arithmetic representation
that determines the matrix A, from relation (4) we can express U ∗R	:

U ∗R	 = BQ−1
n . (5)

However, unlike the previous case, in this relation the matrix B cannot be arbitrary; it must be
a binary matrix, but such that the elements on the right-hand side of (5) are guaranteed to be
equal to zero, the locations of which are determined by the position of the zero elements of the
matrix R	.

Each state of the system can be identified with a binary vector. If we write all possible states
of the system in the natural order, they form a binary matrix G of size n× 2n. For n = 2, 3 these
matrices are shown below:

G =

(
0 1 0 1
0 0 1 1

)
, G =

⎛⎜⎝0 1 0 1 0 1 0 1
0 0 1 1 0 0 1 1
0 0 0 0 1 1 1 1

⎞⎟⎠ .
Each column of the matrix B is one of the possible states of the system, so we can write B = GP ,
where P is a column-monomial matrix of size 2n × 2n. In other words, GP is the same matrix B,
as in the expression for the coefficients of the arithmetic representation (3), but written explicitly
using the monomial matrix P , i.e., the set of matrices B and all monomial matrices P are in one-
to-one correspondence. This allows us to further operate not with all possible images of binary
vectors in the mapping, but with all column-monomial matrices, which is much more convenient
from a formal point of view. Substituting this equality into formula (5) for the matrix of coefficients
of the arithmetic representation in the case of an arbitrary structure, we obtain

U ∗R	 = GPQ−1
n . (6)

Further, we will call this equality the relation for the coefficients. If the matrix P satisfies this
condition for some matrix U , then it completely describes the binary mapping realized by the
system with the given structure H. Thus, there is a one-to-one correspondence between mappings
and monomial matrices satisfying the relation for the coefficients (6) for some matrix U . Therefore,
each mapping can be identified with the corresponding monomial matrix P .
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Let us denote by P the set of all monomial matrices of size 2n×2n. Obviously, P is a semigroup
with unity, which contains, in particular, a subsemigroup isomorphic to the symmetric group S2n .
The set P(H) ⊆ P of transformations P , satisfying the relation for the coefficients (6) for some
matrix U , determines the class of mappings realized by a system with the graph structure H. This
can be explained as follows.

The mapping of all possible states of the system is completely determined by the set of specific
mappings realized by each element of this system, i.e., by the Boolean functions describing their
functioning. In turn, these functions are completely determined by the corresponding coefficients of
their arithmetic representations. But these coefficients are uniquely determined by the matrix B,
and, due to what has been said above, by the corresponding monomial matrix P . In the case of a
complete graph structure, for any possible mapping of the system states, it is possible to calculate
the coefficients of the arithmetic representations of the functions of the elements, under which the
system will realize this mapping.

For a system with an arbitrary structure this is not so, since the functions realized by the
elements of the system, and therefore the system as a whole, are limited by the existing structure
of the system, i.e., the connections between the elements. Therefore, not every mapping can be
realized in such a system. Since the mapping of the states of the system is completely determined by
the monomial matrix P , this means that the functions of the elements, and therefore the coefficients
of their arithmetic representations, cannot be found for every matrix so that the relation for the
coefficients (or equality) (6) is satisfied. All possible mappings that can be realized in a system
with a fixed structure due to all possible choices of the functions of the elements form a class of
mappings for a given structure.

Let us characterize the matrices P included in the set P(H). For this, we will need an aux-
iliary “index” set. For convenience, let the matrices R	 and U be specified using the usual two-
index numbering, i.e., R	 = (r̄ij), U = (uij), i = 1, . . . , n, j = 1, . . . , 2n. Let us introduce the set

IndR	 = {(i, j)| i = 1, . . . , n, j = 1, . . . , 2n, r̄ij = 0}. In other words, IndR	 is formed by all pos-

sible pairs of indices that determine the positions of the zero elements of the matrix R	. The
following statement gives a description of the set P(H), that does not depend on U .

Statement 1. P(H) =
{
P | P ∈ P, giPq

(−1)
j = 0, (i, j) ∈ IndR	

}
.

Proof. Let gi and q
(−1)
j denote the ith row in G and the jth column in Q−1

n . Then the
(i, j)-element of the matrix in the relation for the coefficients (6) on the right is obviously equal

to giPq
(−1)
j . If the corresponding element of the matrix R	 is equal to zero, i.e., r̄ij = 0, then

the (i, j)-element of the matrix U ∗ R	 is also equal to zero. Therefore, in order for the matrix

equality for the coefficients (6) to hold, it must be giPq
(−1)
j = 0. Otherwise, i.e., for r̄ij = 1, the

(i, j)-element of the matrix U ∗R	 is equal to the (i, j)-element of the matrix U . Since this element

is one of the coefficients, then, setting it equal to giPq
(−1)
j , we obtain the required equality of the

elements on the left and right. Therefore, a monomial matrix P ∈ P satisfies the relation for the

coefficients (6) if it satisfies the system of relations giPq
(−1)
j = 0, (i, j) ∈ IndR	, which proves the

statement.

Each structureH generates a class P(H) of binary mappings formed under all possible functional
settings of the system elements. In particular, if H = Kn, then R is a matrix of ones. In this case,
obviously, P(Kn) = P, and hence any mapping can be realized in such a system. If the structure
of the system is a null graph, i.e., H = On, then R = 0, and P(On) contains 2n matrices P ,
characterized by the fact that the elements of one of the rows are equal to one, and the rest are
equal to zero.
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The following statement gives an explicit expression for the cardinality |P(H)| of the class of
mappings P(H), realized by a system with structure H.

Statement 2. Let the structure of the system be defined by a directed graph H = (V,E), |V | = n,
ρi is the indegree of a vertex i in the graph H, i = 1, . . . , n. Then

|P(H)| = 2

n∑
i=1

2ρi
. (7)

Proof. The number of different binary mappings realized by the ith element with ρi inputs for

all possible functional settings is 22
ρi . Therefore |P(H)| = 22

ρ1 · 22ρ2 · . . . · 22ρn = 2

n∑
i=1

2ρi

.

Corollary 1. 1) |P(Kn)| = 2n2
n
; 2) |P(On)| = 2n.

The next section describes the classes of binary mappings that result from set-theoretic opera-
tions on systems.

5. OPERATIONS ON SYSTEMS AND CLASSES OF REALISABLE MAPPINGS

Let there be two systems with structures H1 and H2. The question arises: are there classes of
mappings that, given suitable state functions of the elements, can be realized in both the first and
second systems? If so, how can they be characterized? Let us examine this question.

Let us recall once again that, as described above, each mapping of possible states of a system
with a given structure and fixed functions of the elements is uniquely described by a column-
monomial matrix P . For all possible functions of the elements, a class of mappings is obtained that
are realized by a system with a given structure. Therefore, the description of classes of mappings
is reduced to the description of all possible and admissible monomial matrices.

If some mapping defined by the matrix P , is realized by both the first and the second systems,
then P ∈ P(H1) and P ∈ P(H2), and therefore P ∈ P(H1) ∩ P(H2). The converse is also true: any
matrix P , lying in the intersection of the sets P(H1) and P(H2), determines a mapping realized
by each system.

Statement 3. P(H1 ∩H2) = P(H1) ∩ P(H2) for any H1 and H2.

Proof. Let R1 =
(
r
(1)
ij

)
and R2 =

(
r
(2)
ij

)
be the adjacency matrices of graphs H1 and H2. Then

P(H1) is determined by the system of relations giPq
(−1)
j = 0, (i, j) ∈ IndR	

1 , and P(H2) is deter-

mined by the system of relations giPq
(−1)
j = 0, (i, j) ∈ IndR	

2 . If P ∈ P(H1) ∩ P(H2), then this
means that P must satisfy each of these systems or, in other words, must satisfy the system of

relations giPq
(−1)
j = 0, (i, j) ∈ IndR	

1 ∪ IndR	
2 .

Let us introduce the matrix R	, which is defined as follows: (i, j)-element of this matrix is zero

if the corresponding element of at least one of the matrices R	
1 or R	

2 , is zero, and one when both

elements are one. Then, obviously, IndR	 = IndR	
1 ∪ IndR	

2 . It follows directly from the definition

of the matrix R	 that R	 = R	
1 ∗ R	

2 . Let us now show that R	 is a Kronecker extension along

the rows of the matrix R	 = (R1 ∗R2)
	 = R	

1 ∗R	
2 , i.e., R

	 = R	
1 ∗R	

2 . To do this, it suffices to
prove the relation

R	
1 ∗R	

2 = R	
1 ∗R	

2 . (8)

First of all, note that the first columns of these matrices are equal, since they contain only ones.
Let us show that the remaining elements are also equal. An arbitrary element of the matrix on

the left has the form
(
r
(1)
k1i
r
(2)
k1i

)
· . . . ·

(
r
(1)
kpi
r
(2)
kpi

)
, p = 1, . . . , n, and the corresponding element of the

right matrix is
(
r
(1)
k1i

· . . . · r(1)kpi
)
·
(
r
(2)
k1

· . . . · r(2)kpi
)
. Both expressions differ only in the order of the
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factors, and therefore are equal. Therefore, equality (8) is true. But R = R1 ∗R2 is the adjacency
matrix of the graph H = H1 ∩H2, from which the validity of the statement follows.

Corollary 2. P(H1 ∩ . . . ∩Hk) = P(H1) ∩ . . . ∩ P(Hk) for any H1, . . . ,Hk.

This corollary is proved by induction. Statement 3 establishes a precise connection between
classes of binary mappings and systems at their intersection. A similar relation for the union of
systems is generally incorrect, but the following inclusion holds.

Statement 4. P(H1 ∪H2) ⊇ P(H1) ∪ P(H2) for any H1 and H2.

Proof. Using Statement 3, we have

P(H1 ∪H2) ∩ P(H1) = P ((H1 ∪H2) ∩H1)) = P(H1).

It follows that P(H1) ⊆ P(H1 ∪H2). Similarly, we obtain P(H2) ⊆ P(H1 ∪H2). The validity of
the statement follows from these two inclusions.

The substantive meaning of Statement 4 is that the set of mapping classes realized by a system
with structure H = H1 ∪H2, is greater than the simple union of mapping classes of the systems
being combined. This fact, in a certain sense, reflects the “superadditive effect” inherent in systems,
corresponding to the thesis “the whole is greater than the sum of its parts.” The mapping classes
realized in a system with a graph structure H and not realized in any of the systems being combined
demonstrate the effect of emergence, understood in the narrow sense. This statement can be easily
generalized to any number of systems.

Corollary 3. P(H1 ∪ . . . ∪Hk) ⊇ P(H1) ∪ . . . ∪ P(Hk) for any H1, . . . ,Hk.

From Statement 4 follows the property of monotonicity with respect to inclusion of systems.

Corollary 4. It follows from H1 ⊆ H2 that P(H1) ⊆ P(H2).

Let us characterize in more detail the left and right parts of Statement 4.

Statement 5. The set P(H1 ∪H2) consists of those and only those matrices P ∈ P, that satisfy

the system of relations giPq
(−1)
j = 0, (i, j) ∈ Ind(R1 +R2 −R1 ∗R2)

	.

Proof. Let H = H1 ∪H2. It is obvious that the adjacency matrix R of the structure H is
connected with the adjacency matrices R1 and R2 of the structures H1 and H2 by the equality
R = R1 +R2 −R1 ∗R2. In view of this, the validity of the statement being proved follows from
Statement 1.

Statement 6. The set P(H1) ∪ P(H2) consists of those and only those matrices P ∈ P, that
satisfy the system of relations

giPq
(−1)
j gkPq

(−1)
l = 0, (i, j) ∈ IndR	

1 , (k, l) ∈ IndR	
2 . (9)

Proof. If P ∈ P(H1) or P ∈ P(H2), then P satisfies the system of relations (9). Conversely,

if P does not belong to, for example, P(H1), but satisfies (9), then for some (i, j) ∈ IndR	
1 we have

giPq
(−1)
j �= 0. If we consider the equations of the system of relations (9), in which the indices i

and j coincide with the chosen ones, i.e., giPq
(−1)
j gkPq

(−1)
l = 0, (k, l) ∈ IndR	

2 , then we obtain the

relations gkPq
(−1)
l = 0, (k, l) ∈ IndR	

2 . Consequently, P ∈ P(H2). Similarly, the matrix P , which
does not belong to P(H2) and satisfies (9), belongs to P(H1), which proves the statement.

6. EMERGENCE COEFFICIENT

As shown above, when combining systems, a “superadditive” property appears, which is ex-
pressed in the fact that the new system is capable of realizing mappings that are not realizable by
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any of the original systems. In order to quantitatively characterize this effect, it is necessary to
introduce a suitable scalar indicator that can be interpreted as the degree of irreducibility of the
properties of the system to the properties of its elements.

The simplest and most straightforward approach is to use the ratio |P(H1∪H2)|
|P(H1)∪P(H2)| , which shows

the multiplicity of the excess of the number of implemented mappings when combining systems.
However, despite its simplicity, such an indicator is difficult to interpret. This is due to the fact
that it takes very large values due to the twice exponential growth of the cardinality of the classes
of these mappings, as established in Statement 2. The following considerations suggest a slightly
different approach to constructing such an indicator. Let us consider simple examples.

Let the graph of the structure of a three-element system have n = 3 vertices and ρ1 = ρ2 = 1,
ρ3 = 2 be the indegrees of its vertices. Then, by virtue of Statement 2, the cardinality of the class
of realizable mappings is equal to 22

1+21+22 = 28 = 256. On the other hand, the class of mappings
realizable by a system with a structure K2 with two elements will have exactly this cardinality, i.e.,
22·22 = 28 = 256.

Another similar example. The graph H has n = 6 vertices with indegrees 2, 1, 1, 2, 3, 2. Then
|P(H)| = 22

2+21+21+22+23+22 = 224. But the class of mappings of the same power is realized by
the structure K3, i.e., |P(K3)| = 23·23 = 224 = |P(H)|. In other words, in each of these cases for
some μ the equality 2μ2

μ
= 22

ρ1+2ρ2+...+2ρn is satisfied or

μ2μ = 2ρ1 + 2ρ2 + . . . + 2ρn . (10)

In these examples, μ is the smallest number of vertices of a complete graph with loops that
realizes exactly the same number of mappings as some graph with given indegrees of vertices.
In the cases considered, μ was an integer and could be interpreted as the number of vertices
of a complete directed graph. In the general case, the solution μ of equation (10) for arbitrary
ρ1, ρ2, . . . , ρn will not be an integer. Nevertheless, speculatively reasoning, we can assume that the
solution of equation (10) is a scalar characteristic of the considered class of mappings as a minimal,
but “fuzzy” (not integer) number of vertices of a complete directed graph with loops that realizes
the same number of different mappings. Since the function μ2μ is positive and monotonically
increasing on [0,∞), then for any right-hand side, equation (10) has a unique root.

The quantity μ can be considered as a measure μ = μ [P(H)] of a set P(H) on the Boolean 2P,
where P, as defined above, is the set of all monomial matrices of the corresponding size. This
measure is obviously not additive, but is monotone with respect to inclusion of classes, since
μ [P(H1)] � μ [P(H2)] for P(H1) ⊆ P(H2).

By the emergence coefficient κ (H1,H2) when uniting systems H1 and H2 we will call the quan-

tity κ(H1,H2) = μ[P(H1∪H2)]
μ[P(H1)∪P(H2)]

. From this definition it follows that μ [P(H1 ∪H2)] = μ1 and

μ [P(H1) ∪ P(H2)] = μ2 are the roots of the corresponding equations

μ12
μ1 = log2 |P(H1 ∪H2)| , (11)

μ22
μ2 = log2 |P(H1) ∪ P(H2)| = log2 (|P(H1)|+ |P(H2)| − |P(H1 ∩H2)|) . (12)

The introduced concept of the emergence coefficient can easily be generalized to an arbitrary number
of uniting systems. The following theorem gives two-sided estimates of the introduced coefficient.

Theorem 1. The emergence coefficient κ (H1,H2) for the union of any two n-element systems
H1 and H2 satisfies the inequalities

1 � κ(H1,H2) < 1 +

√
1 +

1

e ln 2
≈ 2.2372.
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The obtained upper bound is quite accurate, which is especially noticeable as n increases. The
table below shows the values of the maximum emergence coefficient for n = 2, . . . , 20 (accurate to
four decimal places). Comparison of the given data with the found upper bound allows us to make
an assumption about its asymptotic accuracy.

Table 1. Values of the maximum emergence coefficient

n Maximum emergence coefficient n Maximum emergence coefficient

11 2.0822

2 1.2553 12 2.1245

3 1.3729 13 2.1567

4 1.4979 14 2.1807

5 1.5981 15 2.1980

6 1.6946 16 2.2102

7 1.7869 17 2.2184

8 1.8803 18 2.2236

9 1.9610 19 2.2265

10 2.0281 20 2.2278

7. CONCLUSION

The paper proposes an apparatus for studying system effects arising in arbitrary binary mapping
systems. Despite the binary nature of the implemented mappings, the standard algebraic technique
is used for the study, which simplifies the description and understanding of emergence effects in
the narrow sense. The analysis allows us to conclude that the classes of mappings observed in
such systems and their transformations during set-theoretical operations on the structures of these
systems are similar to the “expansion effect” when combining classical algebraic structures. The
results obtained, in particular, Statements 3, 4 and their consequences, as well as estimates for
the emergence coefficient given by Theorem 1, allow us to establish in which cases and what
quantitatively the emergent effect can be achieved when aggregating binary systems. This can be
used, for example, to optimize the collective behavior of individual groups of functioning objects
or subjects.

The model of binary mappings considered in the work is a fairly narrow class of mappings.
However, due to its relative simplicity, it allows us to identify some patterns inherent in system
interactions and even characterize them quantitatively. This, in fact, was the motivation for this
work. Generalization of these studies to a more general class of system interactions (even in the
autonomous case) will require the use of a more complex mathematical apparatus associated with
morphisms on differential manifolds and the construction of suitable measures on such objects. This
is the topic of a separate complex study. But such a theory can provide a more natural description
of emergence effects in physical environments and in technical systems.

APPENDIX

Proof of Theorem 1. The left inequality follows immediately from Statement 4 and the mono-
tonicity of the function x2x. Let us prove the right inequality.

Let H1 = (V,E1) and H2 = (V,E2) be arbitrary directed graphs and |V | = n. Consider the
sets of arcs EC = E1 ∩ E2, EA = E1\EC and EB = E2\EC . These sets are obviously pairwise
disjoint. Let us construct three graphs HA = (V,EA), HB = (V,EB) and HC = (V,EC); let
ρAi , ρ

B
i , ρ

C
i , i = 1, . . . , n, denote the indegrees of their vertices, respectively. Then H1 = HA ∪HC =
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(V,EA ∪EC), H2 = HB ∪HC = (V,EB ∪ EC) and by virtue of Statement 2, equations (11)
and (12) can be written as follows:

μ12
μ1 =

n∑
i=1

2
ρA
i

+ρB
i

+ρC
i , μ22

μ2 = log2

⎛⎜⎝2
n∑

i=1

2ρ
A
i

+ρC
i

+ 2

n∑
i=1

2ρ
B
i

+ρC
i

− 2

n∑
i=1

2ρ
C
i

⎞⎟⎠ .
Let ρAi + ρBi + ρCi = mi for some fixed mi � n, i = 1, . . . , n. In this case, the right-hand side in

the first equation is a constant value, and, therefore, due to the monotonicity of the function x2x

the emergence coefficient κ will reach its maximum value at the smallest value of the right-hand
side of the second equation. To find such a value, it is necessary to solve the problem

ϕ = 2

n∑
i=1

2mi−ρA
i

+ 2

n∑
i=1

2mi−ρB
i

− 2

n∑
i=1

2mi−ρA
i

−ρB
i ρA

i
, ρB

i−−−−→ min .

Let us find the stationary points of the function ϕ. Having calculated the partial derivatives
with respect to ρAj , ρ

B
j , j = 1, . . . , n, and equating them to zero, after equivalent transformations

we obtain:

2ρ
B
j · 2

n∑
i=1

2mi−ρA
i

= 2

n∑
i=1

2mi−ρA
i

−ρB
i

, 2ρ
A
j · 2

n∑
i=1

2mi−ρB
i

= 2

n∑
i=1

2mi−ρA
i

−ρB
i

, j = 1, . . . , n. (A.1)

Since the right-hand sides are equal, then 2−ρ
A
j · 2

n∑
i=1

2mi−ρA
i

= 2−ρ
B
j · 2

n∑
i=1

2mi−ρB
i

, j = 1, . . . , n. Let

us denote X =
n∑
i=1

2mi−ρAi , Y =
n∑
i=1

2mi−ρBi and rewrite the expression as:

2mj−ρAj · 2X = 2mj−ρBj · 2Y . (A.2)

Let us sum the last equality over j, and obtain: X2X = Y 2Y . The function x2x strictly mono-
tonically increases at x � 0, therefore the last equation has a unique solution X = Y , and there-
fore, from (14) we obtain that ρAj = ρBj = ρj , j = 1, . . . , n. Let us substitute these conditions into
any of the equations (13), and after taking the logarithm and rearranging the terms we obtain:

ρj +
n∑
i=1

(
2mi−ρi − 2mi−2ρi

)
= 0. At ρi � 0 all terms on the left-hand side are non-negative, there-

fore the last equality is possible only when all these terms are equal to zero, whence it follows that
all ρi = 0. In the admissible region, this is the only stationary point at which an extremum can be
reached. This point lies on the boundary of the region, and the value of the function at it is equal to

ϕ = 2

n∑
i=1

2mi

. However, using the standard technique of studying an extremum using second deriva-
tives, it can be shown that the quadratic form describing the second differential of the function ϕ
at the found point is sign-indefinite, i.e., there is no extremum at this point. This means that the
function ϕ takes an extremal value on the boundary of the region ρAi , ρ

B
i � 0, ρAi + ρBi � mi, i.e.,

under the condition ρAi , ρ
B
i � 0, ρAi + ρBi = mi, i = 1, . . . , n.

To find a stationary point on the boundary, we substitute ρBi = mi − ρAi into the expression

for the function f : f = 2

n∑
i=1

2mi−ρA
i

+ 2

n∑
i=1

2ρ
A
i

− 2n. Having calculated the derivatives with respect
to ρAj and equated them to zero, after transformations we obtain a system of equations for finding
stationary points:

2

n∑
i=1

2mi−ρA
i

· 2mj−ρAj = 2

n∑
i=1

2ρ
A
i

· 2ρ
A
j , j = 1, . . . , n. (A.3)

We sum up all the equations with respect to j and denote X =
n∑
i=1

2mi−ρAi and Y =
n∑
i=1

2ρ
A
i , as a

result we obtain X2X = Y 2Y . This equality is possible only for X = Y . Therefore, from (15) we
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obtain 2mj−ρAj = 2ρ
A
j , whence ρAj =

mj

2 = ρBj , j = 1, . . . , n. Routine research using second deriva-

tives shows that at this point the minimum of the function ϕmin = 2
1+

n∑
i=1

2
mi
2

− 2n is indeed reached.
Thus, to find the greatest value of the emergence coefficient κ under the condition ρAi +ρ

B
i +ρ

C
i = mi

we obtain the equations:

μ12
μ1 =

n∑
i=1

2
mi , (A.4)

μ22
μ2 = log2

⎛⎜⎝2 · 2
n∑

i=1

2
mi
2

− 2n

⎞⎟⎠ . (A.5)

Let us estimate the right-hand side of (17) from below. Since 2

n∑
i=1

2
mi
2

− 2n � 0 for any mi,
i = 1, . . . , n, then

log2

⎛⎜⎝2 · 2
n∑

i=1

2
mi
2

− 2n

⎞⎟⎠ � log22

n∑
i=1

2
mi
2

=
n∑
i=1

2
mi
2 >

(
n∑
i=1

2mi

) 1
2

.

Along with equation (17), we consider equation μ̄22
μ̄2 =

(
n∑
i=1

2mi

) 1
2

. Due to the monotonicity of

the function x2x we conclude that μ̄2 < μ2. Consequently, κ = μ1
μ2
< μ1

μ̄2
= κ̄, so κ̄ can be considered

as an upper bound for κ.

Now we divide equation (16) by (μ̄22
μ̄2)2: μ12μ1

μ̄222
2μ̄2

= κ̄
μ̄2
2μ̄2(κ̄−2) = 1. We consider the last equa-

tion as an implicitly defined function κ̄, depending on μ̄2, i.e., F (μ̄2, κ̄) =
κ̄
μ̄2
2μ̄2(κ̄−2) − 1 = 0.

We find the extremum of the implicit function κ̄ of μ̄2. In order for κ̄′̄μ2 = 0, the equality

F ′̄
μ2 = − κ̄

μ̄22
2μ̄2(κ̄−2) + κ̄

μ̄2
2μ̄2(κ̄−2)(κ̄− 2) ln 2 = 0 must be satisfied. Solving the equations F ′̄

μ2 = 0

and F = 0, together, we find two solutions to these equations: κ̄1,2 = 1±
√
1 + 1

e ln 2 . Since the

emergence coefficient is obviously a positive value, we finally obtain κ < κ̄ = 1 +
√
1 + 1

e ln 2 ≈
2.2372. Using standard methods, we can show that the found value is the only maximum of the
function under study, which proves the upper bound for κ.

Theorem 1 is proven.
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