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Abstract—In this paper, a gradient method is studied on the class of (Lg, L1)-smooth objective
functions under the condition that only approximate values of the gradient are available at
the iterations of the method. This setting arises when using noisy data. Two classes of prob-
lems are considered, namely, quasar-convex functions with respect to any solution that satisfy
the Polyak—FLojasiewicz gradient dominance condition (the PL condition) and quasar-convex
functions without the PL condition but with an additional constraint on the quasar-convexity
parameter. For quasar-convex functions with the PL condition, a nearly linear convergence
rate is established in the neighborhood of the exact solution. If inexact gradient values are
sufficiently small (which is achieved in a finite number of iterations), the method will converge
with a nearly linear rate on the class of problems with the PL condition without the additional
assumption of quasar-convexity. For (0, M)-smooth quasar-convex functions, an adaptive gra-
dient method is proposed, and its convergence rate is estimated. As shown, when using exact
gradient values, the method converges with a linear rate.

Keywords: gradient method, A-inexact gradient, (Lg, L1)-smooth function, p-quasar-convex
function, Polyak—Lojasiewicz condition, logistic regression

DOI: 10.31857/50005117925090012

1. INTRODUCTION

With the rapid advancement of machine learning, it is increasingly topical to develop and ana-
lyze numerical optimization methods with effective convergence guarantees. To achieve the optimal
convergence rate of conventional methods, such as gradient descent and its modifications, a key
assumption is the smoothness of the objective function (i.e., the Lipschitz continuity of its gradi-
ent). In the context of modern machine learning problems, this assumption may turn out to be
too stringent [1]. As a rule, quite natural and simple-to-implement methods perform poorly for
deep learning problems, where the global smoothness condition often fails. For example, variance
reduction methods [2-8] are known to be theoretically faster (for minimizing finite sums of smooth
functions), but in practice may be inferior to methods that do not theoretically reduce variance [9].
According to the experiments presented in [1], when training neural networks, the norm of the
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798 ABLAEYV et al.

Hessian may correlate with the norm of the gradient of the loss function. Thus, the above factors
motivate researchers to find and propose alternative assumptions relaxing the standard smoothness
requirement for the objective function.

One such assumption is the so-called generalized (Lg, L1)-smoothness, pioneered several years
ago [1] for twice differentiable functions. This assumption allows the norm of the Hessian of the
objective function to increase linearly with the growth of the gradient norm. In particular, (Lo, L1)-
smoothness can hold even for functions with polynomially growing gradients, which is a typical
situation for deep learning problems. Moreover, the concept of (Lg, L1)-smoothness covers a wide
class of problems and can be generalized to differentiable, but not necessarily twice differentiable,
functions [10, 11].

In recent years, many research works have considered various methods for solving (Lg, L1)-
smooth optimization problems. However, despite the interest from the scientific community, the
existing results on the convergence of methods remain nonoptimal in several important cases, and
the theoretical analysis is often insufficiently complete. While the most general class of nonconvex
problems, admitting only the convergence of metrics like the gradient norm to zero, has been the
focus of [1] and the later publications [10-16], the class of (Lo, L1)-smooth convex functions has
been investigated much less until very recent time (the late 2024—early 2025). In particular, when
applied to (Lo, L)-smooth convex problems, known results on the convergence of methods, such
as gradient descent with clipping [17] and gradient descent with Polyak’s step size [18], either
additionally assume L-smoothness [19, 20] or restrict the step size to make the method’s trajectory
bounded in a domain where the gradient satisfies the Lipschitz condition due to the (Lg, L1)-
smoothness of the objective function [21].

Let us review several recent works devoted to the optimization of (Lg, L1)-smooth functions.

In [22], the class of strongly convex (Lg, L1)-smooth functions was studied, and new convergence
rate guarantees for several existing methods were obtained. In particular, better convergence rate
estimates were derived for gradient descent with (smoothed) clipping and for gradient descent
with Polyak’s step size. Unlike the existing results, these estimates neither involve the standard
smoothness assumption nor have an exponential dependence on the distance from the initial point
to the solution.

Parallel to [22], similar results for the gradient method with various step size strategies, including
Polyak’s step, were independently obtained in [23], along with new complexity estimates for the
gradient method with normalized step on the class of (Lg, L;)-smooth problems.

A more detailed analysis of the convergence of gradient descent and its modifications under gen-
eralized (Lg, L1)-smoothness was presented in [24]. In the convex case, it was shown that the con-

vergence rate of the gradient method changes depending on the gradient norm: for ||V f(zx)|| > é—‘;,
2.

Unlike the above-mentioned works, here we analyze the gradient method for (Lg, L;)-smooth
problems under the condition that only approximate (additively inexact) gradient values are avail-
able at each iteration of the method. That is, this research further develops, in a new direction,
the paper [25], where similar problems were investigated for smooth problems in the classical sense.
Note that several directions are considered. First, we study the convergence of the method for
p-quasar-convex, with respect to any exact solution [26-28], (Lo, L1)-smooth functions satisfying
the Polyak—Lojasiewicz (PL) condition

a linear rate is achieved, and a standard sublinear convergence rate is observed if ||V f(x)|| <

f(@) - flo) < iuw@cw Ve €R", 1> 0, 1)

where || - || denotes the Euclidean norm and x, is a minimizer of the function f. As is shown below,
under some assumptions, the method converges with a linear rate to some neighborhood of the exact
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A GRADIENT METHOD WITH INEXACT GRADIENT INFORMATION 799

solution. It is also proven that starting from some iteration, the method converges on the class
of problems with the PL condition (without requiring quasar-convexity). Second, we separately
consider the class of p-quasar-convex (0, M)-smooth functions, representing interest in the context
of machine learning problems (particularly when training logistic regression models). For this class
of problems, an adaptive modification of the gradient method using inexact gradients at iterations
is proposed, and convergence rate estimates are obtained under some constraint on the quasar-
convexity parameter p. The efficiency of the proposed methods is confirmed by computational
experiments for logistic regression problems (which satisfy the PL condition on any compact set [29])
and a certain nonconvex quasar-convex problem [27].

2. PROBLEM STATEMENT AND NECESSARY BACKGROUND

Consider minimization problems of the form

finRI}L f(x), (2)

where f:R"™ — R is a convex and (Lg, L1)-smooth function. Throughout this paper, x, and
f* = f(x,) denote a global minimizer and the global minimum value, respectively, of the function
f; the norm || - || is Euclidean.

As already noted, the (Lg, L1)-smoothness condition (Lg, L; > 0) was initially introduced in [1]
for twice differentiable functions f : R — R as follows:

IV2f @)l < Lo + Li|[V f ()| V€ R", (3)

where || - || indicates the Euclidean norm for vectors and the spectral norm for matrices.

In [10], this concept was extended to the class of differentiable, but not necessarily twice differ-
entiable, functions.

Definition 1. A function f:R"™ — R is said to be (Lg, L1)-smooth if, for any xz,y € R™ such
that |y — 2| < z;,

IVf(z) = VIl < (Lo+ LalIVFW)ID [l = wll. (4)

Consider several examples of functions satisfying condition (4).

Ezample 1. The function f(x) = ||x||*™ is (2m,2m —1)-smooth. At the same time, for all L > 0,
f is not L-smooth for m > 2; for details, see [22]. (Recall that an L-smooth function is one whose
gradient satisfies the Lipschitz condition.)

Ezample 2. The function f(x) = e, a € R",is (0, ||al|)-smooth. At the same time, for all L > 0,
f(z) is not L-smooth for a # 0 [22].

Ezample 3. The logistic function f(x) = log(1 + exp(—a’z)), where a € R", is (Lg, L1 )-smooth
with Lo = 0 and Ly = ||a| [22].

The concept of (Lg, L1)-smoothness was generalized in [11] as follows: a function f:R™ — R
is said to be a-symmetrically generalized smooth if, for some a € [0,1] and any z,y € R",

IVf(y) = V()] < (Lo Ly max IVf(Oy+ (1 - 9)$)H°“> ly — |- (5)

As demonstrated in [11], condition (5) is more general than (3) and (4): the validity of (3) or (4)
implies the validity of (5) (with a = 1). Moreover, for twice differentiable functions, conditions (3)
and (5) are equivalent for av = 1 [11].

Now we give the definition of a quasar-convex function, a key in this work.

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 9 2025
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Definition 2. Let p € (0,1] and p > 0. A function f : R" — Ris said to be (p, u)-quasar strongly
convex if, for all z € R",

f(@) > £(a) + (9 @)z, —a) + e, ol (6)

where x, is a global minimizer of the function f. For u = 0 the function f is called a p-quasar
convex function.

The PL condition can be treated as a relaxation of ordinary strong convexity and, moreover,
of strong quasar-convexity [27]: if f:R"” — R is a (p, u)-quasar strongly convex function, then it
satisfies the PL condition (1) with the constant jp?.

Ezample 4 [27]. Let f: R™ — R be defined as

_ 2 T n
f@ = lelfs () Ve e R

where
n
glx) =1+ Za,; sin(bjz;)?, Vo= (z1,...,x,) € R™
i=1
Then the function f is (1,2)-quasar strongly convex, i.e., satisfies the PL-condition (1) with con-
stant 2.

The issues of convergence of the gradient method for convex problems with the generalized
smoothness condition (4) have been actively investigated recently; for example, see [22-24]. The
cited research works presented results on the convergence of the normalized gradient method, the
gradient method with Polyak’s step, and the accelerated gradient method based on the assumption
of generalized smoothness. It was also shown that the gradient method converges with a linear
rate as long as the gradient norms at the iterations remain sufficiently large. This paper is a
continuation and further development of the above works.

Here, we focus on studying gradient descent for the minimization problems (2) under the condi-
tion that, at each iteration of the method, only a gradient with an additive error is available instead
of exact gradient values. Recall that for A > 0, a vector Vf (x) is called the inexact gradient of a
function f at a point x if _

IVf(z) = V)] <A;
and A > 0 is called the gradient inexactness parameter.

In the case of small gradient norms at the method’s iterations, it becomes challenging to derive
theoretical estimates of the convergence rate. The reason is that, unlike the case of using exact
gradients, it becomes impossible to ensure a monotonic decrease of the gradient norm at each
iteration. This problem can be circumvented by additionally requiring that the objective function f
satisfies the PL condition. According to [25], for problems with inexact gradients, the PL condition
implies the inequality

IVF@)I? > ul(f(z) = f*) = A* Vo eR", u>0. (7)

This section provides the problem statement and necessary background. In Section 3, we study
the gradient method for (Lo, L1)-smooth problems under an additive error in the gradient at each
iteration. The method’s convergence rate on the class of p-quasar-convex functions satisfying the PL
condition is estimated. As established, the convergence rate is linear up to a certain level of gradient
values. Section 4 deals with an adaptive modification of the gradient method for (0, M )-smooth
p-quasar-convex problems. In Section 5, we present the results of computational experiments for
the logistic regression problem (which satisfies the PL condition on any compact set [29]) and a
certain nonconvex quasar-convex problem [27].

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 9 2025
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3. GRADIENT METHOD FOR (Lg, L1)-SMOOTH p-QUASAR CONVEX FUNCTIONS

Let f:R™ — R be an (Lg, L1)-smooth (4) and p-quasar convex function with respect to any
solution x, (see Definition 2, y = 0):

) > fla) + %Wf(ﬂ:),x* —a), pe (01 (s)

If f is strongly quasar-convex (see Definition 2, p > 0), then the solution z, is unique and
f is strongly quasar-convex with respect to any solution. Note that problems with nonconvex
smooth (hence, (Lg, L1)-smooth) p-quasar-convex functions are often encountered in applications
(see Example 4) [27].

To solve problem (2), we investigate the gradient method of the form

Tpy1 = xp — MV f () 9)

with the step size

[0
Nk = = )
Lo+ Lo (I (@) + A)

where a € (0, 1] and Vf (xr) denotes the inexact gradient of the function f at a point x.

Note that, despite the use of approximate gradient values in the algorithm, the theoretical
analysis assumes the existence of the exact gradient.

Let us prove several lemmas necessary for deriving convergence rate estimates of the method.

Lemma 1 [10, Lemma A3|. Let a function f(z) be (Lo, L1)-smooth (4). Then, for all x,y € R"
such that ||z — y|| < L%v

Lo + L1||V f ()|
2

fy) < f@) +(Vf(x),y—=z)+ ly — . (11)

Proof. Let g(t) = f(x +t(y — z)) for t € [0,1]. Then

1 1
Fw) = @) = 9() = 9(0) = [ gOdt = [ (Vi(a+tly—a))y—a)dt.
0 0

We add and subtract (Vf(x),y — x) to/from the integrand:

1 1
Fw) = @) = [(VI@.y—a)di+ [(Vi @+t =) = V() — o)t
0 0

Computing the first integral and applying the Cauchy—Bunyakovsky—Schwarz inequality to the
expression under the second integral, we obtain

1
fly) = fz) < (Vf($),y—$>+/HVf(93+t(y—x))—Vf(x)Hlly—det-
0

In view of

IVF(y) = V@) < (Lo + La[[V (@) []) lly — l;

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 9 2025



802 ABLAEYV et al.

we have the inequality

1
fy) = f@) < (Vf(x),y —2) + |y — 2| / (Lo + Li[[Vf (@)I]) ly — x[|tdt
0

and, consequently,

Lo+ L1||Vf(x)

[
Ly a2

fy) < fl@) +(Vf(x),y—=z)+

Remark 1. Under an additive error in the gradient, inequality (11) takes the form

L Lot Li(|[V £ ()] +A)

F) < @) + (V1) y - ) -

ly — | + Ally — . (12)

Lemma 2. Let f(z) be an (Lo, L1)-smooth function (4). Assume that |V f(xg)|| > A. Then at
the iterations of algorithm (9) with the step size (10), the values of this function decrease mono-
tonically, f(xk-l-l) < f(xk)7 and

a-—a)  (IVf()ll = A)?

Faw) = Jenn) 2 == p o I wo + 2LA

(13)

Proof. Consider inequality (11) with y = z44; and « = . Note that ||xp1 — 2] < L% Then
we have

f(@pt1) — )
V). Vi) P+ (V)] +8)
S Lot L (V@ +8) 2Ly + L (19 f ()]l + A))

||V f () > = 20(V £ (1), V f (1)
2(Lo+ Ly (IVf @) +4))
Q2| Vf (@) = 20V f (1), V. (2r)) + |V f (i)l = IV £ ()]
2(Lo+ Ly (|IVf (i)l + A))
|0V f (k) = V()| — IV (@a)lI*
2(Lo+ Ly (IV £ ()| + )

207V £ ()|

Therefore,

V£ @R)l* = loV f(zx) = V£ ()|
xr) — f(x > — .
f( k) f( k+ ) 2(L0+L1 (HVf(J)k)H—I-A)>

We utilize the following relation for « € (0,1] and a,b € R™ :

laa = bl| = [la(a = b) + (v = D)bl| < afla = bl + (1 — )[[b]].

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 9 2025
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As a result,
fzk) = f(@p11)

I9F@l2 — (¥ f () — Vi)l + (1 )|V )]
2(Lo+ Ly (IVF(ar)| +4))
[VF@R)l” ~ (0 + (1~ a) |V f ()]’
2(Lo+ Ly (IVf(@e)| +4))
_ a(IVF@all = A) (2 = a)(IV f(ze)l| = A) +24)
2(Lo+ L (IIVS )] + A))
a@-a)  (|Vf(ze)] — A
2 Lo+ Ly (IVF(aw)] +4)

L 2-a) (IVf ()|l = A)?
- 2 Lo+ L1||Vf(zp)| +2L1A°

=

WV

Lemma 3. Let f be an (Lo, L1)-smooth function (4) satisfying the PL condition (1), and let x,
be the exact solution of problem (2) closest to xyy1. Then the following inequality holds for the
gradient method (9) with the step size (10):

(f(zo) — f*)- (14)

=l

[ 241 — | <

Proof. According to [29, Appendix A], for the closest exact solution z,, the PL condition implies
the quadratic growth of the function:

Ellare = 2> < flanen) = £
Due to the monotonicity of the function f, the inequality becomes
I 2 *
5 lekrn = 2ul” < flzo) — £7,

and the desired inequality is immediate:

(f(zo) — f*).

k41 — 2| <

=

Let us denote g = ||V f(zg)|| — A. From Lemma 2 it follows that

(2-0a) Ii
2 L0+ngk+3L1A‘

Flan) = flapn) > = (15)

Assume that g > 3A. We will investigate the convergence of the method depending on the value
of g,.. Two cases are possible: g, > f—[l’ and g < f—[l)

For g > f—[l), from (15) we have

a2 —a) g,% a(2—a)g_k _a2-a)

xE) — J@x > > -
f(xr) = f(@r4) 2 Ligi + Ligr + L1gs, 2 314 6L

k- (16)

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 9 2025



804 ABLAEV et al.
If g < f—[l), then inequality (15) gives

a2 —a) g,% a2 — a) g,% a2 —a) ,
o — 7 Y9k (17)
2 Lo+ Lo+ Ly 2 3Lg 6L

The following result is true for this class of problems.

(o) = f(zpg1) >

Theorem 1. Let f be a p-quasar-convex function with respect to each exact solution and, simul-

taneously, an (Lg, L1)-smooth function satisfying the PL condition (1). Also, let ||6f(xk)H > 5A
2 *

and p < min { a(62L—0a); 725555?%}5 )}. Then the following inequality holds for algorithm (9) with the

step size (10):

k+1
f(xk+1)—f*<ma><{1— a@ e ;1—0‘(2‘“)"} (f(0) - )

6L1y/2 (f(0) — ) 6Lo

1 A Ly %(f(ﬂﬁo)—f*)_Lo
—I—Amax{L—l,L—o}max{ ; 77 .

(18)

Proof. Consider first the case g, > ﬁ—‘; By the quasar-convexity of the function f(z) at x = xy,
we have the inequality

flaw) = 7 < l<Vf($k:)793k — Zy) < 1HVf(ﬂ«“k)llHﬂ«“k — |
: ! (19)
= ;(gk + Az — 2]
Applying Lemma 3 to (19) yields
@) = £ < )= (@) = 1)+ A)
and, consequently,
= (f(@o) — f*)
Inequalities (16) and (20) imply the estimate
f@ir) = 5 < flag) = f oL 2 (o)~ 1)
(21)

a(2 — a)p " Oé(2 - a)A
=|1- TE) — +
( 6L1,/Z (f(xo) - f*)) e =

For g, < £, from (17) it follows that
Ly

Flae) - 7low) < ~28=Ugp = M= gy - a2
<222 (L sl - a7)
=2 Do e+ B
= 2Oy gy 4 DA

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 9 2025



A GRADIENT METHOD WITH INEXACT GRADIENT INFORMATION 805
Thus,

a2 — a)A?

Flar) - 7 < (1= SE2 Y () — g 4 2220

6Lo
Due to inequalities (21) and (22), we obtain

—f*<max{1-— a2 —a)p ol x)— f*
f@rs) = f7 < {1 oL %(f(a:o)—f*)’l 6L }(f( k)= f7)

+ma a2 —a)A a2 —a)A?
" 6L 6Ly [

or

6 LI;L_O
a2 —a)p a2 —a)p o
<max{ 1— 1— (f(zo) = 1)
v { 6L1,/2 (f(x0) — f*) 6Lo "

) |
a1 oak ;1 — @
61 /2 (F(a0)—1) °

The following chain of inequalities is true for positive numbers a and b :

1 1 1 i {1 1}
= — — X< —:— .
1—max{1—a;1 -0} 1—(1—min{a;b}) min{a;b} a’b

Hence,
2-a) -apu|
T — f* <max{1l— e ZwP 1_a — Y zo) — f*
f(xrgr) — f ma{ 5L /2 (o) — ) 6L } (f(zo) — f7)
a(2 — a)A 1 A 6 Luy/7 (f@o) = ) 1,
+ 5 maX{Ll’Lo}a@—a)maX{ P '
2-a) -apu|
Cmax{1-—2=_DP 4 2 “”‘} (f(x0) — )
o { 6L1,/2 (f(z0) — ) 6Lq '
1 A Ly %(f(xo)—f*)'/;0
+AmaX{L—1,L—O}maX{ 5 ,7 .
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Remark 2. For algorithm (9), the number of iterations with ||V f(z)|| = 5A can be estimated
as

6L3(f(x0) — f*) 2Lo(f(x0) — f")
NS { 02— o)Ly W +| a2~ )7 |

Proof. Let us estimate the number of iterations where g > f—?. From (16) it follows that

a2 —a)Ly
fzk) = f(@pt1) > o2
Let i1,...,im, p = 1,m, be the iterations for which g;, > ﬁ—‘l) Then summation yields the inequality
* a2 —« LO
Flao) = £ > fa) - Fla,) > SE= Do,
6L7
and, consequently,
6L3(f (w0) — f*)
< , Lo #0.
" { a(2 — a)Ly 07

Now we estimate the number of iterations for which g < ﬁ—‘; In view of g,% > 9A? inequality (17)

leads to the estimate f(zr) — f(xg41) > %. Let j1,...,Jn, L = 1,n, be the iterations for

which g;, < ﬁ—‘; Then summation yields the inequality

9a(2 — o) A?

Flao) = 7> flwj) = ) > =1

n,

and the number of such iterations satisfies the upper bound

<[t

Remark 3. According to inequality (21), the method (9) with the step size (10) converges with
a rate close to that of a geometric progression for sufficiently large gradient norms (i.e., g > ﬁ—‘f)

_Remark 4. Suppose that an acceptable solution quality is achieved under the condition
|V f(zx)]] < 5A. Indeed, if |V f(xg)]| < BA, then ||V f(zk)|| < 6A, and the PL condition (1) gives

2
flaw) - f* < iuvm)w < “if .

Remark 5. Since the number of iterations with g, > f—‘l) is limited, starting from some iteration NV

the gradient norm will be less than ﬁ—‘; Then it can be stated that the method (9) with the step
size (10) converges on the class of problems with the PL condition (without requiring p-quasar-
convexity) starting from this number. Thus, starting from some iteration, we obtain:

1) either
a2 —« A?

k
N

Fae) — 7 < (1 - -

from inequality (22) by recursion,
2) or an acceptable accuracy has already been achieved.
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4. ADAPTIVE GRADIENT METHOD FOR QUASAR-CONVEX

(0, M)-SMOOTH FUNCTIONS

807

Consider the case Ly = 0, corresponding, e.g., to the logistic regression problem. Denoting

M = L, for convenience, we write condition (4) as

1
IVf(y) =V @) <MV f(@)|llly -zl Yo,y € R such that [ly —z|| <7

(23)

In this section, an adaptive modification of the gradient method using inexact gradient information

will be investigated on the class of p-quasar convex functions.

Let f be a (0, M)-smooth and p-quasar-convex function with p € (%, 1}. (Unlike the previous

section, this condition holds not necessarily with respect to each exact solution.) Consider the fol-
lowing adaptive modification of the gradient method using inexact gradient values at the iterations.

Algorithm 1 (the adaptive gradient method for (0, M )-smooth problems).
1. Input: g € R", A >0, 0 < My < 2M, and o > 0.

2. k=0.

3. Repeat:

4. My = max {Mo/2, My,/2}

5. Nk

- Ui (19 @) +4)
6. Tpp1 =xp — MV f(TK), N
7.3 fo) — flanen) > Som2 (IV ()] - 24) and

a IV £ ()12 Aa
_ > — = . —
flow) = flewn) 2 e (1= 5) G5 eoTa) ~ M
8. then k:=k+1;

9. otherwise,
10. Mj41 = 2Mj41 and get back to line 5.
11. Output: T = zp41.

Now we prove several auxiliary statements for (0, M )-smooth functions. In particular, they will
justify the correctness of Algorithm 1, i.e., the validity of the iteration exit criterion (see line 7 of

Algorithm 1) for (0, M )-smooth functions for sufficiently large Mj ;1.

Lemma 4. Let f(x) be a (0, M)-smooth function. Assume that ||V f(z1)|| > 5A and {Mi}fzo is

a sequence such that M;y1 > M. Then at the iterations of the algorithm

M1 (IV (@)l +A)

Tt1 = T — %f(xk)v a € (0> 1]>

the values of this function are monotonically nonincreasing, f(xg+1) < f(xr), and

2 —a) (IVf(z)] —24)°

Flar) = flanen) 2 — My 1 (|[V f ()] +A)

Proof. For Ly =0 and Ly = M, inequality (11) implies

M|V f ()

F) < @)+ (VF@)y —a)+ —— vy - =|*
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With y = xx41 and x = z, we obtain

f(xry1) — flz)

o (V@) Vi) M|V (@)
My (IVF @) +A) 22, (IVf @)l +4)

70|V £ () I

. —alVi@) Vi) | MOVIEI+8) sl
Migr (V@RI +4)  2M (V)| + A) Mgy ([Vf (@)l +A)
_ Q[ f (zi)|* = 20(V f (), V£ (xx))
2Mii1 (|IVf (i)l + A)
_ VS @)l — 20V f ). Vi ) + IV Fan)]]* — [V )|
2Mpr (IVF(ap)| +A)

_ eV = Vi) = IV @l?
2Mis1 (IVF(ap)| +A)

Therefore,

IV F@R)l12 — [0V (ex) = V F(an) P
xr) — f(x > — .
o) = ) 2Miir (IVf(xp)l| + A)

We take advantage of the following relation for o € (0, 1] and a,b € R™ :
laa —b]| = [la(a —b) + (o — 1)b]| < alla — bl + (1 — a)]|b]].
As a result,

f(@g) = f(r41)
IV @2~ (all V(@) = Vi) + (0 - a)[F@pl)
2Mjo 1 (IIVF ()] + A)
_ IVF@DIR = (a8 + (1= )|V £ ()])
~ 2My11 <||%f($k)|| + A)
_a(IVF@all = A) (2 = a)([VF(ze)]| — A) +24)
2Mye i1 (IV ()] + A)
a2—a)  (IVF(@)] - 1)
2 My (IVf ()] +4)
_a-a) (WGl -22)"
2 My (IVf ()] +4)

>

>
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Let {Mi}fzo be a sequence of positive numbers satisfying the assumptions of the previous the-
orem. Given ||V f(zg)|| = 5A, from (24) it follows that

(2 = a)(|V £ ()| — 24)?
2 (M1 (IVF ()| — 28) + 3Mj 1 A)

a2—-a) /=
> " V@l =24).

flar) = f(are) =
(25)

Lemma 5. Let f(z) be a (0, M)-smooth function, and let {Mi}fzo be some sequence such that
M1 = M. Then for the algorithm

Mg (IIVF )]+ 4)

L1 = T — Vf(zp), ae(0,1],

the following inequality holds:

19 £ @)l > . oA
Mo (9 fan + 8 S a@—ay /) =Sl ¥ e (26)

Proof. For Ly =0 and L; = M, inequality (12) gives

N M(IVf ()] +A)

5 ly — ] + Ally — =].

f) < f@) + (Vf(x),y—2)
With y = x41 and x = z, we have

F@re) < fan) + (Vf(@n), 2pr1 — )
N M|V f(zp)] + A)

2kt — zill” + Allwggr — o]

2
< Flax) — OéH?f(l‘k)||2 042||?f(95k)||2
h ka(HVf(xk)ll +A)  2Mp 1 (|Vf(zr)]| + A)
Aa||V f(x)||

M1 ([Vf(2)]| + A)

(e

1o 1- ) gL s

) Mia(IVf ()| +8) M ([Vf (@)l +A)°

Let us estimate the term containing A :

AollVfEol M (V@I +4)  Aa
Mia(IV7 @) +8) ™ Myn (95 @all+8) Mt

Thus,

(07

B )
f<xk>—f<xk+1>>a(1_§ IV f (@)l A

) M ([Vf@)ll+4) Myt

which can be equivalently written as

197 @l 2 I T
Mo (9 fan [+ 8) S a@—ay ) = fmed) 4 e =y
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Inequalities (25) and (26) mean that for My > M, the iteration exit criterion of Algorithm 1
(see line 7) is automatically satisfied.

Lemma 6. Let f(z) be a p-quasar-convex function with p € (%, 1}, and let {Mi}fzo be some se-

quence of positive numbers from Algorithm 1. If a < %, then

ki1 — 2all <o — 2| + Ay + (27)

M1
Proof. Since xy1 = ) — nkﬁ f(xr), the following equalities are valid:
k1 = @l = [z — @ — MV f (1)
= |l — @l = 20(V f(r), 2h — @) + 07|V f (20)]*.
By the quasar-convexity of the function f, we obtain

41 — 242

< o — all? = 2me(p(f (@r) — £7) = Allwr — zll) + m2 IV £ ()|
6)
< g — za]l® = 20k (p(f (zk) — %) — Allwy, — 2.]))

9 . 2A
rane (o= e~ 1+ 3 =)

2
N R 2p) (F(ox) — )
+ 280l =l + ).
<

Let the parameter a be chosen so that 5=— —2p < 0. As o € (0, 1], this is possible if and only

ifpe (5, } In this case, we have

2aAny,
2 2 2,2 2,2
Tpp1 — Tu||” <o — 24 ||” + 2408 ||z — 24| + A0 + 77— — A%
ks — ]l < llog — ] o = | + At 4 =T At

(I I+ Ang)? + A ( 2a An>

= (ITE — T« Nk Nk -2k ) -
Mi11(2 — )
Consider the function y(t) = —t? + mt At the point t = m it reaches the maximum
o? o? 1
<& <

value M, @ e and ML aP S W, for a < 1. Thus,

ek = 2l < (o — 2l + Am)” + 35—
k+1

Note that for a,b,c > 0, the inequality a? < b? 4 ¢? implies a? < (b + ¢)?. Hence, a < b+ ¢, and,
consequently,

[Zr41 — l| < M|2p — 24]| + A + T
k+1

Note that inequalities (25) and (26) surely hold under M, > M. If ||V f(21)| = 5A and
M; > % Vi =1,k + 1 with some My > 0, then
a a a
— _ < < .
Mi1 (IIVF@)l +4) ~ 6MiA = 3MoA
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Theorem 2. Let f(x) be a p-quasar-convex and (0, M)-smooth function, where p € (%,1},

a € (0,1], and o < %. Then after [%W iterations of Algorithm 1, there exists an iter-

ation k for which either ||V f(x1)|| < 5A, or the exact solution will be reached.

Proof. In view of ||V f(z)|| > 5A, summing over k from 0 to N — 1 in inequality (25) yields
the relations
30(2 - )AL 1

)
1 5 M

flzo) = f" = f(xo) — flan) =

which can be written as
Ni L _ A(f(xo) — 1)
k=0 Mk+]_ 30[(2 — OZ)A

Considering that M; < 2M, we estimate the number of iterations for which ||V f(zz)|| = 5A. We

have % < %, or, in the final form,

<[]

_Remark 6. Suppose that an acceptable solution quality is achieved under the condition
|V f(xr)]| < 5A. Indeed, the p-quasar-convexity of the function f and inequality (27) imply

6A

fa) = 1 < 5 (198Gl + A) o =l € 2 (Jao - ] + 22D,

3Mo

Hence, with a small number of iterations, one can guarantee a solution quality within O(A). In
the case of large values of IV, this cannot be stated for sure. Note that if the objective function
satisfies the PL condition, an acceptable solution quality will be achieved under a small norm of
the inexact gradient (see Remark 4).

In the special case A = 0, we have the following result.
Theorem 3. Let f(x) be a p-quasar-convex and (0, M)-smooth function, where p € (%, 1},

a € (0,1], and o < %. Then Algorithm 1 with A =0 converges at the rate of a geometric pro-
gression.

Proof. Consider the case A = 0, i.e., Vf(x) = Vf(z) for each . Then from line 7 of Algorithm 1
it follows that

a—a) [Vi@)l? _ (2-q)

Tk 9
My ViG] 2 Vel (28)

f(zg) = f(zrg1) 2
In this case, we also have the relations
21— 2all® = llog — 2l = 20V f (20), 2n — 20) + 03|V f () ||
< law = @all? = 2mep(f (1) — 1) + 0@V f ()12

< s = 2P = 2up(1(01) ~ 1)+ s () — 1)

= Nl = P+ m( (o) = 1) (5 — 20)

<l = l® < llzo — 24l|* = B?,
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where a € (0,1] and p € (%, 1} . Further, by the quasar-convexity of the function f,

1 1 R
floe) = f7 < ;HVf(wk)Hllxk — 2 < ;HVf(wk)lleo — o = ;HVf(évk)ll-

Recall that, due to Lemmas 4 and 5, for My, > M the iteration exit criterion of Algorithm 1 (see
line 7) is surely satisfied. Then for each k > 0 we have My, < 2M, and from (28) it follows that

flanes) = £ < o) = = S = (o]
a2—a)p

(zx) — f* — mﬁ(f(xk) - f")

The proof of Theorem 3 is complete.

5. COMPUTATIONAL EXPERIMENTS

This section presents the results of computational experiments conducted to assess the efficiency
of the proposed algorithms when minimizing the logistic function (29) and the quasar-convex func-
tion (30).

5.1. Testing Results for Adaptive Algorithm 1

Let us compare Algorithm 1 with the adaptive universal gradient method [30] for the problem
of minimizing the logistic function from Example 3:

F) = =3 log(1 +exp(—alx)). a; € R (29)
=1

m
As is well known, the logistic function (29) is convex and L-smooth with the constant L= L 3 [|a;||?,
i=1
as well as (Lo, L1)-smooth with the parameters Lo = 0 and L; = max llai]|-
<i<m

The algorithms were run with the parameters n = 1000 and m = 100 and the initial point xy =
(1,...,1) € R™ The gradient inexactness parameter A took values from the set {0.5;0.1;0.05;0.01}.
The vectors {a;}7, were generated randomly from the standard Gaussian distribution. Figure 1
shows the iteration-to-iteration dynamics of the objective function values for the algorithms com-
pared. According to the numerical results, Algorithm 1, which uses (Lg, L1)-smoothness, demon-
strates higher efficiency compared to the adaptive universal gradient method [30].

5.2. A Nonconver Problem Ezxample from the Class of Quasar-Convex Functions

This subsection presents a comparison of the proposed method (9) with the step size (10) and
the gradient method with a constant step size of 0.001 on the example of a quasar-convex function
from [27]:

£(z) = h(llz]2)g (ﬁ) , (30)
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A=0.5 A=0.1
10' --- Adapt. (univ.) method 10' --- Adapt. (univ.) method
\ — Algorithm 1 '\ — Algorithm 1
10°
=107
=
=
10°
107
0 5 10 15 20 25 0 5 10 15 20 25
Iteration Iteration
A=0.05 A=0.01
10' --- Adapt. (univ.) method 10' --- Adapt. (univ.) method
10’ \N — Algorithm 1 1000 \o, — Algorithm 1
10" 10
5 £10°
10° 3
10
10° 10°*
N 10°
10 0 5 10 15 20 25 0 5 10 15 20 25
Iteration Iteration

Fig. 1. Numerical solution of the logistic regression problem with (29), n = 10%, and m = 100 :
Algorithm 1 vs. the adaptive universal gradient method [30].

A=0.01 A=0.05
By Gradient method with constant step By Gradient method with constant step
7 \ — Method (9) with step size (10) 7 \ — Method (9) with step size (10)
6 6
s &5
4 4
= =
<3 =3
2 2
1 1
0 0
0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200
Iteration Iteration

Fig. 2. The results of minimizing the objective function (30): algorithm (9) with the step size (10) vs.
the gradient method with constant step size.

where h(t) = t? and
| N
g(x1,29) =1+ AN ; a;sin®(b;z1) + ¢; cos®(d;x).

In the computational experiments, the elements of the sequences {a;}; and {¢;}; were assigned
independent uniform distributions on the interval [0,20). Similarly, the elements of the sequences
{bi}; and {d;}; were independently and uniformly distributed on the interval [—25,25). All methods
were initialized from the starting point (1,1) with the parameters N = 10 and o = 0.01. Figure 2
shows the iteration-to-iteration dynamics of the objective function values for the algorithms com-
pared. According to the experimental results, the proposed algorithm (9) with the step size (10)
chosen based on the (Lg, Lj)-smoothness of the objective function has higher efficiency than the
gradient method with a constant step size.
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6. CONCLUSIONS

In this paper, we have proposed and analyzed several gradient methods for minimizing (Lg, L1)-
smooth objective functions under the additive inexactness in the gradient values at the iterations.
Attention has been focused on investigating the convergence of these methods for some classes of
nonconvex functions, such as p-quasar-convex ones and those satisfying the Polyak—Lojasiewicz
(PL) condition.

The state-of-the-art research in this field has been reviewed. All key definitions and auxiliary
results have been adapted to the case of a A-inexact gradient. Some lemmas characterizing the
impact of the additive gradient error on the trajectory of the gradient method have been formulated
and proven. The convergence rate of the gradient method on the class of quasar-convex functions
satisfying the PL condition has been estimated theoretically. In particular, the method has been
shown to converge at a nearly linear rate (up to some parameters related to the errors). It has
also been proven that starting from some iteration, the method converges to a neighborhood of the
exact solution on the class of functions with the PL condition. Separate consideration has been
given to a detailed study of the case Ly =0 (the class of (0, M)-smooth functions), which is of
significant interest for machine learning problems, such as training logistic regression models. An
adaptive modification of the gradient method using inexact gradient values has been developed,
and a theoretical estimate of its convergence rate has been derived. In the case of exact gradient
values (for A = 0), the method has been shown to converge at the rate of a geometric progression.
The efficiency of the proposed methods has been confirmed by the results of computational experi-
ments conducted both on the logistic regression problem and on a certain nonconvex quasar-convex
problem.

Concerning directions for further research, it seems interesting to study accelerated methods for
(Lo, L1)-smooth problems with inexact gradient information and develop methods with adaptive
tuning to the parameters Ly and L.
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Abstract—We address the problem of zero-order optimization from noisy observations for an
objective function satisfying the Polyak-Lojasiewicz or the strong convexity condition. Addi-
tionally, we assume that the objective function has an additive structure and satisfies a higher-
order smoothness property, characterized by the Holder family of functions. The additive model
for Holder classes of functions is well-studied in the literature on nonparametric function esti-
mation, where it is shown that such a model benefits from a substantial improvement of the
estimation accuracy compared to the Holder model without additive structure. We study this
established framework in the context of gradient-free optimization. We propose a randomized
gradient estimator that, when plugged into a gradient descent algorithm, allows one to achieve
minimax optimal optimization error of the order dT~(#=1/8 where d is the dimension of the
problem, T is the number of queries and 8 > 2 is the Holder degree of smoothness. We conclude
that, in contrast to nonparametric estimation problems, no substantial gain of accuracy can be
achieved when using additive models in gradient-free optimization.

Keywords: additive model, gradient-free optimization, minimax optimality, Polyak-Lojasiewicz
condition

DOI: 10.31857/50005117925090026

1. INTRODUCTION

Additive modeling is a popular approach to dimension reduction in nonparametric estimation
problems [12, 28, 30]. It consists of considering that the unknown function f : R? — R to be esti-
mated from the data has the form f(x) = Z;l:l fi(x;), where z;’s are the coordinates of € R?
and f;’s are unknown functions of one variable. The main property proved in the literature on
additive models in nonparametric regression can be summarized as follows. If each of the func-
tions f; is f-Holder (see Definition 1 below) then the minimax rate of estimation of f, pointwise
or in Lo-norm, is of the order n=#/(28+1) where n is the number of observations [28]. This is in
contrast with the problem of estimating S-Holder functions on R? without any additive structure,
since for such functions the minimax rate is known to be n=#/(26+d) [13, 14, 26, 27]. Thus, there is
a substantial improvement in the rate of estimation when passing from general to additive models
in nonparametric regression setting.

In the present paper, we show that such a dimension reduction property fails to hold in the
context of gradient-free optimization. We consider additive modeling in the problem of minimizing
an unknown function f : R — R when only sequential evaluations of values of f are available, cor-
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818 AKHAVAN, TSYBAKOV

rupted with noise. We assume that f is either strongly convex or satisfies the Polyak—Lojasiewicz
(PL) condition [18, 22] and admits an additive representation as described above, where the com-
ponents f; are S-Holder.

The setting that we consider belongs to the family of gradient-free (or zero-order) stochastic
optimization problems, for which a rich literature is now available, see [1, 2, 4-6, 8, 10, 15, 17,
19-21, 23, 25] and the references therein. These papers did not assume any additive structure
of f. It was proved in [23] that the minimax optimal rate of the optimization error, when f is
B-Holder with 8 > 2 and satisfies the quadratic growth condition, is of the order T—(F=1/8 ag
function of the number of sequential queries T, to within an unspecified factor depending on the
dimension d. Further developments were devoted to exploring the dependency of the minimax rate
on d assuming that f is S-Holder with 8 > 2 and is either strongly convex [1, 4, 15, 21, 25] or
satisfies the PL condition [1, 9]. In the PL case, unconstrained minimization was studied while the
strongly convex case was analyzed both in constrained and unconstrained settings. A considerable
progress was achieved though the complete solution valid for all 8 > 2 is not yet available. There
exists a minimax lower bound for the class of 8-Holder and strongly convex functions, which scales
as dT~P=1/8 (proved in [25] for B = 2 and Gaussian noise and in [2] for all 8 > 2 and more general
noise; see also [1] for a yet more general lower bound). Moreover, the same rate is attained for § = 2
under general conditions on the noise (no independence or zero-mean assumption), see [2]. Thus,
for B =2 we know that the minimax rate is of the order dv/T. For § > 2, the literature provides
different dependencies of the upper bounds on d determined by the geometry of the S-Holder
condition. Thus, for the Holder classes defined by pointwise Taylor approximation the best known
upper bound is of the order d>~'/#T=(#=1/8 when strongly convex functions are considered [21].
On the other hand, for the Holder classes defined by tensor-type conditions one can achieve the rate
d?2=2/B=(6-1/8 hoth for strongly convex functions and for PL functions [1]. Finally, the recent
paper [31], assuming again strong convexity, deals with the class of functions that admit a Lipschitz
Hessian. This represents a type of Holder condition for 8 = 3 and the paper [31] derives the upper
rate dT~2/3. We note that the lower bound of [2] with the rate dT~(#~1/8 is valid for all the above
mentioned Holder classes since this lower bound is obtained on additive functions that belong to
all of them. Thus, the rate dT~(8~1/8 appears to be minimax optimal not only for 8 = 2 but also
for § = 3 under a suitable definition of 3-Hoélder class of strongly convex functions.

The main result of the present paper is to establish an upper bound with the rate d7—(8—1)/8
for the optimization error in the noisy gradient-free setting over the class of g-Holder functions
satisfying the additive model and either the PL condition or the strong convexity condition. To-
gether with the lower bound proved in [2], it implies that dT~=1/8 is the minimax optimal rate
of the optimization error in this setting for all 8 > 2. This conclusion is quite surprising as it goes
against the intuition acquired from the classical results on nonparametric estimation mentioned
above. Indeed, it means that, at least for 5 € {2,3}, there is no improvement in the rate neither
in T nor in d when passing from the general 5-Holder model to the additive S-Holder model. If any,
an improvement can be obtained only in a factor independent of T' and d. Such a property may
be explained by the fact that the optimization setting is easier than nonparametric function esti-
mation in the sense that it aims at estimating a specific functional of the unknown f (namely, its
minimizer) rather than f as a whole object. We also refer to a another somewhat similar fact in the
gradient-free stochastic optimization setting. Specifically, there is no dramatic difference between
the complexity of minimizing a strongly convex function with Lipschitz gradient, which corresponds
to the case 3 = 2 discussed above with the minimax rate dv/T, and the complexity of minimizing a
convex function with no additional properties, for which one can construct an algorithm converging
with the rate between d'®v/T and d''™+/T (up to a logarithmic factor) as recently shown in [7].
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2. PROBLEM SETUP

Let © be a closed convex subset of R?. We consider the problem of minimizing an unknown
function f:R? — R over the set © based on noisy evaluations of f at query points that can be
chosen sequentially depending on the past observations. Specifically, we assume that at round
t € {1,...,T} we can observe two noisy evaluations of f at points z;, z, € R?, i.e.,

Yt = f(zt) + gta y; = f(zé) +£27

where &,&; are scalar noise variables and the query points z;, z, can be chosen depending on

{2i, 2}, y;,¥/}.=1 and on a suitable randomization.

Throughout the paper we assume that f follows the additive model
d
fl@)=>" fi(x)),
j=1

where x;’s are the coordinates of & € R? and f;’s are unknown functions of one variable.
We assume that each of the functions f; : R = R, j =1,...,d, belongs to the class of S-Hélder
functions specified by the following definition, with 8 > 2.

Definition 1. For 3> 0, L > 0, denote by Fg(L) the set of all functions f:R — R that are
¢ = |B] times differentiable and satisfy, for all z, z € R, the condition

l
76— ¥ @) - 2| < Lz - ol (1)

where f(™) is the mth derivative of f and | 3] is the largest integer less than 5. Elements of the
class Fg(L) are referred to as S-Holder functions.

If § > 2 the fact that f; € Fg(L) does not imply that f; € Fo(L), however we will need the
latter condition as well. It will be convenient to use it in a slightly different form given by the next
definition.

Definition 2. The function f : R — R is called L-smooth if it is differentiable on R and there
exists L > 0 such that, for every z, 2’ € R, it holds that

|f'(x) = f'(a")] < Lz —a'].

The class of all L-smooth functions will be denoted by F5(L).

We also assume that f is either an a-strongly convex function or an a-PL function as stated in the
next two definitions.

Definition 3. Let a > 0. The function f : R? — R is called an a-Polyak-Lojasiewicz function
(shortly, a-PL function) if f is differentiable on R% and

2 (f(zr:) — min f(z)) < V()2 for all z € RY,
z€R4

where || - || denotes the Euclidean norm.

Functions satisfying the PL condition are not necessarily convex. The PL condition is a useful
tool in optimization problems since it leads to linear convergence of the gradient descent algorithm
without convexity as shown by Polyak [22]. For more details and discussion on the PL condition
see [16].
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Algorithm 1: Zero-Order Stochastic Projected Gradient
Input: Constraint set O, kernel function K : [-1,1] — R, step size n; > 0 and perturbation parameter
h: >0, fort=1,...,T
Initialization: Generate vectors r¢ = (r¢1,...,7¢d) € R¢ for t = 1,...,T, where the components 1y ;
are independent and distributed uniformly from the interval [—1, 1], and choose x; € ©
fort=1,...,T do
Observe y; = f(xy + hyry) + & and y' = f(xy — hery) + & // query
for j=1,...,d do
| 9t5 = 20 (v — y0) K (re5)
Let gr = (94,1, -5 9t,4); // gradient estimator
x11 = Projg (T — mi9¢); // update

Definition 4. Let a > 0. The function f : R — R is called a-strongly convex if f is differentiable
on R? and o
flx)— f(&) < (Vf(z),z—x) - §||:1: — /|2 for all =, ' € R%.

In order to minimize f, we apply a version of projected gradient descent with estimated gradient
presented in Algorithm 1. Let {n;}7_; be a sequence of positive numbers and let {g;}/_; be a
sequence of random vectors. Consider any fixed x; € R? and let the vectors x; for t = 2,...,T be
defined by the recursion

xi 41 = Projg (¢ — ni94) (2)

where Projg(-) is the Euclidean projection over ©.

In this paper, the gradient estimator g; = (g11,...,grq) € R at round t € {1,...,T} of the
algorithm is defined as follows. For given 8 > 2 and ¢ = |3/, let K : [—1,1] — R be a function such
that

/uK(u)du =1, /qu(u)du =0, j=0,2,3,...,¢, and kg = / [ul?|K (u)|du < oo.  (3)

Assume that x := [ K?(r)dr is finite. Functions K satisfying these conditions are not hard to
construct. In particular, a construction based on Legendre polynomials can be used, see, for
example, [4, 23, 29].

At each round t of the algorithm, we generate a random vector r¢ = (r¢1,...,7¢d) € R?, where
the components 7 ; are independent and distributed uniformly on [—1,1]. For h; > 0, we draw two
noisy evaluations

yr = fay + hyre) + &, vy = fl@ — hury) + &,

and, for j € {1,...,d}, we define

1
915 = gp,- (Wt = Yo K (re ). (4)
We consider the gradient estimator g; = (94,1, .-, 9t.d)- Note that other choices of gradient

estimator can lead to similar results as those that we obtain below, namely estimators based on
finite difference approximations taking into account higher order smoothness. In contrast to (4),
such higher order finite difference schemes have a complicated form and require many queries per
step of the algorithm.

We assume that the noise variables &, &; and the randomizing variables 7 ; satisfy the following.
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Assumption 1. There exists 02 > 0 such that for all ¢ € {1,...,T} the following holds.

(i) The random variables r;; ~ U[—1,1], j = 1,...,d, are independent of x; and conditionally
independent of &, &} given xy,
(i) E[¢7] < o?, E[(&)%] < 0.

Assumption 1 (i) can be considered not as a restriction but as a part of the definition of the
algorithm dealing with the choice of the randomizing variables 7; ;. Randomizations are naturally
chosen independent of all other sources of randomness. For the proofs we need even a weaker
property that we state here as an assumption in order to refer to it in what follows. Note also
that Assumption 1 does not require the noises &, &, to have zero mean. Moreover, they can be
non-random and we do not assume independence between these noises on different rounds of the
algorithm. The fact that convergence of gradient-free algorithms can be achieved under general
conditions on the noise of similar type, not requiring independence and zero means, dates back
to [11, 24].

3. STATEMENT OF THE RESULTS

In this section, we provide upper bounds on the optimization error of the algorithm defined in
Section 2. First, we assume that function f represented by the additive model satisfies the a-PL
condition. Note that imposing this condition on the sum f implies that all the components f;
are PL functions. When dealing with PL functions we consider the problem of unconstrained
minimization and we introduce the notation

"= min f(z).
In what follows, for any positive integer n we denote by [n] the set of positive integers less than or
equal to n.

Theorem 1. Let « > 0, 8 > 2 and L,L > 0. For j € [d], let fj : R — R be such that
fi € Fy(L) N Fz(L). Assume that f : RY — R has the form f(z) = 2?21 fi(x;), and that f is
an a-PL function. Let Assumption 1 hold, and let {x;}]_, be the updates of Algorithm 1 with
© =R?, and

Then,

Bif(er) ~ 1< g () - £+ <A1 <i> T oeatd <L> E) ,

where A1, Ay > 0 depend only on 3 and o2.
Corollary 1. Under the conditions of Theorem 1, if T > (L/a)((L*da)

[@

B[f(er) — /] € Tor (fla) — ) + A (%) -

where A > 0 depends only on B and o>.
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The bounds of Theorem 1 and Corollary 1 show how the rate of convergence depends on the
parameters T,d and a but also on the aspect ratio L/a. Moreover, in Corollary 1 the condition
T > CdP/?, where C > 0 is a constant, does not bring an additional restriction when 2 < 8 < 3
since the condition is weaker than giving the range of T', for which the bound makes sense. Indeed,
for 2 < 8 < 3 the bound is greater than a constant independent of T, d if T < CdP/2.

Next, we study the optimization error of the algorithm defined in Section 2 under the assumption
that the objective function is a-strongly convex. Unlike the case of PL functions, we consider here
the problem of constrained minimization

min f(z),

where © is a compact convex subset of R%.

Theorem 2. Leta >0, 3> 2 and L,L > 0. Forj € [d], let f; : R — R be such that f; € F(L)N
Fs(L). Assume that f:R? — R has the form f(z) = E?:l fi(xj), and that f is an o-strongly
convexr function on a compact convexr subset © of R such that maxgeo |V f(z)|| < G. Let As-
sumption 1 hold, and let {x;}}_, be the updates of Algorithm 1 with

1
B 4 b — 3 ko? \
" AT 1) T3z

Consider the weighted estimator

9 T
BT = e 3ty
Then, for any x € © we have
_ 18G?d  d 2 _ 2\ _p-1
E[f(zr) - f(z)] < T +E<A1Lﬁ + AgdL*(LT) ﬁ)T 7

where A1, Ay > 0 depend only on 5 and o2.
Corollary 2. Under the conditions of Theorem 2, if T > (dL)?/2L=2 then

B[/(@r) —min f(z)] <ASTF,

where A > 0 does not depend on T,d and «.

Similarly to Corollary 1, we may note that that for 2 < 8 < 3 the condition T" > CdP/? in Corol-
lary 2, where C > 0 is a constant, does not bring an additional restriction but indicates the mean-
ingful range of T since the bound is greater than a constant when 7' < Cd?/2.

Remark 1. In view of strong convexity, Theorem 2 and Corollary 2 immediately imply the
corresponding bounds on the estimation error E[||Z1 — z*||?], where * is the minimizer of f on
©. Thus, under the assumptions of Corollary 2 we have

d __B-1
E[|@r — «*|*] <2A5T 7,
o

where A > 0 is the constant from Corollary 2.
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It follows from Corollary 2 and the proofs of the lower bounds in [1, 2] that, under non-restrictive

conditions on the parameters of the problem, the rate gT -5 in Corollary 2 is minimax optimal
on the class of additive functions f satisfying the assumptions of Theorem 2. The lower bound that
we need is not explicitly stated in [1, 2] but follows immediately from the proofs in those papers
since the lower bounds in [1, 2] are obtained on additive functions. For completeness, we provide

here the statement of the lower bound for additive functions based on [1].

Consider all strategies of choosing the query points as z; = ®4( (zz,yz)f_i , (zz,yz)f },Tt) and

=& ((zi,4:)'C } , (zz,yz)f_i ,7¢) for t>2, where ®,/s and ®}’s are measurable functions,
21,2, € R? are any random variables, and {7} is a sequence of random Varlables with values
in a measurable space (Z,U), such that 7; is independent of ((zz,yz)f;i ,(z 7J,yz)z_ ). We denote
by II7 the set of all such strategies of choosing query points up to ¢ =7T. The class IIp includes
the sequential strategy of the algorithm of Section 2 with the gradient estimator (4). In this case,
Tt =71y, 2t = Ty + lyry and z[ = @y — hyry.

The lower bound of [1] that we are using here is proved under the following assumption on the
noises (£,€,). Let H?(-,-) be the squared Hellinger distance defined, for two probability measures
P, P’ on a measurable space ({2,.4), as

H*(P,P') & /(ﬁ —Vap/)?

Assumption 2. For every t > 1, the following holds:
e The cumulative distribution function F; : R? — R of random variable (&, &) is such that

HQ(PF,&(-,-)J PFt(--H),'-H))) < IO/U2 ) "U‘ < Vo, (5)

for some 0 < Iy < 00, 0 < wg < oo. Here, Pp(. ) denotes the probability measure corresponding
to the c.d.f. F(-,-).
e The random variable (&,£]) is independent of ((z;,v:)!Z1, (25,4021, 71).
Let © = {x ¢ R? : ||z|| < 1}. Fix a,L,L > 0,G > o, B8 > 2, and denote by F the set of all func-
tions f that satisfy the assumptions of Theorem 2 and attain their minimum over R? in ©.

Theorem 3. Let © = {x € R? : ||z|| < 1} and let Assumption 2 hold. Assume that o >
T-124Y8 and T > dP. Then, for any estimator & based on the observations ((z,y), (24, y}),t =
1,...,T), where ((z¢,2,),t =1,...,T) are obtained by any strategy in the class llp we have
d T_%

;ggE[f(ii' r) — min f(z)] > C~

: (6)

where C' > 0 is a constant that does not depend of T, d, and «.

Theorem 3 follows immediately from the proof of Theorem 22 in [1] since the family of functions
used there belongs to the class F. The lower bound of Theorem 22 in [1] has the form

d d
C'min (max(a TYABY
9 9 \/T a )

_bB—-1
which reduces to C gT A under the assumptions on 7', d and « used in Theorem 3.

Remark 2. Since the strong convexity and the PL property hold for each additive component
of f, another possible approach would be to run the procedure component-wise (minimize separately
each component f;). However, it leads to a worse result. Indeed, in this case we need to make at
each step 2d queries in parallel (two queries for each component) and thus can make only ~ T'/d
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steps if the total budget of queries is T'. At the end, applying Theorems 1 or 2 in the one-dimensional
case, for each component we obtain the error in 7' and d of the order (7'/d)~(#~1/#. This rate

cannot be improved as follows from the one-dimensional instance of Theorem 3. Summing up over
the d components, the overall error will be of the order d(T/d)_(ﬁ_l)/ﬁ = 2~YB-B-1/B that is,
the error will depend on d in a sub-optimal way.

4. PROOFS

We start by proving some auxiliary lemmas.

Lemma 1. Let f : RY — R be a differentiable function such that |V f(x) — Vf(z')|| < L|z — ='||
for all x,x' € R, where L > 0. Let Assumption 1 hold and let {x;}_; be the updates of Algo-
rithm 1 with © =R9. Then, for all t € [T] we have

T 2
B/ (@)l < f(@) — ZIVH@)I? + 2B lgded - V@I + "B gl . (7

Proof. The assumption on f implies that

T 2
Fl@en) = Fl—mae) < Fwo) — (V) 0 + L g,

By adding and subtracting 7|V f(z)||* we obtain

T2
Flaa) < fla) — mlV I @Ol — m(V (). g0~ V@) + T g,

Taking the conditional expectation gives

T 2
B [f(ze)lwd] < fwe) — V5 (@)? —ndV (), Blada] - Vi) + 2B [lgi))a]

T 2
< @) — VI @I + 0l VS @) 1B gl — V(@] + 2 gl 2]

The lemma follows by using the inequality 2ab < a? + b2, Va,b € R.

Lemma 2. For j € [d], let f; : R — R be such that f; € Fg(L), where B > 2 and L > 0. Assume
that f : R? — R satisfies the additive model f(x) = Z;l:l fj(x;). Let Assumption 1(i) hold. Then,
for allt € [T] we have

1B lgile] = V1 (0) | < mpLVdh ™"
Proof. Using Assumption 1(i) for any je€[d] and te[T] we have E(K(r;;)) =0,
E [ftK(Tt,j)kBt] =0and E [&K(rm)\wt] = 0. ThllS,

E (gt j]x] = LE [(fi(zej + hereg) — fi(wey — hurey)) K (1) |22]

2hy
1
+ ﬁ Z E [(fm(xt,m + htrt,m) — fm(xt,m — htrt,m))K(rtJ'Mmt]
b mtj
1
= 2—htE [(fi(@ej 4+ hare ) — fi(aey — here ) K (14 5) 2]

where we have used the fact that E(K(r;;)) =0 and r; is independent of 7 ,,, for m # j, and
of ;. From Taylor expansion we obtain that

1 W .
Fi(@eg +herej) — filae — hureg)) = fi(@eg)re; + e > ﬁf} )(xt,j)m,j

1<m<¥, m odd :
R(hirej) — R(=here 5)
2hy ’

1
T

_l’_
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where |R(—hrej)|, |R(here 5)| < L|rt7j|f8hf. Multiplying both sides of this inequality by K (r ;) and
taking the conditional expectation implies

[ [gelwe] = fj(@i)] < LB [[rogl K (ro)] b~ = ms Db ™"
The result of the lemma follows from this inequality and the fact that

IBlgiled) = V(@) < Vd max [E gy |z = fj(ze,)]

Lemma 3. For j € [d], let fj: R — R be such that f; € F4(L), where L >0. Assume that
f:R? = R satisfies the additive model f(x) = 2?21 fi(xj). Let Assumption 1 hold. Then, for

all t € [T] we have
d (
Proof. For i € [d] we define

Gi = filwe; + hrei) — fi(wes — hares).

wlw
oo

E [|g:|e:] < 2

0.2
(dL?h? + 8|V f (1)) + ) :
We have

E [gf,j‘wt} = 4h2

2
(ZG + & — ) (Tt,j)‘wtj| .

Note that r;; and —r;; have the same distribution. Therefore, E[G;|z¢] = 0 and we can write

sl (£)

2

+& + (&) )) (Tt,j)‘wt}

3 302K
< -5E ZG§K2(W,J~)+ Z GG (rog)|2e | + S
Ah; Li=1 i,k=1,i#k 2h;

3 302K

+

= —E ZGz ’I"tJ ‘.’,Ut

Le=1

22
Since f; € F5(L) we have that, for all i € [d],
G? = ((fi(weg + hares) — flxes) — fl@ei)hares) — (fi(zes — hres) — (i) + fl(zes) heres)
+ 2fi/($t,i)ht7"t,i)2
3 ((fi(i’ti + hereg) — fes) — fi/(xt,i)htrt,i)Q + (filwes — herei) — flae) + fi/(xt,i)htrt,i)Q
+ 4 (fi (@) hare i) 2)
7).

9 [(dL? 302k
E [gt%j\a:t} < 1 (—h2 +4Z fl xtz ) + W,
t

<3 ( hi +4 (f1(

Thus,

i=1

which implies the lemma.
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Lemma 4. Forj € [d], let fj : R — R be such that f; € F5(L)NFz(L), where 8 > 2 and L, L > 0.
Assume that f : R — R satisfies the additive model f(x) = Z;l:l fi(x;). Let Assumption 1 hold.

Assume that {x;}1_, are updates of Algorithm 1 with © = R? and with the gradient estimators
defined by (4). Then, for all t € [T] we have

B[/ (1)) < f(@) — 5 (L—9Ldwn,) |V (@)

3 5-1\2 = 3Ln} 0_2 3L% ,

Proof. The result follows by combining Lemmas 1, 2 and 3.

Lemma 5. For a > 0 assume that f is an a-strongly convex function. Assume that {z;}1 | are
the updates of Algorithm 1. Then, for allt € [T] and x € O, we have

Pl — 7)< @n)" (Ja — @l ~ B [z — 2lPle]) + 1V (@) — Blgded

e 2 _a o2
+ 5B |llgil*l] - Fllwe — 2]

Proof. Fix * € ©. Then, by the contraction property of the Euclidean projection we have
041 — 2 < [l — gt — |- Equivalently,

_ Tt
(g, 2 — @) < (2m) " (|| — 2] = 21 —2f?) + 5\\gtll2-

Let a; = ||z; — x||?. Since f is an a-strongly convex function we have
a
fla) = f(®) < (Vo) 20 — ) — S
e
=gz —x) + (Vf(2e) — gt 2 — ) — S
_ e
< @2m) Nay — apg1) + (V f(@e) — gr 0 — ) + %HgtHQ g

Taking the conditional expectation given x; and using the inequality ab < a?/\ + \b?/4 valid for
all a,b € R and A > 0 we deduce that

2

— «
< (2m) (o = Bl lei]) + IV £ (@) - Elgile| |z — 2]l + TE [llgelPl2] - Sau

f(@) = f(@) < @) @~ E o lai]) + (9 (@) — Elgilai] @ — @) + 2E [lgi)2e] - Sa

_ 1 «
< (2007 (00~ Blavilz) 4~V () - Blgded | + 2B [lgle] - La.

Proof of Theorem 1. Since n; < 1/(18Ldk) from Lemma 4 we have

2 3Ln? o2 3L%d
E [f (zep)|ed] < f(z0) — DIV @I + L (Ligh ™)+ =Tond | 25+ =207 )
4 2 4 h2 4

Taking the expectation from both sides of this inequality and using the fact that f is an «-PL
function we obtain

2 2

e’ nt 8-1\2 3D7t o 3L2d 9
< - - - -
5t-|—1 X 515 (1 D) ) + 9 d (L/i/ght ) + 4 Kkd h% + 1 ht 5 (8)
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where 6; = E[f(z:) — f*]. Let Tp = |72Ldk/c|. Note that

827
1

_ it <T,
Ji8Lax NPT
Mt 4

— if t > Tp.
at
We consider separately the cases T > Ty and T < Tp.

If T' > Ty, then for ¢ > T we have n, = 4/(at) and we can write

2 d 5-1\2 3L
041 < 0 (1 - Z) + s (2 (Lﬁght ) +

o? 3L
i Z —h2 ‘
at a (h? + t
Substituting here h; = ( 3L . _ko?

4
L
e )2
ot 2L2n§) # gives

B—1
2 d L\ ? L3d
Opr1 <O (11— = — | A; [ =
t+1 t( t>+at<3< )

1
L B
ALl =
ot ) T (atL2> )
/
Lemma 32| leads to the bound

1/8 L
where Az = 6 ((2/@%/3)(/@02)5_1> and Ay = 9 (3/@02/(25%)) /4. Since T > Ty, applying [1,

_o\ B _
2Ty d{ BAL [ L\ ° BAy L3d
o < —=6 — —
T T TO+1+a<B+1<aT> +

P\
28+1 T \aTL? ’
If Ty = 0 then the proof is complete for the case T > Tj.
ne = 1/(18Ldk) and hy = (3L

Kko? L
oT " 212 H%

Otherwise, for any t < 7p, we have
)28. Note that

4 e < 4
(To + D SIS Toa’
and from (8) we deduce that, for all ¢ < Tj,

_\ Bzt 1

2 2d L\ ” _Bs1 T8

01 <0 (1 — — | A3 | — T 8 —
il t( T0+1)+aTo< 3(04) ( + )

1
L B
Al— | —= .
o | T <aTL2> )
Note that 1 —2/(Tp + 1) < 1. Thus, by taking into account the definition of Ty and the fact that
T > Ty we get

B—1 1
2T, 144Ldk 4d L\ 7?7 L*d( L \°*
b S ———61 + — | 2A5 | — Ay— | —— .
T "ttt aT 1+a< 3<aT> +Ap <aTL2> )
Therefore,
144Ld
5T\ "

where A; = As (ﬁ/(ﬁ + 1) —1—8) and Ay = Ay (ﬁ/(?ﬁ—l— 1) +4)
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Consider now the case T' < Tp. Then from (8) we get that, for all t < T,

_ B=1 1 _ _ 1

2 2d L) 7 _B-1 T8 L3d L \7?
Sp1 <O (11— (A= T F +— A — .
1 t( T0+1)+aTO< 3<a> ( +T0>+ iy <aTL2> )

Thus,

B—1 1

2 \T 24 L\ *? L3d L \?
Spa1 <0 A A .
T+ 1( T0+1> +a< 3<aT> A <aTL2> )

Since (1 — AT < exp(=AT) < 1/(\T) for all T, A > 0, we deduce from the previous display that

B—1 1
To+1 2d L\ 7?7 L3d( L \°*
ora1 < 51 + 2A A== .
T+l o 01T ( 3( T) AT (aTL2> )

By using the fact that A + 1 < 2\ for all A > 1 we finally get

B—1

1
2Ty 2d 2L e 2L3d 2L g
5141 < 54+ = [ 2A [ ———— A
T T+11+a( 3<a(T+1)> T\ e

_ _ B—1 _ _ 1
- 144Ld/<;5 +g A L E LA L3d L 2
SaT+D) T a T T+ ) T+1 \ a(T +1)L2 ’

where A; = 2 ﬁ A3 and Ay = 2 A4
Proof of Theorem 2. Fix x € ©. By Lemma 5 we have

ar — Efagy1|e]

fl@) = fl@) < + 2195 @) ~ Bladl? + LB [lgulPle] — Sa,

277t 4
where a; = ||&; — x||*>. Using Lemmas 2 and 3 and the assumption that maxzce |V f(z)| < G we
obtain
a; — E [at+1\wt] d 8—1 37],5 3 2,9 2 2 [0
Flae) — fla) < o + = (kL) + Srnd (dL h2 + 8G ) 2z~ 3

Let by = E [||z; — x||?]. Using the definition n; = 4/(a(t+1)) and taking the expectation we obtain

3

B [f (@) = f(@)] < 7 (¢ (by — byr) = br) + gwmf‘lf T 1) ( (d227 +867) + h2>

Summing up both sides of this inequality form 1 to T" and using the fact that

T
Zt((t +1) (bt — brr1) — b)) <O
t=1

TtE <@ t(kgLh?~1)2 3t dL?h? + 8G?) + o
SR f () — f@)] < 33 maLbi ™ + 5 2 (az2z +86) + ¢ T

t=1 t=1
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1
Substituting here h; = (% %)Qﬁ yields
B

Sl - o) < XL+ 57 (et} aai () ),
=t t=1

5-1 B+1 2 . . .
5K B (0/kg)®.  Using the inequality

where A = 2(3r02/2) and Ay = (1/2)(3/2)° 7 &
SETF < (B/(B - )T we find

=R v

9G2dT d

> BA
+E<A3L5+ B2

51

T — 2 B+1
S UE[f (@) - f()] < arrry ¥ 1%
t=1

a
Dividing both sides of this inequality by 7(T'+ 1)/2 and applying Jensen’s inequality we finally get

18G%d d 2 =9 _2\ -1
— B B B
= +a<A1L + AdL*(LT) %) T™'F

where A} = 2A3 and Ay = 28A4/(B — 1).

E[f(zr) - f(z)] <
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Abstract—This paper presents a new approach to designing robust controllers for an uncertain
dynamic system using the generalized H,, norm as a criterion. The controller parameters are
tuned during the real-time operation of the system as current measurements of the state and
control, obtained with error, become available. The numerical simulation results of the active
vibration suppression of buildings under seismic loads illustrate the effectiveness of the approach
proposed.
Keywords: current data, robust control, generalized H,, norm, dual systems, linear matrix
inequalities (LMIs)
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1. INTRODUCTION

In this paper, we develop a new approach to designing optimal controllers for linear dynamic
systems with unknown mathematical models, unmeasurable disturbances, and uncertain initial
conditions, utilizing a priori information and current data in an online mode. As is known, one of
the most common robust control methods is based on the minimax approach: design a controller
ensuring the best estimate of an optimized functional over the entire set of uncertain parameter
values, determined based on a priori information (for example, see [1, 2]). Despite all its advantages,
this approach has a significant drawback: the guaranteed upper bound of the functional is quite
rough due to the large size of the uncertainty set, and in the absence of accurate a priori information,
the uncertainty set can become so large that a robust controller ceases to exist.

Recently, there has been significant interest in the development of control methods using data
obtained preliminarily during an experiment, often referred to as “data-driven control” [3, 4]. Ini-
tially, these methods were based on the fundamental result of [5], showing that a single trajectory
obtained under the so-called persistent excitation condition can be used for the complete char-
acterization of a linear time-invariant dynamic system without disturbances. According to [6],
the parameterization of a closed-loop control system based on experimental data allows designing
controllers using linear matrix inequalities (LMIs). As established in [7], for designing controllers
from experimental data, it suffices to satisfy the less restrictive condition of data informativity
with respect to the property under study. Subsequently, these methods were extended to systems
with disturbances [8-11] and linear time-varying systems [12]; a stabilizing controller based on
measurements obtained with an error was designed in [13].

The mathematical modeling results presented in the above works demonstrate that even for
relatively small disturbance amplitudes, the guaranteed estimate of the control performance index
turns out to be significantly overvalued. This happens because, as the noise amplitude increases, the
set of systems consistent with the experimental data expands significantly. In most of these works,
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experimental data must also satisfy certain requirements: the matrix composed of state and control
measurements along the system trajectory must be of full row rank. To satisfy this rank condition,
the input signals in the experiments must provide persistent excitation in the system, necessary for
the identifiability of the unknown parameters. Although persistent excitation in the system is not
formally required to ensure data informativity, the uncertainty set can become unbounded even for
small noise amplitudes if the rank condition fails for the experimental data.

These circumstances suggest the idea of designing a controller based on both a priori information
and experimental data. In [14-20], the parameters of state-feedback controllers for linear time-
invariant systems on an infinite horizon, time-varying systems on a finite horizon, as well as some
classes of nonlinear systems, were found with the joint use of a priori information and experimental
data by solving a minimax problem on the set of unknown parameters consistent with the a priori
information and experimental data. Such controllers, obtained by solving LMIs, provide a certainly
smaller value of the guaranteed functional estimate than, first, classical robust controllers and,
second, a controller designed only from experimental data.

During the experimental stage, which precedes the controller design, input signals are chosen
based on the informativity requirements for the output data. However, this stage is not always
feasible due to, e.g., the instability of the system. Furthermore, the parameters of some control
systems depend on the state of the environment, e.g., temperature or pressure. In these cases,
control designed from preliminary stage data may be just partially suitable under other conditions.
Instead, it would be desirable to retune the controller parameters at each step of the real-time
system operation as new current data arrive, based on solving a minimax problem for the set
of models consistent with the information available by that time. Since this set narrows (or, at
worst, does not increase) at each step, the feedback controllers determined in this way will provide
monotonically decreasing or non-increasing guaranteed values of the functional for the unknown
system. The parameter tuning procedure stops when the guaranteed functional value becomes less
than a desired one. This approach is developed below. Note that the informativity conditions are
not required, and the significant question about the necessary number of measurements is eliminated
as well. An illustrative example of active vibration suppression of buildings under seismic loads
demonstrates the effectiveness of the controller design.

2. PROBLEM STATEMENT
Consider an uncertain system of the form
Ti+1 = Arealxt + Breaitt + wat7 $(0) = Xo,

(2.1)
zt:Cxt—l—Dut, tZO,l,...,

with the following notation: z; € R"™* is the state vector, u; € R™ is the control vector (input),
w € R™ is a disturbance, and z; € R™ is the performance (controlled) output. By assumption,
the initial state xg can be arbitrary, the disturbance {wy,t > 0} has a bounded ls norm, i.e.,
w| = (222, |we|?)'/? < 0o, where | - | stands for the Euclidean norm of an appropriate vector, and
the state is available for control in the feedback loop. The system matrices, collected in the matrix
Qreal = (Areal Breal), are unknown, but the pair (Ayeqr, Breal) 18 supposed to be stabilizable; finally,
the matrix B,, (in particular, an identity matrix) is known.

Since the system matrices are unknown, standard optimal control methods turn out to be
inapplicable. In this regard, we will involve a priori information, as is customary in robust control,
and current data, characteristic of adaptive control, for control design. Assume that in the system,
the disturbance w; has a bounded Euclidean norm and the state and control are measured with
some bounded noise:

Ty = + &, U= up 40, (2.2)
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where Z; and u; are the state and control measurements, respectively, at a time instant ¢, and
‘ft‘ < Eg, ‘T]t‘ < En, \wt\ < Ew Vt 2 0. (23)

Note that the state Z; and control #; measurements, which will be included in the current data,
contain the specified bounded errors, and the state x; is available for control.

Generally, it is required to design linear state-feedback controllers with tunable parameters based
on a priori information and current data during the real-time operation of the system in order to
reach, after some time, steady-state values that minimize the effect of the initial conditions and
exogenous disturbance on the performance output of the closed-loop time-invariant system.

3. CHARACTERIZATION OF THE NORM IN DUAL SYSTEM TERMS

Before proceeding to the problem solution, let us recall the main results regarding the generalized
H norm from the input w; to output z; of a given closed-loop system with a controller u; = QOuxy,
described by the equations

x441 = (A4 BO)xy + Bywy, (3.1)
% = (C 4 DO)x. '

The generalized H, norm characterizes the effect of initial conditions and an exogenous disturbance
on the [y norm of the performance output (i.e., on the transients) and is defined as

2]l

[Hlgoo(2,©) = sup

(3.2)
{zo, wiela} (ng_lxo -+ ||w||2

)1/2’

where Q = (A B) and R = R' = 0 is a weight matrix measuring the comparative significance of the
uncertainty in the initial conditions and exogenous disturbance for the performance output; S = T
(S = T) means that the matrix S — T is positive definite (positive semidefinite, respectively). In
this definition, by assumption, the denominator on the right-hand side of (3.2) does not vanish and

H(s) = (C+ D®O)[sI — (A+ BO)|'B,

is the transfer matrix of the closed-loop system relating the disturbance to the performance output.
In particular, the generalized H,, norm of the system with zero initial conditions coincides with
the standard H., norm; in the absence of an exogenous disturbance, it characterizes the maximum
value of the quadratic functional of the performance output for an initial state belonging to the
ellipsoid 2T R~'2 < 1. The following results on the computation of these norms will be applied
below.

Lemma 3.1 [21]. The generalized Hoo norm of system (3.1) satisfies the condition | H||goo < 7y
if and only if there exists a positive definite quadratic form V(x) = 2"Yx, Y < ¥?R™1 such that
AV (24) + 2> = 7*|wi]* <0, (3.3)
for all nonzero xy and wy, where AV (x;) = V(x441) — V(x¢) denotes the increment of the function
V(x) along the trajectory of the corresponding system.

Lemma 3.2 [17]. The generalized Ho, norm of system (3.1) satisfies the condition || H||go0 < 7y
if and only if there exists a positive definite quadratic form Vy(x) = 2T Pz, P = R, whose increment
along the trajectory of the dual system

2 = (A+ BO) a4 (C + DO)Tw(?), -
29 = Blal?
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s such that
d d d
AVy@™) + 122 = |l < 0 (3.5)

(@ (@)

for all nonzero x;’ and w;

Remark 3.1. For the generalized H., norm, the matrices of the quadratic forms V(z) = 2TYz
and Vy(z(®) = (T pg(d) of the primal and dual systems are related by P = 42Y 1.

Remark 3.2. Under the conditions of each of the lemmas above, the corresponding systems are
asymptotically stable in the absence of disturbances.

4. A PRIORI INFORMATION AND CURRENT DATA

Following conventional robust control methods, let there be a priori information that the real
matrix Qyeqr = (Areal Breal) lies strictly inside the domain defined by the inequality

Q-20)Q-9)T <p’I, Q.= (A, B,), (4.1)

where €2, and p characterize the nominal system and the size of the uncertainty domain, respectively.
We write inequality (4.1) as

Fu():=(Q DT, (Q D' =0, (4.2)
where
I | *
V,=| ——— ——— - —— (4.3)
—Q, | Q.0 — p21

and  replaces the corresponding block of the symmetric matrix. The set A(@ := {Q e R=X (na+nu) .
F,(Q) <0} will be called the set of all matrices consistent with the a priori information. By
assumption, Qeq € A,

Due to (2.1) and (2.2), the current data obtained at the time instant ¢ + 1 satisfy the equation

§tr1
/x\t—i-l = Qreal{ﬁt + (I Q7"eal Bw) Ct ) (44)
W

~ [ T . &t
(1) - (2)

The set of all matrices Q satisfying equation (4.4) for some disturbance and noises under the
constraints (2.3) will be called the set of all matrices consistent with the data Z;, Z411, and uy, and
denoted by Aﬁp ), Clearly, Q,cq1 € Aﬁp ), and the set Aﬁp ) corresponds to all systems that could have
generated these data. This set is characterized as follows.

where

Lemma 4.1. All matrices €2 € AE” ) consistent with the data Xy, Tey1, and Uy satisfy the inequality

~ =T 2

Proy —d“I *

Q I < o T ) Q@ nTt=o, (4.5)
—T1@; BT — (L4 BuBy)d

where d* = 252 + 5% +e2.
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The proof of this and all subsequent results is given in the Appendix. Let some measurements
of the states Zy,...,Z and previously chosen controls o, ...,Ur—1 of system (2.1) under some
unknown disturbances wy, ..., wr_1 be obtained by a fixed time instant k. The matrices {2 consis-
tent With all the data Zy,...,Z, and Uy, ..., Ur_1 obtained by a time instant k > 1 belong to the

set AP 0, k = =Nk A(p and are defined by inequalities (4.5) for t =0,...,k — 1. We denote by

Ag =A@ and A, = ﬂ A%)k_l], k > 1, the set of all matrices {2 consistent with the a priori
information and the data ;%0, e ,aAck and ug, ..., Uur_1 obtained by a time instant k£ for £ > 1. Note
that Ag 2 A1 D ... and Qe € Ay for any k > 0.

Checking whether the intersection of ellipsoids belongs to a given ellipsoid cannot be represented
as a semidefinite programming problem [22]. Therefore, we replace the set Ay with its outer
ellipsoidal approximation. With this approach, it is possible to find a controller minimizing the
upper bound of the considered norm of the closed-loop system for all models consistent with the
available data.

5. OUTER APPROXIMATION OF THE SET Ay

Summing inequalities (4.2) and (4.5) with some nonnegative multipliers ;> 0 and 79 > 0, ...,
Tr—1 = 0, we establish that all matrices €2 consistent with the a priori information and current data
by the time instant k satisfy the inequality

F, 41(2) = (@ DY, HQ nT=o, k>1, (5.1)
where
o (5.2)
pl+> (@3 — d*T) *
‘I’(M,T(lf 1) = =0 k1 k1 5
—pfdy — Z tht+195tT M(Q*Q;r - ,02]) +Z thﬁ\t+155tT+1 — M,
t=0 t=0
k—1
o = (10, ., 1), My =Y (I + ByBr)d*.
t=0

We define Ak(u, by = {Q € R”ix("fr”“) : ﬁ# k-1(92) < 0} as the set of all matrices 2 satisfying

77—0
inequality (5.1) for ﬁxed p >0 and 7871 > 0. Thus, A, C Ak(,u,TO ) for any >0, 7871 >0
and Q,eq € Ak(u, 7‘0 ) This set, with certain values of u > 0 and 7‘ > 0, will serve as an outer
approximation of the set Aj.

Let us find boundedness conditions for the set /A\k(,u, 7&71). We denote by ;i (1, 0,5 =1,2,
the corresponding blocks of the matrix (5.2), whose arguments will sometimes be omitted.

Lemma 5.1. If
k—1

Uy =pul+ > w(@@ —d°I) =0, (5.3)
t=0

then the set Kk(,u,Té“_l) is a bounded matriz ellipsoid given by the inequality
(Q+ VW)U (Q+ U0t 2Ty, (5.4)
where Ty, = UHU M — Wgy = 0.

Remark 5.1. Condition (5.3) means that based on the a priori information, the “energy” of the
measured signal on the entire interval must exceed the total “energy” of the disturbance and mea-
surement noise. If this condition fails, the set A (y, T(]f_l) will be unbounded; see [19, Lemma 2.1].
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6. ROBUST CONTROLLER BASED ON CURRENT DATA

To design a robust controller with a gain matrix tuned from current data, first it is necessary
to solve the following auxiliary problem: determine the matrix © for which the upper bound of
the generalized Ho, norm of the uncertain closed-loop stable system (3.1) will be minimal for
all e /A\k(u,v'(’f_l) with some g > 0 and T(]f_l > 0. Generally speaking, a particular Lyapunov
function may exist for each model with the matrix ; according to Lemma 3.1, it characterizes
the bound of the norm considered. However, conditions for the existence of a common Lyapunov
function for all Q2 € Kk(,u,Té“_l) will be obtained below. This introduces some conservatism but
allows deriving necessary and sufficient conditions for the existence of such a function and finding
the corresponding gain matrices. Note that a similar approach was used in robust control when
determining the so-called quadratic stability and performing stabilization under uncertainty (for
example, see [23]).

Definition 6.1. A controller u; = Ox; is called the guaranteed generalized H..-controller with
a level v for the uncertain system (3.1) based on a priori information and current data by a
time instant k if there exists a function Vi(z) = 2TY,z, 0 <Y, < v2R~!, and numbers x> 0 and
701 > 0 such that inequality (3.3) holds for all € Kk(u,ré“_l).

According to Lemma 3.1 and Remark 3.2, the closed-loop system with the guaranteed generalized
H -controller with a level v is asymptotically stable and || H || 400 < 7 for all models consistent with
the a priori information and current data by a time instant k.

Theorem 6.1. A controller uy = Oz, is the guaranteed generalized Ho-controller with a level

for the uncertain system (3.1) based on current data by a time instant k if and only if © = QkPk_l
and the following LMI is solvable for P, = PkT =R, Q, p = 0, and T(lf_l = 0:

—bB, * * *
( gk ) —\1111 * *
k T <0, (6.1)
0 —Wo —Woo—FPr+B,B, *
(6717)< L ) 0 0 —21
Qk

where W;;, 1,7 = 1,2, denote the corresponding blocks of the matriz \Il(/,L,Té“_l) (5.2).

Remark 6.1. Letting p = 0 in inequality (6.1) eliminates the a priori information from the control
design; with Té“ ~1 =0, the current data will not be used.

Remark 6.2. If the matrix \ll(u,v'(’f_l) consists of experimental data obtained on the interval
[0,k — 1] with the open-loop uncertain system under experimenter’s controls, then Theorem 6.1
remains valid. Note that in this case, with 4 =0 and 79 = --- = 7,_1 = 1, the corresponding set
Ay, (11, 7871) coincides with the set of all matrices consistent with the obtained data, as established
in [6, 7, 16]. This means that the approach considered here yields less conservative results than in
the mentioned works.

The minimum value of v > 0 for which inequality (6.1) is solvable will be called the guaranteed
generalized H,, norm of the uncertain system based on data by a time instant k. This value will
be denoted by ~; whereas the corresponding gain matrix by O. Since inequality (6.1) for the
time instant & with 7,_; = 0 turns into inequality (6.1) for the time instant k — 1, the guaranteed
generalized H,, norms form a nonincreasing sequence as current data are received:

Y= (6.2)
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Let us proceed to the robust control design. As the gain matrix at the initial time instant,
we take the matrix obtained based on only the a priori information, i.e., ©g = QoFy ! where P,
and Qq are the solution of inequality (6.1) with 70! =0 and y =~§. For t=1,...,N — 1, the
matrices ©; are computed as in Theorem 6.1 for the minimum value v =~;. For ¢ > N, we set
O, =0nN_1.

Theorem 6.2. For the uncertain system (2.1) under the controller u; = ©xy, where O, t =0, ...,
N — 1, are computed as in Theorem 6.1 for the minimum value of v > 0 and ©; = On_1 fort > N,
the following condition holds after the parameter tuning procedure:

o0 o0
Z |22 <32 (2N (R 'an 1+ Z |wy |2 Y wy. (6.3)
t=N—1 t=N—1

Due to (6.2) and (6.3), in the current data-based control design, it is necessary to trade off
between the quality of the closed-loop system obtained after the tuning procedure and the duration
of the tuning interval (i.e., the costs): the larger IV is, the smaller v3,_; will be, and vice versa.

In the case of a sufficiently large uncertainty radius (i.e., rough a priori information), inequal-
ity (6.1) with Té“_l = 0 may have no solutions. This means the absence of a common stabilizing
controller for all models from the initial set Ag. In this case, a random vector is chosen as the ini-
tial control action. If at the next step, still no common controller exists for the new set of models
/A\l (1, 70) € Ay, then a random control action is chosen again, and this process continues until a
time instant ¢, when inequality (6.1) will have a solution. The guaranteed estimate of the control
performance (see Theorem 6.2) remains valid in this case if the initial time is taken as t = t,.

7. AN ILLUSTRATIVE EXAMPLE

Consider a model of vibrations of a three-story building under seismic load on its foundation.
Figure 1 shows the general scheme of this process. The building stories are represented as material
points, serially connected to each other and to the foundation by linear elastic and dissipative
elements. Vibrations generated by the seismic load (foundation movement) occur in the horizontal
plane. Assume that the building is homogeneous, i.e., the masses of the material points, as well as

X3 s/
—E . X
L B
I

AANRR R TR TN NN RN AN RN NN NN NNN NN N NNNNNNNNNN
AUNRRRRR RN RN RNRNRNRNRN RN N NN NNNN NN NN NNNNNNANYN

VYYYVVVY
| /7

/S
SIS S S S S S S SSSSSSSS
S

Fig. 1. The scheme of a building as a multimass elastic system.
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Fig. 2. The evolution of the guaranteed generalized H., norms using different information with ¢ =
0.01 in the following cases: (a) €, = 0.01 and g9 =2, (b) &, = 0.01 and ¢ =5, (¢) €, = 0.1 and
€0 =2, and (d) &, = 0.1 and g9 = 5.

the elasticity and damping coefficients of the elastic and dissipative elements, are the same. Under
this assumption, the dynamics of the structure under consideration (in dimensionless variables and
parameters) are described by the system of differential equations

(i‘l = —,B(2ZE1 — (172) — (2%1 — 1172) + w,

'132:—/6(2:1'02—1"1—1"3)—(2x2—x1—x3)+u+w, (71)
iy = —B(t3 — i2) — (z3 — 22) + W, '
z=—x1 — Bt +au

with the following notation: x;,i = 1,2,3, are the coordinates of the material points relative to
the moving foundation; u is the damping force generated by the active vibration protection system
installed in the building; w is the acceleration of the foundation, specified up to the sign; z is
the scalar performance output defining the maximum force counteracting the displacement of the
elastic system relative to the base; finally, 5 is the damping parameter. The vibration isolation
problem is to find a controller minimizing z in some sense.

Let us pass from the continuous-time system to a discrete one with a discretization step of
h = 0.5. We set the following numerical values of the parameters: o = 0.1, § = 0.1, and R = 0.011.
The center of the matrix sphere A(®) consists of the discrete model matrices of system (7.1) with
B = 0.2 and inequality (4.1) holds for p = 0.07. The state measurement noise, disturbance, and
initial state were chosen randomly on the spheres of radii e¢, &, and &g, respectively; the control
measurements were noiseless, i.e., €, = 0. In total, the uncertain system (7.1) in canonical form
contains 49 unknown parameters.

Figure 2 presents the following evolutions in the case e¢ = 0.01: the guaranteed generalized H,
norm ~; of the uncertain system (7.1) under the controller u; = O based on the a priori informa-
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Fig. 3. The evolution of (a) the performance output and (b) two tunable parameters for the real
system under u; = ©yxy.
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Fig. 4. The evolution of the guaranteed generalized H,, norm for ¢ = 0.01 and &, = 0.1 in the case
of no common robust controller based on a priori information: (a) e9 = 3 and (b) €9 = 5.

tion and current data (solid curve); the generalized Ho, norm ||H ||goo (2rear, ©) for the closed-loop
system consisting of the real system and the time-invariant state-feedback controller with © = 6,
(the dotted curve); the guaranteed generalized H., norm of the uncertain system (7.1) with the
robust controller u; = Ogz; obtained based on only the a priori information (the dashed line);
finally, the optimal H. norm under the optimal controller for the real closed-loop system (the
dash-and-dot line). Direct comparison of cases (a) and (b) or (¢) and (d) in this figure shows that
an increase in the initial state “increases” the block Wy, and, accordingly, decreases the matrix
ellipsoid Kk (1, Té“_l), ultimately accelerating the convergence of the generalized H,, norm to the
minimum value. Comparing cases (a) and (b) with (c) and (d), we observe that a higher value of
the disturbance amplitude slows down the convergence rate of the index, up to a possible stop. The
reason lies in expanding the set of models consistent with the obtained data. Next, Fig. 3 illustrates
typical trajectories of the performance output and two of the six control parameters based on the
a priori information and current data for the real system.

According to Fig. 4, even when the a priori information with p = 0.2 is inaccurate and the
guaranteed generalized H, norm of the uncertain system (7.1) with the robust controller u; = ©yxy
obtained based on only the a priori information cannot be determined, the current information turns
out to be sufficient for inequality (6.1) to become solvable, by the eighth step for g = 3 and by the
tenth step for eg = 5, and the controller is quickly retuned.

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 9 2025



840 BIRYUKOV, KOGAN
(@ (b)

N
1
~
Y

w
T

The generalized H_ norm
[\]
-t
s
/
The generalized H_ norm
)
// -

W
T

—
T
1
|
|

—
T
7
4

0 2 4 6 8 10 12 14 16 18 20 8 10 12 14 16 18 20
t t
—— control based on a priori information and current data
- -- control based on current data
-.— real system with optimal control

S
o
~
=

Fig. 5. The evolution of the guaranteed generalized H,, norms using both the a priori information
and current data and only current data for ¢ = 0.01 and €, =0.1: (a) &9 = 3 and (b) o = 5.

For the sake of comparison, Fig. 5 shows the evolution of the guaranteed generalized H,, norms
when using both the a priori information and current data (the solid curve) and only the current
data (the dotted curve). Clearly, the a priori information plays a positive role in the control design:
the controller based on only the current data “turns on” merely at steps 14 or 10, whereas the
controller based on the combined information provides an acceptable system performance level
from the first step.

8. CONCLUSIONS

This paper has developed a new control design method for an unknown dynamic system based
on a priori information and noisy current data obtained during the real-time operation of the
system. At each step, the gain matrix is found by solving linear matrix inequalities to minimize
the upper bound of the generalized H,, norm of the closed-loop system for all models consistent
with the data obtained by this step. As has been proven, the sequence of the guaranteed values of
the corresponding norm obtained in this way is monotonically nonincreasing and, when the tuning
procedure stops, the resulting controller ensures a certain performance level of the closed-loop
system. A distinctive feature of this approach is that the persistent excitation condition is not
required for system identification. Furthermore, unlike adaptive control (where the main issue is to
establish the convergence of the tunable parameters to their true values, and the performance of the
resulting system cannot be assessed), it is possible to track the value of the optimized functional
in real time. The numerical simulation of the active protection of buildings against seismic loads
has demonstrated the effectiveness of the proposed approach.
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APPENDIX

Proof of Lemma 4.1. For matrices 2 consistent with the data Zy,Z;11 and 4, equality (4.4)
holds for some disturbances and noises satisfying the constraints (2.3). It follows that

(Zer1 — Q) (Ter1 — Qp)T
T
i1 §t+1 (A1)

=(IQBy)| G G | IQBy)" 2d*(IQB,)(IQB,)".

Wt Wt
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Writing this condition equivalently as
U@ — DT = Q@i — 1@ QT+ BBy — (I + BuBy)d® 20,
we obtain (4.5). In turn, if the inequality in (A.1) is valid, equality (4.4) will hold [13] for some

disturbance and noises satisfying the constraints (2.3).

Proof of Lemma 5.1. Writing inequality (5.1) as
QU QT + QU + THLOT + Uy <0

and completing the square, we bring it to the form (5.4). Since ,.cq; € /A\k (1, T(If_l), this set is non-
empty and, consequently, 'y, = 0. Multiplying (5.4) by aT and a on the left and right, respectively,
and considering ¥1; > 0, we arrive at

(Q+ THU)TaP < Ak (F1)Awax(Ty) Vet Ja] = 1

min

= (@ + THTT)IP < A (P11) Amax(Tr),

min
i.e., the set /A\k(u,v'(’f_l) is bounded.

Proof of Theorem 6.1. Let inequality (6.1) be solvable for some Py, = PkT = R, Q, 1 >0, and
T(lf_l > 0. We replace Q = OF; there and apply the Schur complement lemma to the negative
definite block in the first row and first column to get the equivalent inequality

T-— \1111 * *
~VUy  —V9y — P, + B,BL * <0,
(C D)Y 0 (C D)Y(C D)Y —~2I

I 1\"
r=(&)n(s)
(@  (a)

Direct substitution shows that the last inequality is true if and only if, for all nonzero x; ", w; ’,
and w?, the function Vj,(z(®) = 20T P z(®) with P, > R satisfies the inequality

(a) (@2 2 (a2 wi? ' k-1 wi
AVi(xy ) + |z |7 = 77wy |7 = (@) U(p,m ) (@) < 0; (A.2)

Ty Ty

here, AVk(xga)) = Vk(acgi)l) - Vk(;vga)) denotes the increment of the function Vi (z(®)) along the
trajectory of the system

T T
(a) 1 N T (@
X = wy + (C D) w,"”’,
" <@> t <@> t (A.3)
zt(a) = B$x§“).
Further, letting w = QTxga) in (A.3) yields
)" )"
d d d
éﬁ=<@> m%>+(@><cDF@%
40~ L0
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and these equations coincide with those of the dual system for the original one

1
T4+l = Q < o > .Z‘t“‘wata

Zt:(CD)<({)>$t

Hence, for all nonzero variables ;rgd) and wgd) of system (A.4), the function Vj,(z(¥) = z(@T py ()
with P, = R satisfies the inequalities

(A.5)

T
ot ot
AW@#U+%®F—%M¥W—w@T< ) wmmﬁﬂ<1.>d”<o (A.6)

Since we have (QI)¥(u, 70" )(QNT <0 for all Qe Kk(,u,Téf_l), the function Vi (z(®) =
DT P 2@ with P, = R satisfies the inequalities

AV (@) + 1292 = 2wl < 0 (A.7)

for all nonzero variables x§d) and wgd) and all Q € /A\k(,u, Tg_l). Due to Lemma 3.2, it follows that
u; = Oxy is the guaranteed generalized H.-controller with the level ~.

Conversely, let u; = Ox; be the guaranteed generalized H..-controller with a level . By the
definition and Lemma 3.2, for the dual system (A.4), there exist a function Vj(z(?) = £(@7T pg(@
with P, = R and numbers > 0 and 7 k=1 > 0 such that inequality (A.7) holds for all Q€
A, 7#71). We show that along the trajectory of system (A.3), the function Vj (2(®)) = 2(@T pyz(@)
with P, > R satisfies the inequality

AV (@) + 28712 = 2wl 2 < 0 (A.8)

for all nonzero xia), wga), and w? such that

AT A
w w
SO IR T o B ) (A.9)
2@ 2@
t t
Indeed, we choose x,ﬁ“) = x,ﬁd) and wt(a) = wt(d) and, for each w satisfying (A.9), define Q as the

solution of the linear matrix equation xﬁa) Q= thT, containing one equation for each column

of the matrix €. In this case, from (A.9) it follows that xta)T(Q DU, 78 H0Q I)Tacga) <0, ie.,
Q € Ax(f, 7471). Thus, for such Q, equations (A.3) coincide with equations (A.4), and inequal-
ity (A.8) coincides with inequality (A.7).

By the losslessness of the S-procedure with one constraint, inequality (A.8) under the con-
straint (A.9) is equivalent to the inequality

’u}A T
a a a t
Awuﬁm+%>ﬁ—%mﬁﬁ—v<<@> v

for some v > 0. Note that by assumption, Q.. lies strictly inside Zk(ﬁ, ?Ok_l), so inequality (A.9)
is strict for th = Q?mlxga). Since W (u, Té“_l) linearly depends on p and 7'(’)“_1, denoting vji = p and

v7y ! = 7571 we obtain inequality (A.2), which is equivalent to the LMI (6.1) for Q) = ©PF;.
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Proof of Theorem 6.2. Similar to the proof of Theorem 6.1 for K = N — 1, we obtain that along
the trajectory of system (A.4), the function VN_l(xgd)) = xgd)TPN_lxgd) with Py_1 > R satisfies
inequality (A.6) for all Q@ € Ay_1(p, 78’ ). Consequently, by Lemmas 3.1 and 3.2 and Remark 3.1,
along the trajectory of system (2.1) with u; = ©n_174, the function Viy_1(z;) = 2§ Yv_124, where

Yn-1= 77\,2_1PJ§£1, satisfies the inequalities
2 *2 2
AVN-1(x) + [2e]” = An_1|we]” <0

for all Q2 € /A\N_l(,u, Tév_l) and t > N — 1. Summing these inequalities starting from ¢t = N — 1 and
considering the relations lim; o Vy—1(z¢) = 0 and Yn_1 < fy]*VQ_lR_l, we finally arrive at (6.3).
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Abstract—An overview of the development of modern approaches to conflict prevention between
aircraft based on deep reinforcement learning is given. The basic concept of reinforcement
learning and some fundamental algorithms used for aircraft conflict prevention are reviewed.
Models with discrete and continuous actions for conflict prevention in two-dimensional and
three-dimensional airspaces during flight along fixed trajectories or in free flight are presented.
Various approaches to representing information about the state of the airspace (using a state
vector and as a graph) and different types of interaction between aircraft (based on information
about the state of surrounding aircraft or through message exchange) are considered.
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1. INTRODUCTION

Maintaining a safe separation distance, both vertically and horizontally, between any two aircraft
at any time is the most important function of an air traffic control system [1]. Loss of separation
between aircraft is called a conflict. The growing density of air traffic leads to an increase in the
number of potential conflicts, so prevention methods are important to reduce the risk of collisions.
Strategic prevention of potential conflicts based on the global optimization model that generates
conflict-free four-dimensional trajectories for all aircraft in advance fails to manage uncertainty
arising in the dynamics of flights in real time [2]. Tactical real-time prevention of potential conflicts
is critical for ensuring safe air traffic control since it allows for better management of uncertainty
that arises in flight dynamics.

At present, aircraft mainly move along fixed trajectories, with conflict prevention being the
responsibility of air traffic controllers. Tactical decisions are still made by air traffic controllers with
very few changes as compared to decisions made 50 years ago [3]. With the increasing intensity
of air traffic, the workload of air traffic controllers is constantly growing and may exceed human
capabilities. The development of existing methods for assessing the dynamic air situation by an
air traffic controller in order to reduce risk factors, including information overload and lack of
time for functional operations, is considered in [4]. In [5-7], a conception is proposed for the
development of automation tools to increase the capacity and safety of airspace operation in order
to effectively and intelligently support air traffic controllers’ decision-making to prevent conflicts.
The prospective air traffic management involves using free flights when aircraft will move along
arbitrary trajectories and conflict prevention will be ensured by an autonomous air traffic control
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system. Theoretical studies confirm that free flight can potentially increase safety [8] and reduce
fuel consumption [9]. To implement the free flight concept, one needs to “ensure control over
aircraft separation using on-board systems in addition to ground systems. The higher reliability
of such a structure will make it possible to clarify a number of scenarios for simulating the risk
of aircraft collision and will contribute to the creation of safer, more flexible, and more capacious
conditions for air traffic management” [10]. The challenge to develop decentralized autonomous
conflict prevention tools is of fundamental importance for the implementation of the free flight
concept [11]. Methods and algorithms for detecting and preventing dangerous approaches in the
air within the framework of a promising air traffic management system, taking into account flight
safety and efficiency requirements, were studied in [12, 13].

Methods have been developed to provide air traffic controllers with recommendations on con-
flict resolution based on optimal control [14] and mathematical programming [15-18], geometric
optimization [19-21], evolutionary algorithms [22], and the Monte Carlo tree search algorithm [23].
These methods work with the existing air traffic density; however, when it comes to higher density,
their insufficient computational efficiency becomes an issue. It takes them tens or even hundreds
of seconds to come up with a decision. Taking into account the uncertainty inherent in air traffic
significantly increases the computation time, making the methods less capable of quickly generating
decisions. Most conventional approaches to ensuring separation fail to cope with stochastic envi-
ronments and high air traffic density [24]. New approaches are needed that can effectively respond
to the dynamics of the external environment in real time, for example, based on neural networks
and machine learning [25-27].

Recently, deep reinforcement learning has been widely used in various fields of aviation since
it can solve decision-making problems unavailable previously due to a combination of nonlinearity
and high dimensionality [28]. The use of deep reinforcement learning will automatically provide
safe and effective conflict prevention decisions to support air traffic controllers’ decision-making
and reduce their workload [29]. In the future, a fully automated control system will become the
ultimate solution for handling high-density, complicated, and dynamic air traffic [30].

Reinforcement learning methods are applied in two stages, viz. the stage of training the model
and the stage of applying the trained model in practice. While it can take long to train a model, the
trained model helps generate decisions very quickly. The decision-making speed is an indicator of
the efficiency and advantage of deep reinforcement learning as compared to conventional algorithms.
Faster decision-making means earlier detection of conflicts and formulation of instructions to reduce
the workload of air traffic controllers and pilots. In [31], the following figures are given (with the
proviso that the data were obtained under different computation conditions)—it takes a mixed-
integer linear programming algorithm 49 seconds to generate a decision, the average decision time
using a genetic algorithm is 37.6 seconds, and a trained deep reinforcement learning agent requires
less than 0.2 seconds. Reinforcement learning methods have a clear advantage over conventional
methods in the speed of computing decisions and the ability to adapt to dynamics of the external
environment, which is critically important when resolving air traffic conflicts.

Research on conflict resolution in air traffic using deep reinforcement learning has been con-
tinuously conducted since 2018, with many models and algorithms proposed during this period
[31]. Conflict resolution models for both air route movement and free flight as well as models with
both discrete and continuous actions are considered. At present, in most cases, two-dimensional
models are proposed for conflict resolution using horizontal maneuvers, three-dimensional models
for horizontal and vertical maneuvers being proposed much less frequently [32]. Two-dimensional
models ignore vertical maneuvers due to the potential instability they can cause in air traffic [33].
The number of conflicting aircraft varies—conflicts between two aircraft and conflicts in groups of
aircraft with a fixed or variable number of aircraft are considered. In [34-36], a hybrid approach
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has been developed that combines the strengths of geometric and reinforcement learning methods
to resolve conflicts. It is argued that the wide range of different optimal decisions found by the
reinforcement learning method shows that the rules of the geometric method should be expanded
to take into account different conflict geometries. In Russia, the problem of aircraft traffic control
based on reinforcement learning is currently being actively studied by State Scientific Research In-
stitute of Aviation Systems (GosNITAS) experts, with a significant scientific and technical reserve
already made [37].

Given a wide variety of conflict resolution problem statements, when constructing a reinforce-
ment learning model, in many cases, one first develops an interactive environment for an agent to
learn various strategies. An artificial intelligence agent learns using deep reinforcement learning
algorithms through trial and error, applying various possible actions and receiving feedback from
the environment in the form of rewards. The agent’s goal is to study an action selection strategy
that will maximize the mathematical expectation of the total discounted rewards over a long period
of time. The convergence of the reinforcement learning model to the desired outcome is determined
by the choice of the reward function, through which the agent learns to optimize the strategy for
choosing actions in various situations. The reward function has an impact on the learning rate,
convergence, and performance of agents. The principal thing that should be considered in the
reward function is the success or failure of conflict resolution. Moreover, to increase the efficiency
of the model, the reward should take into account the number of maneuvers and the time required
to resolve the conflict. Using the reward function, it is possible to bring the agent’s behavior closer
to the existing rules for conflict resolution by air traffic controllers [38, 39].

Despite the success of reinforcement learning in research on solving air traffic control problems,
two significant challenges remain for this method to be applied in real conditions. The first problem
is the vulnerability of deep neural networks to adversarial attacks, the second is the problem of
the explainability of “black box” models, viz. pilots and air traffic controllers do not understand
how the models make certain decisions [40, 41]. In [42], approaches to resolving these issues in the
autonomous resolution of aircraft conflicts are proposed.

2. REINFORCEMENT LEARNING
2.1. Basic Conception [43]

Machine learning is divided into supervised learning, unsupervised learning, and reinforcement
learning. Supervised learning allows approximating any function; however, it requires labeled data
sets to be available, which is not always so. Unsupervised learning relies on sets of unlabeled data.
Reinforcement learning allows implementing a consistent decision-making process through trial and
error, with the learning data synthesized as the agent interacts with the environment. When using
reinforcement learning, each aircraft is simulated as an interactive agent whose actions are conflict
prevention maneuvers.

Reinforcement learning is based on the Markov model of the decision-making process, in which
the state of the system and the actions of the agent do not depend on how the system came to
this state. The Bellman equations hold for the Markov decision-making process. The basis of the
Markov model of the decision-making process is the environment and the agent operating in it.
The environment is characterized by a set of parameters, and the state of the environment s is a
specific set of values of these parameters. An agent is a program that can analyze the state of the
environment and perform a specific set of actions a € A(s) in each state. As a result of the agent’s
action, the environment switches from the state s to the new state s’ and receives feedback from
the environment in the form of the reward r = R(s,a,s’). In the case of multistep interaction of
the agent with the environment, starting from the state s at the step t to the end of the episode at
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the step T', the total discounted benefit
Gt =11 + 702 + Vs + o+ rp = i1 G

is determined, and v € [0, 1] is the discount coefficient, which specifies the decrease of the value of
the reward received at later steps.

The transition function p(s’|s,a) specifies the probability of transition to the state s’ at the
step ¢ given that the action a was chosen in the state s at the step t — 1

p(s'|s,a) = P(S; = §'|Si—1 = s, Ay_1 = a), Z p(s'|s,a) =1, VseS, Vae A(s).
s'eS

A strategy (or a policy) is a function 7(a|s) that matches the action of the agent with each
non-terminal state of the environment.

The expected benefit when an agent follows the strategy 7 in the state s is called the state value
function

Va(s) = Exlrie1r + YGi41|Se = s

However, the state value function does not allow us to know the expected benefit from the agent
performing the action « in the state s when it follows the strategy m; it is specified by the action
value function

Qr(s,a) = Ex[rie1 + YGi41]S: = s, Ay = al.

The basic concept of reinforcement learning—generalized iteration with respect to strategies—is
an iterative procedure. The step of this procedure involves two processes, viz. evaluating the
current strategy to refine the current approximation of the value function followed by improving
the strategy in accordance with the changed value function.

The value function can be represented as
Va(s) = 3 mlals) S (s, 7ls, @)l + V()] Vs € 5.
a s'r
The iteration step to refine the value function is to calculate it for the action with the highest value
Virr(s) = max 3 p(s/, s, @)l + Vi),
s',r
The action that delivers the maximum value to the @Q-function is called greedy. The strategy can
be improved by using a strategy optimization algorithm, which consists in choosing a greedy action
with respect to the Q-function
7'(s) = argmax Zp(s’, rls,a)[r + vV (s")].
a s'r
When studying the value function, it is very important to maintain a balance between choosing a
greedy action and choosing a random action for exploration. There are many different approaches
to solving this problem such as the epsilon-greedy strategy with a random action selected with
the epsilon probability, the epsilon greedy strategy with decay with epsilon decreased as the agent
learns, action selection strategies using knowledge gained up to the current step about the value
and exploration degree of actions, etc.

The two processes considered stabilize when the value function matches the strategy, and the
strategy is greedy with respect to the value function. The strategy and the value function are
optimal if

V*(s) = max Vi (s).
v

2.2. Reinforcement Deep Learning Algorithms [44, 45)

For simple examples, the action value function is represented as a table. For important practical
tasks, it is impossible to implement a table representation of value functions due to the large number
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Fig. 1. The operation principle of the deep @-learning algorithm.

of states, continuous variables or actions. This is the case when deep reinforcement learning is
applied with deep learning algorithms with a teacher used to approximate value functions based
on the samples (s,a,r,s’) formed as the agent interacts with the environment.

At present, this approach is being rapidly developed in the field of aviation conflict prevention,
and various algorithms for the value function approximation and strategy optimization are being
proposed and studied. The deep Q-learning (deep Q-network, DQN) algorithm is widely used, which
leverages two key technologies, viz. experience replay and the dual network structure. Figure 1
shows the operation principle of the DQN algorithm [46].

The experience replay consists in creating the replay buffer D that accumulates a large number of
samples. The mini-sets U(D) for network training are selected from the accumulated replay buffer
uniformly and randomly and thus correspond to different trajectories and policies, increasing the
network training stability. The dual network structure is based on using the same network with
different sets of parameters. A dynamic network is used to approximate the current value Q(s, a;w; ),
and the parameters of this network w; are updated at each time step ¢. The target network is used
to obtain a more stable target value (), and the parameters of the target network w™ are updated
in N time steps. The loss function has the form

(7 7 mex Qs a'07) — Qlosaie) )|
The loss function is optimized by the gradient descent method
(7 7 max Qs 07) = Qo aia) ) V@, )|

The difference between the double deep Q-network (DDQN) method [47] and the DQN method is
that the dynamic network parameters are used instead of the target network parameters to select
an action in the equation.

L; (wl) = E(s,a,r,s’)NU(D)

leLz(wz) = E(s,a,r,s’)NU(D)

vszz(wz) = E(s,a,r,s’)NU(D)

<r +vQ(s', argmax Q(s',a’;w;);w™) — Q(s, a; wl)> Vi Q(s, a; wl)] .

The DQN and DDQN algorithms are used in conflict prevention models with a discrete action
space [48-52].
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Methods that use a continuous action space to resolve conflicts between aircraft are also proposed
[34, 53-55]. In this case, strategies are represented by parameterized stochastic functions 7y(a, )
that are optimized using actor-critic algorithms. In these algorithms, in addition to the neural
network used to evaluate the strategy (the critic), a second neural network is used to form a
strategy based on optimizing the value function (the actor).

For the trajectory 7= Sy, Ao, R1,S51,...,57-1,Ar_1, Ry, S, the function G(7) is the total
discounted benefit, and my(A¢|St) is the probability of choosing the action A; in the state S; at the
step t. The actor’s network is updated according to the gradient of the value function

T
VoErn,|G(T)] = Errr, Z G¢(17)Vglog me(A¢|St)
t=0

3. AIRCRAFT CONFLICT PREVENTION MODELS
3.1. Conflict Prevention Models for Two Aircraft

A conflict resolution strategy can include both two-dimensional (2D) maneuvers such as changing
the course and speed in a plane airspace and three-dimensional (3D) maneuvers when there is also
a change in altitude. Although a 2D model is not as effective in conflict resolution as a 3D model is,
maneuvers in the two-dimensional airspace cause less discomfort for passengers and do not distort
the vertically stratified structure of the airspace [56]. If they are too large, neural networks can
be harmful to agent training due to an excessively big number of parameters. Therefore, smaller
neural networks for 2D models have greater potential for the model to be expanded further to take
into account more real-world factors [30].

The first studies on aircraft conflict prevention using reinforcement learning considered conflict
resolution between two aircraft in a two-dimensional airspace. In one of the first works on aircraft
conflict prevention, flights along routes were considered, with a hierarchical structure of deep rein-
forcement learning proposed [48]. The training environment used was the NASA Sector 33 software
containing 35 air traffic control problems involving two to five aircraft. The hierarchical structure
includes a parent agent designed to solve the problem of choosing aircraft routes at the beginning
of the episode and the child agent that controls actions to change speeds on the selected routes.
The hierarchical structure allows separating the route selection actions performed at the beginning
of the episode and the speed control actions during the episode. A reinforcement learning algo-
rithm based on a dual deep @-network is used to train the agents. The first neural network (the
target one) is used to select actions that are greedy with respect to the current @-function, and
the second neural network (the dynamic one) is used to adjust the @Q-function based on evaluating
the success of the actions performed. It was shown in [48] that a hierarchical deep reinforcement
learning agent can choose optimal combinations of routes and speeds in order to avoid a conflict
between two aircraft flying along routes.

One of the first works on reinforcement learning for conflict resolution in free flight deals with the
case of two aircraft, with uncertainty taken into account [53]. An environment has been developed
for simulating potential conflicts for agent training and testing. Figure 2 shows a conflict between
two aircraft in a circular airspace with the radius R of 50 nautical miles and a maneuver to prevent it.
The trajectory of the own aircraft is A; By, the trajectory of the intruder is AsBs, and QP is the
closest distance between the two aircraft at which they lose safe separation if none of them makes a
maneuver. A single maneuver to change the course in the continuous two-dimensional space is used
as a conflict prevention action. The maneuver A;M N By in Fig. 2 represents a series of actions
performed by the own aircraft—deviating from the original trajectory at the point M by changing
the course by the angle a, then moving along the vector M N, and turning to the point B; at the
point N.
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Closest point\,
of approach

N intruder
7 A,

Sector Boundary

Fig. 3. Conflict scenario with several aircraft.

The reward of the agent being trained is calculated as the sum

Rfinal =5+ Rconflict + Ranewver + Rdeviation s

i.e., negative rewards are added to reward 5, viz. Reopfrice = —3 if the maneuver fails to resolve
the conflict, Ryanewver = —2 if it goes beyond the boundaries of the area or if the angle 5 > 120°,
Rieviation = —SaMNB, , the deviation from the initial trajectory is estimated by the area between

the trajectory of the maneuver and the initial trajectory.

The deep deterministic policy gradient (DDPG) method, which is one of the advanced methods
of deep reinforcement learning for continuous action space control problems, is used [44]. The
algorithm uses two neural networks, viz. the critic’s network to study the utility function of state-
action pairs (s, a) and the actor’s network to map the state into a deterministic action based on the
policy gradient. The performance of the DDPG algorithm for preventing air traffic conflicts is close
to the performance of conventional methods, yet the calculation time is significantly reduced [57].

In [54, 56, 58, 59], the conflict prevention problem statement is generalized to the case when
there are several other aircraft in the area in addition to the own aircraft and the intruder. In this
case, secondary potential conflicts (the domino effect) may arise when maneuvering to prevent the
conflict [60].

In [54], a two-dimensional environment for simulating free flights was developed, which can be
applied to several aircraft in a sector (no more than 5) (Fig. 3).
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It is assumed that there are no conflicts between these aircraft, and conflicts can be caused by
an aircraft entering the sector that aim to fly from the starting point to the end one in minimal
time without collisions with other aircraft. An actor-critic algorithm with the fixed number K of
actions (control cycles) is proposed. To avoid conflicts, actions are generated to change the heading
angle of the entering aircraft. At each time step, the agent selects the action A = {p, p|p € [0, L],
¢ € [—m, 7|} described by a two-dimensional polar coordinate, where p, ¢ are the polar radius and
the angle.

The reward function

-1 if there is a conflict,
Ry = 1 A
1——x m, otherwise.
K T
The value function is approximated using the neural network V(S;,w) =~ V(S), where w are the
weight of neurons.

For the critic’s network, § is specified
6t = Rt + 'YV(St—I—la LU) - V(St,td),

where R; is the immediate reward, V(St+1, w) is the value of the value function of the next state,
and V(S;,w) is the value of the value function of the current state. The least squares method is
used to update the parameters w «+ w + a*Vé?; « is the learning rate.

The policy gradient method is used for the actor’s network. The equation
In7(pt, ot Se, 0) = Inmw(pe|Se, ) + Inmw (| St, 6)

is used for the action (p, ), where m(pt, ¢ St, 0) is the probability of choosing p and ¢ in the
state S; with the parameters 6, w(p;| Sy, 0) is the probability of choosing p in the state S; with the
parameters 6, and 7(¢¢|St, 0) is the probability of choosing ¢ in the state S; with the parameters 6.
The parameters 6 are updated by the formula

0«0+ aeétv 1I17T(pt, SOt|St,9>-

The variable number of control cycles is not reflected in the reward function, and it cannot be
adjusted dynamically. Since the computational efficiency of a well-trained agent is very high, several
agents with different values K, for example K = 1,2,3, are proposed to be trained. In the real-
world air traffic control process, one can quickly calculate several control options and select the best
decision from several options. The simulation results confirmed that deep reinforcement learning
can be used for conflict resolution and has advantage in computational efficiency as compared to
known methods.

In [61], a model for two-aircraft conflict resolution was proposed and analyzed, taking into
account wind-related uncertainty. The proposed conflict prevention method is applicable in the
case when uncertainty associated with the direction and speed of the wind is unstable (stochastic)
throughout the simulation.

In [46], a strategy for resolving two-aircraft conflicts in the three-dimensional space based on deep
reinforcement learning is considered. One conflict between two aircraft is selected for resolution
from an air traffic scenario that may contain several conflicts. The conflict resolution model is
simulated as a discrete-time Markov decision-making process. The agent uses altitude adjustment,
speed adjustment, or course correction commands to resolve the conflict. The preferences of the
air traffic controller for choosing conflict resolution maneuvers are transmitted to the agent by
adjusting the reward function.

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 9 2025



AN OVERVIEW OF CONFLICT PREVENTION METHODS 853

3.2. Conflict Prevention Models for a Fixed Number of Aircraft

Multi-agent reinforcement learning considers a set of agents that interact with the same en-
vironment [62]. Each agent tries to achieve its goals, which are unknown to other agents. One
of the strategies for solving problems in a multi-agent environment is represented by independent
(Q-learning with no communication between agents and other agents considered as part of the en-
vironment [63]. However, when an agent changes its policy, it affects the policies of other agents,
resulting in training instability [64].

In [3, 65, 66], to ensure communication between agents, the state for each agent is proposed
to include information about the state of IV closest agents. The state space for an agent has a
constant dimension since it depends only on N closest agents and does not scale to fit the increased
number of agents in the environment. At the same time, it is highlighted that determining which
N closest agents should be considered is very important for a good result to be obtained since
adding irrelevant information to the state space complicates training [3].

In [67], a reinforcement learning algorithm combined with the Monte Carlo tree search (MCTS-
UCT) is presented to solve the problem of self-maintenance of aircraft safe separation given high
air traffic flows in the sector. All agents (aircraft) are at the same flight level, and their strategies
include changing the course and the cruising speed.

The value of the reward for an agent, depending on the state s, is determined as

if s is the target state,

r(s) = 0 if s is LOS or out of the sector boundary,
d(o, )

1 K99
maxd(o,g)’

otherwise,
where the state LOS is the loss of separation, d(o,g) is the distance between the agent’s current
position and its target, and maxd(o, g) is the greatest distance between the agent and its target.

Each agent state is considered as a node in the tree, and tree deployment is performed based on
the state values calculated using the formula

UCT(S;) = F; +2C 212 N
J

where 7; is the average value of the reward of the action j for the current agent, N is the counter

of node visits, n; is the action selection counter j, and C' =1 / V2.

In the process of joint decision-making, all n agents {Ai,...,A,} must share their intention
when choosing each individual action. One iteration of the algorithm of the multi-agent Markov
decision-making process is as follows. First, n agents {41,..., A,} are initialized at the level L —1.
All agents continue to follow the default cooperative action policy a_; = {a; from the default
cooperative action policy |[i =1,...,n,i # j}. The agent A; with the minimum index at the level
L — 1 uses the MCTS-UCT algorithm to select its optimal strategy of actions a; using the following
equation

*_

aj;

* .
argmaxr;(s,aj,a—;), j=1,...,n,
aj

where 77(s,a;,a_;) is the value of the reward of the agent A; in the state s when performing the
action a; while the action strategies of other agents are represented as a_;. When calculating aj,
other agents will continue to follow the default action strategy set as a_; = {a; from the default
cooperative action policy |i = 1,...,n,i # j}. When the agent A; receives its optimal action strat-

egy aj, Aj; is upgraded to the level L and preserves the action strategy a; to update the default
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Fig. 4. Conflict buffer model.

joint decision-making strategy. Then, the next agent, with the minimum index at the level L — 1
chooses its optimal action strategy. This process continues until all agents have their optimal action
strategy {af,i =1,...,n}. The resulting joint decision-making strategies are used for the next time
step At for all agents. Iterations are repeated until all agents reach the target state.

In [68], a method of deep ensemble multi-agent reinforcement learning was proposed for dynamic
adjustment of the aircraft speed in real time. The authors claim that the extensive empirical results
obtained using an open-source air traffic control model developed by Eurocontrol and based on real-
world data involving thousands of aircraft demonstrate that the proposed method is significantly
superior to other reference approaches.

In [69], an approach to multi-agent reinforcement learning is proposed for three-dimensional
conflict resolution in a free route space, where agents use a common neural network. The trained
network is deployed on each aircraft to form a distributed real-time decision-making system. In this
case, communication between agents is reduced to informing other agents about the selected actions.
The introduction of the three-dimensional space leads to an explosive increase in the scale of the
neural network and, as a result, to an increase in the training complexity. To overcome this problem,
it is proposed to consider conflicts in three planes rather than the three-dimensional space in the
case of three-dimensional maneuvers, viz. the plane of the current flight level and two adjacent
planes at the levels above and below it. This significantly reduces the agent training complexity.
A conflict buffer model is proposed in which each aircraft is assigned a protective zone and a warning
zone. Figure 4 [69] illustrates the conflict buffer model, where RY and R stand for the radii of
the warning zone and the protective zone, respectively. Intruders found inside the protective zone
always receive a big fine while intruders found in the warning zone receive a small fine.
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The number of conflicting aircraft that an agent can monitor is fixed in the neural network
structure and should not change. To solve this problem, a partial surveillance model has been
developed, which considers only a fixed number of aircraft that pose the greatest threat, for ex-
ample, those closest to the agent. The DQN algorithm with improvements, called Rainbow, is
used to implement reinforcement learning [70]. To train and evaluate the proposed approach, a
simulation environment has been created that takes into account flight uncertainty (resulting, for
example, from mechanical and navigational errors and wind). Experimental results show [69] that
the proposed method can resolve conflicts in scenarios with a much higher traffic density than
that in today’s real-world situations. 2D and 3D models are compared. The training time of the
2D model is less than 1% of the training time of the 3D model; however, this does not affect the
performance of the model during the decision-making due to the nature of reinforcement learning
methods. In some scenarios, the 3D model can resolve conflicts more easily by changing the flight
level. The 3D model is shown to be superior to the 2D model in terms of success rate and the rate
of reduction of additional flight range.

With centralized air traffic control, when the air traffic controller transmits directives to the
pilots, actions should be quite rare. However, in models with a continuous action space, agents can
make small adjustments to their trajectories at each step. In [71], a multi-agent deep reinforcement
learning method with a continuous action space is proposed, in which the number of actions is
significantly reduced using a priority mechanism. At each time step, a maximum of one aircraft
with the highest priority can perform actions. This approach significantly reduces the number
of actions taken while maintaining a high level of conflict prevention performance. The resulting
decisions are suitable for centralized air traffic control, where the number of directives that can be
transmitted to the pilot is limited. In [72], the priority mechanism based on a dynamic assessment
of the proximity of conflicts between aircraft is used in a model with a discrete action space.

3.8. Conflict Prevention Models for an Arbitrary Number of Aircraft

Above, we considered the models, in which the agent has access to information about the state of
N nearest aircraft, where N is the hyperparameter selected during the experiments; however, this
limits the adaptability of the model. Using the parameter N is a disadvantage since a small change
in the location of the aircraft can change the set of N nearest aircraft and, thus, change the input
data for the neural network. The neural network should understand that it is almost the same
state of the airspace despite the aircraft rearrangements—however, this can be challenging [49].
The solution to this problem is to use more advanced neural network architectures, search for other
ways to represent data, use data improvement algorithms, and select the most relevant neighboring
aircraft [71]. One of the ways to solve the problem of a variable number of aircraft is to graphically
encode information into fixed-size images and use convolutional neural networks (CNN) to extract
useful information, similar to air traffic controllers’ screens [73]. One can also use recurrent neural
networks (RNN) with long short-term memory (LSTM) cells [74] or controlled recurrent blocks
(GRU) [75] that work with the entire set of aircraft in the environment, encoding the relevant
information into a hidden state of the fixed size.

In [30, 76], multi-agent reinforcement learning is considered to resolve conflicts on routes and
intersections in a structured two-dimensional airspace between a variable number of aircraft. The
state information is encoded using the LSTM neural network into a fixed-length vector. The agent
has access to the encoded information on all aircraft in the sector; in this case, there is no need
to determine the value N for each new environment. The BlueSky air traffic control simulator is
used as a learning environment [77]. Centralized training and a decentralized execution scheme
are used, in which one neural network is trained. This network is used by all agents to receive
speed recommendations, and depending on the state, the actions of the agents may vary. The
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environment is stochastic because of the uncertainty in the actions of other agents; therefore, the
“actor-critic” algorithm called “proximal policy optimization” is used [78].

To ensure the safe separation requirements, an identical reward function is introduced for all
agents

~1 if d¢ < dlO%,
re =1 —a+0dS if d° < 10 & dS > dPOS,
0, otherwise,

where d“O% is the minimum safe separation distance in nautical miles (d“9° = 3), d is the distance

from the own aircraft to the nearest aircraft in nautical miles, o and § are small positive constants to
fine agents as they approach losing the safe separation distance. Three practical air traffic scenarios
demonstrate the ability to solve decision-making problems with a variable number of agents and
uncertainty [30].

Recurrent neural networks process input data sequentially, and the output data depends on
this sequence. This can lead to undesirable results in situations when the input sequence does not
matter. Transformers were introduced as an alternative to recurrent neural networks for sequential
processing of input data in order to ensure parallel learning [79]. Transformers calculate the relative
importance of so-called tokens containing information about the states of aircraft using the attention
mechanism. In [80], absolute states are used for observation—the coordinates and velocities of the
aircraft in the reference system associated with the environment. In [81], relative states are used—
the coordinates and velocities of the aircraft in the reference system of the own aircraft with the
positive direction of the abscissa axis in the direction of the flight. However, studies have not
yet shown the superior performance of the transformer network architecture as compared to feed-
forward neural networks and recurrent neural networks to ensure safe aircraft navigation [81].

4. COOPERATIVE CONFLICT PREVENTION STRATEGIES
BASED ON NEURAL COMMUNICATION NETWORKS

Communication is a key ability of cooperative multi-agent systems, in which agents can sig-
nificantly benefit from the information exchange prior to performing joint actions [82]. A model
based on neural communication networks, which allows agents to exchange information through
a communication protocol, can allow agents to develop cooperative strategies for joint actions to
prevent conflicts [83].

In [80], aircraft in the airspace are simulated as agents of a cooperative multi-agent system. The
state s; = [24,Y;, i, Xi| of each agent i € N consists of coordinates in the Euclidean space x;, y;, the
velocity v;, and the course ;. The state changes according to the formulas

xi(t+ 1) = x;(t) + v;(t) sin x; (t) At,
yi(t +1) = y;(t) + vi(t) cos x;(t) At,
vi(t+ 1) = vi(t) + Av;,
Xi(t +1) = xi(t) + Axi,

where Av; and Ay; are the increments of the velocity and the course, and At is the simulation
step.

The interaction between agents is represented as the graph G = (V, E'), each node corresponds to
one agent ¢ € IV, and agents that can communicate are connected by the edges e;;. The observation
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vector for the current state of the ith agent consists of five elements
d/D 1"

cos(x; — i)

0; = |sin(x; — )|

U;

L Vei d
where d; is the shortest distance to the exit point from the observation area, D is the normalizing
coeflicient, ; is the bearing angle to the exit point, and the normalized velocity and the velocity
deviation are determined as
Vi — Umin, _ Vi — Vopt;
V= V= —.
Umax; — Umin; Umax; — Umin,

At each step, the agent encodes its state o; into a hidden state using the neural network

hEO) = fn(0s).

Then, the communication phase begins, consisting of C' communication rounds. At each round
c=0,1,...,C — 1, each agent’s message is calculated as a weighted sum of the edges that connect
it to its neighbors based on the attention mechanism,
m§c+1) _ Z Z(Jc+1)el(]g+1)7
JEN;

where N; is the set of nodes connected by the edges with the node i.

The edge values are calculated using a neural network, taking into account the hidden states of
the agents

Z(]C'H) 6(c) <[h1(0)7 h50)7 el(]?)]) '

The attention weights are calculated by the formula

e _ o (R, 7 7))
T Siemexp (o7 (RO B )

(c)

where vy’ is the vector of parameters.
Fach node then updates its state using the updating function

hgc—i—l) _ U(C) (h(c) (c+1)) ‘

After C rounds of communication between the nodes, a probability distribution is generated over
all possible actions for each agent
0 C
ai = fo ([0, 0{]).

The expected reward, which is the same for all agents, is calculated using the read function

n(Z@ OM%Q
1EN
Ins [ ec), éc), fas fus fy are feed-forward neural networks.

At each time step, each agent chooses an action a;, followed by the environment giving a collective
reward to the team.

The experiments on training the presented model showed that the total reward per episode
increases, and the number of expected conflicts decreases as the number of episodes grows, i.e.,
agents can improve their policies based on their interaction with the environment.
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5. USING GRAPH-BASED DEEP REINFORCEMENT LEARNING
TO PREVENT CONFLICTS

In many studies, a multi-agent statement combines the state vectors of several aircraft into a
multidimensional vector of the aggregate state using the concatenation operation [30, 84]. However,
aggregating the states of all nearest neighboring aircraft, regardless of whether there are potential
conflicts between them, can lead to processing redundant data and reduce the efficiency of the
model. Such vectors cannot encapsulate spatiotemporal dynamics and distinguish between differ-
ent levels of risk and urgency in conflict scenarios. Graph reinforcement learning (Graph RL) is
designed to process data structured in the form of graphs [85]. Using graph-inherent properties, one
can improve scalability, efficiency, and adaptability when working with multidimensional and dy-
namic environments [86]. Graph reinforcement learning allows using graph properties to represent
relationships between planes [87-89]. Graph deep reinforcement learning methods are invariant to
the order and number of planes.

In [49], a graph deep reinforcement learning method is proposed for air traffic control in the
three-dimensional airspace. To prevent conflicts, the altitude, course, and speed of the aircraft are
selected. Planes are represented by the graph vertices; nodes in this graph are connected if the
distance between a pair of planes is below a certain threshold. Two approaches are compared,
viz. graph neural networks with convolutional layers (GCN) [90] and graph neural networks with
the attention mechanism (GAT, Graph Attention Network) [91] used to efficiently aggregate in-
formation from the neighboring nodes in the graph. With a normal traffic density, a model with
the attention mechanism can prevent 100% of potential collisions and 89.8% of potential conflicts.
However, performance deteriorates as the traffic density grows. With the increasing traffic flow
density, both methods have difficulty overcoming congested airspace.

In [92], a graph convolutional network with LSTM cells is used to collect the space-time depen-
dencies of flight data, and a graph neural network with increased attention is used to focus on the
information characteristics of the key nodes.

In [93], a conflict graph that develops over time was proposed to be used, in which aircraft
are represented by nodes, and the connections between them indicate the urgency of the conflict.
The urgency of the conflict is determined by the time before the conflict if the current course and
speed of the aircraft located at the points A and B (Fig. 5) are maintained. The observation is
conducted from the point A. The point B is the center of a circle with the radius R (the radius
of the protective zone). Tangents to this circle are drawn from the point A, forming an obstacle

velocity obstacle cone

— -
-

-
. . -
-
—

Fig. 5. Conflict geometry.
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Fig. 6. Circular conflict scenario.

cone; v4 and vp are the velocities of the aircraft A and B. A potential conflict exists if the relative
velocity vector v, = vq4 —vp is inside the obstacle cone. The time before the conflict is determined
based on a geometric model of the relative position and speeds of the pair of the aircraft A and B

L

tc = T
|vr |

where L. is a straight line segment from the point A along the relative velocity v, to the point of
intersection with the protective zone of the aircraft B. The edge weight of the conflict graph wap
is normalized in the range [0, 1] as follows

wAp = e te.

If there is no potential conflict, then wap = 0; if the planes collided, then wap = 1.

Further, based on the conflict graph, information is aggregated using a multi-head neural at-
tention network. The time regularization mechanism is used to increase the training stability. The
efficiency of the proposed algorithm is demonstrated, among other things, by two visual scenar-
ios [93]. Circular conflict scenario: In this setup, planes start flying at points in a circle with a
radius of 160 nautical miles and fly in opposite directions. This configuration leads to the fact
that each plane conflicts with all the others at the center of the circle. The experimental results
for scenarios involving 8 and 16 aircraft are shown in Figs. 6a and 6b, respectively. These results
demonstrate the ability of the proposed method to manage characteristic circular potential con-
flicts and prevent all potential collisions. Intersection conflict scenario: Aircraft are divided into
two groups, each containing an equal number of them. These groups fly along the intersecting
trajectories, causing conflicts at each intersection. Testing was carried out with 20 and 30 aircraft.
As we can see in Figs. 7a and 7b, for 20 and 30 aircraft, respectively, the proposed method helps
determine conflict-free route points at each time step with minimal deviations from the original
trajectories.

Despite significant research successes, there are serious obstacles to the practical application of
reinforcement learning methods in the field of air transport due to the tight certification standards
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Fig. 7. Intersection conflict scenario.

in the aviation industry. The current regulatory and legal framework fails to provide adequate and
acceptable means of meeting the requirements for reinforcement learning applications, and thus
there is no legal framework yet in place for their safe use. It is necessary to develop certifica-
tion recommendations for reinforcement learning models designed for air transport, so that these
promising methods can be used in real conditions [94].

6. CONCLUSIONS

It follows from the review of publications that air traffic conflict prevention methods based on
deep reinforcement learning are aimed at solving two principal tasks, viz. automatic generation
of decision options to support air traffic controllers given the centralized air traffic control and
support of autonomous conflict resolution systems in free flight. Models with discrete actions are
mainly offered to support decision-making by air traffic controllers. Continuous-action models are
designed for autonomous conflict resolution in free flight and allow all agents to perform trajectory
correction actions at each time step.

The graph reinforcement learning approach seems to be most promising since the information
represented in the form of a conflict graph that develops over time helps reduce the amount of
redundant information processed and ensures the scalability of models for different numbers of
aircraft. The attention mechanism allows singling out the most urgent information contained
in the conflict graph, providing improved conflict prevention strategies in terms of security and
efficiency.

With the development of research, the potential for practical application of conflict prevention
methods between aircraft based on deep reinforcement learning is becoming more and more obvi-
ous. A review of publications shows that the studied reinforcement learning methods demonstrate
promising results due to adaptive decision-making in real time to prevent air traffic conflicts. How-
ever, there are still serious unresolved issues preventing these methods from being applied in air
traffic control practice, where safety is critical. It is impossible to train models in real-world condi-
tions because of the potential damage, and it is impossible to perfectly simulate those conditions.
The shift in distribution between the simulated environment and the reality may limit the efficiency
of reinforcement learning models. Certification of such models should be one of the directions of
research in this area.
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Abstract—A new design for a pneumatic flexible manipulator based on a series-parallel compos-
ite structure is proposed. The device’s flexible skeleton is created following the principle of snake
spinal articulations. Adjacent vertebrae are equipped with air reservoir-joints located on two
sides, connected in parallel with the spine. The pneumatic joint can be bent left or right in the
robot’s plane of motion by changing the pressure in the pneumatic chamber. A kinematic model
has been developed to calculate the position of the end effector based on the bending angles
of the manipulator’s joints, which, in turn, are calculated from the pressure in the pneumatic
chamber-joints. For the developed design, a method for calculating the planned manipulator
trajectory is proposed, based on solving inverse kinematics problems. Several examples of calcu-
lating optimal motion trajectories meeting various task requirements are provided. The results
of full-scale experiments show that the developed flexible snake-like manipulator accurately
follows a pre-planned trajectory and demonstrates extensive movement capabilities on a plane.

Keywords: snake-like manipulator, flexible manipulator, soft manipulator, pneumatic actuator,
trajectory planning system synthesis, inverse kinematics problem, empirical approach, move-
ment in confined spaces

DOI: 10.31857/50005117925090059

1. INTRODUCTION

With the advancement of high-tech technologies, the designs of products and devices are be-
coming, on the one hand, increasingly complex, and on the other, more compact. As a result, their
assembly, maintenance, and other operations often need to be performed in confined spaces of com-
plex configurations. Automating routine maintenance processes for such units requires equipment
capable of adapting to the space’s topology, avoiding obstacles, and performing service functions
without damaging the main structure. Traditional rigid manipulators, such as industrial robotic
arms, generally possess the ability to move and satisfy diverse end-effector pose requirements only
in open spaces. However, their relatively small number of joints, and consequently, degrees of
freedom, significantly limit their capabilities when moving in narrow, confined spaces.

One way to address this issue is to use redundant continuum manipulators, which have the ability
to bend while moving and bypass existing obstacles [1-7]. For example, [1] presents a multi-joint
cable-driven manipulator for automotive spray painting, enhancing the manipulator’s movement
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capabilities and its ability to avoid obstacles. In [2, 3], linear or hybrid air hose actuators are used
to create a series of flexible manipulators mimicking an elephant’s trunk. In [4, 5], a series of flexible
manipulators capable of bypassing obstacles and reaching a specific point in a confined space were
developed. Continuum manipulators enhance movement capability in three-dimensional space by
increasing the degrees of freedom of their joints. However, increasing the degrees of freedom leads
to an increase in the size and weight of the drive mechanism due to the use of additional hoses and
cables, and an increase in the complexity of kinematic calculations, which in turn increases control
complexity and computational costs. All of this collectively limits their practical application.
Furthermore, the components of such manipulators are entirely made of rigid materials, which can
raise safety concerns when they interact with the environment.

In recent years, thanks to the emergence of new pliable materials, so-called soft manipulators
have appeared, capable of easily penetrating complex and narrow spaces due to their ability to ac-
tively and passively change their geometric shape. At the same time, their high compliance allows
them to safely interact with elements of the surrounding environment, causing minimal damage
to both environmental elements and the robots themselves in case of collisions. Soft manipulators
have prospects for application in industrial assembly, agricultural product harvesting, minimally
invasive surgery, domestic service, and other fields. Soft manipulators often mimic bionic strate-
gies observed in nature. For instance, [8] uses an elephant’s trunk imitation, [9] imitates worm
movements, in [10-12] the authors imitate the fixation methods of climbing plants, in [13] — the
movement of octopus tentacles, and so on. Such manipulators use air cushions, pneumatic mus-
cles, springs, etc., as structural support and are actuated by pneumatic actuators, shape memory
alloys, or electroactive polymers [14-17]. The unique properties of soft manipulators are attract-
ing increasing attention from researchers striving to overcome the limitations of existing rigid and
flexible manipulator designs [18-27]. Examples of soft manipulators include the OctArm contin-
uum manipulator [18], which is driven by pneumatic muscles and mounted on a tracked mobile
robot. In [19], a soft manipulator using a honeycomb pneumatic network was developed, which
provides stable motion control and high payload capacity. In [20], the authors developed a soft
manipulator using artificial pneumatic muscles that mimics the movement of an elephant’s trunk
and possesses flexible spatial movement capabilities. In [21], a fluidically actuated soft manipulator
is described, and the authors of [22] assembled a multi-joint soft manipulator that uses omnidi-
rectional bending and twisting modules for efficient spatial movement. In [23], a soft manipulator
for minimally invasive surgery is proposed, where omnidirectional bending motion is achieved by
three pneumatic modules. In [24], a self-organizing soft manipulator based on biological mecha-
nisms such as neurons, pollen tubes, and thick-walled tissue cells was developed. According to the
authors, the self-organizing manipulator is capable of changing shape depending on environmental
conditions. In [25], a three-joint soft manipulator suitable for underwater operation and allowing
precise object gripping using an anti-bending and stretching mechanism was developed. In [26], a
modular, hydraulically actuated soft robotic wrist consisting of rotating and bending modules is
proposed, capable of performing delicate and precise manipulations in complex deep-sea environ-
ments. In [27], a tendon-driven soft manipulator using three modules based on Kresling patterns
was developed, which can switch between two stable states: flexible joints with low bending stiffness
and rigid links with high stiffness.

Despite numerous studies on soft manipulators, these works are still in their infancy, and their
practical application is associated with many difficulties. One problem is that the low stiffness of soft
robotic systems reduces their controllability and motion stability under the action of gravitational
and inertial forces, although their easily changeable geometry and high plasticity allow them to
adapt to complex and narrow spaces. One approach to solving this problem is the development of
variable stiffness mechanisms, which can be achieved through the use of materials with controllable
stiffness, such as low-melting point alloys [28], or jamming mechanisms [29, 30]. Another approach
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involves the incorporation of flexible structures made from rigid materials to enhance the overall
stiffness of the robot [31]. The first approach allows for changing the robot’s plasticity and geometric
shape by adjusting stiffness, but the use of variable stiffness mechanisms affects not only the inherent
flexibility of the manipulator but also significantly complicates the design and control. With the
second approach, some of the soft manipulator’s capabilities for changing geometry will be lost.
This article implements the second approach to improve the controllability and stability of soft
manipulators. A planar flexible snake-like soft manipulator, inspired by the structure of a snake’s
body, has been developed for movement in narrow spaces with obstacles. By using a rigid-flexible
composite structure for the supporting frame (spine), the manipulator demonstrates a good ability
to change its geometric shape with simultaneous motion stability and ease of control. For the
designed snake-like manipulator, it is necessary to develop a trajectory calculation algorithm that
corresponds to the specific movements of the proposed design. Currently, the most widespread
approach to manipulator trajectory planning is based on solving the inverse kinematics problem.
This approach is applied to both rigid [32-34] and soft multi-joint manipulators [21, 35]. The
inverse kinematics problem is solved using various strategies: in [33], trajectory calculation relies
on solving kinematic differential equations, while in [32], an analytical solution is proposed without
using derivatives. Heuristic approaches are gaining widespread use today. For instance, in the
FABRIK (Forward and Backward Reaching Inverse Kinematics) algorithm [36], the coordinates
of a multi-joint manipulator’s nodes are calculated by repeated linear shifts towards the target
position of the end effector. Trajectory calculation algorithms without using inverse kinematics are
also described in the literature. For example, [37] uses a specific modification of a genetic algorithm
for trajectory calculation, in [38] the authors propose using fuzzy logic for trajectory planning, and
in [39] — hybrid neuro-fuzzy networks. It should be noted that such approaches generally require
more computational resources and are more complex to implement than algorithms based on solving
inverse kinematic problems.

The trajectory calculation algorithm proposed in this article is based on the inverse kinematic
approach. The kinematic model of robot motion is built on a combination of theory and exper-
iments. The forward kinematics problem of the flexible manipulator is formulated based on the
results of previously conducted full-scale experiments, which allows the algorithm to be adapted to
a specific manipulator with high accuracy. The solution to the inverse problem is obtained analyti-
cally. Full-scale experiments were conducted to verify the mobility of the flexible manipulator with
the proposed trajectory planning algorithm, which confirmed its high effectiveness in bypassing
obstacles.

2. DESIGN AND ASSEMBLY OF THE FLEXIBLE ROBOT

The wide range of motion and maneuverability of snakes in complex, confined environments can
be attributed to their unique body structure. In general, a snake’s body is a composite structure
consisting of both rigid and flexible elements. The central spine provides robust support for the
body and is covered by soft muscular tissue. A snake’s spine comprises hundreds of vertebrae ar-
ranged sequentially. By manipulating muscles in various directions, adjacent vertebrae can achieve
horizontal deflections of up to 10 degrees and vertical deflections of up to 3 degrees [40]. Although
the bending angle of a single joint is limited, a snake can achieve significant overall body bends
by accumulating numerous small bends across individual joints. Based on this, the manipulator
should have an analogous rigid-flexible composite structure, consisting of a planar flexible spine and
actuated air reservoirs. The entire snake-like manipulator is divided into six flexible sector-joints
for independent control, with each flexible joint sequentially connected to the others, as shown in
Fig. 1. Each sector-joint, in turn, consists of six serially connected small air reservoir-vertebrae.
The vertebrae are joined into a joint using flat flexible hinges, allowing the sector to bend within
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Fig. 1. Flexible manipulator in the shape of a snake: (a) overall view, (b) structure of the flexible joint.

the plane of the joint while restricting longitudinal bending. Additionally, high-strength cables are
attached to the outer side of the hinge. Their number increases from tail to head, thereby enhancing
the overall longitudinal strength of the flexible joints. Between the vertebrae, on both sides, two
pneumatic chambers act as muscles for movement. Each pneumatic chamber contains six internal
air reservoirs, corresponding to the operation of the six vertebrae. By changing the air pressure
inside the pneumatic chambers on both sides of the structure, they expand and lengthen, thereby
regulating the bending angle of the entire flexible joint. To simplify the design, except for the final
flexible joint, the lower (“ventral”) and upper (“dorsal”) surfaces of the vertebrae are equipped
with grooves. The depth of the grooves increases as the robot moves from head to tail, resulting in
the manipulator acquiring a conical bio-inspired shape resembling an octopus tentacle. To reduce
the robot’s weight and cost, its spine and flexible hinges were manufactured using 3D printing with
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polylactic acid (PLA) and thermoplastic polyurethane (TPU), respectively. The air reservoirs were
fabricated using silicone rubber (E640), known for its high elasticity, tear strength, and elongation
up to 470%. The air reservoirs were produced by silicone molding. The mold for shaping the
reservoirs consists of two parts. Casting is performed by inserting an iron rod into the upper cavity
to create the two halves of the reservoir. A vacuum drying oven creates reduced pressure to prevent
bubble formation inside the molded reservoirs during their manufacturing process. The finished
snake-like manipulator consists of 6 sector-joints. The total length of the robot is 900 mm, and its
weight is approximately 2 kg.

3. TRAJECTORY CONSTRUCTION OF TRANSLATING THE SNAKE-LIKE
MANIPULATOR BASED ON EMPIRICAL APPROACH

In this section a model is being developed that allows control over the position of the manipula-
tor’s end-effector (working tool) in two-dimensional space. We will assume that the end-effector is
located at the “head” of the robot. The forward kinematic model of the flexible snake-like manipu-
lator includes two main components: the dependence of the end-effector’s position on the bending
angle of each flexible joint, and the dependence of the bending angles of the mechanical joints on
the pressure in the controlling pneumatic chambers.

3.1. Dependence of the Manipulator’s End-Effector Position on Joint Bending Angles

Figure 2 illustrates the motion model of a single sector-joint of the flexible snake-like manipula-
tor. This represents a simplified model with constant curvature, resulting in a smooth continuous
curve. The shape of the curve is determined by two variables related to the flexible joint: the length
of the joint (L) and the bending angle (6;). Based on the kinematic model presented in Fig. 2, the
transformation matrix from the initial coordinate system P;_j(z;—1,y;—1) to the final coordinate
system P;(z;,y;) can be determined. The matrix will thus represent a kinematic mapping from
the joint space of the robot to the robot’s position space in the external environment. The initial
coordinate system P;_1(z;_1,y;—1) is transformed into P;(x;,y;) by a single translation and a single
rotation:

B (5 )

Fig. 2. Bending of a single flexible joint.

(1) The coordinate system P;_j(x;—1,y;—1) is translated along two coordinate axes to move point
P,_1 to point P;. Based on geometric relationships, we obtain the translation matrix:

10 Lil_;f’sei
1—cosf; _sinb; : 19,
Trans <L 7 , L 0 >: 01 LSIH' i . (1)
KA
00 1
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(2) The coordinate system rotates around the z-axis by an angle ;. The rotation matrix is (2).

cos@; sinf; 0O
Rot (z;,0;) = | —sinf; cosf; 0. (2)
0 0 1

Multiplying these two matrices, we get the transformation matrix from the initial to the final
coordinate system for a single joint:

cos; —sinb; LLOS&
L L O
=i = Trans (9—1(1 — cos 8;), o sin 02-) Rot(z;,0;) = sinf;  cosd, LSII;Qz‘ . (3)
0 0 1

Since the manipulator consists of several serially connected joints with a single degree of
freedom of bending, the end-effector’s position depends on the bending angle of each joint.
If all joints use a constant circular arc curvature model, then according to the coordinate
transformation formula (3), the homogeneous transformation matrix from the joint coordinate
system P, (x,,yn) to the base coordinate system Py(xo,yo) for n segments can be obtained:

OTn = OTl X 1T2 X ... X n_zTn_l X n_lTn' (4)

Furthermore, if the manipulator is mounted on a slider that can move along the y-axis, the
homogeneous transformation matrix from the fixed coordinate system to the base coordinate
system is as follows:

100
bT(): 01 Ub| - (5)
001

In this equation, the parameter y;, represents the distance the slider moves. Multiplying
matrix y, by the transformation matrix 7}, gives the homogeneous transformation matrix
from the fixed end of the manipulator to the manipulator’s end-effector:

T, =Ty x °T,, (n=6). (6)
The position and orientation vectors of the end-effector are given by the relations:

P,=%T,0 0 1)T,

D, =°T,j0 0 17— P,.

3.2. Dependence of Joint Bending Angle on Pressure in Controlling Pneumatic Chambers

Under a constant load, there is a unique relationship between the deformation of the controlling
pneumatic chambers and the pressure inside them. During operation, the joint’s bending angle
depends on the following factors: the pressure applied to the air reservoirs on both sides of the
spine; the physical characteristics of the reservoirs’ expansion; and the structure of the connecting
hinges. Different pressures and varying degrees of reservoir expansion in different sector-joints lead
to different bending angles. The unique bending characteristics of each joint of the flexible snake-
like manipulator were determined through physical experiments. Hysteresis is a property of systems
whose instantaneous response to applied stimuli depends, in part, on their current state. Hysteresis
is observed when the current state of a system is determined by external conditions not only at that
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Fig. 3. Mapping of the relationship between joint bending angles and pressure in the controlling
pneumatic chamber.
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Fig. 4. Reachable range of the end joint.

moment but also at preceding moments in time. For the problem under consideration, this means
that the pneumatic chamber’s deformation is influenced by its historical states. If two actuated
pneumatic chambers are involved in the joint motion, the dependency becomes more complex, and
solving for the joint’s bending angle becomes difficult. Therefore, the developed flexible manipulator
uses a single pneumatic chamber control method, described as follows: When the joint bending
angle increases on one side, the pressure in the pneumatic chamber on the opposite side increases.
When the joint bending angle decreases on one side, the pneumatic chamber on the opposite side is
depressurized and contracts. This means that one pneumatic chamber leads to a unilateral bend of
the joint. This control method establishes a direct relationship between the joint’s bending angle
and the pressure in the controlling pneumatic chamber, which simplifies calculations and facilitates
subsequent trajectory planning for the manipulator.

The setup consists of an STM32 microcontroller for regulating the valve, which controls the
pressure in the air chambers to induce bending in the snake-like manipulator. A high-precision
WT61C bending angle sensor is installed on the first vertebra of each segment to measure the
joint’s bending angle. Experiments were conducted by inflating the pneumatic chamber on one side
while the opposite side remained unloaded. The air pressure range was set from 0 to 0.064 MPa.
Several experiments were performed, and the resulting curves were approximated by a fourth-
degree polynomial. As a result, “pressure-bending angle” relationships were obtained for all six
joints, as shown in Fig. 3. The experimental results with two mirror-imaged pneumatic chambers
of the same joint are practically identical; therefore, this article presents results only for one side
of the robot. The discrepancy between the approximating “pressure-bending angle” relationship
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Fig. 5. Workspace of the flexible snake-like manipulator.

and the actual experimental values is less than 5%, reflecting the kinematic characteristics of the
joint with high accuracy. The obtained curves serve as the basis for solving the forward and inverse
kinematics problems of the robot when calculating the manipulator’s end-effector position based on
the joint bending angles. As seen in Fig. 3, at the same air pressure levels, the joint’s bending angle
during the inflation process is smaller compared to the deflation process. The maximum angular
lag is about 5 degrees, indicating the pneumatic chamber’s hysteresis characteristics. Moreover,
due to structural differences between the flexible joints, small variations in corresponding bending
angles are observed at the same air pressure, with a maximum deviation of about 3 degrees. Based
on this, when solving the forward (inverse) kinematics problem between air pressure and joint
bending angle, it is first necessary to determine the air pressure value (or joint bending angle) at
the previous articulation, select one of the two experimental fit curves (for inflation or deflation),
and then obtain the solution.

The robot’s workspace includes the space that can be reached by the base point of the snake-like
manipulator’s wrist (last link) with its end-effector attached. The workspace is a key criterion for
evaluating the manipulator’s dynamic performance. Based on the analysis in the previous section,
the rotation range of the flexible joints is [—30°,30°]. The reachable range for the final vertebra of
the last joint (head) is shown in Fig. 4. To model the workspace of the robot moving on a mobile
slider, the Monte Carlo method was applied with a slider movement range of 1000 mm. In each
range, 20000 sets of random numbers were generated to calculate the end-effector’s position using
the forward kinematics equations. The resulting workspace is demonstrated in Fig. 5.

3.8. Calculating Bending Angles of a Joint Sequence

To solve the inverse kinematics problem for calculating the required bend of each joint, the
approach of equal joint bending and linear direction compensation was used. To move the end-
effector by an amount z; in the x-direction (perpendicular to the slider’s direction) and an amount y;
in the y-direction (along the slider’s direction), the following steps must be performed:
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(1) Calculate the required displacement of a single joint in the x-direction by dividing the total
displacement by the total number of joints.

(2) Calculate the joint bending angle based on the obtained displacement value along the x-axis.

(3) Calculate the displacement of a single joint along the y-axis when bent by the amount calcu-
lated in the previous step.

(4) Calculate the total displacement of the end-effector along the y-axis due to bending by multi-
plying the displacement of a single joint by their total number.

(5) Calculate the difference between the end-effector’s displacement due to bending and the re-
quired displacement.

(6) Move the guiding slider by the obtained value, compensating for the lack of robot displacement
along the y-axis.

4. TRAJECTORY PLANNING BASED ON EMPIRICAL MODEL
4.1. Planning Based on End-Effector Position Tracking

Given the large number of joints in a pneumatic flexible manipulator, individual trajectory plan-
ning with obstacle avoidance for each position of every joint would significantly reduce the efficiency
of inverse kinematics calculations. This work adopts a head-tracking strategy, where only the tra-
jectory of the final vertebra of the last joint is tracked. This significantly increases the efficiency
of trajectory planning while maintaining the manipulator’s flexibility. For the developed flexible
snake-like manipulator, the main challenge when using the head-tracking strategy is determining
the actual movement trajectory of the end-effector. Essentially, this is the position of the flexible
snake-like manipulator upon reaching the operational goal. The following conditions must be met:

(1) The maximum curvature of the trajectory must be less than the curvature corresponding to
the maximum joint bending angle.

(2) The guiding slider must be tangent to the trajectory of the manipulator’s first joint, and the
end of the trajectory must reach the target point.

(3) The total length of the trajectory is an integer multiple of the joint length.
(4) The trajectory must not intersect obstacles.

Based on these requirements, this article considers the construction of end-effector movement tra-
jectories for three different task scenarios.

4.1.1. Reaching a Specified End-Effector Position and Orientation. Based on the modeling and
analysis from previous sections, it becomes clear that there is a connection between the end-points
of the flexible sector-joints and the joint bending angles. When solving the inverse kinematics
problem through path interpolation, there is a possibility of encountering points where no solution
exists. To overcome this problem, the article uses a geometric method for finding suitable paths,
as shown in Fig. 6. The method consists of the following:

(1) Since the target point and direction of movement are predefined, the target point 7' can be
taken as the starting point, and the direction opposite to the target direction (—y.) as the
initial direction. The path search is performed in reverse, starting from the end-effector and
moving towards the robot’s base. The direction of reverse movement y (see Fig. 4) is chosen
as the direction opposite to yr (see Fig. 6). This allows for defining the workspace for the end
vertebra of the first sector-joint from the head. Within this area, the corresponding position
is determined to sketch the first segment of the flexible joint.

(2) The end-point position for the next joint is calculated as the solution to the following empirical
optimization problem, consisting of stages A-D:
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Fig. 6. Robot trajectory search method for a given end-effector position and direction.
(A) The joint’s end-point does not intersect obstacles, i.e.:
Py ¢ Ry (8)

Here: Ry is the forbidden region (set of points of obstacle models). In Fig. 6, examples
of forbidden regions are the two circles R1 and R2.
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(B) The distance d from the end-point to the guiding slider’s line must be minimal.

(C) If, as a result of applying the two above-mentioned principles, the distance d between
the end-point and the guiding line is greater than 2x,,,x, optimality criterion B changes
to D.

(D) The angle ¢ between the direction of the vertebra’s end and the guiding line must be
minimal.

(3) The positions of subsequent segment-joints are determined similarly when moving from the end
to the base of each joint. The choice of curves for mapping joint positions is made considering
approximation to a straight line — the guiding line of the slider’s movement without collisions
with obstacles. These segments are here called “free segments” (see Fig. 6).

(4) For the subsequent joints to reach the guiding mobile slider, on which the entire robot’s base
is attached, and for the guiding line to be tangent to the first vertebra of the base joint, the
last joint of the free segment must satisfy the following conditions:

(a) The continuation of the last joint’s base direction must intersect the guiding line.

(b) The distance d from the base point to the guiding slider’s line must not be greater than

Tmax-

(¢) The angle ¢ between the joint’s base direction and the slider’s guiding line must not be
greater than 6y,,.

If these conditions cannot be met, it becomes necessary to recalculate the joint angles for the
free segment joints. If the requirement for distance d cannot be met, no acceptable solution
exists. If the requirement for the deviation angle ¢ cannot be met, the angle deviation con-
straint should be introduced into the optimization problem during replanning to ensure that
the segment end is sufficiently close to the guiding line while satisfying the maximum angle
deviation requirement.

(5) The next section will be called the “limiting segment.” It consists of a single flexible joint. Its
bending angle is limited by the angle ¢, with its base direction parallel to the guiding line.

(6) The last section will be called the “adjustment segment.” It includes two joints. By setting the
angles of these two joints equal in magnitude but opposite in direction, it’s possible to ensure
that the first joint’s orientation remains unchanged when the distance from the guiding line
changes. The bending angle must be chosen to ensure that the first vertebra of the robot’s
first joint passes tangentially to the guiding line.

At this point, the search for the end-effector’s movement trajectory is complete. In this trajectory
search method, the critical aspect is using the first three joints for the robot’s initial orientation,
as this is the minimum number capable of ensuring the correct manipulator position relative to the
slider’s guiding line. Consequently, only three joints of the free segment are capable of bypassing
obstacles. Therefore, under these conditions, the developed flexible snake-like manipulator cannot
perform complex obstacle avoidance maneuvers.

4.1.2. Fitting to a Given Trajectory. The method for fitting joint positions to a given trajectory
is similar to the previous scenario. For the free segment, the joint ends that intersect the given
trajectory are directly selected. The fitting method essentially aligns the free segment’s joints
along the trajectory. Therefore, the actual trajectory may have a rather large error compared to
the planned one. For complex curves, if the end of the free segment does not satisfy the requirements
listed above, trajectory fitting may be unattainable.
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Fig. 7. Robot trajectory search method using permissible regions.

4.1.3. Reaching a Specified End-Effector Position. The trajectory planning methods described
above for reaching a target point have limitations in maintaining the manipulator’s flexibility
and adaptability to the environment. This necessitates the development of a new method for
searching the end-effector’s trajectory. In accordance with the previously described trajectory
planning stages, it is clear that the main problem is achieving a position for the robot’s first joint
such that the slider’s guiding line is tangent to the joint’s curve at the robot’s attachment point.
In many cases, this requires at least three articulations. Given the unfixed orientation of each
segment’s end, planning to reach a given position, starting from the guiding line, can be done from
the base to the segment’s end, which increases the number of free joints and simplifies the trajectory
planning process.
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Let the permissible regions for the base point’s location be defined for the base of each segment.
Then the planning steps are as follows (see Fig. 7).

(1) Let the target point of the trajectory be denoted by T'. A straight line AB is drawn through
point 7" parallel to the slider’s guiding line.
(2) At a distance no greater than the joint length L from line AB, a point from the permissible
region is selected as the temporary starting point for the last joint’s bending trajectory.
(3) The reachable area for the end of the first joint from the temporary starting point is determined.
(4) The position of the joint’s end-point in the reachable area is calculated based on constructing
the optimization problem A-D, where distance d is replaced by the distance between the end
and target points.
(5) Calculations for subsequent joints are repeated similarly, moving towards the end of each joint.
(6) When the joint’s end is close to the target point (d < 2L), optimality criterion B changes to D:
the angle ¢ between the final direction and the line connecting the end point and the target
point must be minimal.
After the algorithm completes, a bending trajectory for the robot’s joints will be obtained, ensuring
the achievement of an alternative target point P. The distance between the alternative P and the
actual T target points along the line AB is given by Al. To reach the true target point, the entire
trajectory curve needs to be shifted by the amount Al along the direction AB. If, after the shift,
the trajectory intersects obstacle models, it is necessary to plan the trajectory again by selecting
different points from the permissible regions at each step as temporary base points for the joints.
If there are no intersections, planning is considered complete. This method, compared to previous
methods, allows the robotic manipulator to use more joints to directly perform the given tasks,
as all joints are utilized to reach the target point and avoid obstacles. Consequently, the flexible
robot can effectively perform tasks in more complex conditions, leading to an increased percentage
of successfully completed tasks.

4.2. Trajectory Planning Based on Passive Geometric Shape Change

Given the limited force applied for pneumatic chamber deformation, it should be noted that the
range of motion of the manipulator’s end-effector during active joint bending is often limited. At
the same time, the snake-like manipulator possesses flexibility and extensive capabilities for passive
geometric shape change. When the sector-joints come into contact with obstacles in the external
environment, the manipulator can autonomously bypass these obstacles through its inherent flex-
ibility. This allows the manipulator to adapt to various complex tasks and operating conditions.
In the example shown in Fig. 8, during the flexible manipulator’s movement, active bending was

¢ Goal ¥¢ Goal ¥¢ Goal P6 Goal
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| |
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Fig. 8. Trajectory planning based on passive geometric shape change.
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only required for the final joint (head). The remaining joints bend upon contact with obstacles
and complete their movement solely due to passive bending. The formula for calculating the active
bending angle of the last ith joint is:

0; = CP,_1L - arccos <F1'TD7DZ,J__11> i (9)
where C is the contact point with the obstacle, and F' is the tangent vector to the contact surface
at the base mark. This strategy effectively utilizes the snake-like manipulator’s flexibility, simplifies
the trajectory planning process, and consequently, the solution of the given task, but it can lead to
frequent collisions with environmental elements. Therefore, this approach is effective in scenarios
where the robotic manipulator does not cause damage upon contact with an obstacle or where
safety requirements are relatively low.

5. EXPERIMENTS
5.1. Experiment Preparation

The snake-like manipulator is equipped with 12 pneumatic actuating chambers for 6 joints and
12 proportional pneumatic control valves connected to a compressor. The robot is mounted on a
linear slider, allowing it to extend and retract by controlling the movement of the slider’s linear
support. Figure 9 shows the composition of the robotic manipulator’s control system. A personal
computer (PC) serves as the host for the main control program, written in C language. It commu-
nicates with the microcontroller unit (MCU) via a serial communication channel to transmit data.
Based on a predefined manipulator motion strategy, the computer calculates the bending angles of
each flexible joint at different times and determines the linear guide’s displacement. The necessary
air pressure values in the 12 control air chambers are determined based on the relationship between
air pressure and joint bending angles. The MCU then converts the calculated values into corre-
sponding electrical signals and transmits them to the proportional valves and stepper motors. As
a result, the snake-like manipulator performs various movements and obstacle avoidance actions.
Two series of experiments were conducted: moving the end-effector along a predefined trajectory
without obstacles to investigate its performance, and moving the end-effector to a target point with
obstacles.

Serial

Communication

Pulse Signal
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\ { Linear Guide Stepper Motor
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Fig. 9. Schematic diagram of the flexible manipulator’s control system layout.
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5.2. Experiments on Movement Along a Predefined Trajectory Without Obstacles

This experiment involves creating specific end-effector movement trajectories to test the overall
performance of the flexible snake-like manipulator, analyze its movement capabilities, and evaluate
its potential application in two-dimensional operations. In these experiments, movement along
three trajectories was tested: a straight line, a rectangle, and a circle. A laser is mounted on

(a) Tracking the linear trajectory of manipulator movement
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Fig. 10. Experimental results for controlling end-effector movement without obstacles along a given
trajectory.
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the manipulator’s end-joint to track the end-effector’s movement trajectory and calculate the error
between the actual and predefined trajectories. Figure 10 demonstrates the progress of the three
experiments without obstacles: a) tracking a linear trajectory, b) tracking a composite linear
trajectory in the shape of a rectangle, and c) tracking a circular trajectory. The error was defined
as the deviation of the actual trajectory from the predefined one at the final time point (the end
point of a straight line, the corner of a rectangle, and the end point of a circle). As a result, the
maximum deviation of the soft manipulator’s final position did not exceed 1%, and the deviation
of the joint angle in the real experiment from the calculated value did not exceed 2%. This
confirms the high effectiveness and accuracy of the flexible snake-like manipulator’s movement in
two-dimensional space.

5.3. Experiments on Active Obstacle Avoidance Based on End-Effector Position Tracking

The obstacle avoidance experiment, shown in Fig. 11, involves two parallel support pillars as
obstacles, and the end-effector is a steel needle attached to the manipulator’s last vertebra. The
target is a balloon located behind the obstacles. Based on the previously proposed path planning
algorithm, the manipulator’s end-effector must bypass the obstacles to reach the balloon’s position
and puncture it. The predefined experimental scenario corresponds to the task scenarios described
earlier. Based on the end-effector trajectory planning methods described in previous sections, the
trajectories shown in Fig. 11 were constructed. Analyzing the constructed trajectories, it can be
concluded that using the method with achieving a specified position and orientation requires a
longer guiding slider and involves a greater number of joints. Since there are no strict requirements
for the end-effector’s position in this experiment, a trajectory corresponding to the method of
achieving a specified position was chosen. The speed of the moving slider was set at 25 mm/s,
and the time required to bypass the obstacles was set at 20 seconds. To calculate the time-

(a) Experimental scene (b) End-effector trajectory (c) End-effector trajectory
planning or a given position planning for a given position
and orientation

Fig. 11. Experiment on active obstacle avoidance.
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Fig. 12. Calculation of the end-joint angle change trajectory during obstacle circumvention.

Fig. 13. Experiment on the movement of a flexible snake-like manipulator through active geometric
shape change, bypassing a single obstacle.

varying curvature of the end-joint carrying the effector, cubic spline interpolation was applied
to four calculated angular positions of the end-effector, as shown in Fig. 12. At the 17-second
mark, an additional point of 30° was added to prevent the joint from exceeding its allowable bend.
Obstacle avoidance by the flexible manipulator is achieved based on the obtained curve of the end-
joint’s angle change using the kinematic model and the end-effector tracking strategy. Figure 13
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Fig. 14. Experiment on the movement of a flexible snake-like manipulator based on passive geometric
shape change, bypassing a group of obstacles.

demonstrates the experimental setup for movement through active geometric shape change of the
flexible manipulator during obstacle avoidance. The manipulator is initially positioned in front of
the obstacle, moves around the obstacle, bypassing it from the right as it moves, and punctures
the balloon located behind the obstacle. It is evident that the snake-like manipulator successfully
completed its movement, bypassing the obstacles along the predefined trajectory, with joint angle
deviations from the calculated values of no more than 5%.

5.4. Experiment on Obstacle Avoidance Based
on Passive Geometric Shape Change

For obstacle avoidance scenarios based on passive geometric shape change, as proposed above,
control is only required to calculate the trajectory of the head joint with the effector to ensure
the manipulator moves in the desired direction between obstacles. Figure 14 shows the progress of
the experiment on soft manipulator movement based on passive geometric shape change to bypass
a group of obstacles. Changes in the joint bending angles during movement are also illustrated
in Fig. 14. As a result of the experiment, the snake-like manipulator successfully completed its
movement, bypassing multiple obstacles and reaching the designated target position, using its active
and passive capabilities for geometric change.

6. COMPARATIVE ANALYSIS OF THE PROPOSED APPROACH
WITH KNOWN METHODS

This study proposes an original design for a flexible snake-like manipulator and a methodology
for constructing its trajectory planning system based on real experiments. To analyze the effec-
tiveness of the developed design and the corresponding trajectory planning system, a comparison
of the proposed approach with known designs and methods for calculating flexible manipulator
trajectories was conducted.
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6.1. Comparison of Designs

A comparison of the features of the developed flexible snake-like manipulator design with known
counterparts is presented in Table 1.

Table 1. Characteristics of Flexible Manipulators of Various Designs

Manipulator Construction ~ Actuation  Degrees of Geometric Attachment  Trajectory Calcu-
Type Type Type Freedom Shape /Movement  lation Method
Change Method
Method
Industrial Constant Mechanical 3-7 Active On a station- Trajectory gener-
Robotic Arm  stiffness (high ary stand ation based on in-
(KUKA LBR  stiffness) dustrial software
ITWA, Rozum
PULSE, etc.)
Multi-joint Constant stiff- Cable- 5-20 Active On a station- No information
Robotic ness (medium driven ary stand
Arm [1] stiffness)
Super-soft Constant stiff- Hydraulic 15 Passive On a station- Trajectory calcu-
Liquid Elas- ness (low stiff- /Active ary suspen- lation based on
tomer Mani- ness) sion position tracking
pulator [21] with  computer
vision
Soft Manipu- Variable stiff-  Pressure- - Active On a mobile Trajectory gen-
lator based on ness hardening carrier/slider eration based on
Jamming [29] granulate impulse com-
mands
Proposed Variable stiff- Pneumatic 16 Passive On a slider Trajectory calcu-
Flexible ness /Active lation based on
Snake-like experimental
Manipulator studies
Model

As Table 1 illustrates, the flexible snake-like manipulator design presented in this work has
several advantages over its counterparts, particularly the ability for passive geometric change,
variable stiffness, and a large number of degrees of freedom. A key feature is the specific trajectory
calculation algorithm, which is developed based on the physical data of the specific snake-like

manipulator obtained through a series of experiments.

6.2. Comparison of Trajectory Planning Approaches

Let’s consider several approaches for trajectory planning described in modern literature.

e Trajectory planning for a multi-joint redundant manipulator based on a genetic algorithm
[37]: The manipulator’s trajectory is represented by the coordinates of its nodes, with the
end node associated with the end-effector. The trajectory must ensure minimal discrepancy
between the end-effector’s position and the target point. The trajectory is formed as a solution
to an optimization problem where the objective function is the deviation of the end-effector’s
coordinates from the target coordinates, and the constraints are the requirements that the
manipulator’s links do not intersect obstacles or each other, and that joint rotation angles are
permissible. Optimization is performed using a genetic algorithm, where trajectories act as
chromosomes and node coordinates as genes. The algorithm is repeated many times to obtain
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a “genealogical tree” — a sequence of suitable trajectories that move the manipulator from a
given initial position to a final one.

Manipulator trajectory calculation based on an analytical solution to the inverse kinematics
problem [32]: The rotation angles of a three-link manipulator (shoulder-forearm-gripper) are
determined based on the required position of the last link (gripper). The method involves
sequentially formulating and solving systems of nonlinear equations reflecting the dependencies
between the rotation angles of subsequent and preceding links. Due to the relatively simple
configuration and limitation on the number of links, the problem has a unique solution.
Multi-joint manipulator trajectory calculation based on the FABRIK (Forward and Backward
Reaching Inverse Kinematics) algorithm [36]: The trajectory of a multi-joint manipulator is
calculated according to repeated forward and backward iterations — passes. The initial node is
considered rigidly fixed, and the end-effector is conditionally located at the last node. In the
forward pass, the nodes move from the end-effector to the initial node. The last node, with the
end-effector, moves to the position specified as the target. Then each subsequent node moves
to a position lying on the straight line connecting it and the previous, already shifted, node,
at a distance equal to the link length. As a result, after all nodes have shifted sequentially,
the initial node will be offset from its original position. Since the initial node is considered
fixed and its position cannot change, the initial node’s position is corrected — it returns to its
initial position. After this, a backward pass is performed — all manipulator nodes are shifted
again, but now from the initial to the end node, following the same principle as in the forward
pass. Forward and backward passes are repeated until the end-effector is sufficiently close to
the given target position.

A comparison of the characteristics of the reviewed methods, as well as the proposed method

based on an empirical approach, is presented in Table 2.

Table 2. Features of Trajectory Generation Methods for Multi-joint Manipulators

Method  Algorithm  Number of Workspace Consideration Obstacle Structural

Group Type Manipulator Dimension of Specific Avoid-  Movement
Links Manipulator  ance
Features

Trajectory cal- Random  Single-pass, Unlimited 3D No Yes Requires
culation based Search iterative algorithm
on genetic modifica-
algorithms tion
Analytical Analytical Single-pass, 2-3 3D Partially No No
trajectory Model non-
calculation iterative
Forward and Heuristic Two-pass,  Unlimited 3D No Requires  No
Backward Algorithm iterative algorithm
Reaching In- modifi-
verse Kinematics cation
(FABRIK)
Trajectory calcu- Empirical Two-pass,  Unlimited 2D Yes Yes Yes

lation based on  Algorithm iterative
empirical ap-
proach

The proposed method, unlike other existing trajectory generation methods, is tailored to a

specific manipulator, as the calculation is performed based on empirical data obtained through
experiments. The analytical method, which also involves calculations for a specific manipulator, is
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based on theoretical, but not practically measured, device characteristics. The proposed algorithm
is not designed for changing the manipulator’s position in three-dimensional space, but it can
account for the movement of the initial node due to the mobile slider.

6.3. Comparison of Computational Costs

To compare the proposed algorithm with other manipulator trajectory generation algorithms in
terms of computational costs, we will evaluate the computational time complexity for the respective
algorithms. Computational time complexity is estimated by a function that expresses the number
of required operations as a function of the input data size n. This section presents values of time
complexity as n — oo, i.e., asymptotic computational time complexity [41].

e Assessment of Genetic Algorithm computational complexity: With typical choices of trans-
formation methods (point mutation, single-point crossover, roulette wheel selection), the com-
plexity of genetic algorithms is O(g(nm +nm+n)), where g is the number of generations, n is
the population size, and m is the size of individuals. Thus, the computational complexity of
the algorithm can be estimated as O(n?).

e Assessment of Analytical Trajectory Calculation Method computational complexity: The com-
putational complexity of the analytical method is the lowest. Since the algorithm does not
involve iterative calculations, the computational volume remains constant, and the complexity
is O(1).

e Assessment of Forward and Backward Reaching Inverse Kinematics (FABRIK) algorithm
computational complexity: The FABRIK algorithm consists of inner and outer loops. In the
inner loop, forward and backward passes of the algorithm are sequentially performed. Each
such pass computationally generates a decomposition tree of depth log, n. Consequently, the
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LE' 70 : d
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% 60 7
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g / = + FABRIC method O(n*logn)
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5 40 7 === Analytical method O(1)
= . .
% 30 : / = The proposed method O(long)
N
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Data volume

Fig. 15. Growth of computational complexity with increasing data volume for the reviewed trajectory
calculation methods of flexible manipulators.
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complexity of the inner loop with a double pass is O(nlogy 1), which for n — oo is equivalent
to a complexity of O(n). The outer loop of the algorithm repeats the inner loop a number of
times proportional to the input data volume n. Therefore, the computational complexity is
estimated as O(n?).

e Assessment of Trajectory Calculation Algorithm Based on Empirical Approach computational
complexity: The proposed algorithm, unlike the FABRIK algorithm discussed above, consists
of a single loop. There is no outer loop, as the end link is located on a slider and can change
its position. Consequently, the complexity of the proposed algorithm is O(n).

A graphical comparison of the computational complexity estimates is presented in Fig. 15.

7. CONCLUSION

This article, building upon international research in soft robotic manipulators, presents the
design and development of a 6-joint, 13-degree-of-freedom snake-like flexible manipulator. Its de-
sign is based on the anatomical structure of a snake’s spine. The overall configuration features
a series-parallel composite structure, controlled by 12 sets of pneumatic chambers on both sides
of the manipulator and a linear guide-slider. We performed a kinematic mapping from the ma-
nipulator’s joint space to its workspace using a constant curvature model. Through experiments,
the relationship between air pressure in the pneumatic chambers and the joint bending angle was
established. A unilateral movement method along a linear slider was employed to model the robot’s
forward kinematics. To meet the requirements of practical engineering applications for a flexible
manipulator, we developed trajectory planning methods for obstacle avoidance. Two methods for
calculating the robot’s movement trajectory were proposed based on the end-effector position track-
ing approach. We also analyzed a method for obstacle avoidance based on the passive geometric
shape change of the soft robot. The conducted physical experiments confirmed the feasibility and
correctness of the developed methods. A comparison of the proposed flexible manipulator design
approach with existing design solutions demonstrated the originality of the developed structure.
A key advantage of the designed snake-like flexible manipulator is its ability to passively change
its geometric shape during movement for obstacle avoidance, as well as its variable stiffness with
a large number of degrees of freedom. The manipulator is designed for movement and operation
on a planar surface, making its application preferable in a range of practical tasks. The algorithm
developed for calculating the manipulator’s trajectory is based on experimental measurements of
the characteristics of the pneumatic chamber-joints, which enable the bending and straightening of
the flexible snake-like manipulator. This algorithm has low computational complexity, surpassed
only by analytical modeling, which, in turn, cannot offer broad trajectory modification capabilities.
Future research plans include further expansion of studies on the design, trajectory planning, and
control of the flexible snake-like manipulator. Specifically, we will investigate control methods that
allow for variable stiffness of the manipulator. Additionally, the manipulator may be equipped with
multiple integrated sensors for real-time position tracking, which will enhance the robot’s response
speed and control accuracy.
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