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Abstract—This review presents new results obtained in the field of stochastic polling systems
research. It systematizes the main directions of practical application of polling models for
performance evaluation and design of wireless WMAN networks with centralized control mech-
anisms, 5G/6G cellular networks, Internet of Things networks, transportation and medical
systems, etc. The prospects for the further development of applied research in this important
area of queueing theory are discussed.

Keywords: Polling systems, telecommunication networks, 5G/6G, Internet of Things, transport
control, healthcare systems
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1. INTRODUCTION

Mathematical models of stochastic polling systems have found extensive application in the design
of communication, manufacturing, transportation, and medical systems, among others. These
models are particularly effective for the evaluation of performance and the design of existing and
prospective telecommunication network protocols that employ centralised control mechanisms.

Research into stochastic polling systems and the synthesis of results in this domain of queueing
theory up to 1995 are documented in monographs [1, 2]. Because of their broad practical applica-
tions, the scholarly interest in polling systems remains undiminished. The past two decades have
witnessed the publication of review papers [3-8|, primarily focusing on the mathematical method-
ologies for their analysis. An exception is the 2011 review [9], which systematised the practical
applications for stochastic polling models.

The rapid evolution and successive generational shifts in cellular networks, broadband wireless
systems, industrial robotics, and various unmanned ground/air systems have necessitated the de-
velopment of novel polling models and analytical techniques for performance assessment and system
design. These include methods for analyzing systems with correlated arrival streams, character-
istic of modern computational networks [10, 11], and machine learning approaches applied when
traditional queueing-theoretic methods yield intractable or unobtainable analytical /numerical re-
sults [12, 13]. Despite a substantial volume of recent publications in the last decade, a comprehen-
sive review systematizing new directions in the practical application of stochastic polling models
remains absent. The present survey aims to address this gap.

The paper is structured as follows. Section 2 introduces fundamental concepts and describes
the basic stochastic polling model, which constitutes the subject of most theoretical and applied
work in the field. Section 3 examines the application of stochastic polling models for performance
evaluation in IEEE 802.11 broadband wireless metropolitan area networks with centralized control.

1



2 SEMENOVA, VISHNEVSKY

Section 4 systematizes research on the application of centralized polling models in Internet of
Things (IoT) and 5G/6G cellular networks. Section 5 discusses how stochastic polling models can
help manage vehicular traffic at intersections. Section 6 describes the applications of polling systems
in healthcare for the disease prognosis, diagnosis, and the hospital logistics. Section 7 outlines
other applications including passive optical networks, energy consumption, and manufacturing
processes. The Conclusion identifies prospective directions for further applied research in stochastic
polling systems.

2. FUNDAMENTAL CONCEPTS AND THE BASIC STOCHASTIC POLLING MODEL

This section details the primary mathematical model underpinning most applied research on
polling systems. Subsequent sections will provide concise descriptions of model variants where they
diverge from this foundational framework.

A basic polling system comprises N (N > 2) queues (nodes, stations) with infinite waiting space
and a single server. The server is a physical entity processing requests/customers. The service here
providing an access to a specific resource (e.g., data channel access) contingent upon the model’s
context.

Customers arrive at queue ); according to a Poisson process with rate \;. Service times in @Q;
are independent and identically distributed with distribution function B;(t), first and second mo-

ments b; and b(z), and Laplace-Stieltjes Transform (LST) B;(z) = [5° e "*dB;(t), for i = 1, N. The

7
server visits queues in a prescribed order, most commonly cyclic. During a visit, customers are
served according to a specified discipline: erhaustive (server continues until the queue is empty),
gated (only customers present at the polling moment are served), globally-gated (only customers
present at the cycle start are served), or k;-limited (at most k; customers served per visit to Q).
Comprehensive classifications are available in [4, 6].

The server switchover time to connect to @); is a random variable with distribution S;(t), mo-
2

ments s;, s;

, and LST S;(z). For cyclic polling systems, the total switchover time per cycle has
moments s = Zj»v:l s; and s?) = 52 4 Z;V:l(s]?) - 5?) A cycle is the time to poll and serve all
queues once. Under cyclic polling, the mean cycle time is C = 1= ; where p = Zﬁil p; is the total
load and p; = \;b; is the load of @;. Stability for exhaustive/gated systems requires p < 1; for

k;-limited service, this is supplemented by \; < @

for all 4.

The analytical challenge lies in constructing a multidimensional process capturing the polling
dynamics, deriving stationary probabilities and mean performance metrics, and obtaining numerical
solutions for large-scale systems.

Methodological approaches include mean-value analysis [14], the branching process method [15],
and decomposable semi-regenerative process theory [16]. The predominant technique for cyclic/pe-
riodic systems is the probability generating function (the PGF) method [17] briefly outlined here
for gated and exhaustive service.

Let XZJ be the number of customers in @Q; when @Q; is polled, and define the PGF G;(z) =
E {Hévzl z]XZ] with z = (21,...,2n).

For gated service, these functions satisfy

N N
G/L'Jrl(z):Gl' 21,22,...,2’@',1,.31' Z)‘j(l_zj) s Zi41y: -3 RN Si+1 Z)\j(l—zj) 5 izl,N. (1)
j=1 j=1

AUTOMATION AND REMOTE CONTROL Vol. 87 No.1 2026



STOCHASTIC POLLING SYSTEMS 3

The mean queue lengths f;(j) = E[XZJ ] are solutions to a linear system yielding:

fix1(3) = fi(G) + Xjbafi(d) + Njsip1,  J #1, (2)

fir1(i) = Nbifi(i) + Nisip1, i=1,N.

%ecor)ld(m)oments are obtained via further differentiation, leading to the mean waiting time W, =
1+pi) fi (i,
220 -

For exhaustive service, the relations become:

N N
Gir1(z) =G| 21,y 21,0 | D N (L=2)) | 2ig1, - 2N | Sia [Z)\j(l_zj)] ;
=1

= j:l
J#1
where éi(w), the LST of a busy period in the corresponding M/G/1 queue for Q;, satisfies

0:(w) = Bi(w + A\i — A\ifi(w)). (3)

Aib(? £i(i.1)
2(1—p;) + 2X2(1—p;)C"

Other analytical methods include functional computation [18], matrix-analytic approaches [19],
heavy-traffic asymptotics [20, 21|, and the pseudo-conservation law [22], detailed in [5, 6].

The mean waiting time is then W; =

3. APPLICATION OF STOCHASTIC POLLING MODELS
FOR PERFORMANCE EVALUATION AND DESIGN OF BROADBAND
WIRELESS METROPOLITAN AREA NETWORKS

A Wireless Metropolitan Area Network (WMAN) is a type of wireless network designed to pro-
vide telecommunications coverage over a broad geographical area. WMANSs consist of a series of
interconnected wireless base stations or access points strategically located throughout a metropoli-
tan area. These base stations communicate with each other and with end-user devices to enable
efficient and seamless data transmission.

In wireless metropolitan networks operating under IEEE 802.11 standard protocols, centralized
polling mechanisms are widely employed. Among these protocols, which implement cyclic polling
of subscriber terminals by a base station (access point server), are the Point Coordination Func-
tion (PCF) and its evolution—the Hybrid Coordination Function (HCF) and the HCF Controlled
Channel Access (HCCA) protocol [23]. The use of these protocols in metropolitan networks char-
acterized by high-rise buildings and radio interference helps mitigate the hidden terminal problem,
efficiently schedules station access to the wireless channel, provides flexible control over the radio
cell operation, and allows dynamic adjustment of its parameters according to the current situation.

References [24-26] present a comparative analysis of various polling schemes for evaluating the
performance characteristics of IEEE 802.11 PCF metropolitan networks. They also propose an
adaptive polling model that not only addresses the hidden terminal problem but also optimizes
access to the data transmission channel. It is worth noting that the adaptive polling scheme and
its first protocol version were initially described in [27-29].

In the adaptive polling scheme, the order of queue visits remains cyclic, but the server does
not visit (does not poll) queues that were empty at the time of polling in the previous cycle. For
asymmetric systems with non-zero switchover times, adaptive polling reduces the mean polling
cycle time and, consequently, enhances wireless network performance.

AUTOMATION AND REMOTE CONTROL Vol. 87 No.1 2026



4 SEMENOVA, VISHNEVSKY

The formula for the mean cycle time from Section 2 in this case takes the form

Zg\; siu; + 3 Hi]\il(l — u;)

C = T

where u; = ﬁ is the probability that queue Q; is visited by the server in an arbitrary cycle,

1+e
i =1, N, and  is the mean idle (waiting) time of the server when all queues in sequence are found

empty during polling and must be skipped. The server waiting time is introduced here to eliminate
empty polling cycles.

In the case of the gated service discipline, the system (1) for the PGFs G;(z), i = 1, N takes the
form:

Gi(z) = (1 —u)ui MY (2) + .+ (L= wr) -+ (1 —un_)uy MY, V(z)
+ (=) (1= un)ME) (@) + w M) (2),

N N
MZ(Ql(Z) =Gy (Zl,---,zz'l,Bil (Z Aj(1— Zj)) s Ziml 42y - - - ) i—l+1 {Z (1 — 2z ] ;
=1

J=1

(4)

Mﬁff(z) =Gi_N (Z .z N, Bin (

N
Z)‘]l_zj y Ri—N+25 -+ ZN

7j=1
B N
X Si N+1 Z (1 —z;)

and system (2) transforms to:

N _—
H{> N-z)|, 1=0,N-1

j=1

fir1(G) = w [I{i:j}fi( )+ Ajbifi(i) + A, 5z+1}
+ (= w)uit [Nj(sin + 8) + Lgoi=jp i1 () + Agbici fia (0= 1) + Nysia | + ..
+ (1 —up)- (1_UN)[I{Z N=j1fi- N(F) +Njbi-n fion(i = N)], i,j=1,N.

As in the case of ordinary cyclic polling, the mean waiting times for the system with adaptive polling

(Hm)fz(z i)
222C

computed as a solution to a system of linear equations obtained by differentiating the PGFs G;(z),
i =1, N. The case of exhaustive queue service is considered similarly [25].

are determined as W; = i =1, N, where the second moments f;(j, k), i,7,k =1, N are

In [30], a polling model with time-limited queue service, describing data transmission in IEEE
802.11e HCCA networks, is investigated. It is shown that the PGF w;(z) for the number of cus-
tomers in the system at the moments of service completion in queue @); is expressed through the
PGF w,(z) for the number of customers in the system at the moments of polling queue Q; as follows:

o (N .
w;(z) = ’YBZ~(Z/§1 k(1 k)))> [wl . <Z A (1 — 2 ) — @i(z)] , i=1,N

zi — By (2521 k(1 — 2

where « is a known constant determined by the mean cycle time C and the total arrival intensity
into the system. The PGFs w;(z), i = 1, N are found from functional equations numerically using
the Fourier transform. The LST W;(s) of the waiting time in queue ); satisfies the relation

WZ(S) ZNZ‘(l—S/)\Z')/BZ‘(S), iZL—N,

AUTOMATION AND REMOTE CONTROL Vol. 87 No.1 2026



STOCHASTIC POLLING SYSTEMS 5

where N;(s) is the PGF for the number of customers in queue Q; at service completion moments,
computed as N;(z) = w;(1,...,1,2;,1,...,1)/w;(1).

Reference [31] also considers the application of a large-scale polling system with branching-type
service disciplines to modeling the BACnet (Building Automation and Control Networks) protocol
for building automation and control networks. Branching-type disciplines are defined as follows.
If at some embedded moment, e.g. an arbitrary queue @; polling moment, its length is k; then
each of these k; customers during the (); service time is replaced by some random number of
customers having PGF h;(z). As shown in [32], polling systems with branching-type disciplines
allow for exact analysis of performance characteristics whereas service disciplines not possessing
this property typically necessitate approximate analytical methods.

Branching-type disciplines include, for example, the gated discipline with

N
hi(z1,...,2v) = B; (Z Ae(1— Zk)) , i=1N
k=1

and the exhaustive discipline with h;(z1,...,2n) = 0, (Zévzl Ae(1— zk)>, 1 =1, N, where the func-
tion f(s) is defined by the functional relation (3). Limited disciplines, however, do not belong to
this class, and systems with such disciplines require the development of approximate methods.

For a polling system with a branching-type discipline, the functional relation (1) for the PGF's
Gi(z), i =1, N transforms to

=

N
Gi+1(z) = Gz (2’1,22, e ,zi_l,hi(z),ziﬂ, e ,ZN) Si+1 |:Z )\j(l — Z])] s 7= 1,
J=1

which enables the derivation of performance characteristics based on the mean queue lengths at
polling moments, obtained by differentiating the above relations.

The LST of the cycle time C is given by
~ ~ N ~
E[e7C] = Gi(Bi(n (W), 0(yn(w) [T Siw),
i=1

where u = (u,...,u), yv(z) = zn, 7i(2) = z + Z;-V:H_l Ai(1—0(v(=z))), i=1,N —1.

For service disciplines not belonging to the branching class, such as k-limited service, [31] also
proposes a so-called flexible k-limited discipline. It is similar to the ordinary k-limited discipline
except when the server serves fewer than k customers in a queue. In this case, the server utilizes
the unused service capacity to serve the next queue in order. This allows, for example, in the case
of a highly asymmetric polling system, to transfer part of the service resource from less loaded
queues to more loaded ones, thereby reducing the mean system waiting time.

References [33, 34] explore the possibility of organizing a metropolitan broadband wireless net-
work using a tethered high-altitude long-endurance unmanned aerial platform [35-37]. An IEEE
802.11 PCF base station installed on an Unmanned Aerial Vehicle (UAV) at an altitude of 100
150 m can significantly increase the line-of-sight zone between subscribers and the base station
antenna thereby expanding the network’s coverage area. References [38, 39] investigate a polling
model with retrials, describing the data transmission mechanism in FANET (Flying Ad Hoc Net-
work) — wireless self-organizing networks based on UAVs.

In [40], the case of Markovian polling order is investigated, modeling Carrier-Sense Multiple-
Access Collision-Avoidance (CSMA-CA) in IEEE 802.11 networks operating in random access
mode. The server visits queues according to a random Markovian polling scheme, described by

AUTOMATION AND REMOTE CONTROL Vol. 87 No.1 2026



6 SEMENOVA, VISHNEVSKY

a stochastic matrix P = (pi,j)ij:ﬁ and a probability vector q = (q1,...,qn). The vector q is
calculated as the solution of the system qP = q, Zﬁil q; = 1.

The queue service discipline can be any branching type as described above. The mean cycle time
for queue Q); is calculated as C; = m, where 0 = Z;-V:l qj SN P;.kB[S; k) Sjk is the random
variable describing the switchover time between queues ; and Qy, j,k =1, N.

This case allows application of the PGF method yielding the functional relations similar to (1)

N
Zpuqz i (21,2255 2io1, hi(2), Zig1,s -5 2N) Siga [Z)\j(l_zj)]a Jj=1N.
=1

The first moments f;(j), i,j = 1, N of the queue lengths at the start of polling can be obtained
explicitly facilitating the computation of key system performance characteristics.

The mean unconditional queue length L; for @); is computed as:

N

Y N T SR R
Ly = | pizi(5) + - > pikElSiklyie() |, =

1=1 k=1

where x;(j) and y; 1(j) are known constants. The article [40] also generalizes the pseudo-conserva-
tion law for an arbitrary branching-type service discipline which can be used for system performance
optimization

AbY 1
ZPZWZ_ (17 ZQZszkE zk Z fz
=1 k=1

J=1j#i

N N
pz)\zl_ pz szkE zkz +—ZQZZPME zk
j=1 =1 k=1

=1

A model of a priority polling system with three queues and threshold-based service is used
in [41] to analyze switching systems operating in Asynchronous Transfer Mode (ATM) for large-
scale metropolitan networks, such as the DQDB (Distributed Queue Dual Bus) standard.

A similar application of a polling system with random polling order to describe a multiple access
scheme in IEEE 802.16 WiMAX metropolitan networks operating in contention-based access mode
is considered in [42]. Reference [43] proposes a multi-level MAC protocol with priority polling for
military applications. For a system with three queues and limited service, describing a specific case
of a polling system with an adaptive polling mechanism, [44] presents the stability condition.

In conclusion of this section, we note that subsequent versions of the IEEE 802.11 standard have
introduced new access mechanisms (e.g., Triggered Uplink Access, TUA) [45, 46], which can also
be effectively investigated using stochastic polling models.

4. SYSTEMATIZATION OF WORKS ON THE APPLICATION OF POLLING MODELS
IN INTERNET OF THINGS NETWORKS AND 5G/6G CELLULAR NETWORKS

Internet of Things (IoT) networks have seen intensive development in recent years [47-49].
Stochastic polling models can be effectively used to evaluate characteristics and perform compara-
tive analysis of protocols for such networks. Among the works devoted to this type of analysis, the
following can be noted.

In [50], a Medium Access Control (MAC) protocol for IoT networks is analyzed using a star-type
priority polling model. Such polling allows for separating users with different priorities to reduce

AUTOMATION AND REMOTE CONTROL Vol. 87 No.1 2026



STOCHASTIC POLLING SYSTEMS 7

delay and ensure fair access service. The model is represented by a system of N +1 M/G/1-type
queues. Queue (), has priority over the other N queues and is served by the server according to
a gated discipline each time after the service of any other queue is completed. The non-priority
queues receive exhaustive service.

The vector describing the number of customers in the queues at the moment of polling @); has
dimension N + 1; therefore, the corresponding PGF of stationary probabilities has an additional
argument z,. The functional relations (1) in this case connect the PGFs G;(z, z,) and Gy (z, 1)
as follows:

N
Giy1(z, 2n) = Gip, (Z By, (Z (1—2) + (1 - Zh))) (5)

N
Gih(z,zh):Gi(zl,.. yZio1,0 (Z)\ 1—ZJ)+)\h(1—Zh)>,Zz'+1,~~~,ZN,Zh)

7j=1

N
x S; [Z)‘j(l —2;) + An(1 —Zh)], i=1,N.
j=1

As shown in Sections 2 and 3, these functional equations allow for the computation of key per-
formance characteristics. Note that here S;(s) is the LST of the server disconnection time from
queue ;.

In [51], a neural network algorithm is used to predict and analyze network performance in Wire-
less Sensor Networks (WSN). The model enables solving priority tasks in the IoT domain. A neural
network is constructed to predict system performance. It is demonstrated how the proposed priority
scheme helps improve system performance compared to a similar polling system with a single-level
priority.

In [52], a new fast polling algorithm for wireless mesh networks in narrowband IoT systems
is presented. It is shown that the algorithm significantly minimizes the polling time required by
the data collection and management center to receive responses from all remote telemetry devices.
In [53], a polling model with two queues and a correlated Batch Markovian Arrival Process (BMAP)
input stream is investigated for the design and optimization of high-definition video streaming in
IoT networks.

Stochastic polling models can be effectively used for performance evaluation and design of pro-
tocols for next-generation 5G/6G cellular networks. The deployment of 5G/6G networks provides
a significant expansion of the service range for users, increased network capacity, and higher data
transfer speeds compared to previous generations [54]. To achieve high and ultra-high data rates
in access and transport segments of next-generation networks, not only traditional centimeter-
wave radio channels (up to 6 GHz) but also millimeter-wave channels (up to 100 GHz) with wide
bandwidth are utilized [55, 56].

However, considering the propagation characteristics of millimeter waves (short coverage zones),
the 3GPP consortium proposed the Integrated Access and Backhaul (IAB) technology [57] which
integrates access and backhaul functions within a single network. This technology allows for the
creation of a cost-effective network by using inexpensive relay nodes (IAB nodes) instead of fully
equipped base stations, which is particularly important for deploying 5G networks along trans-
portation corridors.

In [58], a polling model with two queues is used to analyze the performance of a terminal node
in an TAB network. One queue stores data transmitted via the downlink from the parent IAB node,
the second stores data transmitted via the uplink from child nodes and user equipment associated
with the terminal node. In [59-61], a boundary node is modeled as an Mg /G /1-type polling

AUTOMATION AND REMOTE CONTROL Vol. 87 No.1 2026



8 SEMENOVA, VISHNEVSKY

system with cyclic polling and instantaneous server switchovers between queues (s; = 0, i = 1, K)
except for a period sg at the beginning of the cycle which can be interpreted as the connection time
to queue Q1. It is assumed that customers can only arrive at the queues during time s representing
a combination of globally-gated and exhaustive service. In this case, the PGF (1) for the number
of customers at queue polling moments takes the form

Gi(z) =S [ (\A-%)) |, i=1K,

j=i

where S(w) is the LST of the distribution function of the random variable sg. Subsequently,
moments of arbitrary order for the random variables X/, i,j =1, K, describing the number of
customers in queues at polling moments, are obtained explicitly. The LST of the delay time
distribution in queue @Q); with an arbitrary service time distribution function has the form

! 1

Ailw) = Sljnl s+ (1= Bj(w))

with mean A; = % ;-:1 Abj,i=1,K.

Polling models have found application in modeling congestion control for SIP servers [62]. SIP
(Session Initiation Protocol) is a data transmission protocol that describes a method for establishing
and terminating a user communication session in 5G networks. In [62], a scheme for threshold-
based control of load generated by non-priority clients is proposed. In [63], the analysis of the
SIP server congestion control mechanism is continued by testing various service disciplines. The
considered polling model assumes a threshold-based discipline for switching to a priority queue and
two service disciplines: exhaustive and gated. It is shown that in some cases, using gated service
for the priority queue is preferable.

In conclusion of this section, we also note the article [64] which considers a model with a
controlled (dynamic) polling order to achieve the required level of fairness — the system’s ability
to provide the same quality of service to users in generalized scheduling algorithms in modern
wireless networks, and the paper [65] which investigates various polling policies (rules for polling
and service) to solve scalability problems of the standard Transmission Control Protocol (TCP).

5. APPLICATION OF STOCHASTIC POLLING MODELS IN TRANSPORTATION
AND VEHICULAR TRAFFIC MANAGEMENT AT INTERSECTIONS

The application of polling models in traffic control has an extensive history, detailed in the
review [9] published in 2011. The further development of this application area is reflected in a
number of later articles. In particular, [66] considers a polling model with random duration of
green traffic signals for each direction depending on its traffic load, aiming to minimize waiting
time at an intersection. To model automated traffic light control regulating vehicle movement at
an intersection, [67, 68| investigates a two-queue polling system with a threshold-type priority for
switching the server between queues. The traffic light determines the crossing priority for two
directions in a threshold-based manner: when the number of vehicles in any direction reaches a
threshold value, the green light turns on for that direction. In [68], a matrix-analytic approach is
applied to obtain the key performance characteristics of such a model. A variation of threshold-
based strategies for switching the server between queues to regulate intersection traffic is also
considered in [7].

In [69], an exact solution for a two-queue polling system with threshold priority is proposed.
Simulation results of a polling mechanism at fully autonomous intersections are presented in [70].
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Autonomous vehicles approaching an intersection adjust their speed to pass through the intersection
while avoiding collisions.

For traffic flows, the assumption of independence of flows moving through an intersection is not
realistic; therefore, accounting for the correlated nature of real traffic flows is a highly relevant
task. In [71, 72], for a two-queue polling model, the correlated and non-stationary nature of input
flows is accounted for using a Markovian Arrival Process (MAP) and a Marked Markovian Arrival
Process (MMAP). In [71], two queues of the MAP/PH/1/N type with alternating server service
and phase-type service time distribution are considered. The authors provide a detailed analysis of
waiting time in the queue, which can serve as a guide for analyzing waiting times in other polling
models, not only through their mean values but also in terms of distributions. For example, the
LST of the waiting time distribution for customers in the first queue has the form:

vi(s) = N Z Z (Tr(_l)(il,ig) (IML1 ® ﬁ%”) ev(_l)(s,il)
+ 71'(_2) (’il, iz) (IM_2 X ﬁgl)) ev(_2) (S, i1, iz)

N1
+ 3w Gin o) (I, ® DIY) evf (s, jy i, i)
j=1

N2
+ 3 7@ Gin o) (I, @ DY) el (s, 5, 0) | + P,
j=1

where Pl(loss) is the loss probability in queue @1, W(k)(*) are stationary probabilities corresponding

to state (*) when the server visits queue Qg, vgk)(s, x) is the LST of the conditional waiting time

)

distribution in queue )1 given that the server is in state k and the system is in state x*, Dil is one

of the matrices describing arrivals in the MAP flow.

In conclusion of this section, we also note other applications of polling models in transporta-
tion systems. In [73], the application of Radio Frequency Identification (RFID) technology [74] for
monitoring the number of vehicles at an intersection to adapt traffic signals to the current traffic
situation is investigated. For transportation systems, [75] analyzes the problem of improving pri-
ority order delivery without reducing the efficiency of regular order delivery. For this purpose, it is
proposed to designate some order-picking machines as priority with exhaustive service discipline,
while the others are non-priority with a service limit of one order (1-limited service discipline).
In [76], a modification of service disciplines in a polling system describing an order delivery system
is proposed to reduce the assembly time for multiple orders for a single customer.

6. APPLICATION OF STOCHASTIC POLLING MODELS IN HEALTHCARE SYSTEMS

Currently, polling system models are actively applied in the field of medical monitoring. For
example in [77], a polling system is used to evaluate the performance of wireless body sensor
networks which are modern monitoring systems using wireless technologies for disease prediction
and diagnosis. The article [78] analyzes a sleep mode scheme in Wireless Body Area Networks
(WBAN) based on the IEEE 802.15 standard via a discrete-time polling model with adaptive
polling order, assuming the server skips empty queues if they were empty at the previous polling
moment.

The model considered in [19] describes the initial patient intake process at a medical clinic.
Patients are admitted by several nurses, each organizing their own queue of patients, and an on-duty
doctor. A patient is directed to the nurse with the shortest queue for examination. Afterward, the
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doctor admits patients, each time choosing a patient from the longest queue. This scheme involves
a combination of two strategies for customer arrival and service: joining an incoming customer to
the queue with the shorter length and serving the queue with the larger number of customers by
the server. This allows describing the behavior of the corresponding two-queue polling model with
a two-dimensional Markov chain where the first component is the length of )1, and the second one
is the current difference in queue lengths. The Markov chain in this case belongs to the class of
quasi birth-and-death processes and has an infinitesimal generator of the form

B, By 0 ..
By Ay Ay O .o
Q =10 Ay A AO 0 ...]>

where the elements of matrices A; and B; are input parameters of the system.

The vector p, of stationary state probabilities of the system, corresponding to the number n
of customers in queue Qp calculated as p, = p1R" !, n > 1 where matrix R is the minimal non-
negative solution to the matrix equation Ay + RA; + R?>Ay = O. The vectors py and p; are found
from the system

poB1 +p1B2=0, poBo+pi(A; +RA) =0, poe+pi[l — R 'e=1,

where e = (1,...,1), I is the identity matrix. The mean length of queue Q); is calculated as
Ly = p1|I — R]%e.

In [79], it is proposed to use a polling scheme for scheduling edge computing to adapt scheduling
methods for multiple services. An edge server provides services to a hospital information center.
The authors consider the problem of maximizing the efficiency of edge server utilization using a
star-type priority polling scheme. As in [50], the model has N ordinary queues and one priority
queue. All queues receive exhaustive service except @y visited by the server each time the server
leaves a non-priority queue. The PGFs of the number of customers in queues at polling moments
satisfy functional relations similar to (5) where the LST By(s) is replaced by 6j(s) defined by
formula (3).

7. OTHER APPLICATIONS OF POLLING SYSTEMS

Polling systems are also used in other areas not covered in previous sections, such as passive
optical networks, robotics, satellite systems, and production processes.

Passive Optical Networks (PON) are a telecommunications technology that uses fiber-optic com-
munication channels to provide users with high-speed Internet access, video, and voice services. The
term passive stems from the use of passive optical splitters which do not require active components
to distribute the optical signal to multiple endpoints. In [80], the issue of the existence of a station-
ary regime in a multi-server polling system with limited service, modeling the data transmission
process in networks based on PON technology, is investigated.

In [81], a scheme for accumulating and servicing customers in polling systems modeling data
transmission based on PON technology is proposed. This is the so-called multi-phase gated service
discipline. A customer arriving at queue Q; must wait K; cycles before it is served, i = 1, N. As the
authors note, such a multi-phase discipline helps solve the problem of server monopolization by more
loaded queues by selecting appropriate values (K71, ..., Ky). Despite its complexity, this discipline
allows for an exact analysis of the system and explicit derivation of performance characteristics.

The system state at the moment of polling queue @ (start of a cycle) is described by the set
of random variables X & = 1,K;, i=1,N, n > 0, where Xi(k)

i . is the number of customers in
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queue @; at phase k at the nth moment of polling queue Q;. The process X (™ = (X (1)

IREER
XiKnl), .. ,X](\})n, . ,XJ(VKQ’ )>, n = 0 is a K-dimensional multi-type branching process with immi-

gration [32], with the PGF for the number of offspring:
F8) = (FON(s), oo, D (s), o, [N s), L fVEN(s))
where s = (sgl),...,ngl),...,sg\l,), . ,SS\I,(N)>, and for i =1, N

O (s) = sHD TR, -1,

i N
FOE (s) = B, (Z M=)+ 3 a0 - f(j’l)(s))) )
j=1 j=i+1

and the PGF of immigration is

The pseudo-conservation law (expression for the weighted sum of mean waiting times in the
system) for the multi-phase gated discipline is

N

+ > E[M|]

i=1

SR PR RC) s , &
;Pi [ i]_p—l—p2—b+p2—8+72(l—p) p —;Pz‘

where M; is the mean amount of work remaining in queue (); when the server leaves queue
Qi, b =N, %b?), b=V, %bi, A =N, ). For the multi-phase gated discipline, E[M;] =
,OZ((K@ - 1) + pi)%p’ i=1,N.

In [82], another model for data reservation and transmission in PON networks is presented:
a polling system with retrials and so-called glue periods. Customers arriving at queue @Q; can
accumulate in the queue and then receive service only during a so-called glue period, which has a
fixed length G;. Customers arriving outside this period go into orbit and make repeated attempts
to join the queue during the glue period. The repeated attempts from the orbit of queue @; form
a Poisson process with parameter v;, i = 1, N.

The PGF for the number of customers in queues at the start of the glue period for queue @,
has the explicit form

X(z) = [ & (B @),05"(2),....0"(2)), i=TN,
m=0

where h"” (z) = zi, hgn) (z) = hy (hgn_l)(z),h(zn_l)(z), e ,hgf,_l)(z)>, the functions h;(z), i = 1, N

i
are defined as

hZ(Z) = fz (21, . .,Zi,hz‘+1(Z), e ,hN(Z)) y Z = 1,N — 1, hN(Z) = fN(Z)7

where fi(z) = (1 — e "%);(z) + e iz, Bi(z) = B (Z;-V:l Aj(1— Zj)>7 i=1,N.
The function K(z) is defined as follows:
N N
K(Z) = H (oF} (ZZ‘, cee s R, hz‘+1(Z), e ,hN(Z)) H e_GiDi(z)
i=1 =1
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where
i—1 N
DZ(Z) = Z )\J(l — Zj) + A\ (1 — B (Zi, ey Ziy hfL'Jrl(Z), R ,hN(Z))) + Z )‘j (1 — h](Z)) R
j=1 j=i+1

B N
oi(z) = Si [ D N1 —z)
j=1

Here, this refers to the LST of the disconnection time from queue @);, unlike the main model in
Section 2, i = 1, N. In [82], the issue of optimizing the duration of glue periods is also considered.

Wireless Local Area Networks. The authors in [83] analyze a continuous polling system without
separate queues, represented by a common two-dimensional waiting area for all customers, where
arrivals occur randomly. The system models a Ferry-based Wireless Local Area Network (FWLAN).
FWLAN is a concept for a wireless local area network where communication between nodes (users)
and the external world or between nodes is possible via a mobile relay — a ferry. In such a network,
isolated nodes are scattered over a certain area, and direct global communication between them
is impossible. The moving relay, traveling along a predetermined cyclic route, communicates with
static network nodes (or users) via a wireless communication channel. Mobile base stations are
considered in the context of Mobile Ad-Hoc Networks (MANETS), Vehicular Ad-hoc Networks
(VANETS), and wireless (static) sensor networks.

Networks-on-Chip. In [84, 85], the case of three-phase gated service is considered as a scheduling
algorithm for Medium Access Control (MAC) in a Network-on-Chip (NoC) communication subsys-
tem taking into account the specific features of the two-dimensional interconnection structure.

Energy Saving. In [86], an analysis of a polling system with two queues and time-limited queue
service is presented from the perspective of energy consumption. The study primarily focuses on
the balance between processor energy consumption in personal computers and their performance
for users. It is assumed that in the polling model, the service rate of customers in a queue is
not constant but depends on the queue load. This approach allows personal computers to adjust
data processing speed and optimize energy consumption depending on the volume of tasks being
performed.

Memory Usage Control. The model proposed in [67, 68] has another application — controlling
the occupied memory volume in data centers when the data volume on individual disks exceeds a
certain limit (threshold), leading to inefficient operation and necessitating memory cleanup.

Robotics. In [87], the use of a polling mechanism for processing environmental and social infor-
mation received from a robot swarm is described. It is shown that the swarm’s ability to adapt to
load improves as the number of communication channels between robots decreases, which requires
solving the corresponding optimization problem.

Satellite Systems. In [88], a polling model considering time-division duplex communication is
investigated for developing a unified control system in global navigation satellite systems to improve
data interaction.

Production Processes. In [8], a tandem of two M /M /1-type polling systems each having two
queues is analyzed. This model represents the aluminum rolling production process. Each produc-
tion stage is modeled by a polling system which describes the process of sequentially processing
different types of alloys.

8. CONCLUSION

This review systematizes new directions of practical application for stochastic polling models
based on an analysis of results from numerous articles by domestic and international authors pub-
lished in recent years. The application of such models for evaluating performance characteristics
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and designing broadband wireless metropolitan networks, 5G/6G cellular networks, Internet of
Things networks, transportation systems, and healthcare systems has been considered. The ef-
fectiveness of applying polling models in other areas, including robotics, satellite systems, passive
optical networks, and production processes, has been briefly noted. For individual works of theo-
retical and/or practical interest, the review provides descriptions of original mathematical models
of stochastic polling (differing from the main model discussed in Section 2 of the article) and the
results of their investigation.

Directions for further development of applied work in the field of stochastic polling have been
discussed. These include research on polling models with correlated input flows and generalized
Phase-Type (PH) service time distributions, which adequately describe the operation of modern
computing systems and networks; the application and development of machine learning methods
and the matrix-geometric approach for predicting and evaluating the characteristics of systems with
centralized control mechanisms. Additionally, a promising direction for further applied research is
modeling new protocols for using multiple frequency channels and serving multiple users, as well
as new access mechanisms such as Triggered Uplink Access (TUA).

The presented review summarizes applied research on stochastic polling systems, enables the
formulation of new problems, and defines directions for future work in this promising area of
queueing theory.
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Abstract—An algebraic-geometric approach to the study of the stability of linear systems with
constant coefficients with respect to some of the variables is proposed. The proposed approach
establishes a relationship between the conditions of partial stability of a linear system and
the existence of invariant subspaces in the original and dual spaces. An example is given to
illustrate the results obtained.

Keywords: partial stability, minimal annihilating polynomial, invariant subspace, annihilator

DOI: 10.7868/S1608303226010023

1. INTRODUCTION

As noted in [1], interest in the problem of stability of linear systems with respect to some variables
arose at the beginning of the 20th century. By now, the theory of stability of linear systems with
constant coefficients is almost complete. The main stages of development of this theory are reflected
in [1-8]. In the series of works [9-11] on achieving coordinate consensus in multi-agent systems, it
was established that the problem being solved, with a special choice of control action and a linear
transformation of the phase space, is reduced to a problem of partial stability of a linear system
with constant coefficients. In [12] the problem of partial construction of solutions was considered,
which, as noted by the authors, is “consonant” with the stability problems [1, 2]. The results of
these studies allow us to obtain necessary and sufficient stability conditions for selected components
of the phase vector of an arbitrary system of linear differential equations with constant coefficients.
This algebraic approach was further developed in the works [13, 14].

Analyzing the obtained results, it can be noted that the main approaches to the study of
partial stability of linear systems with constant coefficients are the Lyapunov function method,
the auxiliary p-systems method and methods based on differential and computer algebra methods.
A stability criterion for linear systems was obtained in [2] and formulated in terms of u-systems.
Another stability criterion in [15] relies on the Jordan normal form of the linear operator defined
by the system matrix in the original basis space. In [16], the geometric nature of partial stability
is noted. A geometric approach to the study of partial stability is proposed in [17, 18].

This article is devoted to the study of stability of linear systems with constant coefficients. Using
the algebraic-geometric properties of the original system, necessary and sufficient conditions for the
stability of linear systems are obtained, expressed in terms of dual linear spaces on which dual linear
operators act. It turns out that if, under certain conditions, some parameters of the system under

18
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study lie in the invariant subspace of one of the linear operators, then the problem of partial stability
is broken down into two simpler problems. The obtained results establish a connection between
the stability of the system and the internal geometry in the space of parameters that determine
the dynamics of the system under study. The geometric properties of the system make it possible
to obtain conditions under which the property of invariance with respect to the property of partial
stability arises.

2. PROBLEM STATEMENT

The stability with respect to a given part of the components of the phase vector of the system
is investigated
dx(t)
dt

with the following notations: x is the n-dimensional phase vector, A, is a constant matrix with
elements from the numerical field F, t € R, ¢ > 0.

= A.x(t), (1)

Let’s assume that we are investigating the stability of the first m components of the phase
vector x of the system (1). We denote the first group of coordinates of the phase vector by the
vector y, and the remaining components will form the vector z. In this regard, we represent the
system (1) in the form

d?z_(:) = Ay(t) + Bz(t), 2)
dzd(tt) = Cy(t) + D2(t),

where y € F™, z € FP, A F™™ B e F™P C e FP*™ D e FP*P n=m+p, p>0.

It is required to determine the conditions on the coefficients of the system under study so that
the solution z(t) = 0 of the system (1), (2) is stable with respect to the components included in
the vector y, i.e. y-stable.

3. SOME INFORMATION FROM LINEAR ALGEBRA
3.1. Conjugate Space. Dual Spaces. Annihilators
Let V be an arbitrary linear space over a field F.

Definition 1 [19, p.33]. A function £ : V — F is called a linear functional if it is a homomorphism
of linear spaces, i.e., if
E(v1 +v2) = €E(n1) + £(r2)
and
§(kv) = k§(v)
Yv,v1,v9 € V, Yk € F. Linear functionals are also called covectors of the space V.

The set of all linear functionals is a subspace of the space of all functions on V and is denoted
by V'.
Definition 2 [19, p.33]. The linear space V' is called the dual space of V.

A basis el, ..., e" of V' that satisfies the relation
e’ (e;) :53, i=1,...,n, j=1,...,n,
is called the adjoint or dual basis of ey, ..., e, of V, where (55 is the Kronecker delta.
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Let V and W be two linear spaces over a field F. Suppose that any two vectors v € V, w € W
are assigned a number v — (v, w) € F such that the following conditions are satisfied:

(1) For each fixed w € W, the function v — (v, w) is a linear functional on V;

(2) For each fixed v € V, the function w — (v, w) is a linear functional on W;

(3) For every vector v € V), there exists a vector w € W such that (v, w) # 0, and conversely, for
every vector w € W, there exists a vector v € V such that (v, w) # 0.

Definition 3 [19, p.36]. A function v, w — (v, w) satisfying conditions (a), (b), and (c) is called
a pairing between the spaces V and W. Spaces V and W for which at least one pairing exists are
called dual. Notation: V|W.

Proposition 1 [19, p.36]. The linear space V is dual to the dual space V':
VIV
Setting for any v € V and ¢ € V'
<V’ 30> = SO(V)’

we see that the indicated relation defines a pairing of the spaces V and V'.
Let S C V be an arbitrary subset of the linear space V.

Definition 4 [19, p.40]. The set of all linear functionals £ € V' that vanish on any vector v € S
is called the annihilator of the set S and is denoted by the symbol Ann(S).

Theorem 1 [20, p.41]. If M is an m-dimensional subspace of an n-dimensional vector space V,
then Ann(M) is an (n — m)-dimensional subspace of V'.

Theorem 2 [20, p.42]. If M is a subspace of a finite-dimensional vector space V, then
Ann (Ann(M)) = M.

Let us list the main properties of annihilators:
1) If Z and J are subsets of a vector space and Z C J, then Ann(J) C Ann(Z).
2) If M and N — are subspaces of a finite-dimensional vector space, then

Ann(MNN) = Ann(M) + Ann(N), Ann(M + N) = Ann(M) N Ann(N).

3) dim M + dim Ann(M) = dim V.

3.2. Cyclic Invariant Subspaces

Consider an n-dimensional vector space V over some field F and a linear operator A on this
space.

Definition 5 [21, p.68]. A polynomial f(t) is said to annihilate a linear operator A if f(A) = O.
A normalized polynomial of minimal degree that annihilates A is called a minimal polynomial of A.

Let us denote the minimal polynomial of the operator A as
pA(t) = "+ ™ 4 ot 4

Let z € V be a vector. Let f(t) be a polynomial satisfying the relation

is called the annihilating polynomial of vector z, and the polynomial of the least degree that
annihilates vector x is called the minimal annihilating polynomial of vector .
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If f(t) = t* + agt* =1 4+ --- + agt + oy — is the minimal annihilating polynomial of the vector z,
then the linear subspace with basis

z, Az, ..., A"y

is called a cyclic subspace with respect to the linear operator A.

4. MAIN RESULTS

Let us fix some numerical field F. We will investigate the partial stability of the system (1), (2)
over the chosen field.

It is obvious that the y-stability property of the system (2) is invariant with respect to z-trans-
formations of the form z = Sz, where S € FP*P is a constant non-singular matrix, i.e. this property
does not depend on the choice of basis in the space FP. Using the algebraic-geometric properties of
the system under study, we will try to choose a basis in the phase subspace of variables z1,..., 2,
so as to obtain the desired stability conditions.

By carrying out a non-degenerate replacement of z-variables, we obtain a system of differential
equations that is equivalent with respect to the property of partial stability:

W gyt + BS=(),

dz(t “ (3)
% = S7'Cy(t) + ST DSE(t).

In connection with the above, we consider the linear operator D : FP — P and the corresponding
adjoint operator D*, acting in the adjoint space FP* of linear functionals on the space FP . In this
case, the following relation holds:

(Ds, ) = (s,D*) =1 (Ds) Vs € FP Vi) € FP*.

Let us introduce into consideration the linear functionals b = b;(s) € FP*, i =1,...,m, and
construct invariant cyclic subspaces with respect to the linear operator D* with generators b},
(i=1,...,m):

U; :span( * D *{,...,D*’“‘lb*{),

Thus, the following relationships hold:
D*UZ*QUZ*’ 121,,m

Proposition 2. The linear subspaces W =U{ +--- 4+ U, i =1,...,m, are invariant subspaces
of the linear operator D*.

Thus,

Obviously, there is a sequence of inclusions of subspaces:
{0} CUFCUT+U;C--- CUf+ Uy +---+ Uy, CFP.
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But taking into account invariance, the following chain of inclusions will also be valid:

D*{0} C DUy CD* (Uy +U3) C--- CD*(Uf + U3 +--- + Uy,) € DFP™.
Using the properties of annihilators, we have:

Ann ({0}) 2 Ann (U7) 2 Ann (U + U3) 2 -+ D Ann (U + Us + --- 4+ U;})) 2 Ann (FP*).
The last chain of inclusions can be represented as
FP O Ann (U7) D N2_;Ann (U}) D --- D N7, Ann (U}) D {0}.

Thus, the following inclusions are valid:

m m
Theorem 3. The subspace ) U} is an invariant subspace of the operator D*, dim <Z UZ-*) =
i=1 =1

k< N, Ann (U}) is an invariant subspace of the operator D, dim (N Ann (U)) =p — k.
Corollary 1. Y, U} = FP* < N, Ann (U;*) = {0}.

m
Proposition 3. dim (Z Ui*) =rang(B, BD,...,BDP~1),
i=1

Theorem 4 (reducibility theorem). If dim (N, Ann (U})) = k < p, then there exists a nonde-
generate transformation z = SZ that reduces the system (2) to the form

dlél_it) — Ay(t) + Buzi(t),
dg;t(t) = Cy(t) + Duz (), o
d?;t(t) = Cay(t) + Da1Z1(t) + DagZa(t),

where zZ; € Tk, z, € FP—F,

m
Theorem 5 (dual reducibility theorem). If dim (Z Ui*) =p—k >0, then there exists a non-
i=1
degenerate transformation Z = Wz that reduces the system (2) to the form (4).

Theorem 6 (on partial stability). Let the conditions of Theorem 4 be satisfied. For system (1) to
be stable with respect to the first m components of the phase vector x, it is necessary and sufficient
that the system

be stable with respect to all variables.
In some special cases, the study of partial stability of the system (1) can be simplified.
Proposition 4. If, in addition to the conditions of Theorem 5, the condition
m
imC C Ann (Z U;‘) ,
i=1
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then the system (2) is reducible to the form

dlél_f) = Ay(t) + Bumi(t),
dgcjlt(t) = Duzi(1), v
d%t(t) = Cay(t) + D171 (t) + Da2Za(2),

and the question of y-stability is reduced to the study of the stability of the system

d?il_it) = Ay(t) + B1171(t),
i (7)
dz;t(t) = Dnzi(t)

Proofs of the theorems and propositions are given in the Appendix.

Remark 1. If the conditions of proposition 4 are met, the problem of studying partial stability is
reduced to studying the stability of two lower-order systems. The subspace Ann(U*) is an invariant
subspace with respect to y-stability in the sense that the y-stability property is preserved for any

m
choice of the matrix C, whose columns are arbitrary vectors from the subspace Ann <Z Ui*).
i=1

Generally speaking, small variations in the parameters of the system (2) can lead to a violation of
the partial stability property.

Remark 2. Note that the proposed approach allows us to investigate the stability of any compo-
nent of the phase vector of the system under study. It is sufficient to designate the component under
study in the system as y, and the remaining components will form the vector z. This implements
the algorithm for solving the variable elimination problem proposed in [22].

5. EXAMPLE
Let the system under study have the following initial data:

y € RQ, = R4, Ac R2><2’ Bec R2X4, Ce R4X2, De R4X4, n—= 6, p= 4’

where
-1 1 9 23 —46 8
(a1 aip _[(-112 -2 1 -1 -3 5 22 16
A_<a21 a22>’ B_<1 11 0)’ C= 0 0 ’ D= —6 -2 —-10 —4
1 -1 —-15 19 38 -—-10

Based on the data of the problem, we consider the linear space R* and the corresponding dual
linear space R*", in which the linear operators D and D* act, respectively.

Covectors b] = —&1 + &2 + 283 — 2&4 and b5 = &1 + & + 2€3 are generating vectors of invariant
cyclic subspaces with respect to the linear operator D*.

The corresponding subspaces — the linear spans of their bases — have the form:

Ul = span(—& + & + 283 — 264,661 — 1485 — 2883 + 20&y),
Us = span(&y + & + &3, —20&2 — 34&5 + 2084, —36&1 + 34885 + 6603 — 384&y).
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The minimal annihilating polynomials of the covectors b] and b5 have the form
pi(t) =2 + 24t + 108,  po(t) = t3 + 30t2 + 252t 4 648.
At the same time dim U} = 2, dim U} = 3, dim (Uj + Uj) = 3 < 4 = dimR*".

&+ S+ 25 - 24 = 0,

661 — 14& — 286 + 20§ = 0O,

Ann(Uy + Uy) : S+ &+ &3 = 0,
— 208 — 34§ + 204 = 0,

—-36&1 + & + 660&3 — 384, = 0.
By solving a homogeneous system of linear equations, we find the basis of the solution space:
Ann(UT + U3) = span(—1,1,0,1).
By choosing a basis of the subspace U + U, partially consistent with the bases of the subspaces
Ui and Us,
el = &1+ 6+ 26 -2, € =66 146 — 286+ 206, =6+ +E
and complementing it to the basis of the entire space R*" with the covector e? = —&; + & + &4, we
obtain the corresponding dual basis of the space R*:
€1 = (1/47 9/47 _5/27 _2)7 €2 = (1/247 5/247 _1/47 _1/6)7
€3 = (2/374/37_17_2/3)7 €4 = (_1/371/37071/3)
Then the transition matrix S from the original basis to the new one has the form
1/4 1/24 2/3 -1/3
9/4 5/24 4/3 1/3
-5/2 —-1/4 -1 0
-2 -1/6 -2/3 1/3

The matrix of the operator D in the new basis takes the form

S =

0 1 0 0
g |-108 —24 0 0
De=5"D5=1 " 1 -6 0

~162 —35/2 —60 24

At the same time

0 0
(1000 . |00
BS‘<0010>’ SC=10 0
3 -3

As a result of the transition to a new basis using the non-degenerate transformation z = Sz, we

arrive at the system:
dy(t) (a1 a2 100 0\_
dt  \az1 ax y() + 0010 Z(t),

0 0 0 1 0 0
zt) (o o ~108 —24 0 0 |_
a "o o YO o 1 6 oW
3 -3 —-162 -3 —60 24

where y € R2, z € R, A e R?*2, BeR¥>* C e R¥™2, D e R¥ n=6,p=4.
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Thus, the original problem is divided into two simpler subtasks: studying the stability of two
systems

_ 0 1 0
dy(t dzi (t

dyt) _ (an o y(t) and 20 _ | 108 —24 0 Z1(t).
dt a1 a2 dt 0 1 —6

In this case, for the second system the characteristic polynomial has the form

X(t) = (=6 — )1 (t) = —pa(t),

which is stable. Thus, for y-stability, the stability of the first system is necessary and sufficient.

6. CONCLUSION

An algebraic-geometric approach to the study of partial stability of linear systems with con-
stant coefficients is proposed, which makes it possible to determine the stability conditions of the
y-components of the phase vector by “rotating” the phase subspace of the z-components. By using
the geometric properties of this subspace, conditions are obtained under which stability analysis
is reduced to solving two problems of lower dimension. It is shown that the system exhibits some
invariance properties with respect to partial stability. The proposed approach can be applied to
studying the stability of linear discrete and delayed systems, as well as to solving polystability
problems.

Further research directions can be carried out in the areas of partial controllability and stabi-
lization of linear systems, as well as in the area of dissemination of this approach to the study of
problems of partial stability of linear non-stationary systems and nonlinear systems of differential
equations.

APPENDIX

Proof of Proposition 2. Let Vw; =uj +---+u; € W =U{ +---+ U;. Since D*u; € U; (Vi =
1,...,m) due to the invariance of subspaces U}, then D*w;=D"(uj+ - +uw;)=
D*uy+---+D'u; €U +---+ U =W} (Vi=1,...,m). Thus, W; (Vi =1,...,m) are invariant
subspaces of the operator D*. Proposition 2 has been proven.

Proof of Proposition 3. The proof follows from the isomorphism of the two dual linear spaces L
and L*, as well as from the properties of annihilators. Indeed, since the relation

Ann <Z Uf) =N~ Ann (U)),

=1

then in the original dual bases we represent the annihilator in the form

B¢ = 0,
Ann(ZUZ‘): BDS =9
= BDPl¢ = 0.

But then

m
dim Ann <Z U) = dimFP* — rang(B, BD, ..., BDP™1).
=1
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On the other hand, the following relation is valid:

dim )~ U} 4 dim Ann <Z U) = dimF"*,

i=1 =1

Taking into account the last two relations, we have

m
dim Y U; =rang(B,BD,...,BD"™).
i=1

Proposition 3 has been proven.

m

Proof of Theorem 3. Let us prove the necessity. From Proposition 2 it follows that W* = >~ U}
i=1

is an invariant subspace with respect to the operator D*. Let Vw* € W*, Vw € Ann(W*) <

(w,w*) =0 & (Dw,w*) = (w, D*w*) =0, since D*w* € W*. But then Dw € Ann(W*). Since
dim(W*) + dim(Ann(W*)) = k + dim(Ann(W*)) = p, then dim(Ann(W*)) = p — k. Finally, since
Ann(W*) = Ann (37, U) = N, Ann (U}), then necessity is proved.

The proof of sufficiency is obtained by verbatim repetition of necessity, provided that the proof
proceeds in the opposite direction, i.e., from the end of the proof to its beginning. Theorem 3 is
proven.

m
Proof of Theorem 4. Let U* = ) U, dimU* =p —k > 0. Thus U* =span (el, e ,ep_k)
i=1

and el,...,eP"% is a basis of this subspace. We complement this system of vectors to a ba-

sis of the space FP* using the vectors eP~*+1 ... eP. This basis in the space F? corresponds to
m

the dual basis eq,...,e,. Since by Proposition 2 it follows that }_ U/ is an invariant subspace

i=1
with respect to the operator D*, we have Vu* € U* = D*u* € U* = (Dv,u*) = (v, D*u*) = u (Dv)
Yu € FP, Vu* € FP*. Then

(Dej, e’y = (ej,D*e") =" (Dej) =0 Yi=1,....p—k, j=p—k+1,...,p.

But this means that the linear operator D has an invariant subspace Ann(U*) C FP. Therefore, in
the chosen basis, the matrix of the linear operator D takes the form

D, == — .
‘ <D21 D22>

It remains to construct the matrix of the non-degenerate transformation. Since the annihilators
of the subspaces U, are representable as a set of homogeneous linear systems

bi§ = 0,
Am(UF) (i =1,...,m) nbe =0,
b;DF—1¢ = 0,

then the subspace N; Ann (U;) can be represented as

B¢ = 0,
BD¢ =0, (A1)
BDP ¢ = 0.
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Having found the fundamental system of solutions of the homogeneous system (A.1) &1,...,&—k
and complementing it to the basis of the space FP with the system of vectors vy, ..., v, we obtain
the desired transformation matrix:

S: (Vlv"' 71/]{7517"' 75}7*]?)'

Let’s make a change of variables z = SZ in system (2). System (3) then takes the form (4).
Theorem 4 is proven.

m

Proof of Theorem 5. Let U* =} U/, dimU* =p—k > 0. Thus, U* = span (el, e ,ep*k')
i=1

and el,...,eP~%— are the basis of this subspace. Let us supplement this system of vectors to the

basis of the space FP* using the vectors eP~**1 .. eP. Then, according to Proposition 2, it follows

that U* is an invariant subspace with respect to the operator D*. Therefore, the matrix of the

linear operator D* in the chosen basis has the form

D*yy D*
* —1 % _ 11 12
DI =W DW_<0 _D*22>'

But then the adjoint operator D = (D*)* in the dual basis takes the form

. 1y . _ Dy; 0 = =T . .
D= (D)T = wDW)T =wT(D")TwT = (ﬁi E22> , Dij=D%;, i,j €{1,2}.

From here S = W=7 = W = S~T. The required non-degenerate transformation is equal to Z =
W z. By replacing z = W~!Z in system (2), we arrive at system (4). Theorem 5 is proven.

Proof of Theorem 6. According to Theorem 4, there exists a transformation that reduces
system (2) to form (4). Moreover, the transformation found preserves the y-stability property.
As a result, a subsystem of (m + p — k)th order is identified. According to Corollary 1, the resulting

m —x * J— _— — j— —_—p—f—
subsystem satisfies the relation > U, = FP—*"_ Thus, rang(B11, B11 D11, - - ,BHDIfl k 1) =p—k.
i=1
Since the order of the resulting subsystem 5 is m + p — k, by Corollary 1.1.2 [4, p.38] we see that
this condition is both necessary and sufficient for y-stability of the system (2). Theorem 6 is proved.

Proof of Proposition 4. Let the conditions of theorem 6 be satisfied and, in addition, im C C
m
Ann (Z UZ-*>. Then
i=1

BC = 0,
BDC =0, (A.2)
BDr-1C = o.

As a result, in system (5), the matrix C7 = 0. Proposition 4 is proven.

REFERENCES

1. Vorotnikov, V.I. and Rumyantsev, V.V., Ustoichivost’ i upravlenie po chasti koordinat fazovogo vektora
dinamicheskikh sistem: teoriya, metody i prilozhemiya (Stability and Control of Dynamic systems by
Part of Phase Vector Coordinates: Theory, Methods, and Applications), Moscow: Nauchnyi Mir, 2001.

2. Vorotnikov, V.I. and Prokop’ev, V.P., Partial Stability of Motion of Linear Systems, Prikl. Mat. Mekh.,
1978, vol. 42, no. 2, pp. 268-271.

AUTOMATION AND REMOTE CONTROL Vol. 87 No.1 2026



28

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

NIKONOV

. Vorotnikov, V.I., Partial Stability and Control: The State-of-the-Art and Development Prospects, Au-

tom. Remote Control, 2005, vol. 66, no. 24, pp. 511-561.

. Vorotnikov, V.I., Ustoichivost’ dinamicheskikh sistem po otnosheniyu k chasti peremennykh (Partial

Stability of Dynamic Systems), Moscow: Nauka, 1991.

. Zubov, V.I., Matematicheskie metody issledovaniya sistem avtomaticheskogo regulirovaniya (Mathemat-

ical Methods of Studying the Automatic Control Systems), Leningrad: Sudpromgiz, 1959.

. Martynyuk, A.A. and Chernetskaya, L.N., Semistability of Linear Autonomous Systems, Dokl. Akad.

Nauk Ukrainy, 1993, no. 8, pp. 17-19.

. Ogiraner, A.S., Investigation of Partial Stability by Quadratic Forms, Prikl. Mat. Mekh., 1986, vol. 50,

no. 1, pp. 163-167.

. Rumyantsev, V.V. and Ogziraner, A.S., Ustoichivost’ i stabilizatsiya dvizheniya po otnosheniyu k chasti

peremennykh (Partial Stability and Stabilization of Motion), Moscow: Nauka, 1987.

. Chen, Y., Qu, X., Dai, G., and Aleksandrov, A.Yu., Linear-Transformation-Based Analysis and Design

of State Consensus for Multi-Agent Systems with State Observers, J. Frankl. Inst., 2015, vol. 352, no. 9,
pp. 3447-3457.

Chen, Y., Qu, X., Aleksandrov, A.Y., and Dai, G., Consensus of Heterogeneous Linear Multi-Agent
Systems: Linear-Transformation-Based Partial Stability Approach, Transactions of the Institute of Mea-
surement and Control., 2017, vol. 39, no. 11., pp. 1623-1630.

Chen, Y., Xu, G., and Zhan, J., Leader-Following Consensus of Heterogeneous Linear Multi-Agent
Systems: New Results Based on Linear Transformation Method, Transactions of the Institute of Mea-
surement and Control., 2021, vol. 44(7), no. 7, pp. 1473-1483.

Abramov, S.A. and Bronstein, M., Solving Linear Systems of Differential and Difference Equations with
Respect to a Part of The Unknowns, Comput. Math. and Math. Phys., 2006, vol. 46(2), pp. 218-230.

Panferov, A.A., Differential Equation Systems with Selected Part Of The Unknowns, Programming and
Computer Software, 2015, vol. 41, no. 2, pp. 90-97.

Panferov, A.A., Satellite Unknowns in Irreducible Differential Systems, Programming and Computer
Software, 2018, vol. 44, no. 2, pp. 105-111.

Chudinov, K.M., Criterion of Stability with Respect to a Part of Variables of an Autonomous Systems,
Russ Math., 2003, vol. 47, pp. 64-69.

Chudinov, K.M., The Geometric Nature of Partial and Conditional Stability, Russ Math., 2008, vol. 52,
pp. 69-77.

Nikonov, V.I., Geometric Aspect of Partial Stability for Linear Systems, Zhurnal Srednevolzhskogo
matematicheskogo obshchestva, 2011, vol. 13, no. 2, pp. 95-99.

Nikonov, V.I., Partial Stability of Linear Systems with Respect to a Given Component of The Phase
Vector, Zhurnal Srednevolzhskogo matematicheskogo obshchestva, 2021, vol. 23, no. 1, pp. 43-57.

Postnikov, M.M., Lektsii po geometrii. Semestr II. Lineynaya algebra (Lectures on Geometry. Halfyear I1.
Linear Algebra), Moscow: Nauka, 1986.

Halmos, P.R., Finite-Dimensional Vector Spaces, New York: Springer-Verlag, 1974. Translated under
the title Konechnomernye vektornye prostranstva, Moscow: Fizmatgiz,1963.

Kostrikin, A.I., Vvedenie v algebru. Ch. 2 (Introduction of Algebra. Part 2), Moscow: Fiziko-Matema-
ticheskaya Literatura, 2000.

Pontryagin, L.S., Obyknovennye differentsial’nye uravneniya(Ordinary Differential Equations), Moscow:
Nauka, 1974.

This paper was recommended for publication by L.B. Rapoport, a member of the Editorial Board

AUTOMATION AND REMOTE CONTROL Vol. 87 No.1 2026



ISSN 0005-1179 (print), ISSN 1608-3032 (online), Automation and Remote Control, 2026, Vol. 87, No. 1, pp. 29-43.
© The Author(s), 2026 published by Trapeznikov Institute of Control Sciences, Russian Academy of Sciences, 2026.
Russian Text © The Author(s), 2026, published in Avtomatika i Telemekhanika, 2026, No. 1, pp. 42-61.

NONLINEAR SYSTEMS

Boundary Control of a Rod Heating Process
Using Current and Preceding Time Feedback

V. M. Abdullayev*****% and V. A. Hashimov***

* Azerbaijan State Oil and Industry University, Baku, Azerbaijan
** Institute of Mathematics, Baku, Azerbaijan
*** Azerbaijan University of Architecture and Construction, Baku, Azerbaijan
e-mail: “vagif-ab@rambler.ru, Pvugarhashimov@gmail.com
Received March 20, 2025
Revised October 25, 2025
Accepted October 27, 2025

Abstract—This paper considers the problem of optimal boundary control with feedback for a
rod heating process. Devices to measure the current temperature values are placed on the rod.
To design the boundary control, a linear dependence of its value on the measured temperature
values, both at the current and previous time instants, is proposed. The constant coefficients
in this dependence are the feedback parameters under optimization. As a result, the original
feedback control design problem is formulated as a parametric optimal control problem for
a distributed parameter plant. The optimal values of the above parameters are determined
via formulas derived for the components of the gradient of the objective functional. With
these formulas, it is possible to use efficient first-order finite-dimensional optimization methods
for parameter determination. Numerical results of computer experiments are presented and
analyzed.

Keywords: boundary control, rod heating, feedback, measurement point, feedback parameters,
the gradient of a functional
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1. INTRODUCTION

In this paper, we investigate the problem of optimal control of a boundary value condition for
a rod heating process. Feedback is implemented through temperature measurements at internal
points of the rod, and the measured values are used to form the current value of the boundary
control function. The peculiarity of the feedback considered here is that the dependence of the
boundary control value includes the temperature values at the measurement points, both at the
current and previous time instants. In this case, the boundary control design problem reduces to
determining the optimal values of the coefficients in the dependence of the boundary control value
on the temperature values at the measurement points.

Note that the number of publications devoted to the analysis and, especially, to the numerical so-
lution of optimal control problems for plants described by partial differential equations (PDEs) [1-4]
is substantially inferior to that of the publications related to control design problems for lumped
parameter systems [5-9]. This is due to, first, the complexity of analyzing and numerically solving
boundary value problems described by systems of PDEs and, second, the complexity of implement-
ing control systems for distributed parameter plants [10-12]. With the development of measurement
tools, remote control means, computer technologies, and methods of computational mathematics
in recent decades, it has become possible to design and implement real-time feedback control and
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30 ABDULLAYEV, HASHIMOV

regulation systems for complex facilities and industrial processes, both with lumped and distributed
parameters [13-18].

Note that the feedback control approach proposed below for the rod heating process using the
history of previous measurements is, of course, more demanding in terms of implementation than
the one using only the current measurement values. However, considering the state-of-the-art of
technology and engineering, the implementation of such systems has become quite feasible.

In what follows, we derive explicit formulas for the components of the gradient of the objec-
tive functional with respect to the feedback parameters. With these formulas, efficient numerical
methods and software packages for first-order finite-dimensional optimization [5, 19] can be used to
determine the optimal parameter values. The results of computer experiments for test boundary
control problems with feedback are provided and analyzed.

2. PROBLEM STATEMENT

Consider the problem of optimal boundary control (regulation) of a heating process for a rod
heated from one end. The temperature at the points of the rod is described by a parabolic differ-
ential equation of the form

Oou(x,t) o2 Ou(x,t)

- S b 0=l t)), (20) € 9= (0,1) x (0,14] (21)
with an initial condition
u(z,t) =v(z;0), @=const e R™, xe€(0,0), t<O0, (2.2)
and boundary value conditions
t
Q. ) —u(0,8), 0<t< t, (2.3)
Ox =0
w = (0 —u(l, 1)), 0<t<ty. (2.4)
x r=l

Here, u (x,t) is a function continuously differentiable with respect to t € (0,t¢] and twice contin-
uously differentiable with respect to = € (0,1), which defines the temperature of the rod at a time
instant ¢ € [0,t¢] at a point = € [0,1]; [ is the length of the rod; t¢ is the terminal time of the heating
process; 6 is an imprecisely known constant temperature of the environment defined by the set ©
of possible values of 6 and a (probability) density function pg(#) such that

pol8) >0, [ pa(®)ds = 1;
(C]

finally, ;1 and o are given heat transfer coefficients between the rod and the environment.

According to condition (2.2), the temperature at the points of the rod before the heating process
is defined by a known parametrically given function ~y(z; ). It depends on an imprecisely known
constant m-dimensional vector of parameters ¢ defined by the set ® of possible values of ¢ and a
(probability) density function pg(¢) such that

pa(p) >0, /pcp(w)dw =1 (2.5)
[}

In particular, the initial temperature may be constant along the length of the rod, i.e., y(z; ) =
pedeR.
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BOUNDARY CONTROL OF A ROD HEATING PROCESS 31
The sets © and/or ® may be finite sets
@:{Hi:’i:L...,Ng}, (I):{(pj:j:L...,Nw}

with given probability values for their elements, i.e.,

p?:p(@:@z)’ pf:p(gp:@]), izl,...,Ng, jzl,...,Nw,
Ny Ny,
Yopl=1, > pf=1 (2.6)
i=1 j=1

The piecewise continuous function ¥(t), t € [0,%¢], is the control action optimized for the rod
heating process under study. It defines the boundary value condition (2.4) at the left end of the
rod and is called the boundary control function [5]. Assume that, based on technical or technological
considerations, it satisfies the constraint

9 <I(t) <9, te0,ty], (2.7)

where ¢ and 9 are given values.

The control problem for this heating process is to find a control function ¥(t) that affects the
temperature of the rod at the left end according to (2.3), satisfies condition (2.7), and minimizes
the objective functional

J(9) ://I(ﬁ;ap,ﬁ)pq>(<p)d0dap,
o O

l tr
1(0; ,0) = /u(:c) (u (2, ty:9,0,0) — Ux)? da + a/z?Q(t)dt. (2.8)
0 0

Here, u(x,t) = u(x,t;19,¢,0) is a function continuously differentiable with respect to t € [0,%]
and twice continuously differentiable with respect to = € (0,1) that represents the solution of the
initial-boundary value problem (2.1)—(2.4) under arbitrarily given admissible control function ¥(t),
parameters ¢ of the initial function v(z;¢), and environment temperature 8; U(x), = € (0,1), is a
piecewise continuous function defining the desired temperature distribution on the rod at the end
of the heating process; u(x) > 0, z € (0,1), is a given continuous weight function; finally, o > 0 is
the regularization parameter of the objective functional.

A specific feature of this setting is that the objective functional (2.8) assesses the control func-
tion ¥(t) not by the behavior of a single phase trajectory u(x,t) under any given admissible pa-
rameters ¢ of the initial function v(z;¢) and environment temperature 6, but in the whole for a
pencil of phase trajectories. The pencil contains the phase trajectories obtained by solving the
boundary value problem (2.1)—(2.5) under all admissible parameters ¢ and 6. Thus, in the optimal
control problem under consideration, we seek for a boundary control function ¥(¢) minimizing the
functional (2.8) on average over the entire set ® of the parameters ¢ of the initial function v(x; ¢)
and the value set © of the environment temperature 6.

Let the heating process be controlled via a state feedback law. More precisely put, at some L
points & € (0,1), 7 =1,..., L, the temperature values are measured, either in continuous time:

uz(t) :u(fi,t), 1=1,...,L, te (O,tf],
or at given discrete time instants ¢; € (0,¢4], j=1,...,M :
wyj=u(€, ), i=1,....0, j=1,...,M. (2.9)
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The measured temperature values are employed to form the current value of the control function.
In the case of continuous measurements, the following dependence is used:

L
() = k1 (u(&irt) = Us) + kai (w(&,t —7) = Uy)], t€[0,tg], (2.10)
i=1
Ui=U(&), i=1,...,L.
Here, U; =U(&;),i=1,...,L,and 7 > 0 is a given value determined experimentally depending

on the heating process dynamics. That is, under strong dynamics, the value 7 should be small;
under weak dynamics, the value 7 should be chosen large enough so that the values u(¢;,t) and
u(&;,t — ) differ sufficiently.

The optimized constant coefficients kq1; and ko;, i = 1,..., L, will be called the feedback param-
eters.

In the case of the discrete feedback law (2.10), the control values J(¢) will be formed using the
dependence

L
Z klz 51) ) + le( (Siafjfl) - Ul)]’ S [t t]Jrl) (211)
i=1

Clearly, the boundary control is, in general, a piecewise constant function with discontinuities at
the discrete time instants of measurements.

Substituting the dependence (2.10) into boundary value condition (2.3) yields

L
Pl (Z (s, 1) — Us) + ko <si,t—7>—Ui>1—u<o,t>>, (2:12)
=1

where t € [0, t¢].

The new boundary value condition (2.12) has two features. First, it contains a time delay;
second, it represents a nonlocal boundary value condition connecting the behavior of the unknown
function on the boundary of the rod with its values inside the rod at the current and preceding
time instants [20-23].

In the discrete feedback case, the boundary value condition (2.3) takes the form

ou(0,t L .
éx ) — 42 (Z [k1i (uig — Us) + ki (uij—1 — Us)] — U(Oat)> c teltjntl, J=1., M.
i=1

Now we analyze the constraint (2.7) on the control function ¥(¢) taking the dependence (2.10)
into account. Based on technological considerations, assume that the temperature at the points
of the rod under all possible admissible heating modes, parameters of the initial conditions, and
environment temperature values satisfies the condition

u<u(z,t;9,9,0)<u, pe® 60O, ze€(0,0), tel0,ty]. (2.13)
Here, u and @ are given values defining the range of possible temperature values at the points

of the rod. In view of (2.7), from (2.10) we obtain the following conditions on the parameters of
the continuous feedback law:

L
Q < Z klz 5@7 ) + k22 ( (fi,t - T) - UZ)] < ﬁ (2'14)
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Let us choose 7 sufficiently small so that for each t € [0,ts], the values of u;(t) = u(&;,t) and
ui(t —7) =u(§,t — 1) are close to each other and cannot, from practical considerations, lie at
different end points of the interval [u,u]. Then from (2.14) we have

L
9 <> (ki + kai) us(t) — (ki + ki) U] <9, t € (0, tg]. (2.15)
=1

In addition, temperature values at different measurement points can take values at different
endpoints of the interval [u,]. We introduce in the L-dimensional space a cube with N = 2%
vertices at the points

7= (u u....,u)t €eRE, Th=(u u,...,0)" eRE, L

Ty-1=(u, a,...,0)" e RE, Ty =(a, a,...,a)" € RL.
Note that inequalities (2.15) are linear with respect to the feedback coefficients. By denoting
U= (Uy,Us,...,U)Y, Ki= (ki ki, ..., k1L)Y, Ko = (ko koo, .. kar) T,
from (2.15) we derive N linear constraints on the parameters K; and Ky :
U< (K + Ko, Ty) — (K1 + Ko, U) <9, s=1,...,N. (2.16)

Here, (a,b) stands for the inner product of vectors a and b.
As is easily shown, the constraints (2.16) on the continuous feedback parameters will also be
valid in the case of the discrete feedback law (2.11).

Let the optimized feedback coefficients and locations of measurement points be compiled into
the vector

K = (K, Ky) € R*.

For the feedback control problem, the objective functional (2.8) can be written as

IK) = [ [ 10K p.0)pu(e)a0d. (217)
o 0

l
I(K:,0) = /u(:c) (u (@t K, 0,0) — U(z)) 2de + o | K| . (2.18)
0

Thus, the original optimal control problem for the boundary value condition, with both contin-
uous and discrete feedback, has been reduced to a parametric optimal control problem.

According to (2.10) and (2.11), the feedback control approach proposed here involves not only
current but also previous information about the process state at measurement points. Owing to
this peculiarity of the approach, the process dynamics can be considered during control. Obviously,
the above dependencies (2.10) and (2.11) can be further complicated, e.g., by adding more previous
measurements.

An important feature of the resulting parametric optimal control problem is the possible non-
convexity (multi-extremality) of the objective functional (2.17), (2.18). Indeed, the dependen-
cies (2.10) and (2.11) incorporate the product of the feedback coefficients and the temperature val-
ues of the rod at measurement points, which implicitly depend on the former coefficients. Hence,
the objective functional (2.17), (2.18) should be minimized using nonlocal (global) optimization
methods. We applied the multistart technique with a local optimization method launched from
different starting points.
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The peculiarity of the boundary value condition (2.12), i.e., the presence of a time delay, is
considered without particular difficulties by the well-known method of steps [23]. When numerically
solving the boundary value problem by the grid method, the nonlocality of this condition can be
taken into account using sweep schemes [24, 25].

The gradient projection method will be used to solve the parametric optimal control problem
with the linear constraints (2.16) on the optimized parameters numerically. For this purpose, in
the next section, we prove the differentiability of the objective functional and derive formulas for
the components of its gradient. The formulas will serve to formulate necessary conditions for the
local optimality of the optimized parameters [5, 19].

3. THE NUMERICAL SOLUTION APPROACH TO THE CONTROL DESIGN PROBLEM

For the numerical solution of the parametric optimal control problem (2.1), (2.2), (2.4), (2.12),
(2.17) with the linear constraints (2.13)—(2.16) on the optimized parameters (consequently, a convex
admissible domain K of the parameters), we propose the gradient projection method [5]:

s+1 s S
S (K* - a gradic J(K?)), (3.1)
s = i Pr (K®— d K* , =0,1,.... 2
! argéréln!] ((2.1121)( agradg J( ))) 5s=10 (3.2)

Here, gradgJ(K) is the 2L-dimensional vector formed by the components of the gradient of
the objective functional (2.17), (2.18); «y is the step size of one-dimensional optimization along
the antigradient of the functional at the sth iteration, determined, e.g., by the golden section
method; finally, K° is some initial value of the sought parameter vector. (If this value violates the
constraints (2.12), (2.14), it must first be projected onto the admissible domain.) There are known
constructive formulas [5, 26] to obtain the projection operator Pr; 14)(K) of an arbitrary vector
K € R?F onto the admissible domain defined by the linear inequalities (2.12), (2.16).

As noted above, the parametric optimal control problem may be multi-extremal with respect
to the optimized parameters K, and the method (3.1), (3.2) yields only the local minimum point
of the objective functional nearest to the point K° € R?X. Therefore, the multistart technique was
selected for computations: the iterative procedure (3.1), (3.2) was applied several times for different
admissible initial points K°. The solution is the local minimum vector K* corresponding to the
smaller value of the objective functional.

Clearly, the gradient gradg J(K) of the objective functional plays an important role in imple-
menting the procedure (3.1), (3.2). The next result establishes the differentiability of the objective
functional J(K) and provides formulas for the components of its gradient.

Theorem 1. Under the above assumptions on the functions and parameters of the optimal con-
trol problem (2.1), (2.2), (2.12), (2.4), (2.17), (2.18) with the feedback law (2.10), the objective
functional (2.17), (2.18) is differentiable with respect to the admissible values of the parameters K,
and the components of its gradient are given by

akh / / / @* (0, ) (u(&i,t) = Us) dt + 20 ki | pa(ip)dodp, (3.3)

e |

ty—T

a®pgp(0,t +7) (u(&ist +7) — Ui) dt + 20 kai | pa(p)dfdyp, (3.4)

0\
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where i =1,..., L and u(z,t) = u(z,t; K, p,0) is the solution of the initial-boundary value prob-
lem (2.1), (2.2), (2.4), (2.14); an almost everywhere twice differentiable, with respect to x € (0,1)
and t € [0,t5], function (x,t; K, @,0) is the solution of the following adjoint initial-boundary value
problem under given admissible values of the parameters K, o, 0:

MW(x,t) _ 20%(x,t)

- S e, (1) € Q= (0.0) x (0,1), (3.5)
bl ty) = —2u(z) (u (2,65, K, 0,0) — U(x)), 0<z <L, (3.6)
Y (0,t) = potp(0,t), 0<t< ty, (3.7)

and it satisfies the conditions

OP(E 1) _ OV(E D) | DG tH+T)  OY(E t+T)

ox - ox ox Ox (3.9)
— k1ip2p(0,t) — ko poyp(0, 2 +7), 0<t <ty —,
Vo (&, 1) = u(&5,t) — kuip(0,t), tp—7 <t <ty, (3.10)

at the points &, i =1,...,L, for t€[0,ty).

In the formulas presented, X[0,t ;7] (t) denotes the characteristic function:
)0, t¢[0,ty — 7],
X)) = {1, tefoty —].

The proof of Theorem 1 is postponed to the Appendix.
In the case of the discrete-time feedback law (2.11), we have the following.

Theorem 2. Under the above assumptions on the functions and parameters of problem (2.1),
(2.2), (2.14), (2.4), (2.17), (2.18), the objective functional (2.17), (2.18) for the discrete feedback
law (2.11) is differentiable with respect to the parameters K under their admissible values, and the
components of the gradient of the objective functional are given by

_q GitAt
8/-61@ // Z / a®pap(0, 1) (u(&i,t) = Us) dt + 20 kai | pa(p)dfdp, T; <t <1j+ At,
t.
M +At—
(% // Z / a® gt (0, ¢+ 7) (w(&ist +7) — Ul-)dt) + 20 ko; | pa(@)dfde,
24 :
=0
fj—TStSEjﬂ-At—T,
where 1 = 1,..., L and, for given admissible values of the parameters K, p,0 and the corresponding

function u(x, t; K, p,0) (the solution of the initial-boundary value problem (2.1), (2.2), (2.12), (2.4)),
the function ¥(x,t) = ¥(x,t; K, ¢, 0) is the solution of the adjoint initial-boundary value problem

2
%ﬁ”f)_ 2%;;’5) gz, t), L <t<t+At, j=0,...,M—1

AUTOMATION AND REMOTE CONTROL Vol. 87 No.1 2026



36 ABDULLAYEV, HASHIMOV

and it satisfies the conditions

(& t) v ) . (& t+7) W t+T)
ox N ox ox ox
M-1 4

-3 6t —t)) / [k1:p1290(0, ) + ki pi2tp (0, + 7)]d,
j=1

ti—1

Ej§t§£j+At—T, i=1,...,L,

0 . b + M—1 tj
¢<§; - - w(;; 2 > ot —t)) / K1ip2t(0, t)dt,
Jj=1 t1

Ej+At—T§t§fj+At, 1=1,...,L,
GEH ) = (e ), i <t<t+At, i=1,...,L,

at the points &,i=1,...,L, for t; <t <t;+ At and the conditions

¢($,t;):¢($,tj), j:O,...’M_l’

at the points tj,j =0,...,M — 1 for z€[0,1].
Let us state necessary optimality conditions for the parameters K in variational form.

Theorem 3. For the local optimality of the parameters K* € R?L in the control design prob-
lem (2.1), (2.2), (2.4), (2.12), (2.17), (2.18) with the continuous feedback law (2.10), it is necessary
that

(gradx J(K),K —K*) >0

for an arbitrary admissible vector K € R?F satisfying conditions (2.14), where the gradient of the
objective functional (2.17), (2.18) is given by formulas (3.3), (3.4).

In the discrete feedback case, necessary optimality conditions for the parameters are formulated
by analogy. The proofs of Theorems 2 and 3 can be found in the Appendix.

4. THE RESULTS OF COMPUTER EXPERIMENTS

In this section, we present the results of numerical experiments for the following functions and
parameter values of the problem statement:

to=0, tyr=2, a=1, =01, px)=01, [=1,

¢ = {407 457 50}7 e = {57 67 7}7 P@(‘Pz) = p@(ez) -

¥=10, 9=750, U(z)=70, z€][0,1

The direct and adjoint initial-boundary value problems were numerically solved using an implicit
scheme of the grid method [19]. The experiments were carried out for different values of the grid
step. The experimental results below correspond to the steps h, = 0.01 and h; = 0.05.

The nonlocality in the left boundary value condition (2.12) was taken into account using an
approach based on the boundary condition transfer scheme [20-22]. To consider the time delay in
the boundary value condition, the method of steps with a step size of 7 was applied [23].
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Table 1. The components of the normalized gradients of the functional computed
by formulas (3.5)—(3.7) and (4.1) for the parameter values given in Table 2

N| Formulas | wporme vporme vyorme Vyorma

L 33),(34) | 0286391 | 0437807 0.354151 0.775162
(4.1) 0.286693 | 0.437915 0.354402 0.774879

, | (33),(34) | 0008363 | 055936 | —0.698830 | —0.445737
(4.1) 0.012542 | —0.55928 | —0.699544 | —0.444614

5 | (33).(34) | 0322336 | —0.585021 | 0.276813 0.823887
(4.1) 0.322786 | —0.586143 | 0.278189 0.824126

37

Table 2. The initial and resulting values of the optimized parameters
and the corresponding values of the functional for L = 2

N | (B kSy); (K9iikSy) | J(K) (ki1; kio);  (K31s K3y ) J(K*)

1 | (2.00; 5.00); (4.00; 7.00) | 2132.76 | (1.497; 2.499); (3.496; 3.001) | 0.00043142
2 | (0.20; 0.70); (0.40; 0.90) | 2714.32 | (1.399; 2.600); (3.194; 2.800) | 0.00056845
3 | (2.50; 1.50); (0.40; 3.00) | 2478.19 | (1.502; 2.4563); (3.3212; 2.925) | 0.00048367

The feedback control problem was solved for two different initial values of the optimized param-
eters.

For each set of the initial values of the optimized parameters, Table 1 provides the components

of the normalized gradients computed by formulas (3.3), (3.4) and using the central finite-difference
approximation of the derivative of the functional:

DJ(K)/OK, ~ (J(K +ce;) — J(K — g¢;)) /2, (4.1)

where K is the jth component of the n-dimensional optimized vector K (the aggregate of the
optimized parameters ki1, k12, k21, and k22); and e; is the n-dimensional vector consisting of zeros,
except for the jth component equal to one. The value of £ in the experiments was varied, and the
table contains the most acceptable results.

In Table 2, the reader can find the initial and optimal values of the parameters K for the feedback
control law (2.10) with L = 2 measurement points.

Numerical experiments were carried out in which the exact values u(&1,t) and u(€2,t) of the
process states observed at the L = 2 measurement points were corrupted by random noise:

u(t; K*) = w(&, t; K*) = u(&, 6 K9 (1 + x(20;, — 1)), 1=1,2,

where u(&;, t; K*) is the solution of the direct initial-boundary value problem computed at the point
x =& for t € [0,tf], 0y is a random variable with the uniform distribution on the interval [0, 1], and
X is the noise level.

Figure 1 shows the graphs of the functions representing, along the rod, the deviations
Au(z,tp; K*, x) = u(z,tp; K*, x) — U(x) of the resulting temperatures from the desired one under
different noise levels: 0% (no noise), 1%, 3%, and 5%, corresponding to x equal to 0, 0.01, 0.03,
and 0.05.

Also, the control design approach proposed above was experimentally compared with the solution
of the feedback control design problem without using previous measurements in the form [16]:

L
VGK) =) kaj(u(&,t) = Us), ¢ € [to, b (4.2)
=1
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Fig.1. The deviations of the temperature distribution functions along the rod from the desired
one U(x) under different noise levels .
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Fig. 2. Temperature distribution along the rod for different ¢ € [1, 3]. The ordinate axis has enlarged scale.

Clearly, the phase state at previous time instants is not used in (4.2) to form the current value
of the control function ¥(t).
Table 3 presents the numerical solution of the boundary control design problem using the feed-

back law (4.2). The experiments were carried out for three different initial values of the optimized
parameters.

Table 3. The initial and resulting values of the feedback parameters (4.2)
and the objective functional

N (k?1; kDo) J(K°) (k113 kia) J(K”)
1 (2.00; 5.00) 2012.37 (1.2412; 4.4215) 0.0866534
2 (0.20; 0.70) 1987.13 (1.6512; 3.1265) 0.0872112
3 (2.50; 1.50) 2179.33 (2.2451; 1.1532) 0.0858423

Figure 2 demonstrates the graphs of the temperature deviations from the desired one for the
obtained parameters and ¢ >t; = 1. According to the graphs, the heating process continues to
settle, despite that the design problem was solved on the interval [0, 1], i.e., t; = 1.

5. CONCLUSIONS

In this paper, the optimal boundary control design problem for a rod heating process has been
investigated. The problem statement includes a linear dependence of the boundary control value on
the rod temperature values at measurement points, both at the current and previous time instants.
The parameters optimized in this problem are the constant feedback parameters representing the
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coefficients in the dependence of the control value on the temperature values at the measurement
points.

Determining the values of the feedback parameters has reduced the original problem to a para-
metric optimal control problem with distributed parameters. First-order numerical optimization
methods have been applied to solve it. Computer experiments have been carried out.

The boundary control design approach and analysis method proposed in this paper can be
extended to other types of PDEs with other initial-boundary value conditions.

APPENDIX

Proof of Theorem 1. Due to the mutual independence of all possible values of the parameters
of the initial conditions vy(x; ) under different parameters ¢ and external influences 6, we have

gradic J(K) = gradc | [ 10G6.0)p0()d0dg = [ [ gradil (Ksg,0)ps(p)dodp. (A1)
d O d O

Therefore, let us study the differentiability of the functional I(K;¢,6) and derive formulas
for the components of its gradient with respect to the optimized parameters K under any given
admissible parameters ¢ € ® and 0 € ©.

To prove this theorem, we utilize the well-known method of incrementing the optimized param-
eters and estimate the corresponding increment of the functional [5, 27].

Let the parameter vector K = (kq, k), associated with the solution u(z,t) = u(x,t,K) of the
boundary value problem (2.1), (2.2), (2.4), be incremented to K = K4+ AK = (k; +Aky, ky+Aks),
and the latter vector is associated with the solution @(z,t) = a(z,t, K) = u(x, t) + Au(x,t) of the
boundary value problem.

From (2.1), (2.2), (2.4), and (2.12) it follows that Au(x,t) is the solution of the boundary value
problem

0Au(z,t) 2 0?Au(x,t)

T 52 — wAu(z,t), (x,t) € Q=(0,1) x (0,ty], (A.2)
Au(z,0) =0, z€][0,1], (A.3)
L

02U o Au(0,0) 3 [hrsdbu(€it) + ki Bu(gy, £ — 7]
. z=0 =t (A.4)

+ ) [ t) — Up) Ak + (w(&,t — 7) — Us) Akg],  t€[0,ty],

=1
Mgi(xx,t) = —wAu(l,t), te0,tf]. (A.5)
x=l

The increment of the functional (2.17) can be, in a straightforward way, represented as

AIK;¢,0) = I(K + AK; 9,0) — I(K; 0, 0) (A.6)

!
= 2/u(x) [u(z,tp K, @,0) —U(z)] Au(z,typ)dx
0

L
+20° 3 [kniBki + koiAkoi] + R ([|Au] 20y » | AK Jgaz ),
=1
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where the residual R (HAuH L2(Q) - HAKHRQL> includes all terms of the second order of smallness
with respect to |AK||g2 and [[Aul| 2 (q) - Some estimates of the increment of the solution of an
initial-boundary value problem for a parabolic equation depending on the variations of the problem
parameters were obtained in [5, 27]. According to these estimates,

AUl g2y < 1 [|AK]|gsz ,

where the value of 7 > 0 is independent of the parameters K. We obtain formulas for the compo-
nents of the gradient of the objective functional with respect to the parameters K. Let ¢(x,t) be
some, for now arbitrary, function continuous everywhere in 2, twice differentiable with respect to
€ (&,8+1),1=0,...,L, § =0, {141 = [, and differentiable with respect to t € (0,¢7). We mul-
tiply (A.2) by ¢(x,t) and integrate the result over the rectangle Q. Under the above assumptions
and conditions (A.4)—(A.5), the result is

6A ) Lot | P Au(z )
u(z, 9 u(x,
[ o 2250 5 [ frtog e
0 =Yoo
tf l
- ,ul//¢(x,t)Au(:C,t) dxdt = 0.

00

Let us split the interval [0, ] into the subintervals [£;,§;+1], ¢ = 0,. .., L, and perform integration

by parts separately for the first and second terms of (3.5). In view of (A.3)—(A.5), we have

7/ aAu 08U gy - /w ,tp)Au(z,tf) dw—// aw Au(x,t) dedt,  (A.8)
0

Gty
23 / / W(@, 1) 782%;(5”’” dtdz (A.9)
=0 & 0
iy
_ 9 oP(0,t) )
=a 0/ K o HQ?,Z)(O,t)) Au(0, ) <7ax +u2¢(l,t)> Au(l,t)] dt
L ty +
6 -
a3 / [ ) oueL +k1iu2¢(07t)] Nu(g, 1) di
L b n
+a2;0/ [a¢(5@8j+7)— ¢(£a;+7)+k2iu2w(0,t+7) Au(&;,t) dt
L OAu(E, 1) L i
+a? WET ) — (&, 1) /=2 L dt—a® Y Aky V(0,1) (u(&,t) — Uy) dt
Zo/[u )i ) =g a3 10/u2( ) (u(Ent) — U)

L tr 1
—a? Z Aky; / wap(0,t +7) (w(&, t +71) — Us) dt + a2// W Au(zx,t) dzdt.

~
Il
—
o
o
o
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Based on (A.6)—(A.9), the increment of the functional takes the form

l
K;¢,0 / (z,tf) + 2p(x) (u(z, tr; K, 0,0) — U(x))}Au(x,tf)dx (A.10)
0
_ a2/ K%?C’t) - M2¢(0,t)) Au(0,t) — (%ﬁc’t) + ugw(l,t)) Au(l,t)] dt
0

tf 1
8¢(m,t) 821/)(56 t)

82

L Y _
cay | [c‘w(& ) _OUELY | Ol t+T)

=1 Oz O ox
=0
+
W + k1ipo)(0, 1) + koj potp(0,t 4+ 7) | Au(&;, t) dt
=1y Ox oz Lift2 ) s
f—’T

L
-> qa /Mw (0,1) (u(&,t) — Up) dt + 20ky; p Aky;

=1
L tffT
—Z CL2 / ¢(O,t+7’) (u(fi,t-l—T)—Ui) dt + 20 ko; p Ako;
' 0

R([[Aull, [AK]|g2r) -

Due to the arbitrariness of the function ¢ (x, t), we require it to be almost everywhere the solution
of the initial-boundary value problem (3.5)—(3.11).

Note that the components of the gradient of the functional are determined by the linear part of
the increment of the functional at the increments of the corresponding arguments. Therefore,

tr
I(K;
OIK;0,0) _ / (a2u2¢(0,t)( (& t) — )) dt +20ky;, i=1,...,L, 0<t<ty,
Ok1; /
tffT
II(K;p,0)

% = / <a2;¢21/)(0,t+7')(u(§i,t+7')—Ui))dt+2ak2i, i=1,....,L, 0<t<ty—r.
2i

By the expression (A.1l), we finally arrive at the desired formulas of Theorem 2. The proof of
Theorem 1 is complete.

Theorem 2 is proved similarly to Theorem 1. The main difference is related to formulas (2.11)
and (2.12), which necessitate replacing integration over ¢ on the entire interval [0,%;] with a sum
of integrals over the intervals [t;_1,¢;], j=1,...,M, to =0, tpr = ty.

Theorem 3 follows from the well-known theorem on integral necessary conditions for optimality
in optimization problems [5, 27].
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Abstract—This paper considers nonlinear continuous—discrete (hybrid) dynamic systems with
a constant sampling step whose continuous and discrete parts operate within a single loop.
Sufficient conditions for the complete controllability and existence of admissible and optimal
control laws of such systems are established. Algorithms for designing admissible program
control laws, as well as an algorithm for designing an optimal program control law, for such
systems are presented. Some examples are provided to confirm the effectiveness of these control
design algorithms for nonlinear hybrid systems with a constant sampling step on a finite horizon.
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1. INTRODUCTION. PROBLEM STATEMENT

Solving control problems for nonlinear dynamic systems is topical in many fields since these sys-
tems serve as mathematical models of various technical, mechanical, economic, and other processes;
for example, see [1-4].

This paper addresses control problems for a dynamic system described by a combination of
differential and difference equations; the latter include control, and the continuous and discrete
parts of the system operate within a single loop. Such systems are commonly called continuous—
discrete or hybrid dynamic control systems [2, 5].

Thus, we consider a nonlinear continuous—discrete control system of the form

o' (t) = f(z(t),y(tr), t <t <t (1)
Y(try1) = 9(x(trgr), y(te), ulty)), k=0,0-1,

with initial conditions

z(to) = xo, y(to) = Yo, (2)

where z(t) € R" and y(tx) € R™ are the state vectors of system (1) characterizing the behavior
of its continuous and discrete parts, respectively; wu(tx) € R? is the control vector (input) of the
system; the time instants t; define a uniform grid on the closed interval [ty, t;] with a constant step
h =tgy1 —tp > 0 and nodes ty, = tg + kh, 0 < tg <t;, k=0,1,...,0l (l€N is a fixed number); the
functions f(z,y) and g(z,y,u) are continuously differentiable in the aggregate of variables on the
sets R" x R™ and R™ x R™ x R4, respectively, and

In other words, i.e., system (1) with u = 0 has the zero (trivial) equilibrium z = 0, y = 0.

44
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According to (1) and the initial conditions (2), on each closed interval [ty, 1] for a chosen
control law u (i.e., for a given finite sequence of u(ty), k= 0,l —1), the solution x = pg(t) of
the Cauchy problem 2/(t) = f(z(t), yx), x(tx) = x) is found, and then the vectors xg11 = @k (tks1)
and Y11 = g(Tht1, Yk, uk), where yp = y(ty) and uy, = u(ty), with y(t) = y(tx) for t € [tg, t11), are
constructed. The state of system (1) at a time instant ¢ is the pair z(¢) = (z(¢),y(t)), and hence
the solution of this system with the initial conditions zp = (2o, yo) for a chosen control law w is the
function

(SOO(t)’yO)’ 750 < t
(e1(t),y1), t1 <t<ty,
(Pr—1(t), yi—1),  ti—1 <t <ty

(w=1(t),m), t=t.

In the solution (4), the component x(t) is continuous for all ¢ € [tg, ¢;], continuously differentiable on
each open interval (tg,tx+1), & = 0,0 — 1, but not necessarily differentiable at time instants t = ¢,
k = 0,1; the component y(t) is piecewise constant and changes its values only at time instants
t=tr, k=0,L.

An example of system (1) is the mathematical model of aircraft flying in a plane [4].

We pose the following problems: 1) the transfer of system (1) from a given initial state z(tg) = 210}
to a given terminal state z(t;) = 211} (t; = to + Ih) using a suitable control law; 2) optimization,
i.e., finding a control law that transfers system (1) from z(tg) = 2{% to z(t;) = 2"} and minimizes
the control performance index (cost functional)

-1
I(w) = 3" u" (t)ulty): (5)
k=0

The solution of the posed problems is related to the grid step i > 0 since the value of h affects the
existence of a control law transferring system (1) from an initial state 2% to a terminal one z{1}.
Therefore, we adopt the following definitions.

Definition 1. The hybrid system (1) is said to be completely controllable for a given h > 0 if for
any vectors 210}, 211} € R"™  there exists a control law u(ty), k= 0,1 — 1, such that z(¢;) = AL
for the solution z = z(t) of system (1) with the initial condition z(tg) = 2{%}.

Definition 2. A control law u(t;), k= 0,1 — 1, that satisfies system (1) for a given h > 0 and
transfers this system from a given initial state z(ty) = 2{% to a given terminal state z(t;) = 211} is
called an admissible (program) control law of system (1) for h > 0.

Definition 3. An admissible control law u(ty), k = 0,1 — 1, of system (1) for a given h > 0 that
minimizes the cost functional (5) is called an optimal (program) control law of system (1) for h > 0.

Note that in [6, 7], the author established necessary and sufficient conditions for complete con-
trollability, as well as sufficient conditions and stabilization methods, for a nonlinear hybrid system
described by equalities (1) but operating on an infinite horizon (i.e., for k = 0,1,2,...), in contrast
to system (1) that operates on a finite horizon. Therefore, the concepts of complete controllability
for system (1) and the one in [6, 7] are defined differently.

The generalizations of system (1) are the hybrid systems considered in [5, 8|, where optimization
problems with a non-fixed terminal state were posed. Note that in [5], V.F. Krotov’s optimality
principle [9] was applied jointly to a combination of differential and difference equations to establish
sufficient conditions for optimal control of a nonlinear system; and in [8], necessary conditions of
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optimal control were obtained to solve problems with non-fixed switching instants, which can be
chosen during process optimization. The above optimization problem for system (1) assumes a
fixed terminal state of the system, with switching instants and their number known in advance for
a given h > 0; moreover, the continuous subsystem of system (1) contains no control input. As a
result, the optimization approaches presented in [5, 8] are not applicable for solving the optimization
problem of system (1). In addition, the problem of transferring hybrid systems from one state to
another based on designing admissible control laws was not considered in [5, 8].

We also emphasize that scientific literature covers the issues of admissible program control de-
sign for nonlinear discrete systems with the cost functional (5) [10, 11] as well as various aspects
of admissible and optimal control design for nonlinear continuous systems via the first approxima-
tion [12-16], the issues of optimal control for discrete systems [17, 18], and the issues of optimality
for continuous and discrete processes [9, 19, 20]. There are also studies on optimal control for cer-
tain types of nonlinear hybrid systems (e.g., see [21-24]). As a rule, however, they are devoted to
systems with a non-fixed terminal state, and the states of such systems are characterized by only
one phase vector, changing continuously between switching instants and discretely at switching
instants. In contrast, the state of system (1) is characterized by a set of two different phase vectors,
one changing continuously according to differential equations and the other discretely according to
the difference equations of the system that contain control. Thus, the issues related to the posed
problems are still open.

To solve these problems, we perform a transition from system (1) to an equivalent, in a natural
sense, nonlinear discrete system [7]. Transferring the equivalent discrete system from initial to
terminal states involves an iterative process of designing an admissible control law, which may be
convergent or divergent. Therefore, two admissible control design approaches are considered for
the nonlinear hybrid system (1).

The primary objectives of this paper are to establish sufficient conditions for the admissibility
and optimality of a control law for the nonlinear hybrid system (1) and design corresponding
admissible and optimal control laws for this system.

The novelty of this research is as follows:

1) Sufficient conditions for the complete controllability of system (1) are established. Under
these conditions, there exist admissible program control laws transferring the system from any
initial state to any terminal one on a finite horizon [t, #].

2) A sufficient condition for the existence of an optimal control law for system (1) is established.

3) Algorithms for designing admissible and optimal control laws for system (1) are presented.

2. TRANSITION TO A DISCRETE SYSTEM.
COMPLETE CONTROLLABILITY CRITERION FOR SYSTEM (1)

Let x(tx) = zk, y(tx) = Yk, and u(ty) = ug; using [7] and the relations (3), we pass from sys-
tem (1) to an equivalent nonlinear discrete system of the form

Tpp1 = eMhay + AT (e — 1) Byyg + (g, yr; h), k=0,01-1,
Ypi1 = AgeM Py + (A9 AT (eM — 1) By + Bo)yp + Cug + 6(xh, i, up; h),

where Ay = £7(0,0), By = f,(0,0), A2 = g;(0,0,0), B2 = g,(0,0,0), and C = g,,(0,0,0) are matri-
ces of appropriate dimensions, and detA; # 0; in addition,

f(x’y) = Ale + Bly + CL(SC,y), g(:C,y,U) = "42:C + Bz?/ + Cu + b(m,y,u),

and the smooth nonlinearities a(x,y) and b(x,y, u) start with quadratic terms in z, y and z, y, u,
respectively, satisfying the conditions a(x,y) = o(||z| + |lyl|) as |lz]| + ||yl = 0 and b(z,y,u) =
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o(Jlzl]| + lyll + |lull) as ||=|| + ||y|| + ||u|]| — O (from this point onwards, ||| means the Euclidean
norm of a vector in the corresponding space of real numbers or the norm of a matrix);

tr+h

5($lmyk§ h) = e(tk+h)Al / e_SAla(p(valmyk)vyk)ds’ (6)
tk

where 2 = p(t, xy, yx) is the solution of the Cauchy problem =’ = Az + By, + a(x, yx), z(tx) = xg;
finally,

8(xk, Yk, uk; h) = Ase(xr, Ys h) + b(Th11, Y, k) (7)
The equivalent nonlinear discrete system can be compactly written as

Zk+1 :A(h)Zk+BUk+£(Zk,Uk,h), k:Oal_la (8)

_ | Tk _ |0 _ | e(@r,ys h)
Zk—lyk]a B—[C]a S(Zk’uk’h)_[5($k,yk,uk;h)‘|’

where

and A(h) is a block matrix (of order n 4+ m) given by

l eArh AT (et — 1By ]

A(h) =
( ) AQSAlh AQAIl(SAlh —I)Bl + By

(9)

System (8) with u = 0 has the zero (trivial) equilibrium, and the function £(z,u, h) satisfies the
condition &(z,u, h) = o(||z| + [Jul|) as ||z]| + ||u|| — 0 [7, 25].

Definition 4. The discrete system (8) is said to be completely controllable for a given h > 0
if for any states A0 21t e R”*mt_here exists a control law wy, k =0,] — 1, such that z = z{1},
z = z(t;), for the solution z;, k = 0,1, of system (8) with the initial condition zy = 210},

We have the following result.

Theorem 1. The hybrid system (1) is completely controllable for a given h > 0 if and only if the
discrete system (8) is completely controllable for h > 0.

The proof of Theorem 1 and other main statements is provided in the Appendix.

3. OPTIMAL CONTROL OF THE LINEAR HYBRID SYSTEM

Let the first approximation system of the nonlinear discrete system (8) be completely controllable
for h = hg > 0. In other words, the discrete system

Zk+1 = Agzi + Buy, k=0,1—1, (10)

where Ay = A(hg) due to (9), is completely controllable. Then, according to the complete control-
lability criterion of linear discrete systems [10, 11],

rank[B, AgB, A2B,..., Al Bl = n+m. (11)
System (10) is equivalent, in a natural sense [7], to the linear hybrid system

{ 2 (t) = Ajz(t) + Biy(tg), tp <t <tpp1, tre1 —te = ho, 12)

Y(te+1) = Aoz (tpy1) + Bay(ty) + Culty), k=0,01—1.
Based on [11], we arrive at the following result.
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Theorem 2. If system (10) is completely controllable, then there exists an optimal control law
u0 (1)) = ulgo) transferring the hybrid system (12) from any initial state z(to) = 21% to any terminal
state z(t)) = 211 and minimizing the cost functional (5), with

ul” = ST(k)FT(0)d(0, 1), S(k) = AL*'B, k=0,1—1,
-1
d(0,20%) = 21 — AL F0) =7 S(k)ST (k), (13)
k=0
and F1(0) as the pseudoinverse of the matriz F(0).

This optimal control law of system (12) leads to the optimal motion 2z (t) = (@ (t), y© (¢)),
t € [to, t;], of this system and the optimal motion z,(;)) = [xgﬁo) y,(;))]T (k= 0,1) of system (10), with
O (t),) = x,go) and y(O(t,) = y,(go).

Ezample 1. For the linear hybrid system

{ 2 (t) = x(t) +2y(ty), te <t <tpii,
Y(th1) = —x(tpgr) + y(te) + 3u(te), k=0,1,2,

(14)

it is required to design an optimal control law u(?) (t;,) transferring this system in three steps (I = 3)
from the initial state z{% = [2 1]7 to the terminal one 2" =[1 2]T.

The hybrid system (14) is equivalent to the linear discrete system

1 = g +2(e" — Dy
Ykt = —€ g + (3 — 2eM)yp + 3uy, k=0,1,2.

-2 =11’ 3
Condition (11) holds, i.e., this system is completely controllable for hy = In2. Using formulas (13),
we find

For hg=1In2, it takes the form (10) with the matrices Ay = 2 2 and B = [0]

S(0)=A43B=[6 -9, S1)=A4B=6 —3]", S22 =B=[0 3",
d(0,210) = AW — 4300 — 11 — 17,

F(0) = 22: S(k)ST (k) = [ 2o

11/216 1/27]
k=0

—72 99 ] RO =FTH0) = l 1/27  1/27

For ty41 — ty = ho and to = 0, system (14) has the optimal control law u(® (o) = u(9) (0) = —7/36,
u®(ty) = u® (In2) = 73/36, u® (ty) = u®) (in4) = 10/9, and the corresponding optimal motion

(4et —2, 1), 0<t<In2,
31, 67 67
et o —2N) | 2 <t < Ind,
( 126+6, 12), n t<lIn
2(t) = (2(t), y(t)) = 1, 2 1
— -, —= Ind <t <In8,
(246 +3, 3), n < In8
<1 t+22) t = In8
Y 32)> = [n8.

At tg =0, t1 = In2, t3 = In4, and t3 = [n8, this motion coincides with the solution of the equiva-
lent discrete system 29 = [2 1]7, 21 =[6 —67/12]7, 20 =[5/6 —1/3]T, 23 =[1 2]T. That is, the
control law designed transfers system (14) in three steps from the initial state 219 to the terminal
one z{} and, by Theorem 2, minimizes the cost functional (5).
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4. THE COMPLETE CONTROLLABILITY OF SYSTEMS (1) AND (8)
ON A CLOSED SUBSET OF THE EUCLIDEAN SPACE.
FEATURES OF THE NONLINEARITY ¢(Z,U, H)

Consider the interconnection between the complete controllability of systems (1) and (8) for
some h = hg > 0 on closed subsets of the Euclidean space R"*™.

Let S C R™™ be the set of states of system (1). We introduce several notions as follows.

Definition 5. System (1) is said to be completely controllable on the set S for h = hy > 0 if all
states z* € S are reachable from any state (% € S.

Definition 6. A state z* € S of system (1) for h = hg > 0 is said to be reachable from a state
210} € S if there exists an admissible control law w(ty), k = 0,1 — 1, such that the solution z = z(t)
of system (1) with the initial condition z(tg) = 2%} satisfies the follovvlng conditions:

1) z(t) € S for t € [to, t;]; 2) z(t;) = z*, where t; = to + lhg.

Similar definitions can be formulated for the nonlinear discrete system (8), taking its specifics
into account.

Assume that for h = hg > 0, system (8) is completely controllable on a set K C R"™™ and
system (1) is completely controllable on a set S C R" ™.

Theorem 3. If for h = hg > 0 systems (1) and (8) are completely controllable on sets S and K,
respectively, then K C S.

Let Uy = S x SY, where Sy and S are closed subsets of the neighborhoods of the points z = 0
and u = 0, respectively. In view of the features of the functions f(z,y) and g(z,y,u) in system (1),
the next result can be proved for any h > 0.

Theorem 4. The nonlinearity &(z,u,h) in system (8) satisfies the Lipschitz condition in the
variables z, u on any closed subset Uy of the neighborhood of the point z =0, u =0, i.e.,

e (47w ) =€ (2w )| < L (7 =) + ” =) 15)

where (zlii),ulgl)) €Uy, k=0,l—1,1i=1,2; and the Lipschitz constant L is sufficiently small if the
diameter of the subset Uy is small.

5. THE EXISTENCE AND DESIGN OF AN ADMISSIBLE CONTROL
LAW FOR SYSTEM (1)

Let system (10) be completely controllable. We pose the problem of designing an admissible
control law u(ty), k = 0,1 — 1, transferring system (1) from a given initial state z(tg) = 21t € R"*™
to a given terminal state z(¢;) = 211} € R" and investigate the issue of the complete controllability
of system (1) for h = hy > 0.

Let

m:max{ max  [|ASFIB| max ||ST(k)FT(0)] max [|A5FY,
0<k<I—1 0<k<i—1 0<k<I—1

I—k—1 T + I—k—1
oJnax [ Ao !!70;22;51 1S (k) F (0)“05221’21 | 4o H},

and let the function &(z,u, h), h = hg > 0, in system (8) satisfy inequality (15) on the set R"*™ x RY,
with a Lipschitz constant L such that

1
0<L<m. (16)

The following result is true.
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Theorem 5. Assume that system (10) is completely controllable and the function &(z,u, hg) in
system (8) satisfies the Lipschitz condition in the variables z, u on the set R"*™ x R, with a
Lipschitz constant obeying (16). Then the hybrid system (1) is completely controllable for h = hyg.

Consider again the closed subset Uy = Sy x S? of the neighborhood of the point z = 0, u = 0.
According to Section 4, we arrive at the following statement.

Corollary 1. Assume that system (10) is completely controllable on the set Sy and the Lipschitz
constant for the function £(z,u, hg) of system (8) satisfies inequality (16) on the set Uy. Then for
h = hg there exists an admissible program control law transferring the hybrid system (1) from any
initial state z(tg) = A% € Sy to any terminal state z(t) = Albes,.

Based on the proof of Theorem 5, we describe an algorithm for designing an admissible program
control law for system (1) with h = hy > 0.

Algorithm 1.

1. Verify the complete controllability of system (10), i.e., check condition (11).

2. Using formulas (13), construct the optimal control law ul(co), k =0,l — 1, for system (10) and
the corresponding optimal motion z,(go), k=0,l.

3. Apply the simple iteration method to construct the sequences of optimal control actions {u,(f)}

and optimal motions {zliq)} of the systems:

21521 = Aozg) + Bul(f) +¢& (z,gq_l),u,gq_l), ho) , k=0,1—-1, ¢=1,2,...,

where z,(;)) and u;ﬁo) are obtained at Step 2 above, using formulas (A.2)—(A.4) (see the Appendix).

4. Find the admissible program control law of system (1) with h = hg > 0:
* I P () ow
u(tk)—uk—qlggouk, k=0,l—1.

Note that in a small neighborhood of the point x = 0, y = 0, u = 0, condition (16) surely holds
for the function &(z,u, hy) (see Theorem 4). Therefore, for system (1) with b = hy > 0, it is always
possible to design an admissible control law if the states z{% and 21!} lie in a small neighborhood
of the point x = 0, y = 0 and the condition of Step 1 of Algorithm 1 is valid.

Ezample 2. For the nonlinear hybrid system

.%'/(t) = .%'(t) + 2y(tk), tr <t < tk+1, (17)
Y(trt1) = —@(tpsr) + y(te) + 3ulty) + x(ter)y(tr), k=0,1,2,

it is required to design an admissible program control law transferring this system in three steps
(I = 3) from the initial state 2% = [2 1]T to the terminal one {2 =[1 2]T.

The first approximation system of the equivalent nonlinear discrete system for hy = [n2 is com-
pletely controllable, and its optimal control law is given by uéo) = —7/36, ugo) =73/36, uéo) =10/9.
The corresponding motion of the system is zéo) =12 17, zio) =[6 —67/12]T, zgo) =[5/6 —1/3]T,
zéo) =[1 2]7 (see Example 1).

The discrete system equivalent to (17) for h = hg has the form
Zk41 = Aoz + Buy, + §(zk,uk, ho), k=0,1,2,
where

0
2xpyk + 2y;

; f(Zk,Uk,hO) = [
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We obtain the following result by applying Algorithm 1: on the 49th iteration with accuracy
up to 10715, the iterative process converges to the control law

u*(tg) = —1.421310674166737, u*(t1) = 7.208203932499369, wu*(t2) = 4.314757303333053.

For the sake of comparison, note that when transferring system (17) with h = hy from the
state 2100 = 0.1 —0.02]" to the state {1} =[0.03 0.2]7 in three steps, the iterative process with
accuracy up to 107'° converges on the 11th iteration. That is, if the states 1% and 211} of
system (17) lie in a neighborhood of the point z =0, y = 0, the iterative process will converge
faster.

However, when transferring system (17) with h = hq from the state 2{% = [=2 5]T to the state
211} = [3 4] in three steps, the iterative process diverges.

Consider the existence and design of an admissible program control law for system (1) when the
conditions of Theorem 5 fail. For this purpose, we introduce an auxiliary system of the form

zptr1 = Aoz + Bug, k=0,1,2,..., (18)

differing from (10) in the range of k, assuming that the former system is completely controllable [7].
This is true if system (10) is completely controllable [26].

6. THE EXISTENCE AND DESIGN OF AN ADMISSIBLE CONTROL LAW
FOR SYSTEM (1) CONSIDERING STABILIZATION OF SYSTEM (18)

According to [10], the iterative process of designing an admissible control law for system (8) with
h = ho > 0 is convergent if the function &(z,u, hy) satisfies the global Cauchy—Lipschitz condition
in the variables z, u with a sufficiently small Lipschitz constant L. When this requirement fails,
there may arise rapidly growing motions tending to infinity at a high rate; in this case, the iterative
process will diverge, which is confirmed by the analysis of system (17) being transferred from the
state 210t = [=2 5]T to the state z{'} = [3 4]T in three steps.

One way to improve the convergence of the iterative process is the preliminary stabilization [27]
of the system defined by (8) with h = hg > 0, or, equivalently, of the system defined by (1) with
h = hy > 0, assuming k£ = 0,1,2,... in these systems [7]. Any of these systems is stabilized by
stabilizing the completely controllable system (18), as the three systems mentioned have the same
stabilizing control law [7].

Let us design a stabilizing control law w(z) = Dz, k= 0,1,2,..., where D is a constant ma-
trix of dimensions ¢ x (n +m), for system (18), under which the initial z(tg) = 2{% and terminal
z(t;) = 211} states will fall into the attraction domain of the equilibrium z = 0 of the system

Zpy1 = Az + Bug + (21, D2y + vg, ho), k=0,1-1, (19)

with v, =0, where A = Ag + BD and v, € R? is the control input. This ensures the existence of
an admissible control law for system (8) with A = hg [10].

Assume that the function £(z, Dz + v, hg) in system (19) satisfies the Lipschitz condition in the
variables z, Dz+v on the set R x R%. If an estimate of the Lipschitz constant L for the function
&(z,Dz + v, hg) on R"™™ x R% is found (e.g., see [28]), we compare it with the condition

1
O< < DT Da< ) (20)
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where

m:max{ max ||ST(K)FT(0)] max [A“FTY|, max |ATREL),
0<k<l—1 0<k<l—1 0<k<i—1

max [[ST(K)F*(0)] max [|A"*7!  max HAl_k_lBH}a
0<k<i—1 0<k<i—1 0<k<i—1

S(k) = A=*1B.

These considerations are based on the following result.

Theorem 6. Assume that system (18) is completely controllable and the stabilizing control law
w(zg) = Dz of system (18) is chosen so that the Lipschitz constant for the function £(z, Dz + v, hy)
in system (19) satisfies condition (20) for (z, Dz 4+ v) € R"*™ x R%. Then the hybrid system (1) is
completely controllable for h = hy, and an admissible control w*(ty) transferring it from any initial
state z(tg) = 21% to any terminal state z(t;) = 211 is given by

w'(ty) = w(z"(t)) + 07 (), k=001,

where v*(ty) = vy and 2*(ty) = 2 are an admissible control law and the corresponding motion of
system (19), respectively.

In this case, according to the proof of Theorem 6, we present the following algorithm for designing
an admissible control law for system (1) with h = hy > 0.

Algorithm 2.

1. Verify the complete controllability of system (18) and design the stabilizing control law
w(zg) = Dz, for this system.

2. Using formulas (13), construct the optimal control law vlio), k=0,l—1, for the system

2p+1 = Az + Bug, where A = Ag+ BD, k= 0,1l — 1, and the corresponding optimal motion zlio),
k=0,1.
3. Apply the simple iteration method to construct the sequences of optimal control actions {vliq)}

,(f)} of the systems 21521 = Az,(f) + Bv,(f) +¢& (z,gq_l), Dz,gq_l) + v,gq_l), ho),

and optimal motions {z
k=0,l—1,¢g=1,2,..., where z,go) and v,(go) are obtained at Step 2 above, using formulas (A.12)-
(A.14) (see the Appendix).

4. Find v*(tx) = limg—00 vliq), kE=0,1-1; z; = limg_oo zliq), k=0,l.

5. Design the admissible program control law of system (1) with A = hy > 0 : by formula u*(t) =
w(z) +v*(ty), k=0,1— 1.

Ezample 3. a) It is required to transfer system (17) with hg = In2 from the state z(tg) = 210} =
[—2 5]T to the state z(t3) = 211} = [3 4]T (see Example 2).

Recall that Algorithm 1 has failed to solve this problem. Now we apply Algorithm 2 and design,
for the corresponding system (18), a stabilizing control law such that the matrix A has eigenvalues
A1,2 = 0.001. Then, on the 27th iteration with accuracy up to 10719, the admissible control law of
system (17) becomes

uy = —2.459959701325314, u] = —404.806942255234989, w35 = 73.986989056064154.

Note that for A; 2 = 0.0001, the iterative process with accuracy up to 10~ will converge on the
12th iteration.

b) Consider the nonlinear hybrid system

{ 2 (t) = z(t) —y(te) + v2(tk),  te <t < tgpin,
Y(tg+1) = —x(tir1) — y(te) + 2u(ty) + u(ty)y(ty), k=0,1,2,3,4.

(21)
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This system for hg = ln% is equivalent to the nonlinear discrete system

3. 1,1,
Tp1 = =T — = =
k+1 5 k 2yk ka
31 1,
Ykl = —5Tk ~ Uk + 2ug — Yk +uryr, k=0,1,2,3,4.

The first approximation system for this discrete system is completely controllable. Algorithm 1
will not help to transfer system (21) from the state z(tp) = 2% =[0.1 —0.2]7 to the state
z(ts) = 211t = [0.4 0.6]T. Application of Algorithm 2 leads to the following results:

1) For Ay = 0.1 and Ay = 0.2, the iterative process converges on the 80th iteration, and with
accuracy up to 10~ we obtain the admissible control law

u*(to) = 0.324385159473078927, u*(t1) = 0.501724268550236387,

u*(ta) = 0.502341831544914188, u*(t3) = 0.399479636515260206,

u*(tg) = 0.544220425724104726.

2) For A\ = 0.2 and A2 = 0.3, the iterative process diverges.

3) For A\; = 0.1 and Ay = 0.3, the iterative process with accuracy up to 107'® converges on the
88th iteration.

4) For \; = 0.01 and Ay = 0.1, as well as for A\; = 0.01 and Ay = —0.001, the iterative process
diverges, meaning that the matrices D corresponding to the above A 5 violate condition (20).

Thus, in particular cases (see Example 3a)), stabilization of the corresponding system (18)
with A2 being near zero accelerates the convergence of the iterative process; however, in the
general case, this is false.

7. SUFFICIENT CONDITIONS FOR OPTIMAL CONTROL OF THE HYBRID SYSTEM (1)

The algorithms presented in Sections 5 and 6 can be used to design an admissible control law
for system (1). The following questions arise accordingly. Is an admissible control law optimal?
What are the sufficient conditions for optimal control of system (1)? How to design an optimal
control law for such a system?

To answer these questions, we will assume the complete controllability of system (1) for some
h = ho > 0 and, due to the equivalence of systems (1) and (8), utilize sufficient optimality conditions
for controlled discrete processes [19], with an appropriate modification to the problem of finding
an optimal process with a fixed right endpoint of the trajectory.

Let M = {(zx, ux) : k = 0,1 — 1} be the set of admissible processes of system (8) with h = hg > 0,
i.e., pairs (z,u) satisfying, for h = hy > 0, this system and the boundary conditions zy = 20}
Zl = Z 1 .

Assume that the performance of a control process of system (8) with h = hy > 0 is generally
evaluated by the cost functional

-1

I(zg,ug) = > [ (2h, wp), (22)

k=0

where the function f9(z,u) is differentiable in z and v on the set M.

A process (z,ur) € M is said to be optimal if I(zx,ux) — min.

By denoting f(zk.,uk.) = Agzi, + Buy, + §(zk,uk,~h0), we write system (8) with h=ho >0 as
zk+1 = f(zk,uk), k= 0,0 — 1, where the function f(z,u) is continuously differentiable in z and u
on the set R"™ x R4,
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Let D be the set of possible processes [19] of system zpi1 = f(zg,ur), k =0,0 —1, i.e., pairs
(zk, ug) satisfying this system; then M C D. Following [19], we introduce auxiliary mathematical
constructs:

1) the function

Rz, ur) = o(f (2, ur)) — () — £ (21, up), (23)

where ¢(z) is some function;
2) the functional

-1

L(zk,uk, ) = — 3 Rze,up) + o(z1) — (1), (24)
k=0

Consider several auxiliary statements.

Lemma 1. For any function ¢(z), the values of the cost functional (22) and functional (24)
coincide on the set M, i.e., L(zk,uk, ©) = I(zk, ug) for (zg,ur) € M.

Lemma 2. If an admissible process (2}, u}) € M and some function p(z) satisfy the condition

R(Z;;auZ) = (Zkr;l;?)XEDR(Zk’Uk)’ k= Oal - 15 (25)

then

L(z},up,¢) = min _ L(zg,uk, @), k=0,1—1.
(Z]muk:) €D
Let the cost functional (22) take the form (5), i.e., I(zk, ur) = I(ug) = 22—210 ug uy. We arrive at
the following result.

Theorem 7. Assume that an admissible process (zf,uj) € M and some function p(z) satisfy
condition (25), with fO(zk,ux) = uy ur. Then u*(t;) = uj is the optimal control law of system (1)
with h = hy.

The optimization problem of the cost functional can be formulated in two settings [19]:

1) It is required to determine the optimal process (zj,uj) minimizing the cost functional (22);
in this setting, if f0(z, ux) = u} ug, then u*(tx) = uj is the optimal control law of system (1) with
h = hg > 0.

2) It is required to determine a minimizing sequence of admissible processes {z,gs),u,gs)} Cc M,
s=1,2,..., on which the cost functional (22) tends to its greatest lower bound, i.e.,

I (zlis),ulgs)) — (zk,igfeMI(Zk’uk) as s — oo;

in this setting, if f0(zp,ur) = u} ug, then {ul*)(t;)} is a minimizing sequence of admissible control

actions of system (1) with ~ = hy > 0 on which the cost functional (5) tends to its greatest lower
bound.

As a rule, the optimal control problem is formulated in the first setting, but does not always
have a solution since the cost functional (22) may generally possess no minimum on the set M.
Meanwhile, the problem in the second setting always has a solution if the cost functional (22) is
bounded below [19].

The cost functional (5) is nonnegative, i.e., bounded below. Hence, there exists a minimizing
sequence of admissible control actions of system (1) for the cost functional (5). And the following
result is valid.
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Theorem 8. Let {zk ,uk } CM,s=1,2,..., be a sequence of admissible processes of the system
21 = f(zk,uk), k=0,l — 1. Assume the existence of a function p(z) such that, as s — oo,

(s) , (s) 07
R(zk ,uk> (ZkilggDR(zk,uk), k=0,1-1,

with fO(z,ur) = uf ug. Then {ul)(t)} is a minimizing sequence of admissible control actions of
system (1) with h = ho on which the cost functional (5) tends to its greatest lower bound.

Suppose that system (1) with A = hy > 0 is known to have an optimal control. Let us study the
issue of designing such a control.

8. OPTIMAL CONTROL DESIGN FOR THE HYBRID SYSTEM (1)

Due to the equivalence of systems (1) and (8), let us pose the following problem: for the system
Zpt1 = f'(zk,uk), k = 0,1 —1, it is required to find an admissible process (2}, ;) on which the
cost functional (22) (or the corresponding functional (5)) is minimized without imposing additional
constraints on the control input u; € RY.

To solve this problem, we use Lagrange’s method of multipliers for discrete control processes with
a one-dimensional (scalar) argument and an unbounded control input [19] as well as the sufficient
optimality conditions provided by Theorem 7.

Let ¢(2) be a function differentiable in z on the set R"™™. Then the necessary conditions for
the maximum of the function R(z,u) in z, u are given by

IR(zf, ui)

=0, i=1 k=0,1—-1 26
6zk,i y b 7n+m7 ) ) ( )

OR(z,uf)

Dur , J=1,q, ; (27)

Let a vector function (k) = (¢¥1(k), ¥2(k), ..., Yn+m(k)), k = 0,1 — 1, be such that

0p(2f)

, t=1,n+m.
62]{71‘

Yi(k) =

We compile the Hamiltonian of the problem:

n+m

H(w( zk‘vuk Z wz fl Zk‘vuk) fo(zk‘vuk)'
In view of (23), the equality zx11 = f (zx,ur), and the last two equalities above, it can be shown
that conditions (26) and (27) take the form

OH (p(k + 1), 2, up)
8Zk7i

v;i(k) = , i=1n+m, (28)

and

OH(Y(k +1), 2, uy)
8u;w-

=0, j=14, (29)

respectively. Equalities (28) and (29) are necessary optimality conditions for discrete control pro-
cesses with a scalar argument [19], with equality (28) called the adjoint system of finite-difference
equations [29].
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These conditions allow selecting, from the set of all admissible processes of the system zx11 =
f (2, uk), k = 0,1 — 1, a subset of potentially optimal processes [19]. If an optimal process is known
to exist, and the resulting subset consists of a single element, it will be the desired optimal process.
In this case, we obtain the following algorithm for designing an optimal control law for system (1)

with h = hg > 0.

Algorithm 3.

1. Perform the transition from system (1) with h =hg > 0 to the system zxy1 = f(zk,uk.),
k=0,0—1.

2. Compile the Hamiltonian of the problem and conditions (29).

3. Find from conditions (29) the control law uj, with the parameters ¢(k+1) and 2}, k = 0,1 — 1.

4. Compile the adjoint system (28).

5. Find the solutions 27, 23,...,%/; of the system 2z, = f (zx,u)) considering the condition
25 = 21% and the control law uj, = {uj ;(¥(k+1),25)}, k=0,1—1, j = T,q.

6. Solve the adjoint system together with the system 2z = 211}, considering the solutions 21,
25, ...,2_1, and find ¥;(k + 1), 2, and v}, i =1,n+m, k=0,0 — 1.

7. If the resulting solution is unique, then u*(t;) = uj, is the optimal control law of system (1)
with h = hg; otherwise, find the value of the cost functional (5) on the found solutions and choose
the control law corresponding to the solution that minimizes this functional.

Ezxample 4. Tt is required to design an optimal control law that transfers system (17) with a
sampling step of hg = In2 from the initial state z(¢y) = [2 1]T to the terminal one z(t3) = [1 2]T
and minimizes the cost functional (5).

Recall that (Example 2) system (17) with hg = In2 is equivalent to the nonlinear discrete system

{ Tpy1 = 2xp + 2y (30)

Ye+1 = _2*7:16 — Yk + 3uk + kayk + 29/%7 k= 07 17 27

and the problem is to design an optimal control law transferring system (30) from the state
zZ0 = [IEO yo]T = [2 1]T to the state zZ3 = [IE3 yg]T = [1 Q]T.

According to (5), fO(zk,yx) = ui since uy € R', and the set of admissible processes M for sys-
tem (30) is compact. Therefore, the posed problem has a solution as the continuous cost func-
tional (5) will reach its minimum value on M.

Note that z;1 = x;, and 2; 2 = yg; the Hamiltonian of the problem takes the form

H(p(k), 2, up) = ¥1(k) (2w + 2yk) + o (k) (=22 — yp + 3ug, + 25 + 2u7) — uj,

and condition (29) yields
. 3

Due to (28), the adjoint system is given by

{ P1(k) = 21 (k +1) + 24 (k + 1)(yx — 1)

Yo(k) = 2¢1(k + 1) + o(k + 1) (4yf + 225 — 1), k=0,1,2. (32)

Considering the first boundary-value condition as well as equalities (30) and (31), we find the
solutions

] =6 x5 =14 + 9P (1)

yi =1+4502(1), |ys = 40.503(1) + 67.5¢2(1) + 4.5¢2(2) + 1.
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Then the system 25 = [1 2] turns into

29 + 153¢9(1) + 8193 (1) + 9¢2(2) = 0
72993 (1) + 2308.513 (1) + 1822.5105 (1) + 121.5¢9(2) + 4.5¢2(3) + 81tha(1)1h2(2) + 2y32 = 3.

Based on the first equality in (32), (31), and the obtained solutions, we find

P1(2) =291 (3) + 2¢2(3)(40.5¢%(1) + 67.595(1) + 4.595(2)); (33)
and based on the second equality in (32), 12(1) = 211(2) + 12(2)(15 + 18¢2(1)). Then
P1(2) = 0.5¢2(1) — ¥2(2)(7.5 + 992(1)) (34)

and 15(2) = 2¢1(3) + 12(3) (16213 (1) + 28819 (1) + 18¢2(2) + 31), consequently,
$1(3) = 0.5¢(2) — 12(3) (8193 (1) + 15342(1) + 15.5). (35)

Let us substitute conditions (34) and (35) into (33). In view of the first equation in the system
z =1 2|7, we get

12(2)(8.5 + 9ha(1)) — 0.5¢h9(1) = 21h2(3). (36)

Solving (36) together with the system z; = [1 2] yields three solutions and, accordingly, three
control laws satisfying equality (31), system (30), and the boundary value conditions. Only one of
them is optimal, particularly for system (17) with hy = In2, as it minimizes the cost functional (5).
With accuracy up to 10715, the optimal control law is given by u*(tg) = —2.498184215120807,
W (t) = 0.190252087647811, u*(t2) = 0.007263139516772.

9. CONCLUSIONS

In this paper, we have established sufficient conditions for the complete controllability and
existence of admissible and optimal control laws for nonlinear continuous—discrete dynamic systems
with a constant sampling step. Algorithms for designing admissible and optimal program control
laws for the above systems on a finite horizon have been presented. The effectiveness of these
algorithms has been confirmed by numerical examples.

The conditions and algorithms will serve for control and stable operation of real systems, most
topical in aviation, engineering, and economics.

APPENDIX

Proof of Theorem 1. Systems (1) and (8) are equivalent, and there exists a connection between
their solutions [7, p. 867]. Based on this connection, the desired result follows from Definitions 1
and 4.

The proof of Theorem 1 is complete.

Proof of Theorem 2. According to [11], by the complete controllability of system (10), there
exists the optimal control law (13) transferring system (10) from the state zy = 2% to the state
2z = 211} and minimizing the cost functional (5). And since systems (10) and (12) are equivalent
and have the same control performance index, the optimal control of system (10) will also be
optimal for system (12).

The proof of Theorem 2 is complete.
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Proof of Theorem 3. In view of Definitions 5 and 6 and the equivalence of systems (1) and (8), the
sets S and K can be described as S = {(z(t), yx) : t € [tk tp+1), k= 0,0 — 1} U {(x(t;),y1)}, where
x(ty) = zx, and K = {(z,yr) : k = 0,1}. Consequently, K C S, and the proof of Theorem 3 is
complete.

Proof of Theorem 4. The smooth nonlinearities a(z,y) and b(x,y,u) in the expansions of the
functions f(z,y) and g(x,y,u) start with the quadratic terms in z, y and in z, y, u, respectively.
Therefore, on the sets Sy and Uy of small diameter, they satisfy the Lipschitz condition with
sufficiently small Lipschitz constants L; and Le, respectively. The function &(z,u,h) is continu-
ously differentiable on the set Uy, and condition (15) holds for it. Since the components e(x, y; h)
and d(x,y,u; h) of the function £(z,u, h) are linearly expressed through the functions a(x,y) and
b(x,y,u) (see (6) and (7)), the Lipschitz constant L in condition (15) will be expressed through the
constants L and Ly and will be sufficiently small.

The proof of Theorem 4 is complete.

Proof of Theorem 5. According to [11], by the complete controllability of system (10), there

exists the optimal control law u;ﬁo) (13) transferring system (10) from zp = 2{% € R"*™ to any state

z = 21} € R"*™ and minimizing the cost functional (5). Then z,go) (k = 0,1) is the optimal motion

of system (10) generated by the control law ug)), k=0,1-1.

We design an admissible control law for system (8) with h = hy by the simple iteration method
applied to solving the optimal control problems

20 = A0 + Bul + € (2w o), k=01-1, g=1,2,..., (A1)
-1
I(u'9) = > u,gQ)Tu,(f) — min,
k=0

intended to transfer systems (A.1) from the state zp = 219} to the state z; = 211}, where zlio) and ul(co)

are the optimal motion and control law of system (10), respectively. Then, using [11], we obtain a

sequence of optimal controls {u,(gq)}, g=1,2,..., given by the formulas
ul(;}) _ ST(k)F+(O)d(q) (0’ Z{O}) , k=0,1-1, (A.2)
-1
d@ (0’ Z{o}) — 21— AL10F 5 Al (zfq—”,ugq—”,ho) 7 (A.3)
i=0

and the corresponding sequence of optimal motions {z,(gq)}, g=1,2,...,

k-1 k—1
o) = A £ 3 A B 3 AF e (Y WY o), k=01, (A4)
=0 i=0
with z(()q) = 21% and zl(q) = {1}
Indeed, from (A.4) it follows that z(()Q) = 210 and based on [11, pp. 13-14], the control law ugﬂ
transfers systems (A.1) from the state zo = 2{} to the state z; = 211} if and only if -, S (k)u,(f) =
d9(0,21%), where S(k) = Ay *!B. Then, taking (A.4) and (A.3) into account, we get zl(Q) = 1}

To prove the convergence of the iterative process, let us treat the pair of functions {zliq),u,(gq)}
as an element of the Euclidean space R"T™"4 with the norm

p ({zng),ugﬂ}) - org?;(l Hz,(f)H * 03%2?-1 Hu’(‘?q) H ' (A-5)
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By utilizing (A.2), (A.3), the properties of the norm, inequality (15), and (A.5), we derive the
upper bound

otz [ =™
<tk max ST O g [ o ({70 = {0,

Similarly, by utilizing (A.4), the properties of the norm, inequality (15), the above estimate, and
(A.5), we obtain the upper bound

o 47— )|
<in (1 a4 B1 gpas [ ST O gax |45+ max [45])
0<k<i-1 0<k<i-1 0<k<i-1 0<k<i—-1

Xp ({ (¢—1) ul(gqfl)} _ {Zliqﬂ)’ulgqﬂ)}) .

Let

m:max{ max |AS* 1B max ||ST(K)FT(0)] max [|A5*71,
0<k< 0<k<il-1 0<k<I-1

I—k—1 T -+ I—k—1
e A e ST 0O max (1451

Summing these bounds, according to (A.5), yields

p({z,(;”,ugf)} {Z,E;q‘”,uiq‘”}) <ILm(l+2)p ({zlgq—l)’ulgq—l)} {zliq 2) 211—2)})_ (A.6)

Due to condition (16), we have 0 < ILm(l + 2) < 1; then the sequence of vector functions {zliq) ) u,(f)}

converges, uniformly in k, to some vector function {z;,u}}, and the operator F(z,u) : R"*"t —
R+ (A.2)—(A.4) is a contraction. According to the principle of contractive mappings, it has a
unique fixed point, i.e., the limit vector function {z},u;} with

zn = qlgrgo zliq), up, = qlLrgO ulgq), (A7)

uj = ST (k)F*+(0) <z{1} — ALLA0 ZAl e (2f, ul, )) . k=0,1—1, (A.8)
k—1

= AF-0 4 ZA’“ T Bup + Y ARz ul ho), k=01 (A.9)
=0 =0

In addition, (A.7) implies 2§ = 2z and z;" = .

Direct substitution of (A.8) with £ =0,1,...,l—1 into (A.9) with k = [ shows that 2/ = z; if the
product F(0)F*(0) acts as an identity matrix, which is true because Zk_ 10 S(k:)u,(f) = d@(0, 2{0}),

Due to the equivalence of systems (1) and (8), the admissible control law uj = u*(t;) for sys-
tem (8) with h = hg is also an admissible control law for system (1) with h = hg. For any states
A0 2 e Rrt™ one can design an admissible control law for system (8) with h = hg; there-
fore, system (8) with h = hg is completely controllable. By Theorem 1, system (1) is completely
controllable for h = hg, and the proof of Theorem 5 is finished.
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Proof of Theorem 6. The complete controllability of system (18) implies its stabilizability [7].
Let us choose a stabilizing control law w(z;) = Dz, (k=0,1,2,...) for system (18) so that all
eigenvalues of the matrix A = Ag + BD lie inside the unit circle [7]. Then the linear system

Zk+1 = Az + Bvg, k=0,1—1, (A.lO)

is completely controllable [10, 13].
(0

By employing formulas (13) of Theorem 2, we design an optimal control law v, ) transferring the
linear system (A.10) from any state zy = 2{% to any state z = z{1} and ensuring I(v(®)) — min,
where I(v(®) is the cost functional (5) of the control variable v,g ), then z,(;)) is the corresponding
optimal motion. Next, we design an admissible control law transferring system (19) from the state
20 = 219 to the state z; = 211} by the simple iteration method applied to solving the optimal control

problems

zl(le:Azl(C)—i—ka +§< a-1) Dzlg_q 1)—|—v(q b ho), k=0,1—-1, ¢g=1,2,...,

Z U(Q)T ) min,
where z,(go) and v,(go) are the optimal motion and control law of system (A.10), respectively.

As a result, we obtain the following sequences of optimal control actions {v,(f)} and optimal

motions {z,(f)}, qg=1,2,...:

,UI(;]) — ST(kj)F+(0)d(q) (0’ Z{O}) , where S(kj) — Alik*lB’ k= O,l — 1, (A12)
-1

4@ (0’ Z{o}) — A1 _ gl 00y _ ZAHAg (zz‘(q_l)szi(q_l) + U@(q—l)jho) , (A.13)
i=0

k—1 k—1
Zl(cq) — Akz{O} + Z Ak—i—lei(lI) + Z Ak_i_lg (ZZ'(qfl)’ DZZ'(Q*I) + v@(qfl)’ hO) , k=0, (A.14)
=0 1=0

(@)

() _ A0 = 2o and z;

with z =W =z forqg=1,2,....

(Q)}

To justify the convergence of the iterative process, let us treat the pair of functions {zliq),vk.
as an element of the Euclidean space R"T™%4 with the norm

o (747 = 001+ g ] e, ] e

Similar to the proof of Theorem 5, we derive the following upper bounds:

Jmax o — o
<t [[STWF O e Ao ((7 )~ (AT 0),
max 57— 5"

0<k<I—1 0<k<l—1 0<k<I—1

e gmae, JA7 ) o ([l ) = el ).
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Let

m:max{ max ||ST(k)FT(0)| max [JA©FTY[, max AR,
0<k<l—1 0<k<i—1 0<k<l—1

max  ||ST(k)F(0)] max [|A"*| max HA“HBH}.
0<k<i-1 0<k<i-1 0<k<i-—-1

Adding the first bound to the second one multiplied by (||D|| + 1), in view of (A.15), gives

P ({z,(f), Uliq)} {Z](gqq)’ Uliqfl) })
< Lim(1+ -+ D)D)+ 1)p ({7 Vol V) = {4720

Under condition (20) we establish 0 < Lim(1 + (I + 1)(||D]| + 1)) < 1; then the sequence of vector
functions {zliq),vliq)} converges, uniformly in k, to some vector function {zj,v;}, and the oper-
ator F(z,v) : R"t™T¢ — Rntm+a (A12)-(A.14) is a contraction. According to the principle
of contractive mappings, it has a unique fixed point, i.e., the limit vector function {z},v}} with

(9)

zp = limg o0 zk

(A.16)

, vy = limg o0 v,(g 9 In addition,

-1
UZ — ST(k)F+(O) <Z{l} _ Alz{o} _ ZAI 11— 15( DZ +U hO)) 7 k — O,l — 17
=0
k—1 ) k—1 )
g = AR £ N ARy 43T AR (2 DY ) he), k= 0,1,
=0 1=0

are the admissible control law and the corresponding motion of system (19), respectively.

For h = hg, system (8) has the form zx1 = Aoz + Bug + (2, ug, ho), k = 0,1 — 1. We substi-
tute the control law wj, = Dz} + v;, and the motion 2}, k = 0,1 — 1, into this system to obtain

Zhy1 = Az + Bup + &(2, Dz + g, ho), k=0,1—-1.

Actually, this is system (19) with 2z, = 2} and v, = v}; in addition, 2§ = A0 = z) and 2 = A = 2.
Hence, uj, = w(zf) + v} (k= 0,0 — 1) is an admissible control law for system (8) with h = hg; and
due to the equivalence of systems (1) and (8), it is the desired admissible control law for system (1)
with h = hg. Moreover, system (1) is completely controllable for h = hg, and the proof of Theorem 6
is finished.

Proof of Lemma 1. Let (zx,ux) € M. Due to equalities (24), (23), zxy1 = f(zk,uk), and the
boundary value conditions zy = A0 2 = 211 we obtain

-1

L) = = 3 (0 (Fleweu)) = o) — 2 wm)) + (=) = (=1
k=0
-1
= =3 (k1) — k) = 12k wr)) + (21) = p(20)
k=0
= —p(21) + 9(20) + [ (20,u0) — 0(22) + 0(21) + [2(21,u1) — ... — p(z1-1)
+ o(z1—2) + fUz—0,w—2) — o(z1) + o(zi—1) + fO(zim1, w—1) + @(21) — ¢(20)

= i fo(zk.,uk) = I (21, ug,).

k=0

The proof of Lemma 1 is complete.
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Proof of Lemma 2. It rests on Theorem 5.1 from [19], stating (as applied to minimization of the
cost functional (22)) that a process (2}, u}) is optimal if and only if

fO(Z/:aUZ) = min fo(zkauk)a k=0,l-1.
(Zkvuk:)eD

Since (211}) — p(21%) = const, it follows from (24) that only the expression S-b— R(zk,uy,) affects

the minimization of the functional L(zg,ug, ). Then, by taking (25) into account and applying
Theorem 5.1 from [19] to the functional (24), we arrive at

-1 -1
- Z R(zj,up) = min (— Z R(z, uk)> and
k=0 k=0

(Zk,Uk) €D

-1
min  L(zx,ux, ) = min <— Z R(»’«’m“k)) + ‘P(Z{l}) - ‘P(Z{O})
k=0

(Zk,uk)ED (Zk,uk)ED
-1
=~ S RGpup) + oz — (%) = Lz, up, 9), k=0,1-1.
k=0

The proof of Lemma 2 is complete.

Proof of Theorem 7. Letting

l, = (Zkfl{f)rleDL(zk,uk, ®)
gives
Lz, up, @) > 1, for (z,uy) €D, (A.17)
and, by Lemma 2,
L(zg, up, ) = ly. (A.18)

According to (22) and Lemma 1, we have L(zg, uk, ) = I(2k, uy) for (2, ug) € M. Then from (A.17)
and (A.18) it follows that I(zy,uy) > I, for (zx,ur)€ M, and I(z;,uy) = l,. Hence, I(z},uj) <
I(zg, ug) for (zx,ur) € M, and (z;,u}) is the optimal process for system (8) with h = hg; moreover,
uy is the optimal control law for this system. Since I(zy,uy) = I(uy) and the equivalent systems (1)
and (8) have a common control performance index, u*(t;) = uj is the optimal control law for
system (1) with h = hy. The proof of Theorem 7 is complete.

Proof of Theorem 8. Consider the cost functional (24) on the set D and let

l,= inf  L(zg ug, ).
0=t (2ks Uk, )

According to Lemma 1, we have L(zg, ug, p) = I(2z, ug) for (zx,ux) € M, M C D. Then

inf  L(zg,ug, @) < inf  L(z,ug,

and

inf  I(zp,ug) > 1. A.19
L oy (2ks uk) = 1y (A.19)

AUTOMATION AND REMOTE CONTROL Vol. 87 No.1 2026



ADMISSIBLE AND OPTIMAL CONTROL DESIGN 63

On the other hand, the condition of this theorem implies

-1 -1
_ZR(zk ,uk ) — inf (—ZR(zk.,uk)> as s — 00,
k=0

(2k,ux) € D

and because p(z11}) — ¢(2{%) = const, L(z,(:),ugf), ¢) = l, as s — 00. Due to (A.19) and the def-
inition of the infimum of a functional, we establish the convergence

(a7 w)) = it TG,

{z °) ulgs)} is a minimizing sequence of admissible processes for the functional I(zj,ux) =
Zk L ug. Then {u®(¢)} is a minimizing sequence of admissible control actions of system (1)
with h = hg on which the functional (5) tends to its greatest lower bound. The proof of Theorem 8
is complete.
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Abstract—The optimal control problem described by a system of the first order stochastic
hyperbolic equations and arising in the modeling of a number of chemical-technological processes
under the influence of random noise is considered. The optimality of singular controls in the
sense of the Pontryagin maximum principle is investigated.
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1. INTRODUCTION

Various quality aspects, including derivation of necessary optimality conditions of first order and
study of singular cases of optimal control problems for determinate dynamical systems described
by the first order hyperbolic equations, have been studied in [1-6] and others.

Such an optimal control problem in the stochastic case has been considered in [7] and first-
order necessary optimality conditions (the analogue of Pontryagin’s maximum principle, linearized
maximum principle, analogue of the Euler’s equation [8]) have been established there.

The relevance of research in this direction is determined by the need for the most accurate
description, for example, of automatic control systems, a number of chemical technological processes
[9-14], whose realistic option is a stochastic description that takes into account the impact of
random factors on the controlled object.

The present work is devoted to the study of the singular case in the sense of Pontryagin’s
maximum principle and derivation of the second order necessary optimality conditions for singular
controls in the stochastic control problem described by the system of nonlinear stochastic first order
hyperbolic equations in canonical form.

The applied scheme of the study is a modification and development of the schemes from [5, 6],
allowing for stochastic properties of the problem under consideration.
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66 MANSIMOV, MASTALIYEV
2. PROBLEM STATEMENT

Assume that the control process in the given domain D = [to,t1][zo,x1] is described by the
following system of stochastic nonlinear partial differential equations of first order

060 _ 11,0, 2, y,u) + plt, 3, 2) D).
ot ot (1)
oy (t,x) oWy (t, x)
T_g(taxazayau)+q(taxay) 8:6 ) (t,SC)ED,
with Goursat type boundary conditions
z(to,x) =a(z), =z € lro,m1], y(t,zo)=0(t), tE [to,t1]. (2)

Here (z (t,x),y (t,x)) is (n + m)-dimensional sought vector-function: f (¢,x,z,y,u) (g (t,z,z,y,u))
is a given n(m)-dimensional vector-function continuous in totality of variables together with par-
tial derivative with respect to (z,y) up to the second order inclusively; p (t,z,2) (¢ (t,z,y)) is

(n x n) ((m x m))-dimensional measurable and bounded matrix-function; white noises W lte)

ot
awgiit,z) are the derivatives with respect to t and x, respectively, of the two-parameter Wiener’s pro-

cess Wy (t,x), Wa (t,z) [10, 13]; a (z) , b (t) are the given measurable and bounded on [xg, z1] , [to, 1]
vector-function of appropriate dimensions.

As admissible controls we take a class of measurable with respect to non-decreasing Borel o
algebra F = 3(W (t,s),t0 < t < t1,29 < s < x1) and bounded in D r-dimensional vector-func-
tions u(t, z) with the values from the given non-empty and bounded set U C R" (u(t,x) € Loo (D, U)).

The solution (z (t,z),y (t,z)) of system (1)—(2) corresponding to the definite admissible control
u (t,z) is understood in the sense [15].

Everywhere it is assumed that for each admissible control the corresponding solution to the
boundary value problem (1)—(2) exists and is unique in the domain D.

Let us consider the problem of the minimization of the functional

t1 x1

S (u) :E{//F3 (t, 2,2 (t ),y (£, 2) u (¢, 7)) dedt

+/F1 (x,z(tl,x))dx—i—/Fg (t,y(t,xl))dt}, 3)

determined on the solutions of the boundary value problem (1)—(2), generated by all admissible
controls.

Here F (z,2), F5(t,y), F3(t,x,z,y,u) are the given scalar functions continuous in totality
of variables together with partial derivatives with respect to the state vector (i.e. with respect
to (z,y)) up to the second order inclusively, E stands for mathematical expectation.

An admissible control w (¢, 2) that minimizes the functional (3) subject to (1) and (2) is called
an optimal control. The corresponding process (u (t,x),z (¢t,z),y (t,x)) is then called an optimal
process.

It is assumed that in the considered stochastic problem there exists an optimal control.

The main goal of the paper is to derive second order necessary conditions for optimality (the
case of singular controls) in the studied stochastic control problem with distributed parameters.
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3. SECOND ORDER INCREMENT FORMULA
OF THE QUALITY FUNCTIONAL

Let (u(t,x),z(t,z),y(t,z)) be fixed, (u(t,z)=u(t,z)+ Au(t,x),z(t,z) = z(t,z) + Az(t, x),
y(t,x) =y (t,x) + Ay (t,z)) be arbitrary admissible processes.
We introduce the analogue of the Hamilton—Pontryagin function

H (tvxvzvyvuvwvf) = _F3 (t7x7z7y7u) + wlf (t7x7z7y7u) + glg (tvxvzvyvu) 9
and the denotation of type:

Avf[tvx] :f(tvxvz(tvx)vy(tvx)vv) —f(t,x,z(t,x),y(t,x),u(t,x)),

H,[t,x] = H(t,x,z(t,z),y(t,x),u(t,x),(t,x), &(t, x)).

Here (¢(t,x),&(t,x), a(t, z), B(t,x)) € Loo(D, R™) X Loo(D, R™) X Loo(D, R"™"™) X Loo(D, R™*™)
are the solutions of the following stochastic conjugate problem

OH oW OF;
¢t (t,SC) — _ (tvxvgvzyvuvwvg) +Oé(t,$) 1655’7‘7:)’ ?/)(751,56) _ l(xbzz(tlvx))’
_ 6H(t7x727y7u7w75) aWQ (t,fI,') _ 6F2 (tvy(tw%.l))

Now, applying the Taylor formula and taking into account the introduced denotations, we can
write increment of quality criterion (3) corresponding to the admissible controls u (¢, x) and @ (¢, z)
in the form

t1 o1

AM@:—E{//&ﬂwﬂmm

to To
1
1 O?Fy (z, 2 (t1, 7))
+§/Agumﬂ = Az (41, 2)da
xo
1] O°F (t,y (t,1))
T
+_/Ay@”” 2 DD Ay (¢ )t
2 dy
! (4)
t1 x1
+ / / |AwH, [t,2] Az (t,) + AgH, [t,2] Ay (t, z)] dedt
to 0
1 t1 x1
+ 5 // {Az/(t7$)sz[t7$]AZ(t,.’L')+Az’(t7(L‘)HZy[t,(L‘]Ay(t’x)
to o

+ Ay (t,2) Hyy [t 2]y (8, ) | dodt +m (25 Au),
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where ny (¢, z; Au) is determined by the formula
T1 t1
m (t,z; Au) = E { /01 (1122 (11, 2))?) da +/02 (I1ay (£, 20)]1%) dt
xo to

t1 o1

— [ [os (1122 (@) + 1Ay (t.2) 1) v

to To
1 t1 x1
2 // [AZ/ (t,x) AgH.z [t ] Az (8, x) + AZ' (8, @) AgH.y [t 2] Ay (t, )
to xQ

+ Ay (t, 2) AgHy, [t ) Az(t, ) + Ay (8, 2) AgHyy [t, 2] Ay(t, x)} dwdt} ,

|Az|| is a norm of the vector Az = (Az1,Azy,...,Az,) in R" defined by the formula ||Az| =
n X 2

> |Az;|, and everywhere the condition o (a02< ) — 0, holds as oc— 0.

i=1

On the other hand, by linearization from boundary value problem (1)—(2), we obtain that
(Az (t,x),Ay(t,z)) is the solution of the following stochastic linearized systems of equations

AZz‘, = fz [t’ x] Az (t’ x) + AEfy [t’ x] Ay (t’ x) + Aﬂf [ta :C]

oW (t,
tottalaz ) PUED 0,
(5)
Ayy = g. [t, 2] Az (t,x) + Aggy [t, x] Ay (t, ) + Agg [t, 2]
oWy (t, x
+qy [t, 2] Ay (t, ) % + n3 (t, ; Au)
with boundary conditions
Az (to,SC) = 0, HAIS [560,561] ; Ay (ta:CO) = Oa te [to’tl] ) (6)
where by definition
OWq(t,x
(4 Au) = A [1a] Az + Acfy 2] Ay + o4 (182 + Ayl + 05 (A2 (1)) 2D
oOWq(t, x
s (t, 2 Au) = Aqg: [t, 2] Az + Agy [t z] Ay + o6 (| Az + Ayl]) + o7 ([[Ay (¢, 2)]]) 187(75)-

Here the quantities o; (.), ¢ = 4,7 are determined from the expansion of functions f(.), p(.),
g (), q(.), respectively by the first order Taylor formula corresponding to the controls (¢, z)
and u (t,x) .

Interpreting equations (5) as linear inhomogeneous stochastic equations with respect to Az (¢, ),
Ay (t,z), and taking into account boundary conditions (6) based on the analogue of the Cauchy
formula from [15], we obtain

t

Az (tv .’IJ) = /‘/11 (tv T, II,') Aﬂf[Tv .’L']dt + M4 (ta €; Au) ) (7)
to

Ay(ta) = [ Vao (b3t ) Al slds + 1 (1,23 D) (8)
zo
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Here, by definition

na (t, 3 Au) :/t/z{w [Agf [, 8] +n2 (7, 53 Au)]

Ox
to Zo
+ w [Azg [T, s] + n3 (T, s; Au)]} dsdr
x
t
+ / ‘/11 (t) X;T, :C) T2 (T’ €3 Au) dT’
to
5 (t, 25 Au) //{6‘/21th8)[ af [T, 8] + 2 (1,5 Au)]
to o

_I_W [Azg [T, s] + n3 (7, s; AU)]} dsdr

t
+/sz (t,z;7,8) 3 (t, s; Au)ds,

while Vj; (t,2;7,s), (to <t <t <t,zg < s<z< 1), i, =1,2 are matrix functions that are the
solutions of the following stochastic problems [15]:

Vi (t,x;7, ) oW1y (7,5)

- — ‘/11 (t,.’E, T, 5) fZ[T) 8] - VY12 (t,.’E, T, 5) gz[Ta 5] - Vll (t,.’E, T, 5)10[7" 5]

- or ’

Vi (& 557, 5 oWy (1, s

% =—Vu(t,z;7,8) fylt,s] = Vg (6,257, 5) gy[7, 8] = Via (8, 337, 5) g, 3]%’
t .

W =— Va1 (t,z;7,8) fal7, 8] = Voo (¢, 37, 8) g2[7, 8] — Va1 (¢, 37, 8) p[T, S]awgi(:ﬁ)’

%&M =— Vo1 (t, ;7. 8) fa[1, 8] = Vo1 (37, 8) g2[T, 8] — Vaz (¢, 757, 5) [T, S]awgig’s)’

Vll (t,ﬂ?;t,S) :Ela V12 (t,CC;T,IE) :0) tO ngt,
VYQl (t,.’E;T,S) :0) V22 (t,:ﬂ;t,S) :E2a

x9 < s < z, where Ey, Fy are unit matrices of corresponding dimensions.

For further presentations, we introduce into consideration the (n x n)-dimensional matrix func-
tion R(z,7,s) and (m x m)-dimensional function Q(t,7,s) defined as:

R(z,7,s) = / Vi (b w7 @) Hy [t 2] Vig (8 28, @) di

max(T,s)

O?Fy (z, 2 (t1, 7))

_VY1/1 (tl,fE;T,CC) Vll (tl,CC;S,IE),

022
1
Q(taTv 3) - / V2,2(t7x§tax)Hyy [t,fI,'] ‘/22 (t,.’IJ;t,S) dx
max(T,s)

P Fy (t,y (t, 1))
Oy?
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Taking into account the introduced denotations and following [5, 6], using representations (7), (8)
of the solutions Az and Ay, we can represent the second order increment formula (4) of the quality
criterion (3) in the following form:

t1 x1 t1

AS(u)=FE { //AHtxdxdt——///Auf T, 2| R (z,7,8) Agf [s, x] dsdxdr—

to To to To to
1 t1 1 1
—3 /Agg' [1,2]Q (t, T, s) Agg [t, s] dtdsdT —
to o To
ti z1 [ t1 (9)
- // /AgH; r, 2] Vit (7, ;b ) dt | Aaf [t 2] dedt —
to zo Lt
t1 1 [ 21
// /A aHy [t,s] Vag (t,s;t,x) ds | Agg [t, x]dwdt} + 1 (t,x; Au) ,
to To xT
where
1 t1 x1
n(t,z;Au) =F {771 (t,z; Au) — 5 // {Az'(t,x)sz [t,x] Ay (t, )
to To
+ Ay (t,x) Hy, [t, 2] Az (¢, 2) +ng (8, 2) Hy, [t 2] Az (8, x) } dxdt
t1 x1
——//(/VH (t,z;1,2) Agf [t,x] d ) H,, [t,x]ny (t,x)dzdt
to 0
t1 o1
O*F; t
//V11 t1, ;7 ) Agf [t, 2] L@z (b, ))n4 (t1,x; Au) dzdt
i) 022
to To
17 0% F) (3,2 (1,2)) 1Y
+ 5/17; (t1,x; Au) L %ZZ LY A, (t1,x) dx — 5//77/5 (t,x; Au) Hyy [t, x] Ay (¢, x) dedt
z
o to To
t1 o1 x
// (/Vgg (t,x;7,8) Agg [t, s] ds ) Hyy [t,z]ns (t, ;5 Au) dedt (10)
to xo xT

t1 o1

2
+ l//‘/22 (t,z137,8) Agg [t, 5] TRty (t2))

N5 (t, x1; Au)dsdt

2 Oy?
to X0
1] 02F, (t,y (t,11))
’ s , L
+ —/775 (t,z1) 2 y2 ! Ay (t,x1)dt
2t Oy
0

t1 1 t1 T
_//AEH; [t, z]na (t, z; Au) dedt + //AEH; [t, z]ns (T, x; Au) dxdt} .
to ®o to xo
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Note that the constructed increment formula (9) allows one to get Pontryagin’s maximum prin-
ciple type first order necessary optimality conditions and to investigate the case of degeneration of
the maximum principle and its consequences from a unified standpoint.

4. STOCHASTIC ANALOGUE OF PONTRYAGIN’S MAXIMUM PRINCIPLE

First we give an auxiliary statement.

Lemma 1. For almost all (t,x) € D the following estimations are valid

to 0

namwm<mE(ﬂMﬁVMth[ﬂmWhﬂwwﬁ, (1)

rmwﬁw<ME(ﬂmWww®+//Mﬁhﬂww0, (12

to xo
where K; = const > 0, 1 =1, 2.
The proof of the lemma is in the Appendix.
The validity of the statement [7] follows from the increment formula (9).
Theorem 1. For the admissible control u (t,x) be optimal in the studied distributed parameter
stochastic control problem (1)—(3) it is necessary that the inequality

EAH[0,7] <0 (13)

be fulfilled for all (8,7) € [to,t1) X [xo,z1) and for v e U.
Here

AyH [0,7] = H (0,7,2(0,7),y(0,7), 0,9 (6,7) ,£(6,7))
_H(vavz(evpy) 7y(07’7)7u(077) 7w(077) 75(07’7))7
while (0,7) € [to,t1) X [xo,x1) is an arbitrary Lebesgue point (a regular control point [16] w (¢,x)).

The proof of Theorem 1 is given in the Appendix.

Inequality (13) is a first-order necessary condition for optimality and is a stochastic analogue of
Pontryagin’s maximum principle for control problem (1)—(3) under consideration.

5. NECESSARY CONDITIONS FOR OPTIMALITY OF CONTROLS SINGULAR
IN THE SENSE OF PONTRYAGIN’S MAXIMUM PRINCIPLE

Although Pontryagin’s maximum principle (13) is the strongest first-order necessary condition
for optimality in the control problem (1)—(3) under consideration, in some cases it holds trivially
(the singular case [3-6, 17]).

Following [3-6, 17], we introduce the definition of singular control for the problem under con-
sideration.

Definition 1. The admissible control u (¢, ) is said to be singular in the sense of Pontryagin’s
maximum principle if for all (0,7) € [to,t1) X [zo,x1) and v € U

EALH [0,7] = 0. (14)

In the singular case, i.e., if relation (14) is fulfilled, studying the increment formula (9), we prove
the validity of the following statement.
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Theorem 2. For optimality of the control u(t,x), singular in the sense of Pontryagin’s maximum
principle, in the considered distributed parameters stochastic control problem (1)—(3), it is necessary
that for any v € U, (0,7) € [to,t1) X [xo, 1) the following relations be fulfilled:

A(0,7,0) = B [Auf'[0,7] R (7,0,0) + AH_[0,7]] A f [0,7] <0, (15)

B(0,7,v) = B [Aug [0,7]Q (6.7,7) + AyH,, [6.7]] Aug [6,7] < 0. (16)

The proof of Theorem 2 is given in the Appendix.
Now let us consider one special case that requires separate study.
Let in equation (1)
f(t,l“,Z,y,U) = Al (tax)Z+Bl (tax)y+fl (t’x’u)a
g (t,ﬂf,Z,?/,U) = AQ (t,SC) z+ B2 (t,SC) Y+ f2 (t,x,u) . (17)

And the minimizing functional is in the form:

C'(x)z (ty,x)de+ [ Fy(t,y(t,21))dt (18)
S e |

We introduce the denotations

K (t,v,v) = Vaa(t, x15t,7) Agg [t, 7]

t
oVs t, 3T oV t’ ' 7
N / [Ww[w +WAW [m]] dr. (19)

to
The following theorem is valid
Theorem 3. For optimality of the control u(t,z) singular in the sense of Pontryagin’s mazimum

principle, in the considered distributed parameters stochastic control problem (1), (2), (17), (18) it
s necessary that the inequality

t1 9
F.
E/K(t,%v) 0 2(232@,“))[(@’%@) dt >0

be fulfilled for all v € [xo,x1), v (t) € U,t € [to,t1).
The proof of Theorem 3 is given in the Appendix.
Note that the similar result holds in the case of the functional of the form

{/Flscztl, daz—f—/D y(t,z1)d }

6. CONCLUSION

In order to develop a stochastic analogue of the increment method, in the considered problem
optimal control of the systems of the first order hyperbolic equations, we set a second-order incre-
ment formula for the quality functional. Based on the obtained incremental formula, we proved
Pontryagin’s maximum principle type necessary condition for optimality.
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Further, using special variations of admissible controls, we proved necessary conditions of opti-
mality for the optimality of the singular (in the sense of Pontryagin’s maximum principle) controls
for the considered distributed parameters stochastic control problem.

APPENDIX
Proof of Lemma. From system of equations (5) considering (6) we obtain
t / oW
A2 = [ (7578 — f (o zlir + [ p(r2.2) — (a2 )) 2,
to to T
Ay (ta)= [ lo (75,7 ~ T (s, mywlds + [ la(t,5.7) —alts,2)) 22
xo

o

Hence, passing to the norm and using the Lipschitz condition, and also accepting the mathe-
matical expectations from both parts of the obtained inequalities, we obtain

E|Ax(t2)] < B { J18aftallae+ Ly [ (1azt2)] + ||Ay<t,:c>u>dt},

to

E|Ay(t,2)] < E{ [ 18aglt,sllds + La [ (142 (t,9)] + |Au S)H)ds}~

o

Applying the Gronwall-Vendroff’s lemma to the last two inequalities (see, e.i. [18]), we have

t t

E|As(t o)l < E{ [18asit.allde + Lo [ 1y <t,x>udt}, (A1)
to to

Eay(t.2)] < E{ [1aaglt.sllds + Lo [ 18z (& s)\\ds}, (A2)

where L; = const > 0, i = 1,4. Enhancing inequalities (A.1), (A.2) with each other and again using
the Gronwall-Vendroff lemma, we obtain the validity of the estimation (11) for ||Az(¢,z)||, and
estimate (12) for ||Ay(t, z)|| .

The lemma is proved.

Proof of Theorem 1. Assuming that wu (¢, ) is a fixed admissible control, we define its special
increment in the form

’U—’U,(t,.%'), (t,.%') €D, = [070+€) X [777"’_52)7

Bete (h) = { 0, (t,z) € D/D.. (88)

Here and in the sequel, (0,v) € [to,t1) X [z, z1) is an arbitrary regular point of the control u (¢, ),
v € U is an arbitrary vector, while € > 0 is an arbitrary, rather small number.

By (Az: (t,z), Ay: (t,z)) we denote a special increment of the system (1)—(2), corresponding to
the special increment (A.3) of the control u (¢, x) .
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Using estimations (11), (12) for (Az: (¢t,z),A y. (t,x)), we obtain

EAz(t,2)| < {

0,(t,xz) € D \Dg,
Ke, (t,z) € D,

EAy:(t,2)] < {

0,(t,z) € D\Dg,
Ke, (t,z) € D..

Taking into account these estimation in formula (10), we see that the remainder term n(Au. (¢, z))

is a quantity of order o (g%).
Consequently,

AS:(u)=FE
gl

AyH [t, x| dxdt

O+e y+e2 O+e

/
2
0

/ Aof 1, 2] R (2,7, 8) Ay f |5, 2] dsdzdr
[

0
04 y+e? &2
-3 /Avg/ [1,2]Q (t,7,s) Ayg [t, s] drdsdt (A.4)
o v 7
O+ey+e2 Tty 7
- / /AUH; [T, 2] Vi1 (1,2t ) dt | Ay f [t, x] dedt
0 v t i
O+ev+e’ [ a1 T
- /AUH; [t,s] Vaa (t,s;t,2)ds | Apg [t, x] dzdt p + o (64) .
0 v z 4

Hence, after applying the mean value theorem and allowing for AS; (u) = S (u + Au.) — S (u) >

the validity of the theorem statement follows. Theorem 1 is proved.
Proof of Theorem 2.

0,
Considering (14), from expansion (A.4) we obtain

AS; (u) =S (u+ Aug) — S (u)

= Ee* [Auf'10, 1R (7,0,0) + AH_[0,7]] Auf[0,7] + o(e*) > 0.

Hence the statement (15) follows.
Now we determine the special increment of the singular control by the formula

ue (t,x) = {

Then expansion (9) yields that condition (16) is fulfilled along the process (u(t,z), z(t, z),y(t, x)),
singular in the sense of Pontryagin’s maximum principle. Thus, Theorem 2 is proved.

v—u(t,z), (t,z) € D. = [0,0 +&2) x [y,v+¢),
0,(t,z) € D/D..
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Proof of Theorem 3. In the case of problem (1), (2), (17), (18) formulas (7)—(9) yield that

t1 o1
AS(u)=—E / / AzH [t, 2] dwdt
to Zo
1 02F (t,y (t,71)) 7
b )‘T
by [ A () SR Ay 1+ [ o (118w (4.0 )
to

Az (ty,x) :/VH t1,x; 7, x) Agf [t, x]dt

// [aVn t1, 7, 5) Asflts] + 61/12(%,; T, s)Aﬂg [t,s]] dsdt,

to To

Ay(t,z1) :/Vgg (t,z1;7,8) Agg [t, s]ds

OV (t 961,7 8) 3 OVoo(t, w157, 8)
Azf[t,s] + B Ta— Agg [t,s]| dsdt.

to To

We determine the special increment of the control u (¢, z) by the formula

Au, (t,x) — { U(t) _u(t’x)’ (t’x) €D, = [to,tl) X [’y’fy+5)’

0,(t,z) € D\Dg,

where € > 0 is an arbitrary rather number v (t) € U, v € [x,z1). Then (A.5) yields that for (¢t,z) €
[to, t1] X [, 71]

Ayé(tw%.l) =& [VZQ (t7$17t77) A’Ug [t7’7]

8V22 (ta T1,T, ’Y)
ot

Avf [T’ 8] +

¢
+/ {avm (& 21,7, 5) Azg [1,v]| dr +0(e).

ot

to

Therefore, taking into account the denotation K (t,,v) determined by formula (19), we obtain

t1 y+e
AS; (u) = —E/ / Ay H [t,r] dedt
to
1, 02F (t,y (t,21))
2 2 LYy, 11 2
+§5 /K(t,'y,v) 0y K (t,v,v)dt + o (6 ) .

The statement of Theorem 3 follows from this expansion. Theorem 3 is proved.
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Abstract—The stability of a switching system arising from the use of a discontinuous feedback
to stabilize a second-order integrator is analyzed. This is the limiting case of the feedback in
the form of nested saturation functions considered previously, where the external saturation
function or sigmoid is replaced by the discontinuous function sgn(x). Such a feedback involves
a bounded control resource and ensures constraints on the phase velocity of approaching an
equilibrium, which is especially important under large initial deviations. A Lyapunov function
for the closed-loop system is proposed, and the global asymptotic stability of the origin is proven
using this function and the results of Filippov’s theory, provided that the switching curve is a
continuously differentiable and monotonic function passing through zero. The global stability
of the origin is preserved when relaxing the smoothness requirement for the entire switching
function to its continuous differentiability everywhere except for a finite set of points where
the derivative does not exist, but continuity holds. In the case of a discontinuous switching
curve, the origin is shown to be a sewn center according to Filippov’s classification. In this
case, the closed-loop system has a semi-stable cycle enclosing a set of discontinuity points on
the switching curve. As numerical examples, the level line of the Lyapunov function and phase
trajectories on the plane are constructed for different types of switching curves.

Keywords: stabilization of a chain of two integrators, switching system, global asymptotic sta-
bility, switching curve, Lyapunov function

DOI: 10.7868/51608303226010069

1. INTRODUCTION

In 2024, two papers were written in collaboration with A.V. Pesterev, namely, “Global Stabiliza-
tion of a Chain of Two Integrators by a Feedback in the Form of Nested Saturators”' and “Global
Stabilization of a Chain of Two Integrators by a Feedback in the Form of Nested Sigmoids.”? The
slight distinction in titles (sigmoids vs. saturators) implies a fundamental difference in the systems
under consideration. A system with a smooth feedback was studied in the first paper [1] whereas
one with a nonsmooth feedback in the second [2]. Although in both cases global stability was
proved using Lyapunov functions with a similar structure (a sum of quadratic and integral terms),
the proofs differed significantly, as can be easily seen by comparing the two papers. Chronologically,
the authors first succeeded in proving stability for the system with a smooth feedback in the form
of nested sigmoids. A natural issue arose about the possibility of generalizing the result to the
case of a nonsmooth feedback (in the form of nested saturators) and/or a discontinuous feedback

! A saturator is a nonsmooth saturation function sat,(-), p > 0, defined as follows: sat,(w) = w for |w| < p, and
satp(w) = pw/|w| for |w| > p.

2 A sigmoid is a smooth, strictly increasing, odd, and scalar function o(x) satisfying the following conditions:
(a) o(z) = 1 as  — Fo0, (b) max, o’ (z) = 0'(0), (c) ¢'(0) =1, and (d) o(z) = —o(—x), = € R.

7
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(obtained, e.g., by replacing the external saturator or sigmoid with sgn(x)). However, the proof of
global stability in [1] turned out to be inapplicable to the nonsmooth system because, unlike the
smooth case, the derivative of the corresponding Lyapunov function is not negative definite in the
entire space, so the presentation in [1] was limited to the smooth case. Later, after the submission
of [1], the authors managed to establish global stability for the nonsmooth case as well, showing
that the domains where the Lyapunov function is identically zero cannot contain entire trajectories.
The new results were published in [2].

To date, the case of a discontinuous system (see various physical examples of such systems in [3]),
as well as smooth saturation functions [4-6], remains unexplored. This type of control functions
was first described in [4, 5], but in both cases, only local stabilization was proved. Their main
difference from the saturation function sat(z) is the use of a nonlinear function instead of the linear
part, such that the derivative exists and is continuous at the extreme points of the linear segment.
This difference does not affect the proof of global stability given in [2], and therefore the results
of [2] can be used for functions of this type as well.

This paper is devoted to the second, more complex case, i.e., the global stability analysis of a
system closed by a discontinuous feedback. To prove global stability, we will employ a candidate
Lyapunov function consisting of the sum of quadratic and integral terms [2]:

V(z) = %x% + / sat (kysat (k1 €))de.
0

As k3 tends to infinity, the function V(z) takes the form

Via) = 5o3 + ol (1)

Function (1) is nonsmooth, so Filippov’s theorem [7] cannot be directly applied to it. However,
it is possible to utilize his proof of global stability for a particular switching system. The idea
of the proof is as follows. First, the non-positivity of the derivative outside the switching surface
and outside the discontinuity surface of the derivative of the Lyapunov function is shown. Then,
the derivatives of the Lyapunov function on the switching curves are computed. Next, trajectories
and point singularities where the derivative of the Lyapunov function is zero are considered, and
the Barbashin—Krasovskii theorem [8, 9] is applied. An alternative approach was proposed by
Matrosov [10, 11] and further developed by Molchanov [12].3 It consists in generalizing Lyapunov’s
stability theorems to the case of convex piecewise linear Lyapunov functions, but its application
for planar systems with a known nonlinearity is unreasonable.

For the further presentation, the following definitions from [7] will be needed. Consider an
equation (or system) in the vector form

T = f(t,.%') (2)

with a piecewise continuous function f in a domain G*; x € R™ and & = Cé—f; finally, M € R"*! is a

null set (a set of measure zero) of discontinuity points of the function f in x.

For each point (¢, z) of the domain G, a set F'(¢,x) in the n-dimensional space is specified. If at
a point (¢,z) the function f is continuous, then the set F'(¢,z) consists of a single point coinciding
with the value of f at that point. If (¢, x) is a discontinuity point of f, then the set F'(¢,z) is defined
in one way or another.

3 Matrosov’s original works were published earlier than [12], but their availability for interested readers is very
limited. Therefore, we refer to the modern collections [10, 11] containing various Matrosov’s research, which were
released significantly later than the original ones.

4 @ is a finite domain of the (n+1)-dimensional space of ¢, . The domain G consists of a finite number of domains G,
i=1,...,1, in each of which the function f is continuous up to the boundary.
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Definition 1 [7]. A solution of equation (2) is a solution of the differential inclusion
& e F(t,x), (3)

i.e., an absolutely continuous vector function z(t) defined on an interval or segment I such that
&(t) € F(t,z(t)) almost everywhere on /.

Definition 2 [7]. The simplest convex extension (completion). For each point (¢,z) € G, let
F(t,x) be the smallest convex closed set containing all limit values of the vector-function f (¢, z*)
when (t,z*) ¢ M, z* — x,t = const. A solution of equation (2) is a solution of inclusion (3) with the
just constructed F'(t,z). Since M is a null set, for almost all ¢ € I the measure of the cross-section
of M by the plane ¢ = const is zero. For such ¢, the set F(t,x) is defined for all (¢,z) € G.

At the continuity points of f, the set F'(¢, x) consists of a single point f(¢,x), and the solution sat-
isfies equation (2) in the usual sense. If a point (¢, x) € M lies on the boundaries of the cross-sections
of two or more domains G4, ..., Gy by the plane ¢ = const, then the set F'(¢,x) is a segment, convex
polygon, or polyhedron with vertices f;(t,z), i <k, where fi(t,z) = lim y)eq, 2+ -2 f (£, 27), and
the limit always exists by construction according to Definition 1.

Definition 3 [7]. A solution z = x(t) (tp < t < c0) of the differential inclusion (3) with I = (¢g, 00)
is said to be stable if for each & > 0 it is possible to find 6 > 0 such that for each x¢, |xo — x(t0)| < 0,
each solution x(t) with the initial condition x(ty) = xq, to < t < 00, exists and satisfies the inequality
|z(t) — k(t)] < e (to <t < 00).

The asymptotic stability of (3) is defined by analogy, but with the additional condition
z(t) — x(t) = 0 as t — oo.

Definition 4 [7]. Consider a system with control u :
b= f(taw), u=u() € Ult). (4)
A solution is a pair of functions, i.e., an absolutely continuous function z(t) and a measurable

function u(x(t)), that satisfy system (4) almost everywhere on a given interval.

To consider the set of all solutions of system (4), it can be replaced by the differential inclu-
sion (3), where F(t,z) = f(t,z,U(t,x)). Then the stability of a solution z(t) = x(¢) of inclusion (3)
means that for |z(¢) — x(¢)| < ¢ the solution z(t) of the equation & = f(¢,x,U(t,x)) satisfies equa-
tion (4) for all admissible controls u(t).

Definition 5 [7]. A point c is said to be stationary if z(f) = ¢ is a solution of inclusion (3).

Definition 6 [7]. The distance between points or sets is denoted by r :

r(a,b) = la— b = /(a1 — b1)> + ... + (an — bn)?,
i AB)= inf .
r(a,B) = infr(a,b), r(4,B)=_inf r(a,b)

A $-neighborhood M? of a set M is the set of points z such that r(z, M) < 6.

Definition 7 [7]. A set M C R" (not necessarily stationary) is said to be stable if for any ¢ > 0
it is possible to find § > 0 such that each solution z(¢) with an initial condition z (t¢) , to <t < oo,
from the d-neighborhood of the set M exists and satisfies the inequality r(x(t), M) < e, tg < t < o0,
where r(x, M) is the distance from the point x to the set M.

Definition 8 [7]. A stationary set is said to be stable in the large if it is stable and each solution
infinitely approaches this set as t — oco. A stationary set is said to be pointwise stable in the large
if it is stable and each solution tends to the stationary point as ¢ — oo.
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This paper addresses only planar systems, i.e., n = 2 in the above definitions. A vector on the
plane will be written as x = [z1; 2] € R?, where z; and x5 are the projections of the vector onto
the coordinate axes, respectively.

The inner product of two vectors x and y will be designated by = -y = [z1;29] - [y1;92] =
T1Y1 + T2Y2.

2. SMOOTH SWITCHING CURVE

Consider the problem of stabilizing the second-order integrator
1 = x9, T2 = u(x) (5)
using a discontinuous feedback of the form
u(z) = —sgn(S(x1,22)), (6)

where sgn(w) =1 for w > 0, sgn(w) = —1 for w < 0, and sgn(w) = [—1,1] for w = 0. The func-
tion S(x1,z2) defines a switching (discontinuity) curve dividing the phase plane (z1,x2) into do-
mains G~ (S <0) and GT (S > 0). According to definitions (3) and (4), in this case, U(t,z) =[—1, 1],
and a solution of system (5), (6) is a solution of the differential inclusion (3), where F(t,z) =
[22; —sgn(S (21, 22))].

Let us partition the phase space R? into sets (see Figs. 1-3) so that R? = D; U DJr UuD, U D3 UDsg,
where

e Dy ={(x1,22) : S(x1,2z2) = 0} is the set of points lying on the discontinuity curve;

o D = {(x1,72) : S(x1,22) > 0and x1 < 0};

o D, = {(ml,xg) S(SCl, 2) <0, 1> 0};

. D; = {(z1,22) : S(z1,22) > 0and z1 > 0};

° D; = {(.%'1,.%'2) S(xl,xg) <0, 21 < 0}
Then, in the new designations, G~ = Dy U D3 and G* = DJ U D5 .

Theorem 1. Let
S(x1,22) = T2 + P(21), (7)

where a continuously differentiable function ¢(&), & € R, satisfies the following properties:
do(€)

2) 30<5\15uchthat%(§)>0, €] < 6;
3) ¢(0) = 0;

4) ¢(§) = —o(=¢).
Then system (5)—(7) with the function ¢(x1) is globally asymptotically stable.

Remark 1. The discontinuity surface for the control law is chosen in the form (7) to avoid
solvability and uniqueness problems in the system with a discontinuous right-hand side [13]. That
is, the switching curve for system (5), (6) has the form zy = —¢(z1).

Proof. Let us prove that function (1) is a Lyapunov function for system (5)—(7).

1. First, it is necessary to show that V(z) < 0 for S # 0 and x1 # 0. Differentiating V (z) along
the trajectories of system (5), (6) with z1 # 0 yields

V = —agsgn(za + ¢(z1)) + sgn(w1)wz = —[sgn(zz + ¢(1)) — sgn(d(z1))]as. (8)
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Fig. 1. The partition of the phase plane R? into the sets D;, D2 , and D for a smooth discontinuity surface:
(a) sigmoid and (b) the polynomial function y = —|¢|'/""¢, n > 1.

vy,

Fig. 2. The partition of the phase plane R? into the sets D1, D2 , and Di for a continuous discontinuity
surface: (a) saturator and (b) the piecewise-linear approximation of the polynomlal function y = —|¢|"/" ¢,
n>1

Fig. 3. The partition of the phase plane R? into the sets D,

= DYUDFUDy, and DF, DF for a discontinuous
switching function.

Due to the monotonicity of sgn, the inequality [sgn(s+so) —sgn(so)]s = 0 is valid for all (s+s¢) # 0
and all sp # 0, implying the non-positivity of the derivative: V(z) < 0 outside the switching curve

for 1 # 0. The domains where the strict inequality holds are shaded in Figs. 1 and 2, and they
correspond to subsets of the domains D;E.
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2. Next, we establish that the set V(x) = 0 does not contain entire trajectories for .S # 0 and
z1 # 0. The derivative of the function V() vanishes for o = 0 on the sets D and Dy, where both
bracketed terms are simultaneously equal to +1 and —1, respectively. Obviously, these sets cannot
contain entire trajectories. Indeed, the trajectories of the system in D and D; are the parabolas

1
xry = $§x§ + C. 9)

Since no parabola can lie entirely in D3 or D3 (see Fig. 1), and the motion occurs with a constant
acceleration, the system inevitably reaches the set Dy (the switching curve) in finite time. Now as-
sume that xo = 0, then x1 = ¢;. Let ¢; > 0, then integrating the system gives xo = c1t + co = 0. The
latter is true only if ¢y = 0 for ¢ > 0. This contradiction means that there are no entire trajectories
on the set o = 0 as well.

3. To proceed, we demonstrate that V(z) < 0 for S # 0 and z; = 0. On this set, V(z) = 23/2,
and the derivative along the trajectories of the system is V(z) = —zosgn(za + ¢(£1))e —0 =
—|$2| <0, 2o 75 0.

4. Now, we prove that V(x) < 0 for S =0 and z; # 0. First, it is necessary to extend the vector
field to the discontinuity curve. For this purpose, we construct the convex hull for each pair of
vectors on the discontinuity curve. To utilize Filippov’s result, the system should be written in
new designations to find the projections of the vector field onto the normal at each point of the
switching curve. The right-hand side of system (5)—(7) has the vector form f* = [z9;—1] for S > 0
and f~ = [z9;1] for S < 0, with the null discontinuity set in the definition being M = D;. Since S
is a smooth surface, let us find the projections of the vector field f3 (S > 0) and fy (S < 0) onto
the normal to the discontinuity curve at each point. Using Filippov’s formulas [7], we write the
equations

. VS(.’El) X fi(:cl)

Lx) = = —(p(x T
felm) = g () £ 1) /I VS ()] o
plar) = o) 2,
2
VS (@) = [dﬁi‘”’f);q VS| = \/1 + (dfl(fll)) £ 0. (11)

By construction of system (5), (6) (only one physical equilibrium and one switching curve), the
following point and linear singularities are possible here [7]:
1) fxfa >0: traversal of the surface (crossing the line), and it is not a linear singularity
(case AAp), e.g., in [14];
2) fy >0, f; < 0, and fY # [0;0] : a stable sliding mode in which the system moves according
to the right-hand side fO = aft + (1 —a)f~, a = fy/(fx — fx) € (0,1) (case A4,), e.g.,
in [15];
3) fxfa <0and fO=1[0;0] : the curve consists of stationary points (case AAs), e.g., a pendu-
lum with dry friction [16];
4) fy <0, f >0, and f° # [0;0] : an unstable sliding mode, the system constantly leaves the
discontinuity surface and cannot pierce it (case AAs).
First, we show that case AAj is impossible for system (5), (6) with the vector field projec-
tions (10), (11). In the case under consideration, the vector fy has the form

1= [=¢(a1); 1 - 2q]. (12)

For any 0 < a < 1 and x1 # 0, f0 # [0;0], i.e., case AA5 is impossible since the closed-loop system
has no additional stationary points besides the origin.
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Let us prove the impossibility of case AAs as well. Assume that fy < 0; it follows from (10)
that p(z1) > 1 and, by the monotonicity and oddness of ¢(x1), we have f3 <0, i.e., case AAg.
Similarly, the assumption f;? > 0 leads to fy > 0 and, hence, case AAj. Case AAj3 is impossible.

Now we obtain the conditions of a sliding mode. The above formula for « yields

o= 51— plw)). (13)

By (13) and the definition of a sliding mode, the latter is possible only for |p(z1)| < 1. Clearly, in
this case, we have fy > 0 and fjt < 0.

For « =0 and a = 1, p(x1) = £1, and for a point z; > 0 (21 < 0) we have fy > 0 and f]t =0
(fy =0 and fi <0, respectively). In both cases, this is a point singularity of type ab [7], meaning
the start or end of a sliding mode. In the case under consideration, this point singularity is not an
equilibrium because the magnitude of the vector field at this point is nonzero, and the right-hand
side of the system is uniquely defined: either f* or f~.

Thus, in the closed-loop system, only two modes are possible on the switching curve: 1) and 2).
A traversal of the discontinuity curve means the continuity of trajectories on it; consequently, at
these points, the derivative of the Lyapunov function can be extended by continuity, i.e., in view
of items 1-3, it can only be V(z) < 0.

It remains to find V for S = 0. We compute fo using (12), (13) and form a new system of differ-
ential equations governing the motion of the original system on the discontinuity curve. According
to the definition [7], it has the form & = fy and can be written as

&1 = —¢(x1), 2 = p(z1). (14)

After eliminating x9, the derivative of function (1) along the trajectories of system (14) is
given by

do(z1)

d.’El

V = —plaélar) ~ sealen)éla) = ~ollnl) (o(es) T +1) <0, @ 20 (15)

If %ﬁl) = 0, it follows that xo = const and x; constantly decreases. This motion will continue
until the derivative %ﬁl) becomes positive, after which the variable x5 will also start decreasing.

5. The positivity of the function V(z) in the entire space R?, except for the origin, is obvious,
and V(z) tends to infinity as ||z| — oco. Thus, the function V(x) satisfies all conditions of the
Barbashin-Krasovskii theorem [8, 9] (LaSalle’s theorem [17]): the origin is an asymptotically stable
equilibrium of system (5)—(7) in the large. The proof of Theorem 1 is complete.

Remark 2. The Lyapunov function (1) for system (5), (6) is not a Lur’e-Postnikov function [18]
because system (5), (6) cannot be reduced to the Lur’e form. (A linear part cannot be separated
in it.)

Remark 3. In the problem under consideration, the classical approaches to constructing Lya-

punov functions for discontinuous systems [19, 20] allow proving only either local stability [21-23]
or stability in the large [10, 24].

3. CONTINUOUS SWITCHING CURVE

Theorem 2. Let us define the set Q = R\Ip, where I, = {—€F —¢rb=1 ¢l ¢t . g1 ¢k
¢ cR k=1,...,L, L€ ZT}. Assume that a continuously differentiable function ¢1(€), € € Q,
satisfies the following properties:
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Fig. 4. Examples of functions satisfying the conditions of Theorem 1 or Theorem 2.

1) 0< dqb;g(f) < +o0;
2) 30 < § < & such that 0 < dqb;g(f)’ €] < d;
3) ¢1(0) = 0;

4) ¢1(§) = —d1(=9).
In addition, assume the validity of the equality ¢1(§) = —p1(=€), § € Ir. Then system (5)—(7)
with the function ¢(x1) = ¢1(x1) is globally asymptotically stable.

Proof. Since the function ¢1(z1) is not smooth, the switching curve zo = —¢1(z1) will be non-
smooth. Thus, the difference between the functions ¢(z1) in Theorems 1 and 2 is the absence
of derivatives at particular points ¢¥, k =1,..., L, on a null set. Since system (5)—(7) is planar,
each such point on the discontinuity curve can be interpreted as the intersection set of only two
smooth discontinuity curves, and the vector field can be extended using Fillipov’s method in the
case of several smooth discontinuity surfaces [7]. We choose any point from the set I, e.g., with
subscript [; the projection of the vector field fﬁl at this point of the phase space, (z}, —¢1(z})), is
composed of the projections computed for the two adjacent smooth segments of the discontinuity
curve. For € > 0, let fﬁl_l = fﬁ(xll —¢) and fﬁlﬂ = fﬁ(xll —¢) denote the projections of the vector
field computed by formulas (10) to the left and right, respectively, of the discontinuity point. Then
the projections of the vector field are given by

ft = 5+ T, (16)

Due to the continuity of the solution, the global stability of the origin fails only if this point
is stationary, i.e., under the conditions of case 3) in Theorem 1. More precisely put, we need to
check that f) = oy f™+ (1 — ;) f~ #[0;0], oy = I/ (fn, — fJJ\?z) Substituting the corresponding
function into (12) yields

2 =1=61(21);1 - 204]. (17)

Since ' # 0 by the conditions of the theorem, equality (17) implies f{ # [0;0] for any 0 < oy < 1.
Hence, the point (2!, —¢;(z})) is not stationary. Theorem 1 applies to the remaining points. The
proof of Theorem 2 is complete.

The characteristic trajectories of systems (5)—(7) with the function ¢(x1) and ¢; (1) are schemat-
ically shown by dashed lines in Figs. 1 and 2, respectively. In both cases, starting the dynamics
from the point A; € DJ to the point A € DJ, the inequality V(A1) > V(As3) holds by the neg-
ativity of the derivative of the Lyapunov function. Then the system evolves along a parabola in
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the domain Dy, where V = 0, i.e., the inequality V(A;) > V(A3) = V(Ag) is true with Az € Dy.
Next, two options are possible: the trajectory traverses the discontinuity curve and reaches D, or
a stable sliding mode and moves along it to the point Bs. At the final point, the strict inequality
V(A1) > V(Bs3) holds.

Consider some examples of functions satisfying the conditions of Theorem 1. In Fig. 4, the
smooth saturation functions ®1 (&) = sin(¢(k€)) with (k&) = stz y1/s (k€3) and ®4(€&) = sin(y(kE))

27T
with (k&) = sate- (€3 + £/4) are indicated by nos. 1 and 2, respectively. In the latter formula,
¢* stands for the solution of the polynomial equation &3 + £/4 = /2.

As an example of a function ¢q(z1) satisfying the conditions of Theorem 2, one can take a
piecewise-linear function with L bends. For instance, in Fig. 4, no. 3 corresponds to the function
®3(&) = L(sat(k1€) + sat(kof) + sat(ks)), k1 = 0.3, ky = 2.65, k3 = 5, with three bends, and no. 4
to the function ®4(¢) = 1 (221:1 sat(sz)), ki =%, i=1,...,4, with four bends. The simplest
function of this class is sat, the function indicated by no. 5 in Fig. 4.

4. DISCONTINUOUS SWITCHING CURVE
Theorem 3. Let

$2(€) = Ksgn(€), £€R, 0<K <+oo. (18)

System (5)—(7) with the function ¢(x1) = ¢2(x1) has a globally semi-stable cycle passing through
the points (0,+K), and the origin is a sewn center according to Filippov’s classification.

Proof. By analogy with Theorem 2, we first divide the curve S =0 into three smooth seg-
ments: D = {(z1,22) : S(21,22) = 0,71 > 0}, Dy = {(x1,22) : S(21,22) = 0,21 <0}, and DY =
{(z1,22) 1 22 € (K, K),z1 = 0}.

Since these are straight lines, their normals can be written explicitly: nt =n~ = [0;1] for Df
and n° = [1;0] for DY. (By definition, the normal direction is chosen towards the set S > 0.)

By substituting V.S = ng into (10), we find the projections of the vector field on the set DY :

Fro = L 0][e2; £]g,epo = 22, @2 € DY, (19)

From (19) it follows that f, f,. > 0, z2 € DY\0. In other words, case AAg (see Theorem 1) occurs
on the set DY, except for 5 = 0. Thus, the right-hand side of the system is f = f* for 2o > 0 and
f = f for 3 < 0 on the set DY, except for x5 = 0. We choose any point on the set DV, e.g., (0,5),
0 < § < K. Since system (5)—(7), (18) has an extended right-hand side, it can be integrated from
this point. Straightforward transformations bring us to the parabola (9) with C' = £462/2. The
same phase curve is satisfied by the point (0, —0) with the opposite sign but the same-magnitude
projection of the vector field onto the discontinuity curve. Therefore, in Filippov’s terminology [7],
the origin is a center. The first part of Theorem 1 is proved.

Now let VS = [0;1]. Using (10), we find the projections of the vector field on the set D :
fE =[0;1][x2; £1] = +1 € Dy (20)

On the set D, we obtain the same result, meaning that a sliding mode occurs on these sets and,
MOreover, o, = % Let us compute the new vector field f0 :

1 1
£ = Slwai =1 + Sleos 1] = [29:0), @2 € D 21

Thus, f2 = [1;0] on the set D, and f0 = [~1;0] on the set Di, and its magnitude does not
change. Next, we compute the projection of the vector field at the points (0, —K) and (0, K). For
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the point ! = (0, K) in the notation of Theorem 2, we apply formula (16) with the corresponding
values of the vector field projections on the normals from the sets Di” and DY to get

fﬁK:%(:cgil)m:K:Kil, a:%(l—K). (22)
For the point (0, K),
f?(:%(1—K)[xg;—l]—i-%(l—i-f()[x%l]:[K§K]- (23)

Obviously, f?( # [0;0], so the point (0, K) is not stationary.ng The above considerations repeated
for the point (0, —K) give f°, = [-K; —K] # [0;0], so point (0, —K) is not stationary as well. We
construct the solution passing through these points, which has the form (9) with the parameter
C = £K?/2. Sewing the two parabolas along the x5 axis yields a closed trajectory representing a
limiting cycle [7]. Let us show its stability for all points on the plane outside it. Consider function (1)
for the domain outside the cycle. Assume that an arbitrary trajectory starts at the point Ay € D;
outside the cycle (Fig. 3). By Theorem 1, the derivative of the Lyapunov function at the point
Ay € DY is negative, vanishing at the point Ay € D3 ; hence, the inequality V(A4;) > V(As) holds.
Since V =0 in Dgr , the system further moves along a parabola to the point A3 € D1. In view of the
first inequality, we obtain V(A3z) = V(A43) < V(A1), i.e., the trajectory has approached the cycle
in the sense of the norm of V' (z). On the discontinuity curve A3Bs, a stable sliding mode with the
vector field (21) occurs, and hence the trajectory arrives at the point (0, —K'), reaching the cycle
in finite time without crossing the switching curve. The points from D; are considered similarly.
Thus, the cycle of two sewn parabolas is stable for all points on the plane outside it. The proof of
Theorem 3 is complete.

5. NUMERICAL EXAMPLES

As an illustration, the level lines of the Lyapunov function (1) were constructed for system (5)—(7)
with the functions ¢ = x}/‘g, ¢1 = sat(x1), and ¢ (18) with K = 1. Figure 5 shows one of the level
lines (solid line) and several phase trajectories (dashed lines) starting on it. The initial points of
the trajectories are marked with circles. According to the figure, none of the trajectories leaves
the invariant set bounded by the level line. The trajectory segments evolving along the boundary
of the set lie in the subsets D3 and Dgr , where the derivative of the Lyapunov function along the
trajectories of the system is zero.

In Fig. 5a, after the trajectory reaches the discontinuity curve, a stable sliding mode occurs until
a certain time; and the trajectory subsequently reaches a domain where the discontinuity curve is
crossed and a domain where the Lyapunov function’s derivative becomes negative, and then the
situation repeats. In this case, the origin is a sewn stable focus [7].

In Fig. 5b, after the trajectory reaches the discontinuity curve, a stable sliding mode occurs up
to zero. In this case, the origin is a sewn stable node or a linear singularity of type AA; [7].

@ ® ©

1.5 I e 3 {2 15 e

1.0 e |
0.5 \ e .
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7 X ]
05 - ¥ -0.5 N /
-1.0 \ \»/ i -1.0 S~ ol -
15 e e -2 T =15 e s 2T
15 -1.0 0.5 00 05 1.0 15 -15 -10 -05 00 05 10 15 15 -1.0 05 00 05 1.0 15

Fig. 5. The level line of the Lyapunov function and phase trajectories on the plane (x1,x2). The points
indicate the initial conditions corresponding to the phase trajectories plotted.
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In Fig. 5¢, after the trajectory reaches the discontinuity curve, a stable sliding mode occurs up
to the point (0,1) or (0,—1) (depending on the initial conditions); then the trajectories wind onto
the cycle. Unfortunately, due to rounding errors, the trajectory may evolve along a cycle of smaller
size. If a point inside the cycle is chosen, another cycle of smaller size is obtained, and so on down
to zero. In this case, the origin is a sewn center [7].

6. CONCLUSIONS

This paper has considered the problem of stabilizing a chain of two integrators by a discontinuous
feedback. This is a limiting case of nested saturation functions, the feedback studied previously.
A Lyapunov function for the closed-loop system has been proposed and then utilized, together with
the results of Filippov’s theory, to prove the global asymptotic stability of the origin for different
types of continuous switching curves. In the case where the switching curve is discontinuous, it has
been established that the origin is a sewn center according to Filippov’s classification; in addition,
the closed-loop system has a semi-stable cycle enclosing this equilibrium. The main result of the
work has been formulated as three theorems. As numerical examples, the level line of the Lyapunov
function and phase trajectories on the plane have been plotted for different types of switching curves.
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1. INTRODUCTION

Classical methods for solving detection problems use additional information about signal prop-
erties. For instance, solving the optimal filtering problem requires knowledge of signal properties:
periodicity, frequency band, etc. [1]. Solving the problem of distinguishing between two hypotheses
relies on the Neyman—Pearson lemma, determines the fact of exceeding an optimal threshold for
a given false alarm probability, and requires estimating the statistical properties of the sample
distributions of noise and the signal-noise mixture [2]. Reference [3] presents a variation of the
Neyman—Pearson lemma, whose peculiarity is that it does not allow errors when accepting one
hypothesis instead of another. Solving the change-point problem requires tuning the algorithm to
changes in the unknown statistical characteristics of the distributions of noise and the signal-noise
mixture, as does the anomaly search problem [4]. All listed methods demonstrate qualitative and
reliable performance when the signal exceeds the noise, but at low signal-to-noise ratios or in heavy
noise environments, they often give incorrect answers.

Regarding the use of information characteristics for solving problems in statistical physics, clas-
sifying medical tests (e.g., for studying breast histopathology image textures), etc., this approach
already has a long history. As early as 1999, [5] introduced a complexity measure based on the aver-
age information gain for quantitatively describing the complexity of two-dimensional patterns. [6]
raises issues related to developing a general measure of complexity — or regularity, or structure —
for two-dimensional systems. Such tasks arise, for example, when studying surfaces in geology.

Article [7] is devoted to studying the possibility of texture classification via two-dimensional
ordinal patterns, particularly via the statistical complexity diagram. In [8], the authors confirm
that the statistical complexity diagram is a popular tool for distinguishing stochastic signals (noise)
from deterministic chaos (in English-language literature, the term for this tool is the complexity-
entropy (CE) plane). However, the authors discovered that both high-dimensional deterministic
time series and stochastic surrogate data (noises) can be located in the same region of the diagram,
and their representations show very similar behavior for different signal-noise mixtures or even
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signal types. Therefore, classifying this data based on their position in the diagram plane can be
difficult or even misleading.

The question of the complexity of distinguishing noise and noise-like deterministic signals is
also covered in detail in [9]. That work is devoted to studying statistical and spectral complexity
diagrams. The diagrams are constructed as follows: information entropy is plotted on the abscissa
axis, statistical (spectral) complexity on the ordinate axis. In the text, statistical complexity
diagrams are denoted as (S, Cry) and spectral complexity diagrams as (S, Cs). The work provides
relevant definitions, makes significant remarks about diagram sensitivity, and formulates and proves
lemmas on estimating upper and lower bounds on statistical and spectral complexity diagrams for
various signal-noise mixtures. Some important patterns of behavior of noise-like and weak signals,
and possibilities for their detection under white and blue noise conditions, are identified.

In the listed and numerous other works devoted to two-dimensional information analysis meth-
ods using information diagrams, the possibility of solving detection and classification problems is
demonstrated. While the authors’ article [9] presents an alternative interpretation of these meth-
ods, which is that statistical complexity diagrams (like some other two-dimensional information
diagrams) are in one-to-one correspondence with the number of discrete spectral components of
the signal and the signal-to-noise ratio. Quite unexpectedly, it turns out that by calculating the
values of information entropy and statistical complexity for the obtained signal-noise mixture, one
can simultaneously determine the number of effective spectral discretes and the energy shares of
the signal and noise. Nevertheless, this is the case — the article consistently shows, via the con-
struction of analytical grids, that statistical and spectral complexity diagrams can be reduced to a
two-dimensional diagram of discreteness and signal-to-noise ratio. Specifically, the mentioned work
presents analytical estimates of metric grids for statistical and spectral complexity diagrams. The
tool of metric grids (under certain conditions) allows determining a unique correspondence between
the tuple of information characteristics (S, Cry) and the tuple of parameters (d — number of dis-
cretes in the spectrum, SNR — signal-to-noise ratio). However, when constructing metric grids, it is
first necessary to determine what kind of noise is present in the signal-noise mixture (white noise,
blue noise, or some other noise). Natural noise, of course, differs from deterministic white, blue,
and other noises. In this regard, the construction of so-called adaptive grids is required. This is
discussed in the “Adaptive Grids” section of this work.

2. DIAGRAMS OF SPECTRAL AND STATISTICAL COMPLEXITY

In previously published works on information characteristics, the authors focused mainly on new
sensitive information criteria, which is important for solving the detection problem [10-12], as well
as on constructing metric grids, which play a role in solving the classification problem [3, 9].

The new spectral measure Cg(p) (1), proposed in [10], is especially effective for detecting weak
signals with a small number of discretes (d < 50 for N > 2048) in a mixture with white noise. [9]
provides relevant definitions (essentially, d is the number of harmonic oscillations of equal amplitude
in the so-called d-signal). Below, expressions (1)—(4) present a number of notations required for
solving the detection/classification problem of weak signals:

Cs(p) = — - %Pk logy pi ipk + K +1 (1)
logy N \ /= = In N ’

2
4

N N 1
Crv(p) = —1§ <;pi10g2pi> <;Pi - N) : (2)
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Fig. 1. Comparison of metric grids for blue and pink noises for N = 2048 (for white noise: S = 0.945,
Crv = 0.125); (a) — grid for blue noise, (b) — grid for pink noise.

In turn, statistical complexity is the product of information entropy S(p) and statistical dise-
quilibrium Dpy (Cry(p) = S(p) - Drv(p)):
2

Drv(p =%<sz——> ) (3)
S(p) == ! <sz log, pz) ) (4)

log, N =

where N is the length of the spectral data series, py is the power spectrum, Ky is a normalization
factor close to one and depending on .

Previously published works have shown that statistical and spectral complexity diagrams are
an effective tool for solving detection and classification problems. Moreover, information diagrams
based on spectral complexity Cs(p) are less applicable to solving the classification problem than
information diagrams based on statistical complexity Cry(p) (2). Thus, an information metric
that has an advantage in solving the detection problem is inferior to another metric when solving
the classification problem. Therefore, the authors further develop the information diagram method
based on statistical complexity, which is more sensitive for determining the number of discretes in
the signal spectrum.

Work [9] is devoted to constructing analytical grids for statistical and spectral complexity di-
agrams (white noise). Note that analytical grids have a great advantage — the possibility of
constructing inverse continuous functions and, as a consequence, obtaining a quick result for high-
precision estimation of discretes d and the signal-to-noise ratio from the obtained estimates of
entropy and statistical complexity. In cases where the noise differs significantly from white, and
the signals are weak, it is necessary to build adaptive grids.

Figure 1 shows examples of metric grids on the statistical complexity diagram under blue and
pink noise conditions. Note that under pink noise compared to blue or white noise, it becomes
possible to “discern” noise-like signals, i.e., classify signals with a large number of discretes, par-
ticularly short pulses. Thus, in Fig. 1la (blue noise), signals with the number of discretes d > 256
are practically indistinguishable, while in Fig. 1b (pink noise), it becomes possible to distinguish
signals with the number of discretes d > 1024, i.e., when the number of spectral components of the
signal is larger than the size of the entire spectrum (i.e., when the signal is noise-like).

It should also be said that alternative diagrams constructed based on entropy and statistical
disequilibrium Dpy (3) allow in most cases to more effectively separate discretes and solve the
classification problem than diagrams based on statistical complexity Cry. This is because when
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Fig. 2. Comparison of ultimate signal detection capabilities depending on the number of discretes d and
spectrum size N; (a) — limiting SNR levels depending on discreteness (AUC = 0.95), (b) — effect of increasing
dimensionality (8K vs 2K), change in limiting SNR.

a signal appears in white noise, entropy S (4) and disequilibrium Dpy change in opposite direc-
tions, and when multiplied (Cry =S - Dry), they partially suppress each other. The authors’
works consider statistical complexity diagrams because this method is known and often used in
practice. Subsequent research will also be devoted to diagrams based on entropy and statistical
disequilibrium.

For solving detection and classification problems in practice, the construction of so-called adap-
tive grids is required. The point is that when solving applied problems, the researcher faces the
problem of determining the type of noise, which can differ significantly from white, blue, etc. It is
important to have a tool that allows quickly adapting the metric grid to real conditions. This is
discussed in more detail later in the article.

Separately, it is worth noting that the spectrum size N determines the capabilities for estimating
the number of discretes in the spectrum. Previously, in [3], an estimate was given for determining
the maximum number of discretes in white noise: d < N/4. Figure 2 presents a comparison of the
ultimate capabilities for signal detection via statistical and spectral complexities for N = 2048 and
for N = 8192 depending on the number of signal discretes in white noise. Figure 2b shows a com-
parison of white metric grids for N = 2048 and N = 8192. The graphs show that the capabilities
for classification and detection of signals using metric grids increase with N [9]. The gray curve
demonstrates a decrease in SNR for signals with a small number of discretes by approximately 3 dB
when increasing the spectrum size from N = 2048 to N = 8192 for the statistical complexity di-
agram and by approximately 4 dB for the spectral complexity diagram. This is an important
observation because it becomes clear that with increasing IV, the sensitivity of the spectral com-
plexity diagram grows faster than the sensitivity of the statistical complexity diagram. The result
of the dependence of the limiting SNR on the number of discretes in the spectrum was obtained
via numerical experiment (ROC = 0.95).

3. ADAPTIVE GRIDS

In practice, the construction of so-called adaptive grids is required, which can be obtained as
follows: from accumulated observations along the bearings of a phased array where a minimum of
energy is observed (conditionally, no signal), the average entropy S and statistical complexity Cry
are estimated. Then, noise is generated such that in each window, the mathematical expectation
of entropy equals S, and the mathematical expectation of statistical complexity equals C'ry. This
noise is mixed with simple signals of different numbers of discretes (a combination of sinusoidal
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Fig. 3. (a) Estimation of blue grid nodes and (b) calculation of spline grid for the statistical complexity
diagram (N = 2048).

signals of equal amplitude) to obtain d-signals with given characteristics. Then, by averaging over
200 cases, the entropy and complexity of each node of the metric grid are estimated (each node is
characterized by the number of discretes d and the signal-to-noise ratio level SNR). Then, a spline
grid is constructed based on the nodes of the coarse grid (obtaining a detailed grid). This method
of constructing metric grids is mentioned in [9] for comparing analytical grids with numerical
experiments.

Figure 3a presents a metric grid for the statistical complexity diagram (/N = 2048) for de-
tecting and classifying signals in blue noise, constructed according to the algorithm described
above for adaptive grids. The grid nodes are defined by the following discreteness values
and signal-to-noise ratios: d € {1, 2, 4, 6, 8, 12, 16, 20, 28, 36, 52, 68, 96, 128, 192, 256, 384, 512},
SNR € {-10, -7, =5, =3, =1, 0, 1, 3, 5, 7, 8, 9, 10, 11, 12, 13, 14, 15}. Each node is built by av-
eraging over 200 cases (calculating the grid took about 20 minutes). The Appendix provides an
example of constructing an analytical metric grid for blue noise.

Figure 3b presents a metric spline grid, which is built on the basis of the coarse grid 3,a (the figure
shows a grid of size 500 x 50) using two-dimensional interpolation RectBivariateSpline (Python also
has a simpler analogue, interp2d). Two-dimensional spline interpolation when constructing a metric
grid significantly increases its level of detail (under limited calculation time), which, in turn, allows
estimating discreteness and the signal-to-noise ratio with high accuracy [9].

4. FEATURES GENERATED BY DISCRETENESS AND SIGNAL-TO-NOISE RATIO

The classification problem is associated with various information criteria. As shown in [9],
through information characteristics such as entropy and statistical complexity, one can obtain
estimates of the discreteness level d and the signal-to-noise ratio SNR, which, in turn, generate a
whole family of strong classification criteria. Let’s focus on some of them.

1) Correlation level of d and SNR. A high level of correlation between discreteness and the
signal-to-noise ratio within a certain time interval may indicate a change in the distance to
the object.

2) Difference in discreteness (absolute and relative) between the mean discreteness value d of
the signal-noise mixture, measured over k windows (duration of each window 7), and the
D estimate of the discreteness of the signal-noise mixture, measured over the entire time
window k7: D —d, D/d — 1. The level of this difference allows determining how stable the
discrete frequencies are. Such a criterion can be useful, for example, in determining heart rate
variability.
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3) Discreteness levels and signal-to-noise ratio for the signal-noise mixture after subtracting the
spectral envelope. More on methods of envelope subtraction and line spectrum extraction is
discussed in [13].

4) Energy-weighted frequency of the d main spectral discretes (having the highest energy). This
indicator can be useful for estimating the frequency of the peak of cavitation noise.

5) Spectrum localization level and other criteria.

Let us explain the concept of “Spectrum localization level” in more detail. As already mentioned,
the discreteness diagram [9] has unique properties that allow extracting additional information
for solving the classification problem. In particular, according to the discreteness diagram, the
researcher gets the opportunity to formalize the search for the number of “effective” discretes d
in the spectrum. This, in turn, allows building a distribution for this random variable. Note also
that discreteness d and the signal-to-noise ratio, being unique characteristics of the signal, are also
the most important classification features, but this is far from all. One of the most important
criteria generated by discreteness is the spectrum localization level. The essence of this criterion
is to determine the indices of the d discretes that were identified when forming the discreteness
criterion d through the application of the Discreteness Diagram tool. Let Z be the total distance of
the d discretes with the maximum energy from the mean value over the sample of these d discretes
(the distance is defined as the modulus of the difference between the index of the discrete in the
unordered spectrum and the mean value of all indices of these d discretes). So, let’s define the
minimum and maximum possible total distance of d discretes from their mean:

2
-1

d , d=2k+1,
Zmin(Nad): d?

z d = 2k.

4’

d(N —d 1 N

Q+§<N—d—g—2)a d=2k+1, k>1,
Zmax(Nad): dN

o d = 2k.

Let’s define the frequency localization criterion based on the above formulas (the criterion value
interval should be within (0,1); for this, we use the estimates Zuyin, Zmax for even values of dis-
creteness d). The spectrum localization level is the following expression:

Z — Zwin _ AZ—d?

K, = = .
" Zmax — Zmin 2(Nd — d?)

This criterion allows answering the question of how much the spectrum of the observed signal
is localized in a separate spectral region. And the average frequency over the d discretes allows
determining the localization region. This criterion allows classifying many types of signals. As a
practical application, consider this example: for white noise (as well as for broadband interference or
an explosion), the value of this criterion is close to 0.5; for marine vessels, depending on deadweight,
this indicator varies within the interval 0.1-0.4; and for the calls of some marine animals, this
criterion is close to zero.

5. CONCLUSION

This work is the third in the authors’ series of works devoted to metric grids for the complexity
diagram. The applied nature of the work is primarily related to the concept of an adaptive grid and
the identification of a number of informative classification features. Collectively, all these articles
form the method of metric grids and constructing the discreteness diagram, the essence of which
is to estimate the number of discretes in the spectrum and the signal-to-noise ratio from a single
time window under low signal-to-noise ratio conditions.

AUTOMATION AND REMOTE CONTROL Vol. 87 No.1 2026



ON SOME PROPERTIES OF SPLINE GRIDS 95

FUNDING

The work was partially supported by the Russian Science Foundation grant (project no. 23-19-
00134).

APPENDIX

Previously, in [10], an estimate of entropy depending on the size of the spectral series N for
white noise was obtained:
-1 0.422
2 1

~
~

In N  InN’

(A1)

where v is the Euler—-Mascheroni constant.

An approximate estimate of entropy for blue noise, which also gives a good approximation, can
be obtained using the formula

~ 0.616

S(N)=~1 N

(A.2)

It has been experimentally confirmed that this formula for blue noise estimates the true entropy
value with an accuracy up to the fourth decimal place (128 < N < 16384). Figure 4 shows the
distribution density of normalized ordered power spectra of white and blue noises for N = 2048.
Formula (A.2) allows obtaining an approximate metric grid for blue noise:

S(a,d,N) = So(N)(1 — ) — (A3)

1 2
Drv(g,d,N) = 7 (a(d.N) + 1+ q+B(1—¢*) + (1—q) (-1 +2exp(l—q 7)), (Ad4)
CTV(Qad’N) :S(Qad’N) 'DTV(Qad’N)’ (A5)

where N > 1000 is the size of the spectral series, and Sy(N) is the value of information entropy for

blue noise So(N) ~ 1 — 3818 (for N = 2048 Sy ~ 0.9192), a(d, N) = —2¢, 3 ~ 0.12 is an empirically

obtained coefficient, ¢ is the energy share of the d-signal in the signal-noise mixture.
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Fig. 4. Explanation for formula (A.1); (a) — ordered spectrum of one realization of a frame of length N = 2048
for white and blue noise, (b) — the same realizations for white and blue noises, horizontal axis in logarithmic
scale.
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