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LINEAR SYSTEMS

Anisotropy—Based Estimation Design for Linear Discrete
Time—Invariant Systems
with Measurement Dropouts
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Abstract—This paper considers a time-invariant system with a set of imperfect measurements,
the useful component of which may be unavailable at certain times. Virtual objects duplicating
the state of the original object are introduced, and an output estimate is constructed for each
of them. Using vectorization, an extended model of the system is derived in the form of a linear
discrete time-invariant system with multiplicative noises. The external disturbance is chosen
from the class of sequences of random vectors with a bounded level of mean anisotropy. For
the system describing the estimation error dynamics, conditions for the boundedness of the
anisotropic norm are obtained, under which the chosen type of estimator exists. An invertible
linearizing change of variables is indicated, which allows reducing the problem of finding the
estimator matrices to checking the solvability of a special system of linear matrix inequalities
with a convex constraint.

Keywords: anisotropy-based theory, systems with multiplicative noise, sensor network with
dropouts, convex optimization

DOI: 10.7868/S1608303226060016

1. INTRODUCTION

The problems of external disturbances rejection considered in control theory were formulated
back in the first half of the last century [1] and gradually transitioned from deterministic [2] and
bounded disturbances [3] to stochastic ones [4, 5], interest in which persists to this day [6]. It is worth
noting that the most frequently described classes of disturbances are Gaussian disturbances [7] or
square-integrable (summable in the case of discrete time) [8]. The disturbance rejection problems
associated with these classes, with an Ha- or Ho.-optimal criterion, have both advantages and
disadvantages. On the one hand, with known stochastic characteristics of the disturbance, Ho-
optimal estimators and controllers have proven themselves well; however, solutions to such problems
do not possess the robustness properties inherent in H.-optimal control theory. On the other hand,
‘H ~o-optimal controllers introduce excessive conservatism into the dynamics of a system with weakly
colored disturbances at the input.

Anisotropy-based control theory proposes to view the problem of suppressing the influence of
an external disturbance as a stochastic modification of H.-optimal theory, since the external dis-
turbance is chosen from the class of random, rather than square-summable, sequences [9-11]. This
expands the scope of anisotropy-based theory compared to H..-theory, since for deterministic and
norm-bounded disturbances, the mean anisotropy level will tend to infinity, and the limiting value
of the anisotropic norm will tend to the Hso-norm. For random external disturbances, anisotropy-
based theory will give results between Ho- and Ho-theories in terms of the cost function, depending
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484 YURCHENKOV, RYAKHIMOV

on the value of the information criterion. The results obtained over the thirty years of existence
of anisotropy-based theory cover the problems of robust stability analysis of time-invariant and
time-varying systems, control synthesis, and filtering [11-13]. Later, works appeared devoted to
systems whose state cannot be described by deterministic equations [14-16]. In particular, systems
with multiplicative noises are a convenient form of describing the dynamics for systems represent-
ing mechanical, biological, ecological, financial, and hybrid objects [17]. Within the framework
of this work, the problem of constructing an output estimate for a system with dropouts will be
considered. An imperfect measurement is understood as such a measurable output of the system
that, at an arbitrary time, may not contain useful information about the object of observation, but
may be completely random. The case of random measurement is called dropout. It turns out that
a system with one or several (possibly duplicating each other) imperfect measurable outputs can be
described by difference equations with multiplicative noises, for which some results for time-varying
systems have already been obtained in anisotropy-based theory.

Anisotropy-based theory allows combining the features of both Hs- and H..-optimal control
theories, and in limiting cases even provide identical results, being in this respect a generalizing
theory. Therefore, when constructing an output estimate or generating control, it makes sense
to choose the anisotropy-based approach in the case where the stochastic characteristics of the
external disturbance are not specified. If the expectation and covariance matrix of the disturbance
are known, then the solution obtained within the framework of anisotropy-based theory is generally
less conservative, since it is not designed for the so-called “worst case” of disturbance.

The paper is organized as follows: Section 2 contains preliminary information—the necessary
minimum of concepts from anisotropy-based theory; Section 3 presents the problem statement;
Section 4 derives the main result; Section 5 presents simulation results; Section 6 provides a brief
conclusion.

2. PRELIMINARY INFORMATION

We list the main definitions from anisotropy-based theory that directly relate to the problem
under consideration. More detailed material can be found in [18, 19].

2.1. Anisotropy of a Random Vector

Definition 1 [19]. The anisotropy of a random vector w with values in R is the value equal to

2Te

Afw) = g D(flpn) = 5 1n (T B{wf?)) - hw),

m

where f is the probability density function of the vector w with respect to the Lebesgue measure
in R™, h(w) = —E[In f(w)] is the differential entropy, A is a positive parameter defining the density

2
P () = (27r)\)*m/2 exp (—%) , T e€R™,

of the isotropic Gaussian distribution in R” with zero mean and scalar covariance matrix Al,,,
where I, is the identity matrix of order m, and E[-] is the expectation operator.

This definition is related to relative entropy and characterizes the minimum measure of difference
between a random vector and the set of centered Gaussian vectors with a scalar covariance matrix.
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ANISOTROPY-BASED ESTIMATION DESIGN 485

2.2. Mean Anisotropy of a Sequence of Random Vectors

Definition 2 [9]. For a stationary ergodic sequence W = {wy} of Gaussian vectors, the concept
of mean anisotropy is introduced, equal to the value

— A(Wo.n-1)
AW) =1 '
W)= Jim ———x—
where Wo.n_1 = [wg,...,wk_{]T is the extended vector.

The mean anisotropy level is used to describe the properties of an external disturbance within
the framework of uncertainty in stochastic parameters when analyzing the robust stability of linear
discrete time-invariant systems, since the extended vector of any distribution different from the
reference one a centered Gaussian with a scalar covariance matrix will have an increasing anisotropy
as the time horizon increases.

2.8. Anisotropic Norm of a Time-Invariant System

Consider a linear system F with input W € £ and output Z € L5, where £5 denotes the
Lebesgue space of vectors with finite norm. The sequence W is generated by a shaping filter G
from standard Gaussian white noise V:

o
wj; = ngvjfkv .7 € Z7
k=0

where g € R™*™. Let G(z) denote the transfer function of the former filter:
o
G(z) = ngzk, |z| <1, ze€C.
k=0

Let the set of former filters generating sequences of random vectors with bounded mean anisotropy
be denoted as follows [20]:
Go ={G eH™ : W =GV, A(W) < a},

where V' = {v }rez is standard Gaussian white noise with zero mean and unit covariance matrix.

Definition 3 [10]. The anisotropic norm [|F||, of a linear system F is the quantity

| FG|2
IF]l, = sup ,
e, G2

1/2
where |G|z = (Zzio tr(gkg,;r)) / is the Ha-norm of the transfer function G(z).

3. PROBLEM STATEMENT
Consider a linear discrete time-invariant system with a set of imperfect sensors
Tpp1 = Az + Bywy,

2, = C.op + Dowy, (1)
Yik = NjkCjrr + Djwg, j=1,n,

where

P()‘],kzl):pjv j:17n7
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486 YURCHENKOV, RYAKHIMOV

characterize the probability that the current measurement y;, contains information about the
state vector. In the case Aj; = 1, the measured output contains useful data; otherwise, A;; = 0,
it contains only the disturbance vector Djwy. The matrices A, By, C,,D,,Cj,D;, j=1,n, of
system (1) are known and have dimensions consistent with the vectors xj, wg, 2k, yjk. The
external disturbance is a stationary Gaussian sequence of random vectors W = {wy, } x>0, for which
a constraint on the mean anisotropy level of the entire sequence is known: A(W) < a, a > 0.
It is assumed that all elements of the sequence W and the random variables \;; are mutually
independent.

Problem 1. For the chosen estimator model

n
Finr1 =Y i (A% + Hji(yie — D)) 5
i=1

n
Zik= Z a;; C.2; g,

=1

Yik = p]C]ij,k) .] = 1)”)

where a € R™*™ is the adjacency matrix characterizing the information exchange between sensors,
it is required to find such values of the parameters Hj; for which the anisotropic norm of the
system F' from the external disturbance to the estimation error vector is bounded by a minimum
value ~:

11, < -

It should be noted here that the adjacency matrix a is not necessarily symmetric. This matrix
describes a directed graph whose vertices are the sensors (detectors/sensors or any available mea-
surements), and the directed edges correspond to data exchange between the vertices connected by
these edges. As a result, the estimate can be constructed not based on each individual sensor, but
by collecting a consensus variant of the estimate, where the contribution of each sensor is accounted
for using a correction coefficient of the matrix a. Thus, the coefficients of the adjacency matrix have
a simple physical meaning, which lies in the level of “trust” in the information coming from other
sensors to the one forming the estimate. A natural requirement is the element-wise non-negativity
and the equality to one of the sum of elements in each row:

4. MAIN RESULT

This section provides a solution to Problem 1. The idea is to transform the object model into the
form of a system with multiplicative noises and then check a sufficient condition for the boundedness
of the anisotropic norm of such a system in terms of solving a convex optimization problem.

4.1. Construction of Models in Terms of Estimation Errors
At the first step, we define virtual models as follows: for each existing estimated output y; , we
introduce a state x;; € R™, duplicating the state xj of the object (1):
Tjp1 = Axjp + Bywy,
zjk = Coxjp + Dywy, (3)
Yk = NjkCizj ke + Djwg,

AUTOMATION AND REMOTE CONTROL Vol. 87 No. 6 2026



ANISOTROPY-BASED ESTIMATION DESIGN 487

where 7 = 1,n. In models of the form (1), each object has only one measured output. For the
states x; and outputs z;, we introduce error vectors
Tjk = Tjk = Tjks

Zjk = Zjk = Zjks
which will have the following dynamics equations:
n n
i’j,kJrl = ij,k — Z CljiA.i'ivk + <Bw — Z Cljz‘HjZ‘DZ) Wi
i=1 i=1

n n
=Y ajiHji(Nig — pi)Cizie + Y a5i(A — piH ;i Ci)Ey g,

i=1 i=1

n n
Zik = C, (wj,k - Z ajﬂ'i,k) + Z a;;C.Z; 1 + Dwy.

i=1 =1

4.2. Transformation of the Model to a System with Multiplicative Noises

Let us compose extended vectors of state, state errors, and estimates from all vectors z; , Z; r,

Ej,kv ] = 1,77,:

Ek = (33’11:]{‘., . ,ﬂjg’k)T,
T = (Tlg )",
Ze=(Flp o imp)

Define the combined state from the vectors Z; and Zj:
Ck = (Egaférlg)’r
Now it is possible to write the dynamics equation in terms of errors depending on the external

disturbance:

Ch1 = <Ao + Zfi,kw‘b) G + Bwy, @

=1

Z, = M, + Nw,

where the following notations are adopted:

g’i,k‘ = )"i,k‘ — Di 1= 15”5

and the matrices included in expressions (4) have the form:

A, — A Onnz XNNg _ Onnz XNNg Onnz XNNg
0 Z — Za Za — Haﬁp ’ ! Hu?i Onnzxnnz ’
B
B=|_ FFa=| 0
lB - H D]

M:[M_M“ M“}, N =7,

AUTOMATION AND REMOTE CONTROL Vol. 87 No. 6 2026



488 YURCHENKOV, RYAKHIMOV

with notations

A=1,®A4, A'=aeA,
B =col(n)® B, H" = block(a;;H}),
B _ ji=In

C? = diag(p;C,), C; = diag(0,,C;),
_ i=In _i=ln

D= C(L(Dj)a MZIn@CZ’
e _

M'=a®C,, N = col(n) ® D,,

where col(n) denotes the column vector of length n consisting of ones; ‘C?L (X;) is the matrix
obtained by arranging the matrices X;, j = 1,n, into a column; the matrij): B?og (Xji) is a block
matrix consisting of the corresponding blocks; di%(XZ-) is a diagonal matrix i;i?llﬂche matrices X,
i = 1,n, as blocks on the main diagonal, and ;ﬁlgff—diagonal blocks are zero; ® denotes the Kro-
necker product.

4.8. Condition for Boundedness of the Anisotropic Norm

The following theorem provides sufficient conditions for the boundedness of the anisotropic norm
for system (4).

Theorem 1 [15]. For a system F of the form (4) with additional condition
1
: k|\®
i o ((E[4])7) <1

n

where A = Ay + > & 1 Ai given a known constraint a on the mean anisotropy level of the external
i=1

disturbance sequence {wy}, the anisotropic norm will be bounded by =y if there exists a solution with

respect to the matrices R, S and the scalar parameter q € [0, HFH;?), o; = pi(1 —p;) to the system
of inequalities

R> > 0l ATRA + qM" M + LTS7'L, (5)
=0

S = (I, — gNTN — BTRB) ", (6)

L=SB"RA+gN™M)

subject to the convex constraint

—% In det ((1 - q’yQ)S) Z a, (7)

there the expression X = 0 should be understood in the sense of positive definiteness of the matriz X .

Theorem 1 contains sufficient conditions for the boundedness of the anisotropic norm of a system
with multiplicative noises (4) in the form of inequalities. However, inequality (5) is nonlinear due to
the dependence of the matrices B, 4;,i = 1,n, on the estimator matrices Hj;, j,i = 1,n, and their
multiplication by the matrix R of the solution of this inequality. To get away from this problem and
remain within the constraints in the form of linear matrix inequalities, we formulate the solution
to the problem as conditions for the solvability of a system of inequalities of a special form.

AUTOMATION AND REMOTE CONTROL Vol. 87 No. 6 2026



ANISOTROPY-BASED ESTIMATION DESIGN 489

Theorem 2. Suppose that for system (1) a constraint a is known on the mean anisotropy level of
the disturbance sequence W = {wy }x>0. An estimator of the form (2) will guarantee an upper bound
by v for the anisotropic norm of the estimation error system if the following system of inequalities

- R—MTM % * * % eee %]
NTM ,',]Imw _NTN * * * e k
RAopo + X Aon —RBoo — XBnn R x % -+ % =0, (8)
on X A1, 0 00 0 - R|
I, — U = NTN
RBy + XByn R
Indet U > 2a + my, In(n — ~2), (10)

has a solution with respect to the matrices R = RY = 0, X € R4"X2"y _ and the scalar parameter
n > 0, where o; = p;(1 — p;),

(2]

The proof of Theorem 2 is given in Appendix.

It should be mentioned here that among the entire set of solution matrices R of system (8)—(10),
we will choose only block-diagonal ones, since this will be necessary for the numerical solution of
the problem using standard tools.

4.4. Calculation of the Estimator Matriz Parameters

In the event of a successful solution of the matrix inequalities (8)—(10), the set of estimator
matrices Hj;,j,7 = 1,n, can be calculated according to the inverse substitution

— 0
Ha = [O2TLTLI><2’!’LTLZ I2TLTLI]R71X 2npy X2npy . (11)
Iany

The problem of finding the minimum value of the anisotropic norm bound « can be formulated
as a convex optimization problem:

2 .
— . 12
fy (8)7(10)7727\11777772 i ( )

Direct calculation of the matrices Hj;, j,7 = 1,7, is not necessary, since the spatial implemen-
tation of the estimator (2) depends on the blocks of matrix (11). The solution of the convex
optimization problem (12) will correspond to the minimum constraint on the anisotropic norm of
the estimation error system.

AUTOMATION AND REMOTE CONTROL Vol. 87 No. 6 2026



490 YURCHENKOV, RYAKHIMOV
5. SIMULATION

As an example, consider a model consisting of a quadrotor aerial vehicle fixed on a gyroscopic
stand. The object can rotate freely around three axes. It is necessary to estimate its roll angle
using the gyroscope and camera available on the object, located frontally in front of the object.
We assume that the object is closed by stabilizing control based on an LQG controller. The

discrete model of such a system, according to the dynamics equations (1), in the state space has
the following form:

[ 0.9988  0.0000 0.0000 0.0095 0.0000 0.0000]
0.0000  0.9999  0.0000 0.0000 0.0099 0.0000
0.0000  0.0000  1.0000 0.0000 0.0000 0.0100
—0.2411 0.0000  0.0000 0.8926 0.0000 0.0000] °
0.0000 —0.0141 0.0000 0.0000 0.9763 0.0000

L 0.0000  0.0000 —0.0009 0.0000 0.0000 0.9957]

CZ:[O 01000/, D =0, 01:[13 ogxg], Cy=C,, D;=Dy=005-1I,

0.0000 0.0000 0.0000
0.0000 0.0000 0.0000
B, = 11.0028 0.0000 0.0000] ,
0.0000 0.0027 0.0000
0.0000 0.0000 0.0008

and parameters p; = 0.9, po = 0.95. The first measured output corresponds to data from the
onboard gyroscope, the second from the frontal camera. It is assumed that the angle values are
recovered from the angular velocity measurements by integration; at the initial time, the estimates
are considered zero.

Figure 1 shows the simulation results for the mean anisotropy level equal to 30. The solid line

corresponds to the estimated output. Estimates 1 and 2 correspond to the case where the readings
from the other measured output were used with a weighting coefficient of 0.2; in this case, the

Output
0,10 ———- Estimate 1
........... Estimate2
,.'\ Estimate 3
0.05 | ,." i
I
I : i A
Ajlogb RAR A
A0 s Aah A
0.00 ™ 7 T s ===
i \, | \ Y i' i 1 . || ............... et
Vid by i
N vy i LAY
o —0.05 F i V1
: ¥
- "
= I
S . k. hoA
; i Jilp A i I
Y —0.10 F '”“Il_ !|!|_,'|_ ."\.\,"‘- AR
i A A R W
TN B Y A !
—0.15 | \j LI !
i ] \.! "
i
—0.20 } ‘-‘_l
_0'25 1 1 1 1 1 1 1 1 1 ]
0 10 20 30 40 50 60 70 80 90 100

k, time
Fig. 1. Estimated output.
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0.35

1

—.—.— Anisotropy-based approach

—— #_-approach

0.30

0.25

0.20

0.15

Z, output

0.10

0.05

0.00

_0.05 L 1 1 1 1 Il
0 20 40 60 80 100 120

k, time

Fig. 2. Comparison of estimations.

adjacency matrix has the following form:
0.8 0.2
a= .
0.2 0.8
Estimate 3 corresponds to the case where only the first measured output was used to construct the
estimate.

For comparison, we present the values of the Euclidean norms of the estimated output ||z| =
0.0221 and the three obtained estimates: ||21|| = 0.0385, ||Z2|| = 0.0598, ||Z3|| = 1.0222.

Figure 2 presents the simulation results under the influence of an external disturbance with a
fixed mean anisotropy level equal to 30. In this case, we compare only the consensus estimate
obtained based on two measurements. The dash-dotted line denotes the estimate of the roll angle
based on the estimator using the anisotropy-based approach, the solid line denotes the H.-optimal
estimate. Although the values of the Euclidean norms of the anisotropy-based estimate ||Zap| =
1.6308 and the H estimate ||23_ || = 1.9165 differ by 15%, it is noticeable from the graphs that in
the considered example with imperfect measurements, the nature of the obtained estimates differs
significantly, which indicates the advantage of using the anisotropy-based estimator in this case.

6. CONCLUSION

The paper solves the problem of constructing an estimate for a system whose measured outputs
may be unavailable at an arbitrary time. To this end, it is proposed to duplicate such outputs and
build a consensus estimate for the output of the object of observation. Since the solution to the
problem can be obtained using standard application software packages for computations, it seems
possible to use the synthesized estimator, for example, for constructing output feedback control for
dynamic objects.

AUTOMATION AND REMOTE CONTROL Vol. 87 No. 6 2026
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APPENDIX

A.1. PROOF OF THEOREM 2

Apply the Schur complement lemma [21] to inequality (5), which leads to the appearance of an
inequality of the following form:

R — MTM * % % oo %]
NIM  nl,, —NTN = x  « *
RAy —RB R *x x - 0,
o1 RA; 0 0 R * - %
onRA, 0 0o 0 0 --- RJ

where the substitution R = ¢ 'R is taken into account. As can be seen, the last inequality is still
nonlinear. To reduce it to a linear form, we introduce the following change of variables:

Y 0
X—RU—R[O Fu],
where Y is some matrix (it is worth noting in advance that this matrix does not affect the solution
of the problem, namely, the values of the estimator matrices Hj;, 7,7 = 1,n). Taking into account
the last change of matrix variables, we obtain inequality (8).
To derive inequality (9), we define an additional positive definite matrix ¥ related to the matrix S
as follows: 1
0< -0 <951
n
where n~! =¢. Taking into account the positive definiteness of the matrix W, the change of
variables X = RU, and applying the Schur complement lemma, we obtain inequality (9). The
convex constraint (10) follows from inequality (7) after the corresponding changes of variables.
The theorem is proved.
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Abstract—This paper is devoted to the kinematic problem of the optimal, in terms of energy
consumption, program angular acceleration of a spacecraft under arbitrary boundary conditions
imposed on its angular position and angular velocity. A quasi-optimal analytical solution of the
problem is obtained within the classical Poinsot concept of the angular motion of a solid body
as a generalized coning motion and Pontryagin’s maximum principle. This solution is brought
to an algorithm. Supporting analytical and numerical examples are provided to show either the
proximity of the quasi-optimal and optimal solutions or their complete coincidence, depending
on the boundary conditions.

Keywords: spacecraft, solid body, angular acceleration, Poinsot concept, optimal and quasi-
optimal control, analytical solution, algorithm
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1. INTRODUCTION

In many spacecraft guidance and control problems, it is required to know the optimal, in
some sense, program angular acceleration of a spacecraft under arbitrary (given) boundary condi-
tions [1-5]. In the literature, as a rule, such acceleration is either numerically found or analytically
constructed (e.g., [5]) based on polynomials (splines) by representing the spacecraft attitude quater-
nion via polynomials and expressing the angular velocity vector through this quaternion. However,
no guarantees (rigorously proved theorems or considerations from theoretical mechanics) are given
that these analytical solutions will approximate the optimal angular motion trajectory of the space-
craft well enough on the entire set of its angular motions under any boundary conditions.

In this paper, we study the kinematic problem of the optimal, in terms of energy consumption,
program angular acceleration of a spacecraft under arbitrary boundary conditions for its angular
position and angular velocity. It is difficult to obtain the optimal analytical solution of this problem
under arbitrary boundary conditions: in the general case, the exact solution of the attitude prob-
lem of a solid body by its known angular velocity (the Darboux problem) remains unknown [6, 7].
Following the classical Poinsot concept of the angular motion of a solid body as a generalized con-
ing motion, we reformulate the optimal angular acceleration problem of a spacecraft in this class
of motions. The spacecraft trajectory is given by explicit expressions containing arbitrary quater-
nionic and scalar constants and two arbitrary scalar functions (the parameters of the generalized
coning motion). These parameters and their derivatives are employed as variables to pose and solve
an optimization problem in which the second derivatives of the parameters act as controls. Note
that the generality of the original problem is almost not violated: the known exact solution of the
classical optimal angular acceleration problem in the planar rotation case [4] or in the new special
case of regular precession (considered below) and the similar solutions of the problem within the
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above concept completely coincide; in other cases, in numerical calculations of the solution of the
original problem and the analytical solution proposed, the relative error between the values of an
optimization criterion (the determinative characteristic of the problem) constitutes at most 1%,
including spacecraft rotations to large angles. Therefore, the analytical solution proposed in this
paper can be treated as quasi-optimal with respect to that of the classical optimal angular accel-
eration problem of a spacecraft. Explicit expressions for the attitude quaternion and the angular
velocity vector of a spacecraft are derived. An explicit formula for the angular acceleration of a
spacecraft is obtained by differentiating the expression for the angular velocity vector. Finally, an
analytical algorithm for solving the problem is presented, which can be used aboard the spacecraft.

The analytical solution method proposed below has previously been successfully applied to dy-
namic optimal rotation problems for spacecraft of various configurations with different optimization
criteria [8, 9], as well as as to the design of quasi-optimal (in terms of time) angular acceleration
of a spacecraft under arbitrary boundary conditions [10].

2. CLASSICAL PROBLEM FORMULATION

The angular motion of a spacecraft as a solid body around its center of gravity is described by
a system of differential equations in vector-matrix form:

Ao —A A Ay |

A Ao A3 Ao !
21 = = 2.1
X N do <A | |2 2.1)

A3 X2 M —XNo 3

. . . T T
[ w1 W2 W3 } = [ €1 €2 &3 s (2.2)

which is equivalent to the short representation [4]

2A =Aow, (2.3)
w =g, (2.4)

where A(t) = [)\0(75), A (t), )\Q(t), Ag(t)]T or A(t) = )\0(75) + Al(t)il + )\Q(t)iz + )\3(75)1'3 is the nor-
malized quaternion that describes the angular position of the spacecraft (||A]| = A3+ A3+
M+ A =1); w=[w(t), wa(t), w3(t)]T or w(t) = wi(t)i; +wa(t)iz + ws(t)iz is the angular ve-
locity vector of the spacecraft, which can be treated as a quaternion with the zero scalar part
w(t) = [0, wi(t), wa(t), wa(t)]™; € = [e1(t), e2(t), e3(t)]T is the angular acceleration vector of the
spacecraft; the imaginary units i1, 49, and i3 of the Hamiltonian correspond to the orthonormal
basis vectors iy, i, and i3, respectively, of the three-dimensional vector space; o indicates the
quaternion product; finally, T means the vector transpose. The phase coordinates A and w are
assumed to be continuous functions, and the angular acceleration e (control) is assumed to be a
piecewise continuous [11].

The boundary conditions imposed on the attitude and angular velocity of the spacecraft are
arbitrary:

A(0) = Ay, A(T) = Ar, (2.5)
w(0) =wp, w(T)=wr. (2.6)

It is required to find the optimal control €°P!(¢) that minimizes the energy consumption func-
tional

T
7= [ et 27)
0
where the time 7' is arbitrary and fixed.
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The problem formulation (2.1)—(2.7) is kinematic since it neglects the dynamic configuration
of the spacecraft. Note that the optimal angular acceleration of the spacecraft can be found as
the derivative of its optimal angular velocity in the full dynamic optimal attitude problem of a
spacecraft, where the Euler dynamic equations are used instead of the vector equation (2.4) and
the control function is the vector of the external control moment applied to the spacecraft [8, 9].

3. DIMENSIONLESS VARIABLES

We reformulate the problem by replacing the original dimensional variables with dimensionless
ones:

tdlmless — tdlm/T, wdlmless — wdlmT, Edlmless — EdlmTQ’ Jdlmless — JdlmT3.

In this case, all the expressions will not change, except for the optimization functional

J:/HeHdt. (3.1)
0

Below we will solve problem (2.3)—(2.6), (3.1) in the dimensionless variables for T'= 1, with the
removed superscripts in the problem formulation.

4. REDUCTION TO A BOUNDARY VALUE OPTIMIZATION PROBLEM

Following Pontryagin’s maximum principle [4, 11], we introduce a quaternion ¥(t¢), conjugate
to the spacecraft attitude quaternion A(t), and a vector ¢(t), conjugate to the spacecraft angular
velocity vector w(t). The Hamilton—Pontryagin function is given by

H=—(e,e)+ (¥, Aow)/2+ (p, €), (4.1)

where (., .) means the inner product of vectors.

The conjugate system of equations has the form
20 = Wow 19
Lp:—vect(]&o\Il)/Z (4.2)

where vect(.) and ~ are the vector part and conjugation of the quaternion, respectively. The linear
differential systems of equations for the variables ¥ and A coincide, hence their solutions differ by
a quaternion constant C :

¥ =CoA. (4.3)
Therefore, in view of the notation adopted in [4]:
p = vect (]&o\Il) =Aoc,0A, (4.4)
where ¢, is the vector part of the quaternion C, the expressions (4.2) become
{p:KocvoA (4.5)
¢ =-p/2

Thus, due to the self-conjugation of the linear differential system of equations (2.1) (or (2.3)),
the dimension of the boundary value problem of the maximum principle is reduced by four [4]. The
maximum condition (3.1) yields the following continuous structure of optimal control:

et = /2. (4.6)
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From (2.3), (2.4), (4.4), and (4.5) it follows that w = ¢ /2, & = —p/4, and W = —p/4 = & X w,
where the symbol x means the vector product. Written as a single equation, they become

W=0wXuw. (4.7)
As a result, the optimal angular acceleration of the spacecraft is found by solving the boundary

value problem (2.3), (4.7), (2.5), (2.6).
Using the expression (4.4), we write the Hamilton-Pontryagin function (4.1) as

H=—(g,e)+(p,w) /24 (g, €). (4.8)

Based on formulas (2.3), (2.4), and (4.5), we also indicate the vector first integral [12] relating
the phase and conjugate variables of the problem: p/4 + ¢ X w = const V ¢t € [0,T].

Despite that this paper considers the problem without control constraints (the constraint on
the magnitude of the angular acceleration is indirectly realized here by minimizing the integral
control-quadratic functional), the expressions (4.4)—(4.6) can be used to estimate the magnitude of
the optimal angular acceleration vector. For a continuously differentiable vector function Pt of
the optimal control, we have

P (2) | =

t
/ €P (1) dr + €P(0)
0

t
< [1ew @) | dre | 7(0) |
0

= / | p(7) | dr/4+ ] €(0) [=| ey | /44 [ €P*(0) | .
0

In other words, at any time instant ¢ € [0, 1], the magnitude of the vector function °P*(¢) must lie
inside a sphere of variable radius

[P (B)]] < (| e | £/4+ ] €%P5(0) |)* ¥ £ € [0,1]. (4.9)
Similarly, on the other side, we obtain
e @] < (e | (1= 1)/4+ ] (1) )* ¥ £ € [0,1]. (4.10)

Consequently, the magnitude of the optimal angular acceleration vector must belong to the inter-
section of the sets defined by inequalities (4.9), (4.10), i.e.,

[P ()| < 42(8) ¥ ¢ € [0,1],
2 . " 2 ¢ 2 (411)
v <t>=mtm{(| co | t/4+ e (0) )7, (lew | (1 —1)/4+ | €PH(1) |) }

where the vector constant c, is determined from the given constants of the problem statement.

Note that in the special case of the boundary conditions on the angular velocity (2.6) correspond-
ing to a planar Euler rotation, when the exact solution of the problem is known, | ¢, | in (4.11) is
explicitly expressed through the given boundary conditions on the spacecraft angular position (2.5):

| ¢y |=| vect(Ar o Ag)/ sin(arccos(scal(Ar o Ag))) |, (4.12)

where scal(.) means the scalar part of the quaternion, and the magnitude of the vector function
€°Pt(t) can reach the boundary of the region (4.11), (4.12).

5. PARTIAL SOLUTION OF THE PROBLEM IN ELEMENTARY FUNCTIONS

In the class of regular coning motions, we obtain a new analytical partial solution of the optimal
angular acceleration problem of a spacecraft, expressed in elementary functions. In this class of
motions, the optimal angular velocity of the spacecraft has the form

w(t) = Qo (i1 Bsinyt + i2B cosyt + izy) o Q, (5.1)
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where Q (quaternion), f, and «y are arbitrary constants; in addition,

IK|| = daf +ai + a3 +a5=1. (5.2)

The quaternion Q defines the rotation of the vector i;3sin~t + i3 cosyt + i3y about some
constant axis passing through a fixed point of the spacecraft. Let us show that the angular ve-
locity (5.1) satisfies equation (4.7). Differentiating the expression (5.1) three times with respect
to t yields w(t) = BvQ o (i cosyt —igsinyt) o Q, &(t) = —B872Qo (iy sinyt 4 ip cosyt) o Q, and
W(t) = By3Q o (—ij cost 4 iz sinyt) o Q. By substituting (5.1) and the above derivatives into (4.7),
we verify the desired equality with W =& X w = (Wow —wo &) /2.

Based on (2.3) and (5.1), the spacecraft trajectory can be explicitly written in the form of a
regular precession:

A(t) = Ag o Q o exp{izfft/2} o exp{isyt/2} o Q, (5.3)

where exp{.} denotes the quaternion exponential [4].

The expressions (5.1)—(5.3) contain five arbitrary constants /3, v, and ¢;, ¢ = 0,1,2. (The con-
stant g3 is related to condition (5.2).) Let us satisfy the boundary conditions (2.5), (2.6). Due to
the insufficient number of arbitrary constants in (5.1), we impose requirements on |wg| and wr in
the course of solving the problem, while the unit vector w§ = wp/ |wp| is arbitrary and given. At
the point ¢ = 0, by formula (5.1),

wo = |wo| w§ = Qo (26 +i37) 0 Q, (5.4)

Jwoll = [|@ o (128 +i57) 0 Q|| = | Q| 128 + 1371l 1QI = 57+ (5.5)
at the right end of the spacecraft trajectory for t =T = 1, from (5.3) we have
Az = Ago Qo exp{izB/2} o expfisy/2} 0 Q, (5.6)
with
scal(Ag o A7) = scal(exp{iz3/2} o exp{izy/2}), (5.7)

where scal(.) means the scalar part of the quaternion. Based on (5.2) and (5.4)—(5.6), we find |wy| ,

B, 7, and Q.
Let us represent (5.4) and (5.6) in the form

(128 +i37) 0o Q — Qo =0,
exp{i23/2} o exp{iz7/2} 0Q — Qo Ago Ay =0.

Equivalently, involving the m- and n-matrices isomorphic to quaternions [13], we have

[0 0 -8 — 0 —wo1 —wo2 —wo3 q0 0

0 0 — B8 | |wan 0 w3 —wo q 0 (5.8)
g v 0 0 w2 —wo3 0 wor 72 0 '
v -8 0 0 | wo3  wo2 —wor 0 | q3 0

Ho —H1 —p2 —H3 v —v1 —V2 —U3 ) 0

H1o fo —p3 M2 | |1 v V3~ Q 0 (5.9)
K2 H3 po  —f vo —V3 vy Vi q2 0 '
| M3 —H2 P oo | vs ve —uv1 Vo | q3 0
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where the coefficient matrix of the linear algebraic system (5.9) is determined by the components
of the quaternions p and v :

p = exp{izf3/2} o exp{iz7/2}

po = cos(B/2) cos(v/2), p1 =sin(B/2)sin(vy/2) (5.10)
p2 = sin(3/2) cos(v/2), p3 = cos(5/2)sin(v/2),
v=~AyoAr. (5.11)
Their norms are ||p|| =1 and ||v|| =1, and the coefficient matrices of systems (5.8), (5.9) have

rank 2. By choosing two linearly independent equations in (5.8) and in (5.9), we obtain a homoge-
neous system of the form

0 wo1 wo2 — B woz — 7 Ky 0
—wo1 0 —(wo3 +7) wo2 + 8 Ki| _ 10 (5.12)
p1— vq 0 —(pus+v3) po+un K 0 '
0 vi— 1 Vo — 2 V3 — 3 K3 0

A nontrivial solution of the system of equations (5.12) is due to the zero determinant of its coefficient
matrix. Using this fact and formulas (5.4), (5.5), (5.10), and (5.11), we get

lwo| = (p2B + u37y)/ (V1w + vawgy + v3wWes)- (5.13)

Based on (5.5), (5.7), (5.10), and (5.13), we compile a system of two nonlinear equations to
determine the constants 8 and -y :

(82 +9%) (1 + vawliy + vawfs)” — (426 + p37)" = 0 (5.14)
scal(Ag o Ar) — cos(8/2) cos(v/2) = 0. .
The value of |wp| is found from (5.3) using the solution of system (5.4).
The components of the quaternion Q are given by
2 2 2]1~1/2
gs =+ [1+ (Bo/G) + (B1/G)’ + (B2/G)’| ", a0 = Boas/G, (5.15)
1 = Bi1g3/G, q2 = Bagq3 /G,
where
By = —(p2 + v2)(wos + ) + (3 + v3)(woz2 + B)
Bi = (1 — vi)wor + (s + v3)(v — wos) + (12 + v2)(8 — wo2) (5.16)
By = (1 — v1)(wo2 + B) + (p2 + v2)wor .
G = (1 —v1)(wo3 +7) + (13 + v3)wor -
The boundary condition on the spacecraft angular velocity for ¢t =T = 1 shall be
Ww(T) = wr = Qo (iyfsin~y + izfB cosy +izy) o Q. (5.17)

Finally, if the boundary conditions on the spacecraft angular velocity w satisfy the require-
ments (5.13) and (5.17), the spacecraft angular motion trajectory will lie in the class of regular
coning motions and will be determined by the explicit expressions (5.1) and (5.2). (For all ¢ € [0, T,
w(t) will belong to a coning surface determined in space by arbitrary given boundary conditions
on the position, Ag and A7, and the arbitrary given direction of its initial value vector wy.)

The optimal angular acceleration from (2.4), (5.1) is

e=w=pvQo (i1 cosyt — igsinyt) o Q, (5.18)
lle|| = B*4* = const. (5.19)
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The dimensionless optimization functional (3.1) takes the optimal value
1
J= / lell dt = 8242, (5.20)
0

The conjugate variables ¢ and p are determined using formulas (5.18) and (4.5). The problem
with the above restrictions has been completely solved.

Now we present an algorithm for constructing the minimum-energy angular acceleration of a
spacecraft in the class of regular coning motions:

1) Use the given constant conditions T = 1, Ag, A7 (2.5), and w§ = wp/ |wp| and formulas (2.6),
(5.10), (5.11), (5.15), and (5.16) to determine the unknowns 3, v, and |wy| .

2) Use Ag, A7, B, v, T =1, and |wp| and formulas (5.15) and (5.16) to find the quaternion Q.

3) Use the expressions w§® = |wp|w§ and wsl® = Qo (iyBsiny + izBcosy +i302) o Q to find
the conditions wgalc and w%alc at the ends of the trajectory.

4) Compare the values of w§'® and w$° with the given ones (2.6).

5) If equality holds in item 4), then the optimal solution of the problem is in the class of regular
coning motions; use formulas (5.1), (5.3), and (5.18) and item 1) to calculate the angular velocity,
trajectory, and angular acceleration vector of the spacecraft; determine the optimal value of the
functional based on (5.10).

6) Calculate the conjugate variables ¢ and p by formulas (4.4), (4.5), (5.18).

This optimal solution of the problem in the class of regular coning motions and the previ-
ously known exact solution [4] in the class of planar Euler rotations (under the condition wy wp
||vect(Ag o Ar)) for the special cases of boundary conditions on the spacecraft angular velocity will
be used as analytical confirmations when constructing a quasi-optimal solution of the spacecraft
angular acceleration problem in the class of generalized coning motions. Also, we will provide
some suggestive considerations based on the numerical solution of the optimal angular acceleration
problem of a spacecraft with arbitrary boundary conditions.

6. JUSTIFICATION OF THE APPROACH BASED ON NUMERICAL SOLUTIONS
OF THE PROBLEM

Let us numerically solve the boundary value problem of the maximum principle (Section 4) for
the original kinematic optimal acceleration problem (2.3)—(2.6), (3.1) of a spacecraft:

JA=Aow
:’; - €—~P/2 (61)
p=Aoc,oA, ¢, =const,
A(0) = Ay, w(0) = wy, (6.2)
AT)=Ar, w(T)=wr, (6.3)
et = /2. (6.4)

It is required to find e°Pt, T°Pt APt ,°P' and c,. The terminal conditions (6.3) are conveniently
written in the phase space A X w of dimension 7 as

vect (A(T) o Ar) =0, w(T) = wr. (6.5)
(For details, see [8, 9].)

A numerical solution method for such problems was described in [8, 9]. Also, for comparison,
we provide kinematic characteristics based on the calculation results in the full dynamic optimal
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rotation problem of a spacecraft (in the sense of minimizing energy consumption) as a solid body
of various dynamic configurations [9] in dimensionless variables (7' = 1) under the same boundary
conditions:

Ao = (0.7951, 0.2981, —0.3975, 0.3478), wy = (0.2739, —0.2388, —0.3), (6.6)
Ar = (0.8443, 0.3984, —0.3260, 0.1485), wr = (0.0, 0.0, —0.59). (6.7)

Spacecraft 1. An arbitrary spacecraft, I; = 0.9869, Is = 1.1843, and I3 = 0.7895.

Spacecraft 2. An arbitrary spacecraft, I; = 0.9506, Is = 1.3308, and I3 = 0.5704.

Spacecraft 3. The International Space Station (ISS) in its early version [14], I; = 4853 000 kg x m?,
I, = 23601000 kg x m?, and I3 = 26278000 kg x m?, or the dimensionless variables I; = 0.2358,
I = 1.1466, and I3 = 1.2766.

Spacecraft 4. Space Shuttle, which has characteristics almost like a dynamically symmetric solid
body: I} = 3400648 kg x m?, Iy = 21041672 kg x m? or I} = 0.1967, Iy = 1.2168, and I3 ~ I5.

Spacecraft 5. An arbitrary spacecraft, I; = 0.9116, Is = 1.3674, and I3 = 0.5470.

Table 1 shows the values of the attitude quaternion and angular velocity vector of the spacecraft
obtained by solving the optimal angular acceleration problem (6.1)—(6.5) and the dynamic optimal
rotation problem [9] for spacecraft 1-4 at the intermediate point ¢ = 0.5 of the time interval. For
comparison, the last line of Table 1 contains the data obtained by solving the quasi-optimal angular
acceleration problem of a spacecraft considered in Sections 6 and 7 of the paper.

Table 1. Values of the attitude quaternion and angular velocity vector

Spacecraft Ao A1 A9 A3 w1 wa w3
1 0.8095 | 0.3628 | —0.3766 | 0.2670 | —0.0499 | —0.0115 | —0.4941
2 0.8093 | 0.3631 | —0.3765 | 0.2674 | —0.0496 | —0.0116 | —0.4949
3 0.8077 | 0.3654 | —0.3773 | 0.2678 | —0.0506 | —0.0159 | —0.4949
1 0.5086 | 0.3634 | —0.3780 | 0.2668 | —0.0519 | —0.0137 | —0.4948
Bou“dazgylgfl(‘ée;;mblem 0.8096 | 0.3625 | —0.3768 | 0.2668 | 0.0502 | —0.0114 | —0.4937
Modified problem | 0.8099 | 0.3627 | —0.3756 | 0.2673 | —0.0488 | —0.0098 | —0.4938

For the spacecraft under consideration, Table 2 presents the components of the angular accel-
eration vectors € = [g1(t), e2(t), e3(t)]T at the points t =0, ¢t = 0.5, and t = T = 1 of the optimal
control process.

Table 2. Values of the angular acceleration

Spacecraft €1(0) | e2(0) | e3(0) | 1(0.5) |e2(0.5) | e35(0.5) | e1(1) | e2(1) e3(1)
2 —0.9649 | 0.7262 | —0.4736 | —0.3051 | 0.2053 | —0.2902 | 0.5357 | —0.1154 | —0.0965
3 —0.9399 | 0.7235 | —0.4449 | —0.3207 | 0.2039 | —0.2942 | 0.5681 | —0.1076 | —0.0940
4 —0.9262 | 0.6536 | —0.4422 | —0.3182 | 0.2586 | —0.2978 | 0.5591 | —0.2446 | —0.0886
) —0.7914 | 0.6537 | —0.4345 | —0.3968 | 0.2549 | —0.3002 | 0.7341 | —0.2381 | —0.0875
Boundary
value problem | —0.9854 | 0.7259 | —0.4892| —0.2917 | 0.2087 | —0.2878 | 0.5077 | —0.1272 | —0.0985
(6.1)-(6.5)
Modified problem | —0.9647 | 0.7634 | —0.4932 | —0.3103 | 0.1687 | —0.2847 | 0.5350 | —0.0220 | 0.1024

We also describe the kinematic characteristics of the optimal motion when the initial and ter-
minal states of the spacecraft are determined by the relations (6.6) and

A7 = (0.79368, 0.49375, —0.26823, 0.23309), wy = (0.2, 0.3, —0.2), (6.8)

respectively.
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Table 3, with reference to problem (6.1)—(6.5) and the solution of the dynamic optimal rotation
problem [9] for spacecraft 3-5, shows the components of the attitude quaternion and the angular
velocity vector at £ = 0.5; Table 4, the components of the angular acceleration vectors at ¢ = 0,
t=05andt=T=1.

Table 3. Orientation quaternion and angular velocity vector

Spacecraft Ao A1 Ao A3 w1 wo w3
3 0.79080 | 0.41371 | —0.35618 | 0.27679 | 0.31768 | —0.01578 | —0.52304
4 0.79103 | 0.41317 | —0.35664 | 0.27635 | 0.31932 | —0.01491 | —0.52314
5 0.78999 | 0.41442 | —0.35860 | 0.27492 | 0.32414 | —0.01453 | —0.52402
Boundary
value problem | 0.78995 | 0.41434 | —0.35808 | 0.28583 | 0.32168 | —0.01522 | —0.52451
(6.1)-(6.5)

Table 4. Angular acceleration
Spacecraft 51(0) 62(0) 55(0) 51(05) 52(05) 55(05) 51(1) 52(1) 55(1)

3 0.36496 | 0.53821 | —1.00244 | —0.07017 | 0.44837 | 0.10585 | —0.54722 | 0.88317 | 1.18497

4 0.28551 | 0.51819 | —1.00680 | —0.04259 | 0.45769 | 0.10771 | —0.55803 | 0.86381 | 1.18517

5 0.19271 | 0.34271 | —1.05149 | —0.05270 | 0.54857 | 0.12304 | —0.41047 | 0.70409 | 1.16712
Boundary

value problem | 0.26547 | 0.38677 | —1.00250 | —0.06733 | 0.52385 | 0.10458 | —0.43888 | 0.74958 | 1.18404
(6.1)-(6.5)

The same calculations were carried out for other boundary conditions. According to Tables 1-4
and other calculations, in the dynamic optimal rotation problem, the kinematic characteristics of the
optimal motion depend significantly on the initial and terminal states, less significantly on its con-
figuration, and are close enough to the results of the kinematic optimal angular acceleration problem
of the spacecraft. Therefore, the kinematic optimal angular acceleration problem (2.3)—(2.7) has a
general nature for spacecraft of arbitrary configurations. In this case, expressions for the attitude
quaternion and angular velocity vector in the kinematic problem can be derived analytically in
explicit form based on the solution of the so-called modified optimal reorientation problem of the
spacecraft in the class of generalized coning motions. And the control angular acceleration of the
spacecraft can be determined by differentiating its angular velocity vector. We consider this in
more detail.

7. THE MODIFIED OPTIMAL ANGULAR ACCELERATION PROBLEM
OF A SPACECRAFT

The general solution of the fundamental attitude problem of a solid body by its known angular
velocity (2.1), (2.3), called the Darboux problem, is unknown. Therefore, we obtain a solution in
the class of generalized coning motions. For this purpose, let the angular velocity vector w(t) be
defined as

w(t) = Qo (iyB(t)sin(t) + igB(¢) cos T'(t) + is['(t)) o Q, (7.1)

where the functions B(¢) and I'(¢) (the parameters of the generalized coning motion) are arbitrary.
In this case, equation (2.3) has an exact solution [8, 9] satisfying the initial condition (2.5):

A = Ag o Qoexp{—is['(0)/2} o exp{iz(B(t) — B(0))/2} o exp{is['(t)/2} o Q. (7.2)
Clearly, formulas (7.1) and (7.2) include expressions for the angular velocity and spacecraft trajec-

tory in the known exact solutions of the optimal angular acceleration problem when the angular
velocity vector keeps a constant direction on the entire time interval of spacecraft motion (a planar

AUTOMATION AND REMOTE CONTROL Vol. 87 No. 6 2026



ENERGY QUASI-OPTIMAL ANGULAR ACCELERATION OF A SPACECRAFT 503

Euler rotation of a spacecraft [4]) or makes a regular precession (see Section 5 of this paper). More-
over, formulas (7.1) and (7.2) with arbitrary functions B(¢) and I'(t) are a direct generalization
of (5.1) and (5.3) with the linear functions 5t and ¢, respectively. The Darboux problem can gen-
erally be reduced, using bijective changes of variables [8, 9], to an equation of the form (2.3), where
the angular velocity takes the form w*(t) = —w(t) and belongs to the class of similar motions.
(The quaternionic differential equation (2.3) with the angular velocity w*(¢) still has no explicit
solution.) Thus, the form of the angular velocity vector (7.1) corresponds to the classical Poinsot
concept (kinematic interpretation) of the angular motion of a solid body as a generalized coning
motion [7].

Let the second derivatives of the functions B and I" be treated as controls. With the designations
B=DB,, I'=Ty, (7.3)

we compile the controlled system:
B:Bl, szl, B1 = Ui, Fl = Uy, (74)

where B, B1, I', and I'; are the phase coordinates of this problem, and u1, uo are the controls. The
quaternion Q is defined as

Q=Q20Q1, Qi =exp{i1a1/2}, Q2= exp{izaz/2}, (7.5)
where a1 and ay are arbitrary constants. Note that the quaternions Q; and Qo rotate the angular
velocity vector w (7.1) about the axes i; and iz, respectively. Due to the additive constant included
in the function I'(¢), the rotation about the axis i3 is already incorporated in the expression (7.1).
The conjugation of the quaternion Q has the form

Q=Qi0Q2, Qi =exp{-iia1/2}, Q= exp{-iras/2}. (7.6)

In view of (7.5) and (7.6), the functions w (7.1) and A (7.2) will satisfy the boundary condi-
tions (2.5) and (2.6) if

Q1 0 Q2 o (i1B1(0) sin T(0) + i2B1(0) cos T(0) + i5I'1 (0)) 0 Q2 0 Q1 = wy, (7.7)
Q10 Qyo (i1B1(T) sin[(T) + ioB1 (T) cos T(T) + i3 (T)) 0 Q2 0 Q1 = wr, (7.8)
Ago Qi 0Qyoexp{—is[(0)/2} o exp{iz(B(T) —B(0))/2} o exp{isI(T)/2} 0 Qa0 Q1 = Ap. (7.9)

For the controlled system (7.4), the optimization problem is posed as follows: find optimal
controls u; (t) and ua(t) transferring system (7.4) from the state

B =B(0), B; =B;(0), I'=TI(0), I'; =T4(0) (7.10)
to the state
B=B(T), I =Ty(T), T'=1(T), I'h =T1(T) (7.11)

that satisfy the relations (7.7)—(7.9), where the parameters o; and ag are to be determined, and
implement the optimality criterion

T
J=[(u}+ud)d (7.12)
/
We write the expressions (7.7)—(7.9) as
(11B1(0) sin T'(0) + ipB1(0) cos T(0) + i3 (0)) = Q2 0 Q1 0 wp 0 Qy 0 Qo, (7.13)
(11B1(T) sin T(T) +isB1 (T) cos T(T) 41301 (T)) = Q2 0 Q) 0 wr 0 Q1 0 Qa, (7.14)

exp{—i3l'(0)/2} o exp{iz(B(T) — B(0))/2} o exp{is'(T")/2}
=Q20Qi0Ag0A70Q;0Qo.
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The control angular acceleration of a spacecraft is determined from equation (2.4) by differen-
tiation:

w=g¢. (7.16)
This problem will be called the modified optimal angular acceleration problem of a spacecraft;

its exact solution is acceptable as an approximate or quasi-optimal solution of the classical optimal
problem (2.3)—(2.6), (3.1).

8. SOLUTION OF THE MODIFIED OPTIMAL ANGULAR ACCELERATION PROBLEM
OF SPACECRAFT

The Hamilton—Pontryagin function of problem (7.4)—(7.12) is given by

H = —(u + u3) + 1By + o1 + thgur + aua, (8.1)
where the conjugate variables satisfy the differential system
1 =0, Pp=0, Y3=—11, ty=—y. (8:2)
The general solution of system (8.2) has the form
Y1 =c1, Yo =co, PY3=—cit+c3, Py = —cot+ cy, (8.3)
where cq,..., ¢4 are arbitrary constants.

The maximum condition for the Hamilton—Pontryagin function (8.2) yields the following expres-
sions for the optimal controls:

Uy = ¢3/2 = (—Clt + 03)/2, U9 = 'Lﬂ4/2 = (—Cgt + C4)/2. (8.4)

By substituting formulas (8.4) into equations (7.4), we find their general solution containing eight
unknown constants ci,...,cs :

B=—c1t3/12 + c3t? /4 + cs5t + cg, T = —cot3/12 + c4t? /4 + crt + cs,

8.5
B = —Clt2/4 —i—Cgt/Q + cs5, Iy = —Cgt2/4 +C4t/2 + cr. ( )

Based on (8.4), let ¢¢ = 0 in the expression for the function B (8.5). The nine unknown con-
stants of the problem, ci,...,c5, ¢7, cg, a1, and as are determined from the nine equations of sys-
tem (7.13)—(7.15). (Due to the requirement ||A|| = 1, three scalar equations are independent in the
quaternionic representation (7.15).) Note that these equations can be solved by the modified New-
ton method, where the initial approximations will be the values of the constants ci,...,cs, c7, cs,
a1, and ay from the exact solution of the problem in the special case (see Section 5 of the paper).

By using (7.1), (7.2), and (8.5), we obtain explicit dependencies determining the laws of change
of the angular velocity and trajectory of the spacecraft in the optimal angular acceleration problem
in the class of generalized coning motions. In view of (7.1), (8.4), and (8.5), formula (7.16) gives
an analytical expression for the angular acceleration vector € :

E=w= Q o (ip(ug sinT" 4+ BT’y cosT') + ia(ug cosT' — B1I'y sinT') + izug) o Q. (8.6)

Due to (7.3), (7.5), and (7.6), the components of the vectors w (7.1) and € (8.6) can be explicitly
written as
w1 = BisinT' cosas — I' sin as,
we = By (sin'sin oy sin ag — cos T cos a1 ) + 'y sin oy cos g,
wsg = Bi(sinT cos ay sin g — cos'sin avy ) + I'1 cos oy cos g,
g1 =ui(sinl’ + B1T'y cosT') cos aig — g sin g,
g9 = up(sin T sin aq sin g + cos ' cos ag)
+ B1I'1(cosT'sin aq sin ag — sin g cos a1 ) + +ug sin aq cos ag,
ez = u1(sinI" cos oy sinag — cosI'sin ag)
+ fiT'1(cos T cos o sin ag + sin I'sin vy ) + ug cos o cos as.
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The norm of the control angular acceleration vector of a spacecraft, appearing in the func-
tional (2.7) (or (3.1)) of the original problem, is expressed in terms of the elements of the modified
problem as follows:

llel] = uf + B3TS + u3. (8.7)

Thus, the modified optimal angular acceleration problem of a spacecraft has been completely solved.

If the boundary conditions on the angular velocity of a spacecraft are specified as described in
Section 5, the solutions of the classical and modified optimal angular acceleration problems will co-
incide. The same is true when wg wy |[vect(AgoAr) (a planar Euler rotation of a spacecraft [4]); in
this case, B2T'? = 0 in (8.7), and the criterion (7.12) corresponds to the optimization criterion (2.7)
(or (3.1)) of the classical problem. For arbitrary boundary conditions, assuming that fol B2T2 dt
is small compared to [, |[e||dt in (8.7), the last term can be omitted. Then the modified optimal
control problem of a spacecraft in the variables B, T', By, I'1, w1, and ug with the functional (7.12)
and the expressions (7.1), (7.2), (7.13)—(7.15), and (8.4)—(8.6) corresponds to the classical optimal
angular acceleration problem in the class of generalized coning motions. Based on the consider-
ations of Sections 5 and 6 of this paper, the modified problem can be treated as a quasi-optimal
angular acceleration problem of a spacecraft under arbitrary boundary conditions.

Similar to the classical problem (see formulas (4.11) and (4.12)), at any time instant, the magni-
tude ||e|| in the modified problem lies inside a variable bounded domain determined by the constants
of the problem conditions. Due to (8.4), (8.7), and the above assumptions, we obtain

@)l < (¢} + B +2 | eres + caca | £+ ed) /A ¥ € [0,1]. (8.8)

Here is a quasi-optimal algorithm for finding the minimum-energy angular acceleration of a
spacecraft.

1. In view of (8.3)—(8.5), use the boundary conditions Ay, Ar (2.5), wo, wr (2.6), T =1, formu-
las (7.5), (7.6), and the nine scalar equations from (7.13)—(7.15) to find the nine arbitrary constants
Cl,...,C5, C7, C8, a1, and ag; then determine the functions B(t), By (t), I'(¢), and T'1(¢).

2. Calculate the quaternion Q by formula (7.5).

3. Find the law of change of the angular velocity of the spacecraft by (7.1):

w(t) = Qo (WB(t)sin[ (1) + 1bB(t) cos T(t) +isT(1)) 0 Q.
4. Find the law of change of the angular motion trajectory of the spacecraft by (7.2):
A(t) = Ag o Qo exp{—isT(0)/2} o expis(B(t) — B(0))/2} o exp{isl'(t)/2} 0 Q;
5. Construct the angular acceleration vector of the spacecraft by formula (8.6):

e = Qo (iy(uysinT + By cosT) + ig(ug cos ' — BiTy sinT) + izusg) o Q.

9. NUMERICAL EXAMPLES

In this section, we compare the numerical solution results of the original (classical) optimal
angular acceleration problem of a spacecraft and the quasi-optimal solution of this problem using
the analytical algorithm from Section 8. The values of a1, as, ¢1,...,c5, ¢7, cg in the quasi-optimal
solution of the spacecraft rotation problem with the boundary conditions (6.6), (6.7) are given by

a1 = —0.0421, as = —0.2226, ¢ = 3.2902, cs = —1.4885, c3 = 2.2113,
c1=—145, 5= —04156, c5=0, c7 = —0.2221, cg = —0.9216.

As it turned out, the solutions of the two problems are close enough. In this example, the values
of the functional (3.1) of the original and modified problems are 0.4782 and 0.4797, respectively;
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Fig. 1. The solution of the classical problem under arbitrary boundary conditions.

thus, the relative error between the values of (3.1) in the classical and modified problems is 0.3%.
Figures 1 and 2 show the graphs of the projections of the spacecraft angular velocity vector w;(t),
the components of the spacecraft attitude quaternion A;(t), and the projections of the spacecraft
angular acceleration vector €;(t), ¢ = 1,2, 3, depending on the time variable ¢; the graphs are quite
similar for the two problems.
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Fig. 2. The solution of the modified problem under arbitrary boundary conditions.

The energy-optimal angular acceleration problem of a spacecraft was also solved numerically
in the following cases: the initial state is determined by (6.6), and the terminal position is set by
rotating the spacecraft from the initial position to a certain angle about the Euler axis with the
unit vector

(0.04500, —0.07519, —0.99615) . (9.1
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Table 5 provides the components of the quaternions of the spacecraft terminal position for
rotations to various Euler angles ¢ (deg) about the vector (9.1).

Table 5. Formation of terminal orientation quaternions

©° Ao(T) M(T) A2 (T) As(T)
30.0 0.84643 0.40650 —0.31853 0.12982
60.0 0.84013 0.48716 —0.21783 —0.09703
90.0 0.77657 0.53461 —0.10229 —0.31727
120.0 0.66009 0.54564 0.02023 —0.51589
150.0 0.49863 0.51948 0.14136 —0.67935
180.0 0.30318 0.45792 0.25286 —0.79652

Next, Table 6 shows the values of the functional (3.1) in the classical and modified optimal
angular acceleration problems when transferring the spacecraft from the initial (6.6) to terminal
state A according to Table 5, with wr = (0.0, 0.0, —0.59), also indicating the absolute and relative

differences between them, AJ = Jjmodif _ jelassic 45 (AJ / JdaSSiC) x 100%.

Table 6. Values of the functionals and their differences

Functionals
and differences | ¢ = 30.0° | ¢ = 60.0° | ¢ =90.0° | p = 150.0° | = 180.0°
of their values

Jelassic 0.52385 | 4.63277 | 15.31437 | 56.39081 | 86.78094

Jmodif 0.52510 | 4.63724 | 15.32882 | 56.52086 | 87.51533
AJ 0.00125 | 0.00447 | 0.01445 0.13005 0.73439
% 0.24 0.10 0.09 0.23 0.85

Finally, Table 7 provides the same data for the cases where the terminal angular velocity of the
spacecraft is given by the vector wp = (0,0, 0,0, 0,0), i.e., when transferring the spacecraft to a
state of rest.

Table 7. Values of the functionals and their differences

Functionals
and differences o =90.0° p =120.0° o = 150.0° @ = 180.0°
of their values

Jelassic 24.25074 45.17597 72.66431 106.71186
Jmodif 24.28745 45.19513 72.77169 107.40843
AJ 0.03672 0.01916 0.10738 0.69657
% 0.15 0.04 0.15 0.65

The calculations for various boundary conditions show the closeness of the solutions of the
classical and modified angular acceleration problems of a spacecraft. Therefore, the solution of
the modified problem can be treated as a quasi-optimal solution of the classical optimal angular
acceleration problem of a spacecraft.
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10. CONCLUSIONS

The analytical quasi-optimal algorithm for solving the kinematic optimal, in terms of energy
consumption, program angular acceleration problem of a spacecraft under arbitrary boundary con-
ditions is theoretically justified and yields the optimal angular acceleration of a spacecraft with
acceptable accuracy. This algorithm does not require a numerical solution of the boundary value
problem of the maximum principle or any complex numerical solution; it provides ready-made
analytical laws of quasi-optimal program control and program trajectory change that can be in-
stalled aboard a spacecraft. In this regard, the above results can be applied to nanoclass spacecraft
with limited computing power. Recall that the Kotelnikov—Study transference principle [13] allows
extending quaternionic formulas describing the control of angular motion to biquaternionic ones
describing the control of the general spatial motion of a solid body. Based on the above results,
this principle can be used to obtain an analytical quasi-optimal, in terms of energy consumption,
program control algorithm for the spatial motion (maneuvering) of a spacecraft.
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Abstract—This paper presents a time-varying control law designed for an interceptor’s guidance
to an intensively maneuvering aircraft (aerial target). The control law takes into account
the mismatch between the dynamic properties of the interceptor and the target. Simulation
results are provided, indicating the potential feasibility of intercepting the target and improving
guidance accuracy.

Keywords: interceptor control law, maneuvering aerial target, mismatch of dynamic properties,
miss distance

DOI: 10.7868/51608303226060036

1. INTRODUCTION

An effective solution of the problem of intercepting aerospace attack means is necessitated by
the requirement to protect important objects of the defending side from potential destruction.

In view of the continuous improvement trend of aerospace attack means toward increasing their
speed and maneuverability characteristics [1-7], the inertia of interceptors can be a significant
factor affecting their potentially achievable guidance performance to an intensively maneuvering
high-speed aircraft (HSA) [8].

Two possible approaches to considering the interceptor’s inertia were discussed in [8]. The
first approach is to generate a control signal based on the predicted rather than current values of
the HSA state coordinates. The second approach involves an appropriate transformation of input
actions that compensates for the interceptor’s inertia via control signal corrections covering high
derivatives of the state coordinates. However, these approaches complicate the information support
system due to the need to estimate high derivatives of the line-of-sight (LoS) angular rate [8].

Therefore, it is topical to design alternative control signals for an interceptor’s guidance to an
HSA with the following requirements [9]:

—The control signal should take into account the mismatches between the dynamic properties
of the interceptor and HSA.

—The control signal should be time-varying to redistribute control priorities from eliminat-
ing angle guidance errors at the initial guidance stage to eliminating the LoS angular rate when
approaching the HSA.
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This paper aims to design a time-varying control signal for an inertial interceptor with the

potential feasibility of intercepting an HSA.

2. PROBLEM STATEMENT. CONTROL SIGNAL DESIGN

The design procedure is based on the local optimization approach of the statistical theory of
optimal control (STOC) within the linear-quadratic-Gaussian problem framework. For a given
system described by [9]

x(t) = F(t)x(t) + Bu(t) + £(1), (1)
which includes a subsystem (aerial target) of the form

Xtar (t) = Fiar(t)X¢ar (t) + &ear (1), (2)
generating input actions for another subsystem (interceptor)
Xint () = FintXint (1) + Bingu(t) + &ine(2), (3)
under available measurements
z(t) = Hx(t) + &(1), (4)
this approach yields the optimal control law
u(t) = K 'Bi [QAX(t) — G8ine (1)) (5)

in terms of the minimum value of the performance functional

I=M {(Xtar(t) - Xint(t))TQ(Xtar(t) - Xint(t)) + 2(Xtaur(t) — Xint (t))TGSint(t)

t
+ 5T (1) Qi (£) + / o’ (Ku(t)dt b |
0
where
T F r 01
X = {Xg;r X?;lt:| ’ F = [62 Fint’] ) B = [O3Bint} ) Sint = (Ftar - Fint) Xtar (7)

T
_[er T o X
5 - {gtar int} s AX = Xgar — Xint,

The other designations are as follows: Xyt and Xy, are the n-dimensional state vectors of the
interceptor and target, respectively; Fiy and Fi, are the internal connection matrices of the
subsystems (2) and (3), characterizing their dynamics; u is the control vector; By is the control
efficiency matrix; z is the measurement vector; £ is the noise vector; &iap, &int, and &, are the
noise vectors of the states (2), (3) and measurements (4), respectively; H is the connection matrix
between z and x; Q and K are nonnegative definite penalty matrices for control accuracy and
control costs, respectively; G is the mutual connection matrix between Ax and sint; Sint is the
mismatch vector between the dynamic properties of the subsystems; ¢ is the current time; O;—Og3
are zero matrices of compatible dimensions; finally, M {e} denotes the expectation operator.

To shorten the mathematical derivations, the dependence on time in (1)—(7) will be omitted.
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Fig. 1. The mutual arrangement of the target and interceptor.

The geometry of the target’s and interceptor’s angles is shown in Fig. 1. In this figure, O;y and
Oqar are the positions of the interceptor and target, respectively; Vi, and Vi, are the velocity
vectors of the target and interceptor, respectively; @iyt is the interceptor’s line-of-sight (LoS) angle
(the angle between its velocity vector and the horizontal axis); finally, sy is the HSA’s flight
direction angle (the angle between the interceptor-target LoS and the horizontal axis).

The control design problem is formulated as follows.

Let an HSA (target) be described by a system of equations of the form:

Sbtar = Whtar, Ptar (0) = $Ptar0,
. 2R 1. . (8)
Wtar = — —=Wtar T _(]tar - ]int) + é-tar’ Wtar(o) = Wtar0-
R R
For an inertial interceptor corresponding to the model
Sbint = Wint, Spint(o) = $Pint0;
. 1 b (9)
Wint = —75  Wint + 7. Jint + Sint’ Wint(o) = Wint0,
Tll’lt Tmt
with available measurements of the form
Pz = Ptar + €z7 (10)

it is required to find a control signal j;,,x minimizing the performance functional

— o] | B q12 %
I= M Ptar — Pint 0o Ptar — Pint
Wtar — Wint Q1 — Wtar — Wint
R
2 ® g g g ’
r — ¥in 11 12 .
+ 2 Luta w ’ [ ‘| 1 2R (11)
iy — =) Wi
tar int 921 922 Tint R ta
T
0 q1 0 ¢
. —-  4d12 . 9
+|(1 2R fg | |(L 2R +/]intkj dt
Tme R )W 21 Tme R )™ 0

The expressions (8)—(11) have the following notation: s, and @iy, are the target’s LoS angle and
the interceptor’s flight direction angle, respectively, in the frame associated with the interceptor’s
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center of mass; w,r and wint are the LoS angular rates of the target and interceptor, respectively;
Vtar0, Pinto and wearg, Wintg are the initial values of the corresponding angles and their rates, re-
spectively; b and Tj, are the interceptor’s gain and time constant, respectively; jiar and jiy are
the lateral accelerations of the target and interceptor, respectively; R and R are the interceptor’s
range to the target and its rate of change, respectively; &iar and &t are the disturbances of the
target and interceptor trajectories (centered Gaussian noises); %, q12, g21, and q% are nonnegative
elements of the matrix Q; finally, ¢g11, g12, 921, and goo are nonnegative elements of the matrix G.
Note that in practice, the most difficult task is to find the elements of the matrices Q, G, and K;
here, the solution is often empirical. The most well-known method involves the principle of equal
strength: the products of the squared maximum permissible errors and the corresponding penalty
coefficients are supposed to be the same for all coordinates. By setting the maximum permissible
errors (variances) and a penalty coefficient for a single coordinate, one can preliminarily estimate
the penalty coefficients for the other coordinates. Then the resulting coefficients are refined based
on simulation.

The time-varying target model (8) is highly universal due to, first, consideration of the influ-
ence of the range and approach speed on the angular coordinates and, second, the realizability of
maneuvers of almost any complexity by manipulating the laws of change of jia,.

While being fairly simple, the kinematic models (8) and (9) describe the mutual arrangement
(geometry) of the interceptor and HSA and the geometry’s rate of change with sufficient accuracy
for the problem under consideration [8].

The performance functional (11) possesses the following features. Besides the requirements
for control accuracy and control costs (the first and fourth terms of the functional), it covers the
requirement to reduce the mutual influence of control errors and the mismatch between the dynamic
properties of the interceptor and HSA (the second term), as well as the requirement to compensate
for the above mismatch (the third term). In addition, the first and third terms of the performance
functional (11) contain the time-varying coefficients of the control accuracy penalty matrix, 4
and %, which yield a time-varying control signal even when using the simplified time-invariant

interceptor model (9); for details, see [9].

Models (8) and (9) are linear, the noises are Gaussian, and the performance functional (11) is
quadratic. Therefore, based on the separation theorem and the statistical equivalence principle,
control signals will be designed using the deterministic models (8) and (9) with &ar = 0, &int = 0,
and the coordinates of (8) and (9) replaced by their optimal estimates.

By matching (8) with (2), (9) with (3), and (11) with (6) and (7), we obtain

X X 0
XT = [gtar] , Xlnt — [zlnt , Blnt — b 5 u = jintﬂ
. . ﬂnt
q11 0 1
R 12 g11 912
Q- qR an | &= Lm 922] o Fme= 0 -+ |’ (12)
2 R Tint
01 0
Fiar = 2R |, St = 1 2R - , K= kj.
0 ——= 71 - = Wtar
R int R

Based on direct analysis of sy, we draw the following conclusions: at long ranges (as Wy — 0),
the mismatch of the dynamic properties of the HSA and interceptor has almost no effect; at short
ranges, characterized by an increasing value of wi,;, the significance of sy grows gradually.
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Substituting (12) into (5) gives

0 T ran 0
. 1 R N2 | | Prar — Pint gi1 912 o
]int:E b q2 O — o | g1 g i _ﬁ o
] Tmt d21 R tar int 21 22 Tint R tar
q11 , N 1 2R R
—A AW — - = —
I3 P+ qr2Aw — g12 ( Tint i Wtar

. 922 . . 1 2R \ .
q21Ap + 7 Ab — g2 (— ~ ) Wrar

then

) bga1 . bgoo . bg [ 1 OR .
int = AP+ ——Aw — — = = | Giar,
Jint k; Tint 4 ki Ting R kTt \ Tint R ta (13)

A‘P = Ytar — Pint, AW = Wiar — Wint.

Direct analysis of (13) allows us to conclude the following:

1. The control signal (13) is all-altitude. This property is ensured by using the interceptor’s
lateral acceleration, instead of the rudder deflection angle, as the control signal; recall that the
rudder’s efficiency depends on air density, which varies with altitude.

2. The control signal consists of three components, with the first term k;qu21 A representing a
j4int
modification of the direct method, and the sum of the first and second terms kbq%Agé + %Ad}
j 4int j Lint

representing the method of sequential predictions. At long ranges as Wy, — 0 and _baz 0, the
j Lint

requirement to eliminate the angle errors Ay becomes most significant. At short rariges, along with
the growing influence of the second term due to an increase of —222_ for smaller R, the significance
of the third term also raises with increasing wgar. Therefore, thé érgntrol signal is time-varying. The
factor %mt — % in the third term of (13), which characterizes the mismatch between the dynamic
properties of the interceptor and HSA, actually account for this mismatch in the control signal. It
increases for short ranges, predetermining the growing influence of the target’s maneuver. Since
the mismatch between the dynamic properties of the interceptor and HSA is included in the control
signal, it can be compensated for by generating an appropriate control action.

3. To form the required control signal (13), it is necessary to estimate the range, approach
speed, onboard bearing of the HSA, and the LoS angular rate, which imposes no restrictions on its
practical realization.

4. The weight of errors in the control signal (13) is determined not by the absolute values of the
penalty coefficients, but by their ratios q,?—jl, %, and %.

3. EFFICIENCY ANALYSIS OF THE CONTROL SIGNAL

Computer simulations are intended to verify the potential feasibility of intercepting a complexly
maneuvering HSA, with a change in the sign of the angular rate derivative, using an inertial
interceptor with the control law (13).

The simulations were carried out for HSA interception on head-on crossing courses, provided
that the target is faster than the interceptor, with a limitation on the magnitude of the control
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Fig. 2. Trajectories of HSA and interceptor during the interception process.

signal and without estimation errors, i.e., R = R, R= R, Dtar = Ptars Pint = Pints Wtar = War, and
Wint = wint- This assumption is valid since the desired control signal ensures a potential interception
(in the absence of noise and disturbances). When implementing this approach, the dynamic errors of
the guidance system can be preliminarily estimated, in the form of current and final miss distances,
from the simulation results. The estimation of fluctuation errors, when the noises are nonzero,
requires additional studies.

To assess the possibility of simplifying the control law (13), we tested three schemes of the
guidance law:

scheme I, defined by the relation (13);

scheme II, defined by the relation

5 bgar , . bg22 .
= A+ —282  Np, 14
Jint kj Tint ¥ kj Tint R ( )

scheme III, defined by the relation

it = bga1
int kj Tint

A (15)

(under different values of the interceptor’s time constant Tiy).

The efficiency was assessed by the current and final miss distances, as well as the interceptor’s
lateral accelerations realized during the interception process.

The simulation results are shown in Figs. 2-5, namely:

—the motion of the HSA and interceptor along the entire interception trajectory in the vertical
plane (Fig. 2);

—the trajectories of the HSA and interceptor at the final guidance stage (Fig. 3);

—the current h and final hg, miss distances realized in the guidance schemes j;, 75, and j3
(Fig. 4);

—the realized lateral accelerations (Fig. 5).

In Figs. 2 and 3 for the vertical plane XOY, numerals I, II, and III denote the interceptor’s
trajectories when realizing the guidance schemes j;, jy, and j3, respectively, for a time constant of
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Fig. 3. Trajectories of HSA and interceptor at the final guidance stage.
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Fig. 4. The current and final miss distances of the interceptor with different guidance laws.

Tine = 2 and b = 2; the numeral IV corresponds to the interceptor’s trajectory when realizing the
guidance scheme j; for a time constant of 2 Tj,; Vindicates the trajectory of the maneuvering HSA
with a change in the sign of the derivatives of the state coordinates; points HSA and Int are the
initial positions of the HSA and interceptor, respectively; finally, points A, 1, 2, 3, 4, and 5 are the
current positions of the HSA and interceptor at the same time instants.

In Fig. 4, curves I-1IV are the current miss distances h when realizing the guidance schemes j,
Jo, and js; hgn is the final miss distance; finally, hg is the final miss distance when realizing the
guidance scheme j; for a time constant Tijp.

In Fig. 5, curves [-1V are the current lateral accelerations arising during the interception process.

Direct analysis of the simulation results leads to the following conclusions:

1. The time-varying control law j; (13), which takes into account the mismatch between the
dynamic properties of the target and interceptor, improves the guidance accuracy of the inertial
interceptor. At the same time, an attempt to simplify the control law by using the lateral acceler-
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Fig. 5. The lateral accelerations of the interceptor with different guidance laws.

ations (14) and (15) decreases the guidance accuracy, in terms of the final miss distance hg, of the
interceptor (see curves I-IV in Fig. 4).

2. The time-varying nature of the guidance law is significant for guidance efficiency. This is
confirmed by curves I-1II in Fig. 2. According to the analysis, the time-varying guidance laws along
trajectories I and II with the above initial conditions, after the interceptor covers the first 3 km
(point A in Fig. 2, about 40 km to the target), are separated from curve III, which is the result of
interception by the time-invariant guidance law.

3. The additional consideration of the mismatch between the dynamic properties of the inter-
ceptor and target in the law j; has an effect at the final interception stage. When the interceptor
passes the mark of about 7 km, trajectories I and II in Fig. 3 are separated. This interceptor
position corresponds to a range of about 25 km to the target. Therefore, it is crucial to account for
the mismatch between the dynamic properties of the interceptor and target in the guidance law.

4. The current miss distances are convergent for all interceptor control laws j;—j3, as evidenced
by the joint analysis of curves I-IV in Fig. 4.

5. Doubling the interceptor’s inertia, characterized by the time constant Ti,, reduces the
interception efficiency, as evidenced by the joint analysis of curves I and IV in all figures.

6. There are no restrictions on the practical realization of the control law (13). Indeed, on the
one hand, the existing range, speed, and angular coordinate sensors can be used for the information

support of (13); on the other, guidance is performed within realizable lateral accelerations (curves I-
IV in Fig. 5).

4. CONCLUSIONS

In this paper, based on the local optimization approach of the statistical theory of optimal con-
trol, a time-varying control law for an inertial interceptor’s guidance to an intensively maneuvering
aerial target has been designed. This law takes into account the mismatch between the dynamic
properties of the interceptor and the target.

Due to the time-varying nature of the control law and consideration of the mismatch between
the dynamic properties of the interceptor and target, the final miss distance of the interceptor has
been reduced. At the same time, in the above simulation conditions, the time-varying control law
has an effect starting from a range of about 40 km to the target; consideration of the mismatch
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between the dynamic properties of the interceptor and target, starting from a range of about 25
km to the target.

The time-varying property of the guidance law has been ensured by introducing time-varying
penalty coefficients for control accuracy (depending on the application conditions) into the perfor-
mance functional. The mismatch between the dynamic properties of the interceptor and HSA has
been taken into account by using different mathematical models of the objects and by introducing
the matrix of measured disturbances (characterizing the above mismatch) into the performance
functional.

It has been established that the time-varying interceptor control law, which considers the mis-
match between the dynamic properties of the interceptor and the target, potentially ensures an
interception of the target.
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Abstract—In the presented paper, a one-stage problem of simultaneous finding an optimal
insurance and investment portfolio in the presence of background risks is studied. The goal
functional is a functional of Markovitz type which depends on the first two moments of the
final capital. It is shown that the optimal insurance necessarily belongs to a class of stop
loss insurances, equations determining parameters of the stop loss insurance and investment
portfolio are derived. A numerical example illustrating the theoretical results is given.
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1. INTRODUCTION

One of the first results of study of models with background risks [1] showed that without the
assumption of background risks a discrepancy arises between theoretical and empirical data, when
solving various problems of financial mathematics. Later, a number of papers appeared on the
choice of an investment portfolio that maximizes the expected utility of the final capital in the
presence of background risks. As an example, we can cite the article [2] which showed that “un-
fair” external risk (with a negative mean) increases risk aversion in the investor’s utility function.
A characteristic feature of such problems is the lack of a dependence between background risks and
asset returns.

However, in [3], it is proved that there is a significant correlation between asset returns and
certain background risks. Paper [4] investigated the impact of background risk on portfolio choice
and the efficient frontier within the mean-variance criteria. In [5], the author reviewed existing
results within the mean-variance and expected utility approaches in the presence of additive external
risks.

Insurance as a tool for reducing losses from background risks has been used in continuous-time
dynamic models. Decisions on portfolio formation from risky assets and consumption management
under background risk were studied in [6]. Using the dynamic programming equations, the au-
thors found that optimal insurance hedges investment risks and balances consumption growth and
volatility. In [7], the problem of choosing insurance that reduces the loss from an external piece-wise
constant background risk process was investigated; a characterization of the function dual to the
Bellman function as a solution to the Hamilton—Bellman—Jacobi equation was found. In a similar
setting, the problem of a firm’s choice of insurance strategy against a jump-like process of pro-
ductivity failures and against natural disasters was studied in [8] using the dynamic programming
method, but without allowing for investment.
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In this paper, we consider the one-stage problem of selecting optimal insurance coverage for a
group of policyholders (clients)—the so-called individual risk model—and the simultaneous choice
of an investment portfolio in a securities market with a risk-free asset. The maximized functional
is a Markowitz-type functional, i.e., it depends only on the first two moments of the final insurer’s
capital, which consists of the capital received from the insurance transaction and the capital earned
on investments. It is assumed that there is a background risk which affects the amount of clients’
losses, and a background risk which affects the overall return on investment. The results obtained
differ from earlier findings in several respects. First, instead of insuring only background risks, an
optimal risk-sharing function for the group of clients is derived. Second, the problem of choosing
both insurance and an investment portfolio is investigated. Third, the normal approximation of
aggregate risk, which is widely used in financial mathematics, is not employed here, and the results
are therefore “exact” in this sense.

Section 2 describes insurance and investment markets, first without background risks and, then,
with background risks. An optimization problem is formulated with the variance as a risk measure.
Section 3 is devoted to finding its solution, where an optimal insurance and optimal portfolio being
found as solutions to separate problems due to the specifics of the objective functional. Section 4
solves a similar optimization problem, but using the standard deviation as a risk measure. Necessary
optimality conditions are obtained. Sections 5 and 6 contain a numerical example and concluding
remarks, respectively.

2. PROBLEM FORMULATION
2.1. Description of Investment and Insurance Markets

First, consider an investment market of n + 1 assets (see, for example, [10]), where the return
vector R = (Ry,...,R,) and there is no background risk. Let Ry = mg almost sure (a.s.), i.e.,
it is a risk-free asset. Note that the presence of such an asset allows one to avoid spending the
entire initial capital w > 0 on risk investments and, for example, when my = 1, one can avoid
investing the amount wagy and put it “in one’s pocket” (without taking inflation into account). Let
us denote by @ = (ag, . ..,a,) € R""! the investment portfolio, where a; is the share in percentage
of the initial capital z¢p > 0 invested into the ith asset. A typical budget constraint is Y ;" a; = 1.
This means self-financing of the investor-insurer and his ability to “short sell”, i.e. borrowing some
assets at current prices in order to invest money in others with subsequent reimbursement at the
prices of the next quotation. The investor’s capital Xz = w Y ir g a; R; = w(> 1 a;(R; —mo) +myp),
where w > 0 is the initial capital. After substituting ap =1 — >"i"; a;, we have:
the expected value and variance

n
pla) =w <Z a; ANm; + m0> , where Am; = m; —mg, m; = ER;, a € R",
i=1
0%(a) = w?aCa”,
where a” denotes the transposed row vector a. Let’s introduce natural assumptions:

0<mp< min my,
i=1,....,n

the risk-return covariance matrix C of dimension n x n is positive definite.

Let us now describe the insurance market. A group of [ clients is homogeneous, i.e., their losses
Xi,...,X; are independent and identically distributed random variables (i.v.) with a distribution
function Fi(x). The insurer chooses a Borel-measurable risk sharing function I(z): 0 < I(x) < z,
x € [0,00), then the share of the ith client’s loss paid by the insurer is equal to I(X;). The
insurer’s initial capital is w > 0; the premium payed by the insured (see, for example, [11]) is
d=(1+a)FI(X;), where a > 0 is a given loading coefficient.
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2.2. Model with Background Risks

Consider the insurance and investment model, taking into account the background risks. The
insurer invests his initial capital w' so that his final capital consists of insurance income S; =
I(1+a)E I[(X,+2)— Y} I(X;4Z) and income from investments Sy = w[>7 a;(R; —mg) +mo] +wV.
Here: Z is the background insurance risk such that X; +Z > 0 a.s. and o%(I(X; + Z)) < o0, V is
the total investment background risk, o%(V) < oc.

Remark 1. Here, the losses of clients are X JZ = X;+Z,j=1,...,l are assumed to be identically
distributed, but are not independent, since Z enters the expression for each loss. Moreover, X;
and Z are assumed to be dependent. Such a model is atypical for problems of “classical” actuarial
mathematics [11], in which independence of losses is assumed. Background risks W and V, affecting,
respectively, the losses of policyholders and the total return on investing risky assets, are assumed
to be independent. This condition seems justified, since here the insurance and investment markets
are of different nature and are not related.

The Markowitz functional under the study has the form
JI,a] = E(S1 + S3) — Bo?(S1 + S3) — max, 0<I(x) <z, a€cR" (1)
Here, 8 > 0 has the meaning of the investor-insurer’s caution coefficient: the larger 3, the more
cautious the insurer. Substituting the expressions for S; and S, we obtain
J[I,a] = laE I(X?) + waAm® +mo+ EV)
=B (I[I(XE)] + 10 = Deov(I(XE), [(XF)) + w?aCa” +2aQ" + 0*(V)), (2)

where Q7 = cov(R, V) is a column vector with components cov(R;,V),i=1,...,n.

3. MAIN RESULTS

Let us return to problem (1) and consider an auxiliary problem
J[I,a]—>mjax,0§[(x)§x, (3)

for a fixed a € R", the expression for J[I,a] is given in (2). The following statement gives the

necessary conditions for optimality in (3), establishing: the form of the optimal I*(z) = x A k*

. . . . d .
(stop loss insurance with the so-called insurer retention level £*), where z A y 2] min{z,y}, and

the equation for finding the parameter k*.

Statement 1. Problem (3) has solution , I*(x) = x A k*, where 0 < k* < oo is the only root of
the optimality equation

k
(k) =0, where ¢(k) ™ a—2p (k - /(1 - Flz(x))dx) . (4)
0

Proof.
Lemma 1. There is a solution to problem (3).

The proof of the lemma is given in Appendix.

! Here it is possible to pay the total premium Id in parts up to the end of the insurance period, so the capital
available for investment at the beginning of the period is equal to w.
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Denote I,(z) = pI*(x) + (1 — p)I(z), where p € [0,1], the function I* is a solution of (3) and I

is an arbitrary risk sharing function. Find the derivative dilpJ [y, a]} v taking into account that
p=

d T
LEWXD| = O/ (I (@) = I()dFf (z),
d [ . .
LX) =2 0/ (I (@) = EI(XE)I (@) =~ 1@)dFf (@)
and
Lo 1,02 =2 [ [P0 - 1)ty
dp P 1 /24p 2 =1 J )

EI*(XP)(I* (@) — I(2))dF{ (2),

where the distribution functions are: FZ(z) = P(X{ < x) and G(z,y) = P(X{ < 2, X% <y), the
latter is obviously symmetric in its arguments. Since the set of risk sharing functions is convex,
the necessary optimality condition for I* in (3) is the inequality

4 111,.q]

>0
dp -

p=1

for any risk sharing function /. Taking into account expression (2), this condition can be reformu-
lated as: I* maximizes the integral

max [ [ 12)6(w, 9)dG(w,y), (5)
00

where ¢(z,y) = a — 28[I*(z) — EI*(X?) + (1 — 1)(I*(y) — E I*(X{)]. According to the Neyman-—
Pearson lemma (see, for example, [12]) the function I* maximizes in (5) if and only if

con ) o(xy) >0,
(=)= { 0, ¢(z,y) <0 ©

up to a set of zero measure G. Let us consider (6) not for all (z,y) € R%, but only on the subset
{(z,y) : x =y, z >0,y > 0}, and the integral in (5) is taken over the distribution function G(z, x),
so the integral is [3°I(z)¢(z,z)dG1(x), where the distribution function Gi(z) = P(X{ < z,
X% < ). Then the necessary condition for fulfilling (6) is

ey )o@ (@) >0,
(@) = { 0, () <0 "
up to a set of zero measure Gj.
Here the function ¢ (x) =l d(x,x) = a — 2B[I*(x) — ET*(X?)). (8)

The value 1(0) = o + 213E I*(X{) > 0. As = increases from 0, the function I*(x) = x according
to (7), therefore ¢)(z) decreases (see (8)) up to the point z = k* where the abscissa axis is touched.
As z increases from k*, the function v (z) can neither decrease nor increase. Indeed, when 9 (x)
decreases from zero, we obtain a contradiction with (7), since I*(x) = 0 for such x. Suppose that
() increases from zero, then (see (7)) I*(z) = x and ¢(x) must decrease. Thus, I*(z) = x A k¥,
kE* € (0,00). Obtain an equation for finding the level k£* by substituting the function I(z) =z Ak
into expression (8) and EX{ Ak = fok(l — F{(z))dx instead of EI*(X{). As a result, we get
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the optimality equation (4) in Statement 1. Note that the found optimal stop loss insurance
is distinct from the deductible obtained in [13] for a continuous-time background risk insurance
model with a random horizon.

Remark 2. Let 0 < IS < oo denote the maximum possible value of X{ or, more precisely, IS =
sup supp Flz—the upper bound of the distribution support F1Z . The case when the retention level
k* > 15 means the full compensation for the client’s loss.

To conclude the analysis of (1), let us study the problem
mng[I,a],aER” 9)
for a fixed function I(z). The objective function has the form
E 81 +w(aAm” +mg+ EV) = B[0%(S1) + w?(aCa® + 2aQ" + o*(V))].
Calculating its gradient and equating it to zero, we get J/[I,a] = w/Am —2w?B(aC + Q) = 0. From

here
. ( Am

=\ 2wg Q> ct. (10)

Due to the positive definiteness of the matrix C, the function J[I,a] is strictly concave in a.
Therefore, the found vector a* is the unique solution to (9). Thus, Statement 2 below is proved.

Statement 2. The only solution to problem (9) is portfolio a* defined in (10).

Note that the income from insurance S; depends only on I, and the income from investment Ss
depends only on a. Thus, we obtain from Statements 1 and 2: the solution to the problem of
maximizing the Markowitz functional with background risks is: stop loss insurance I*(z) = x A k*,
where k* is defined in (4), and a portfolio a* = (af}, a*) € R"*!, in which af =1 — > a}.

4. OPTIMAL INSURANCE AND INVESTMENT IN A MODEL WITH STANDARD
DEVIATION OF THE CAPITAL

The standard deviation o(S; + S2), rather than the variance o2(S; + Sz), is used as the risk
measure in the Markowitz functional (see, for example, [10, 11] for its use in financial models). The
expressions for S; = S4 and S, = S$ are given in Section 2.2. The studied problem is

J[I,a] = E(S1+ S2) — fo(S1 + Sa2) — max, 0<I(x)<z, a€R" (11)
,a
The advantage of this approach is that both terms in (11) have the same dimension, for example,
roubles. The detailed expression for the objective functional is (see (2))

JII,a) = laE I(X?) + wiaAmT +mo+ EV)

—ﬁ\/laz[I(Xlz)] +20(1 = Veov(I(X7),1(X$)) + w2(aCa® + 2aQT + o2(V)). (12)
Problems with a similar formulation, but without background risk, were studied in [14].
Let’s study an auxiliary problem
J[I,a] —>mIaX,O§I(x)§:c. (13)

Statement 3. Problem (13) has a solution I} (x) = x Ak}, where 0 < k} is the minimal root of
the equation

Ealk) = 0, where & (k) = a — IBRE I*(X{)]/(a*(S]" +a(55))"/%, (14)

with the sharing rule I*(z) = x A k.

Proof. The existence proof for (13) repeats the arguments in the proof of Lemma 1.
As before, we denote by I,(z) = pI*(x)+ (1 —p)I(x), where p € [0,1] and I*(x) = I;(x) maximizes
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J[I,a]. The necessary condition for the optimality of I* in (13)

d
—J[1,,d > 0 for any risk sharing function I.

dp p=1
This inequality can be rewritten taking into account the found expressions for the derivatives of
E1,(X?), c*(1,(X{)) and cov (I,(X?),1,(X%)) at the point p = 1 (see the proof of Statement 1):
I*(z) = I}(x) is the solution to the problem of maximizing the integral

max i ool(x)gba(iﬂ,y)dG(?Cay)a
! 00

where ¢q(z,y) = a—B[I[*(z)—E I*(X?)+(1—1)(I*(y)— E I*(X?)]/(6%(S]" +0%(5$))"/2. According
to the Neyman—Pearson lemma, the function I*(z) gives maximum if and only if

ro-{5 G0 oo

up to a set of zero measure G. As in the proof of Statement 1, we consider (15) not for all
(z,y) € R2, but only on the subset {(z,y) : =y, 2 > 0,y > 0} Then, the necessary condition
for fulfilling (15) is

* 7 a 07
up to a set of zero measure G;. Here the function
a(@) E Gu(a,2) = 0 — 151" (x) — EI(XZ)]/ (ST + 02 (S5))V/2. (17)

Note that the denominator in (17) is always positive, since 02(S¢) > 0. The value ¥, (0) = a +
21BE I*(X{) > 0. As x increases from 0, the function I*(z) = = according to (16), therefore 1, ()
decreases (see (17)) up to the point z = k) where the abscissa axis is touched. As x increases
from £, the function v, (x) neither decreases nor increases. Indeed, when 1, (x) decreases from
zero, we obtain a contradiction with (16), since I*(z) = 0 for such x. Suppose that 1, (z) increases
from zero, then (see (16)) I*(x) = x and ,(x) must decrease, not increase. Thus, I[*(z) = x A k,

where k7 > 0.
For finding the retention level k¥, substitute the function I*(z) = x A k instead of I*(x) into the

expressions for E I*(X{¥) and 02(S{" in (17). As a result, we obtain the optimality equation (14)
in Statement 3. [J

Note that the case k) = oo, i.e. (see (14)), the function £(k) > 0 on [0,00) cannot be excluded.
This means that the insurer covers the entire client’s loss.

Let us now study the optimal investment problem for a fixed risk sharing function I,
max J[I,a],a € R". (18)
Statement 4. Let a} be a solution to problem (18). Then this vector is the root of the equation
Am (O‘Q(S{) + w?[aCa® 4 2aQ" + 02(‘/)])1/2 —wf(aC + Q) =0. (19)
Proof. The objective function is
E ST+ w(asm® +mg+EV) — ﬁ\/02(511) + w?(aCal + 2aQT + o2(V)).
Find its gradient in ¢ and equate it to zero,
JI,a) = wAm — w?B(aC + Q)/ (02(5{) + w?[aCa” 4 2aQ" + 02(V)])1/2 =0.

This equation is obviously equivalent to (19). If a} is a solution to (18), then, taking into account
the absence of restrictions on a, we obtain that a} satisfies (19). O
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Taking into account the results obtained in Statements 3 and 4, we have the following optimality
conditions in the original problem J[I,a] — max, where the maximum is taken over I, a.

Statement 5. Let (I**,a**) be a solution to problem (1). Then I**(x) = x ANk™*, where (E**,a*)
is a solution to the system of n+1 nonlinear equations: (19), where instead of I(x) the function
I*(z) = = A k is substituted, and (14).

5. EXAMPLE

Let us give a numerical example of solving problem (1) with variance as a risk measure, which
does not pretend to be of practical significance. Let the insureds number be [ = 10, the number of
risky assets n = 2, the vector of expected returns E R = (mg, m1,mz) = (1,1.1,1.15), the vector of
covariances of returns on risky assets and background risk @ = (—0.3,—0.25) and the covariance

matrix
0.3 0.2
¢= ( 0.2 04 ) '
The initial capital w = 1, the distribution function of client’s loss with the background risk is
equal to FZ(x) =1—p+ p(1 —exp(—27)), x > 0, where the probability of an insurance event

~
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Fig. 1. Graphs of the dependence of the optimal portfolio components on 3: aj—solid line, a5—dotted line,
investment in the risk-free asset aj = 1 — a] — a5—dash-dotted line.
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Fig. 2. Graph of the dependence of the retention level £* on a.
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Fig. 3. Optimal portfolio components vs B: aj—solid line, a5—dotted line, ay = 1 — a} — a3—dash-dotted
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Fig. 4. Optimal level k* vs .

p = P(X# > 0) = 0.2. The caution coefficient 3 and the load coefficient o are variable parameters.
We find the parameter £* in the risk sharing function I*(z) = z A k* and the portfolio of invest-
ments into risky assets a* = (a}, a3) by applying Statements 1 and 2. The results of the numerical
calculations are shown in Figs. 1 and 2.

From Fig. 1 it is evident that with the growth of the caution coefficient 8 investments in risky
assets af(f) and a3(B) decrease, and the function afj(f) increases, remaining negative. The latter
means that the investor borrows money from a risk-free asset, but this amount decreases with the
increase in .

As quite expected, Fig. 2 shows that the level k* in stop loss insurance increases with an increase
in the loading coefficient a—as the insurance price grows, the insurer increases the share of the
client’s risk coverage. The function k*(«) is close to linear one, which is explained by a smallness
of the nonlinear part in equation (4) which determines k*.
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It is depicted on Fig. 3 that the investor borrows money from the risk-less asset and this sum
decreases as well as investment into risky assets when g grows. Compared with Fig. 1, here the
borrowed and invested sums are greater, which is explained by a relatively slow growth of standard
deviation vs variance of the final capital.

According to Fig. 4, if the caution coefficient 8 increases then, naturally, the retention level k*
decreases, i.e. the insurer lessens his/her share of risk X7 A k*.

6. CONCLUSION

This article studies a one-stage problem for an insurer-investor to select optimal insurance, i.e.
risk sharing functions, for a group of clients and an investment portfolio in the presence of additive
background risks. Two Markowitz-type functionals are considered, using variance and standard
deviation as risk measures, respectively. In the first case, the explicit expressions for the insurance
risk sharing function and the portfolio were found; in the second case, the necessary optimality
conditions were found in the form of the system of nonlinear equations. Numerical examples are
provided to illustrate the theoretical results. The following research directions on this topic seem
promising: using not only the insurer’s initial capital but also the insurance premiums received
from clients as the initial investment capital; employing other objective functionals, such as the
expected utility of final capital; and studying a multi-stage optimization problem with additive
and/or multiplicative background risks.
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APPENDIX

A.1. PROOF OF LEMMA 1

Let {I,,} be the maximizing sequence of risk sharing in problem (3), i.e.

J[Im,a] — J* =sup J[I,a].
I

Applying Helly’s theorem to the sequence of random vectors {(1,,,(X{, I,n(X%)} (see the expression
in (2) for J[I,a]), we obtain that there exists a subsequence {(Is(X?), Is(X#)} that weakly con-
verges to some limit (£,7). To prove that £ and 7 are proper random variables, i.e. P(§ < o0) =1
and P(n < oo) = 1, it suffices to note that, by virtue of the definition I,,,(X?) < X# a.s., i = 1,2.
Since X{ and XZ are identically distributed and measurable with respect to the Borel sigma-
algebra, the limit can be represented as (&,1) = (I*(X{),I*(X¥)) for some measurable func-
tion I*(x), where 0 < I*(z) < z.

The equality J* = J[I*,a] now follows from the weak convergence of {(Is(X%,I,(X%)} to
{(I*(X{,1"(X%)}, the continuity of the objective functional in (2) with respect to E I(X7),
EI?(X?), and cov(I(X{), I1(X%)).
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Abstract—Forecasting critical transitions in epidemic incidence is important for epidemic surveil-
lance. Earlier detection can support a more timely public-health response. This paper studies
anomaly detection methods based on artificial intelligence and early warning signals (EWSs)
in incidence time series. The goal is to predict transitions from seasonal infections to epidemic
outbreaks. Two approaches are examined. The first is a classification approach that estimates
whether a critical transition is near. The second is a regression approach that forecasts future
infection dynamics. Several machine learning models are applied to two types of data. The
models include ensemble methods (Easy Ensemble, RUSBoost, and Balanced Bagging) and
deep learning architectures (Early Warning Signal Network (EWSNet), LSTM, and GRU). The
first dataset contains influenza incidence with epidemic periods labeled by expert criteria. The
second dataset contains unlabeled COVID-19 incidence. The results show that Easy Ensemble
and EWSNet provide the best balance between precision and recall. Recurrent neural networks
model the dynamics of mean values effectively, whereas variance forecasting remains more dif-
ficult. The results show that classical EWS methods and machine learning can be combined to
improve epidemic forecasting and support public-health decision making.

Keywords: epidemic forecasting, early warning signals, machine learning, time-series analysis,
critical transitions

DOI: 10.7868/S1608303226060056

1. INTRODUCTION

Early detection and forecasting of critical phenomena are important in many scientific fields [1],
including epidemiology [2]. This task can also be viewed as a signal-recognition problem [3]. A rel-
evant example is the emergence of a new respiratory viral strain. At early stages, such strains may
be difficult to distinguish from seasonal acute respiratory viral infections in aggregated surveillance
data. For this reason, specialized statistical indicators are used together with more general meth-
ods. These indicators are known as early warning signals (EWSs). They help estimate whether a
system is approaching a transition point, or critical point. Many EWS variants have been proposed.
They include spectral EWSs based on the spectrum of a time series and EWSs based on critical
slowing down [4]. The latter group includes indicators based on increases in variance, autocorrela-
tion, skewness, and related statistics. For epidemic processes, many studies have tested EWSs on
both synthetic and real data [5].

This study compares methods for early detection of incidence outbreaks caused by pandemic
respiratory viruses. The analysis uses incidence data for acute respiratory viral infections, including
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seasonal influenza and COVID-19. We compare specialized EWSs based on critical slowing down
with more general statistical approaches. We also evaluate whether these methods can support
epidemic-process management and control. Two forecasting settings are considered. In the first
setting, an epidemic threshold is available. Then the task is binary classification: the critical
transition point is either “near” or not near. The proximity interval is selected according to
epidemic-surveillance requirements. In this study, it is one month before the critical point. In
the second setting, epidemic-threshold labels are unavailable. This is the case for COVID-19,
because the disease has not circulated long enough to estimate a multi-year baseline. Then outbreak
detection is formulated as forecasting selected EWSs. The absolute indicator values are predicted,
and the time to the critical point is estimated from the forecast incidence. This setting is a special
case of predictive statistical methods based on multi-year incidence data (see, for example, [6]).
Such methods, together with SIR models, are among the most widely used forecasting models in
epidemiology.

2. BACKGROUND AND RELATED APPROACHES

Machine learning is now widely used in epidemic forecasting. This development follows broader
progress in machine learning and artificial intelligence. Traditional models, such as SIR and SEIR
models, are useful but have limitations. They may be too rigid for nonlinear factors and for the
early stages of pandemics caused by novel viruses [2]. Classical machine learning algorithms can
also be effective. For example, Random Forest and support vector machines have been used for
early epidemic outbreak detection [7]. Recurrent neural networks have also shown good results in
disease forecasting; see, for example, [8]. At the same time, many studies continue to use the theory
of complex systems and EWSs. In these studies, EWSs may be statistical indicators or explanatory
models, such as a risk index based on social-distancing measures [28]. Table 1 lists studies that use
different EWS-based approaches to epidemic forecasting. Some studies use a hybrid approach that
combines machine learning with EWSs. However, comparative studies of such combinations are still
limited. To address this gap, this paper considers several models and two problem formulations:
classification and regression.

Table 1. Related studies

2025 2024 2025 2024 2021
Zhao et al. [9] Bizzotto et al. | Gao et al. [11] | Drake et al. [12] | O’Brien [13]
[10]
Context 31 diseases, COVID-19, COVID-19, SARS-CoV-2, COVID-19,
134 regions Italy Singapore, UK 24 countries
Canada,
Hong Kong
Method Critical- Nowcasting Feature-based | Phylogenetic Sequential EWS
slowing-down reproduction time-series logistic growth | assessment
resilience number method | classification rate (LGR) using GAMs
indicators + (Re) (ML) analysis
time-to-event
analysis
Best- Variance, ACF | Nowcasted R, Variance, Maximum LGR | Concatenation
performing ACF, skewness | of dominant of variance,
EWSs clusters ACF, and skew-
ness
Forecast 18-21 days 6-23 days 14 days 6-7 days 10-14 days
horizon
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3. DATA

Two input datasets were used in this study. The first dataset was obtained from the database
of the Research Institute of Influenza. It contains weekly incidence of acute respiratory viral
infections in St. Petersburg from January 1990 through October 2020. The dataset includes the
absolute number of cases. It also includes the estimated city population for each year of the study
period. This information makes it possible to convert incidence to relative measures. The dataset
also indicates whether the seasonal epidemic threshold was exceeded. The threshold was calculated
according to the methodology of the Research Institute of Influenza. This indicator separates
periods with an officially declared epidemic situation from non-epidemic periods. The general form
of the time series is shown in Fig. 1. Since the data contain epidemic and non-epidemic labels, they
are suitable for an EWS-based classification problem.

The second time series was obtained from open data on COVID-19 incidence in St. Petersburg
from March 2020 to March 2024 [14]. The general form of the time series is shown in Fig. 2. These
incidence data were collected daily. For COVID-19, it is more difficult to define an “epidemic
outbreak” than for seasonal and pandemic influenza. The reason is that coronavirus infection does
not have clearly expressed seasonality. In this study, outbreaks are defined as sustained increases in
incidence followed by declines. These increases form epidemic waves in the data and are associated
with the emergence of new coronavirus strains.
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Fig. 1. Time series with labeled epidemics.
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Fig. 2. Time series without labeled epidemics.
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4. THEORETICAL BACKGROUND

We selected EWSs that have shown good performance for epidemic time series. According to
Table 1 and [15], most studies use a forecasting horizon of about one to two weeks. Variance
and the mean value are among the most useful indicators of proximity to a critical point. These
indicators often increase when epidemic onset approaches. Figure 3 shows EWS calculations for
acute respiratory viral infection incidence. Two cases are shown: one near influenza epidemic
onset and one far from it. In this example, the most informative indicator is variance with a
window length of 30. In the first case, this indicator increases monotonically. This is a sign of
critical slowing down and may indicate an approaching phase transition [4]. In the second case,
the indicator decreases monotonically. This means that the effect is absent, which is the expected
behavior of an EWS far from a transition. Variance with window lengths of 15 and 20 does not show
the same pattern. Thus, variance is sensitive to the window length. The window parameter should
therefore be selected empirically before the indicator is used in epidemic-surveillance practice. In
the classification task, we compare variance and skewness as EWSs. In the regression task, we
forecast the variance and the mean incidence value and use them to predict epidemic increases.
We selected longer decision horizons than those used in the reviewed studies: 4 and 5 weeks for
classification and 14 and 28 days for regression.

25 Skewness, window 20 1e8 Variance, window 15 1e8 Variance, window 20 1e8 Variance, window 30
X 14 14 14
2.0 1.2 12 12
15 1.0 1.0
1.0
o 10 o 08 o 08 )
s 3 3 2 o8
] ]} 3 s
Z os ~ 06 > 06 >
0.6
0.0 0.4 0.4
0.5 02 02 L
1.0 0.0, 0.0, 0.2
0 5 10 15 20 25 30 30 40 50 60 70 75 80 85 90 95 100 105 110 115
Index Index Index Index
Skewness, window 20 1e8 Variance, window 15 1e8 Variance, window 20 1e8 Variance, window 30
2.0 175 175 16
1.50
15 1.50 14
125
1.25 12
o 10 @ 1.00 © o
2 3 3 1.00 3 10
E I s s
0.5 :
0.75 0.8
0.50
0.0
0.25 0.50 0.6
-0.5 0.00 0.25 0.4
0 5 10 15 20 25 30 30 40 50 60 70 75 80 85 90 95 100 105 110 115
Index Index Index Index

Fig. 3. EWSs near (upper row) and far from (lower row) the critical transition.

The next section describes the methods used to solve the classification and regression problems.
The EWSs were calculated using the Python package ewstools [16].

4.1. Classification Approach

The data were preprocessed before model training and testing. First, the time series was divided
into segments without epidemics. Second, a time interval ¢ before epidemic onset was specified.
This interval defines the warning lead time. After that, the training sample was constructed.

Data preprocessing was performed as follows. The time series with the number of incidence
cases is represented as a vector X = {z;}, k = 1,|X]| and is supplemented with a time series of
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binary labels Y:

) 1, epidemic,
Y= { 0, no epidemic. (1)

All non-epidemic segments are then selected:

X' '={X;|Vjelo, |X;] —1] Yj:O}, 1=0,M -1,

where X; is a subset of X and M is the number of non-epidemic segments.
The obtained segments are then transformed using the sliding-window rule:

X(()O) Xél) Xéw_l)
(1) 2) (w)
" X X X
X' = o S (2)
Xaty Xyt X

where N = |Xj/—1| and w is the window length. In this study, w = 30 was used.

The choice of the threshold value ¢ is important. This value determines when the model should
report an approaching epidemic. According to epidemic-surveillance specialists, a warning should
be received no later than one month before epidemic onset. This correspondstot =4 ort=25. The
incidence time series for seasonal acute respiratory viral infections is recorded weekly. Therefore,
t =4 and t = 5 correspond to 28 and 35 days. The following binary array describes whether a
given time-series point is close to epidemic onset:

(3)

Y/_ 15 lel_IlSt)
L7 0, otherwise.

Here | = 0, K, and K is the number of rows in matrix X”. The value I; is the index of the last
element of the [th time series in X”. The value Ej is the first index of the nearest epidemic incidence
value, where E; € [0,]X]].

For each row in the obtained matrix, EWSs were calculated with specified values of the window
Wews. In this work, variance was calculated for we,s = {15, 20,30}. Skewness was calculated for
Weys = 20. The calculated EWS values were then combined into the final matrix:

530) 531) VO/,(0> Vo"(l) VO”(O) Vom<29>
0 1 ,(0 , ” " (29)
Sj(w)_1 Sj(u)_1 ‘/1(4(7)1 Vj(d(i)l VM—l(O) v

Here SZ-(j ) is the skewness value with index j for time series ¢. The value Vl-l’(j ) is the variance value

)

with wews = 15 and index j for time series 7. The values V”Z(-j ) and le(-j are variance values with
Wews = 20 and weys = 30, respectively.

Thus, the final dataset is obtained as

p.={x/, v/}, i=TK. (5)

The resulting dataset was divided into training, validation, and test samples. The split was
70, 10, and 20%, respectively. The sample elements were not mixed because the data are ordered
in time. The dataset is imbalanced: class 0 samples outnumber class 1 samples for all values
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of ¢. In this task, false negatives are especially important. A false negative means that the model
incorrectly reports no epidemic threat. Therefore, recall plays the primary role:

TP
Recall = =—————. 6
T TPYFN ©)
Here TP is the proportion of true positives, and F'N is the proportion of false negatives. Accuracy
should also remain adequate, for example above 0.5. This condition helps ensure that the models
do not classify randomly:
TP+TN

. 7
TP+ TN+ FN + FP )

Here F'P is the proportion of false positives, and TN is the proportion of true negatives. The
balance between F'IN and F'P is also important. Therefore, the F'1 score is used:

Accuracy =

Precision - Recall
F1=2 . 8
Precision + Recall (8)

The area under the precision-recall curve (PR-AUC) is also useful for model evaluation. It does
not depend on the number of true negatives. It also summarizes model performance over a range
of threshold values. Therefore, it can be more informative than the F'1 score.

The following models were used for classification: EWSNet, Easy Ensemble [19], RUSBoost [20],
Balanced Bagging classifier [21], Decision Tree, and Random Forest [22]. Deep neural networks
with convolutional and recurrent layers can be effective when enough training data are available.
Such networks can classify upcoming critical transition points [17, 18]. For this reason, we tested
the specialized EWSNet method [18] together with more general approaches. EWSNet combines
two independently operating networks: a long short-term memory (LSTM) network and a fully
convolutional neural network (FCNN). The authors trained EWSNet on a large synthetic dataset
with several dynamical systems. The model shows good accuracy on empirical test data. However,
it can still produce frequent false alarms. In the cited study, its test accuracy was about 75%. Its
main advantage over classical machine learning models is invariance to the length of the input time
series. The comparison results are presented in the next section.

4.2. Regression Approach

For unlabeled COVID-19 data, the task was to forecast an epidemic increase in incidence.
The time series of the share of positive COVID-19 tests was represented as an array X = {zy},
k= m The time series was split into training, validation, and test sets in proportions of 70,
10, and 20%.

Let T = [0.7-]X]|] and V = [0.1 - |X|]. Then

Xirain = {Cl?k}, k= 1,—T, (9)
Xval - {xk}a k:T+17T+V7 (10)
Xtest =X \ (Xtrain U Xval) . (11)

A set of EWSs can then be calculated. These EWSs form additional time series obtained with
a sliding window weys = 14. Each point z; in X is matched to a point el}} in the EWS time
series Ex. This EWS point is calculated on the interval [z _,,., Tr—1]. The modeling task is to
calculate {4V X VT2 1. In this task, we use only the time series of mean values Ex,, ..
and variances Ex,,, .
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For model training, the resulting time series must be transformed into matrices using a sliding
window m. This parameter can be determined by evaluating metrics on the validation set. The
metrics are described below.

Six metrics are used to evaluate modeling quality: MSE, RMSE, MAE, NRMSE, NMAE,

and R?:
‘Xtest‘

1 2
MSE = etV _ g , 12
|Xtest| ~ ( X T+V+/€) ( )
RMSE =vVMSE, (13)
1 ‘Xtest‘
MAE = —— > |eX™ ™ —ariv 4l (14)
|Xtest| k=1
RMSFE
NRMSE = - , 15
max(Xiest) — min(Xyest) (15)
MAFE
NMAE = - , 16
max(Xiest) — min(Xyest) (16)
2
Yok \Trvik — ex TV rE
R2 -1 k ( X ) (17)

Zk ($T+V+k- - mean(Xtest))T

The MSE was selected as the loss function in the models. The M AF was also calculated
because it is easier to interpret from the subject-area perspective. It directly shows the magnitude
of forecast errors. The RMSE is stricter because it is more sensitive to outliers than MAFE.
This study analyzes time series with different scales, namely the mean and variance. Therefore,
normalized metrics, such as NRMSFE and NM AFE, were used. These metrics are invariant to scale
changes. The coefficient of determination R? was used to estimate the proportion of variance in
the reference values explained by the forecast.

Many studies use reservoir computing for short-term forecasting [23-25]. This forecast is short-
term because the models are trained only on segments without critical transitions. If transition
segments are included, the dynamics may be modeled incorrectly. For example, in [30], recurrent
neural networks were used to forecast critical transitions in ecological systems. The networks were
trained on raw time series without EWSs, and not all models produced correct estimates. In our
case, information is available about some critical transitions that have already occurred. This
information can be used for longer-term forecasting. Therefore, we used an LSTM network and a
GRU network. GRU is a simplified version of LSTM with one fewer component in its cell. LSTM
networks are considered robust and accurate for forecasting chaotic dynamical systems [31]. In the
experiments, both LSTM and GRU networks had 128 cells. The selected sliding-window width m
was 20. This corresponds to 20 days, or 20 input neurons. In all cases, the models were trained for
100 epochs with the ADAM optimizer.

5. EXPERIMENTAL RESULTS
5.1. Classification Results

Tables 2 and 3 present the test-set metrics for threshold values ¢ = 4 and t = 5, respectively.
The metrics were obtained with the optimal hyperparameters. Confusion matrices were calculated
in the same way (Fig. 4).
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Fig. 4. Confusion matrices at t = 4 (two upper rows) and t = 5 (two lower rows).

The experiments support the following conclusions:
e For Decision Trees, accuracy varies from moderate to high values, approximately 0.75-0.85.
However, recall and the F'1 score vary strongly depending on the threshold value. This method
shows unsatisfactory recall at the lower time-threshold value (¢ =4). Its lower PR-AUC
compared with other ensemble methods indicates weaker performance in ranking positive

samples.
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Table 2. Metric values for the four-week horizon (¢ = 4)

Classifier Accuracy | Recall | F1 score | PR-AUC
Decision Tree 0.79 0.55 0.65 0.75
Easy Ensemble 0.72 0.93 0.70 0.87
RUSBoost 0.70 0.89 0.67 0.78
Balanced Bagging 0.80 0.89 0.76 0.84
EWSNet 0.71 0.96 0.70 0.86
Random Forest 0.77 0.89 0.73 0.85

Table 3. Metric values for the five-week horizon (¢ = 5)

Classifier Accuracy | Recall | F1 score | PR-AUC
Decision Tree 0.85 0.78 0.82 0.89
Easy Ensemble 0.78 0.89 0.78 0.92
RUSBoost 0.75 0.90 0.73 0.90
Balanced Bagging 0.77 0.81 0.75 0.86
EWSNet 0.80 0.86 0.80 0.88
Random Forest 0.77 0.81 0.75 0.90

Easy Ensemble shows consistently good results for different threshold values in terms of recall,
PR-AUC, and the F1 score. Adaptive boosting combined with sampling effectively handles
class imbalance. High recall indicates clear identification of minority-class samples. However,
this sometimes reduces precision, so the F'1 score is not always the highest.

RUSBoost provides balanced results with good recall and PR-AUC values. The cost of the
method’s simplicity and robustness under class imbalance is a slightly lower accuracy at lower
threshold values (¢t = 4) compared with Easy Ensemble.

Balanced Bagging can be considered a reliable classification tool with moderate recall, PR-
AUC, and F'1 score values. The use of oversampling methods such as SMOTE at ¢t =4
improves the detection of minority-class samples.

The specialized EWSNet method demonstrates high recall, but is slightly inferior in accuracy
and the F'1 score. It works reliably at ¢t = 4, reaching the maximum recall value in the
experiment, 0.965, but its lower precision limits its competitiveness in terms of the F'1 score.
Random Forest shows stable results. It is structurally simpler and easier to use than several
competing methods. It also requires a limited number of features and trees. However, its
PR-AUC usually lags behind ensemble methods such as Easy Ensemble and RUSBoost.

5.2. Regression Results

Tables 4 and 5 present the test-set metrics for COVID-19 incidence, which is the second time
series. The results are shown for two forecasting horizons: 14 and 28 days. The tables correspond
to the GRU and LSTM networks, respectively. The forecasts are shown in Fig. 5.

Table 4. Results for GRU

14 days 28 days
Mean | Variance | Mean | Variance
NMAE |0.038| 0.058 |0.074| 0.077
NRMSE | 0.057 | 0.125 |0.113| 0.139
R? 0.960 | 0.697 | 0.838 | 0.494

Table 5. Results for LSTM

14 days 28 days
Mean | Variance | Mean | Variance
NMAE |0.032| 0.063 |0.054| 0.077
NRMSE | 0.055| 0.131 |0.094| 0.123
R? 0.961 | 0.652 |0.899| 0.578
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Fig. 5. Mean and variance prediction results for the COVID-19 incidence time series.

Tables 4 and 5 show that LSTM performs better than GRU. However, the difference between
the models is small, so both approaches can be used. The mean value is forecast more accurately
than the variance. As expected, the 28-day horizon gives worse results than the 14-day horizon.
Nevertheless, the results remain satisfactory for mean-value prediction.

6. CONCLUSION

This paper considered methods for forecasting critical transitions in epidemic time series. The
methods combine early warning signals with machine learning. Two main approaches were identi-
fied. The first is binary classification, which determines whether a critical transition point is near.
The second is predictive modeling of the mean and variance of incidence indicators. In epidemic
surveillance systems, predictive modeling is most useful at the early stages of circulation of novel
pandemic strains. At this stage, the seasonality of the infection may not yet be known. Individual
epidemic waves may also be difficult to distinguish. In this case, the next increase in incidence
can be inferred from interval forecasts of the mean and variance of new infection cases. Later, a
new disease may become seasonal, with clear periods of epidemic increase and decline. Then it
becomes possible to estimate the threshold incidence that separates epidemic waves. Retrospective
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data can then be used to label time-series segments. In this case, we propose switching to simpler
classification-based outbreak detection algorithms.

The experimental results show that Easy Ensemble and EWSNet are the most effective mod-
els for the classification task. Their metrics change only slightly across the considered threshold
values. They also show high recall and satisfactory precision. For incidence forecasting, recurrent
neural networks, including LSTM and GRU, model the mean value effectively. However, they have
difficulty predicting variance. Variance is less smooth and more sensitive to fluctuations, so it is a
harder target for these models. The values of NRMSE and R? indicate satisfactory prediction of
mean-value dynamics. LSTM slightly outperforms GRU.

This study shows that EWS calculation can be combined with machine learning to forecast
critical transitions in epidemic systems. The results may be useful not only in public health but also
in other fields where critical phenomena must be understood and forecast. Future work will expand
the test datasets and examine improved model architectures. This should increase the robustness
and applicability of the proposed methods in other scenarios. One promising direction is the
use of multivariate machine learning methods, including methods based on multimodal data. Such
models may account for temperature and humidity [29], disease-related user search queries [26], and
retrospective incidence data. They may also include data on telemedicine consultations for cough
and emergency-department visits for bronchiolitis [27]. In Russian epidemic surveillance, these
approaches are limited by restricted data availability and low data quality. However, the models
can already be implemented and tested on synthetic data. This would prepare them for future use
as data collection improves and new demographic and epidemic datasets become available.
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Abstract—Numerous studies are devoted to systems of connected agents and network control.
Historically, the greatest interest of control theory has been in averaging systems, particularly
the consensus problem. However, network interaction can be characterized by more specific
functions reflecting the dependence on the actions of network neighbors, which is particularly
evident in models of strategic interaction on a network, the subject of game theory. This paper
surveys game-theoretic models of network interaction from the class of linear best-response
games. The models are formally described, and formulations of control problems in this class
of games are considered. Special attention is paid to the connection with consensus models and
the well-known related control problems that can be stated in terms of a strategic interaction
of agents. Despite the general similarity with the models of linear systems from control theory,
this class of games allows capturing qualitative aspects of strategic interaction of connected
agents and highlighting the role of structural characteristics.
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1. INTRODUCTION

The scientific interest in control of network interaction between different agents began to emerge
in the mid-20th century, following the advent of the concept of networks. Networks were intended to
describe systems of interacting agents; unlike a graph as a mathematical object strictly formalizing
the nature of a link, networks do not specify the interaction mechanisms. In sociology [1, 2],
economics [3, 4], and law [5, 6], the network nature of interaction implies the presence of formal
and informal links between agents, which are not always possible to describe mathematically; but
such links make the processes of decision-making, propagation/dissemination (e.g., of information,
activity, diseases), etc., interdependent.

A peculiarity of many social systems is individual incentives of participants, which was reflected
in the emergence, nearly during the same period, of game theory as a tool for describing conflicts.
Since the end of the 20th century, the two approaches—network and game-theoretic—have begun
to be used jointly. Games in which agents are connected by a network structure (or the network
structure results from their interaction) use the results of graph theory and network analysis to
determine the influence of network structure on strategic behavior.

Simultaneously, formal analysis and control methods of network systems were developed. In
automatic control theory and its applications, the so-called averaging systems and consensus
models [7-11] gained enormous popularity among researchers, particularly the classical DeGroot
model [12] for the dynamics of opinion formation in a network structure. Mathematical methods
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for describing systems of strategically interacting agents have specific features, and the interaction
result (outcome) often differs from consensus. Decisions made by agents under the influence of their
interaction with other agents generate inefficiency, so it is topical to design and analyze various
control methods.

Since the early 2000s, several control approaches have been proposed based on network charac-
teristics of agents in socio-economic systems. Approaches to control the interaction of agents have
become particularly popular in economics: models of competition and cooperation among firms,
interbank interaction, and models of public goods consumption. Several game-theoretic models
closely related to econometric models for identifying the influence of an agent’s environment on
their behavior have emerged; in such models, researchers describe the relationship between an
agent’s choice and the choices of neighbors. And the greatest interest has been attracted by games
where the player’s best response linearly depends on the actions of neighbors; formal statements of
control problems in such models have arisen as well. This review is devoted to the models of the
above class and corresponding control methods.

1.1. Terminology

In mathematical models of the relationship between agents’ actions, the starting point is the
concept of endogenous social effects [13]. Depending on the context, sociologists and social psychol-
ogists use various terms, e.g., peer influences, social norms, neighborhood effects, social interactions,
herd behavior, conformism, etc. In other words, interacting with each other, agents (people, orga-
nizations, etc.) begin to learn, imitate, or copy the behavior of their environment.

In microeconomics and econometrics research, the influence of such interaction on individual be-
havior is usually called peer effects [16]. They are defined as the correlation of actions among mem-
bers of the same reference group. To identify peer effects, the Linear-in-Means (LIM) model [13]
was proposed; it studies the influence of social interactions on the behavior and outcomes of indi-
viduals in a group. The model is used to analyze how the behavior or characteristics of a group (in
the original formulation, average values) affect the behavior of an individual member.

Historically, groups were understood as parts of a single population (e.g., residents of one com-
munity, classmates, colleagues, or companies competing in the same market), which was reflected
in econometric models of peer effects by an explanatory variable characterizing the behavior of
one of the disjoint groups. With the conceptualization of networks, it became possible to consider
individual links between people (network effects)! to refine existing models and resolve a num-
ber of technical identification problems [16]. Identification issues of such models were discussed
in [13, 16, 22, 23], as well as in the reviews [24, 25] devoted to econometric studies and [26, 27|
devoted to the identification of peer effects in field and laboratory experiments.

Linear best-response games can be treated as generative models of peer/network effects: whereas
econometric models focus on identifying these effects and causal relationships from real data, net-
work games provide a theoretical basis for explaining the formation of peer effects by modeling the
strategic behavior of agents. In game-theoretic models, the main attention is paid to the role of the
interaction structure: how the structure affects equilibrium in the game; what is the result of local
interaction effects of nodes, in terms of aggregated characteristics; which nodes and links are key.
The interest in linear models is mostly motivated by the crucial role of the network in the analysis
of mutual influence of nodes, equilibrium, and control problems.

! In their work on the theory of industrial organization [17], the authors proposed applying the term “network
effects” to markets with increasing returns to scale (e.g., see [18]), and the term “network externalities” to markets
where agents’ actions generate inefficient equilibria. While some of the models below do capture firm interactions
in markets [19, 20], the terms are not always appropriate according to [17]. With this aspect in mind, the term
“network effects” will be used here both as a synonym for peer effects and in a broader sense, referring to situations
in which agent’s actions depend on the actions of those connected to this agent in the network, as in [21].
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1.2. Network Interventions

In recent decades, many results have been obtained concerning the structure of real networks,
their formation mechanisms, and the way networks affect the behavior of their participants. Ex-
amples of using network structure to elaborate economic policy have appeared [28]; and tools for
estimating treatment effects in the cases of interconnected individuals have been proposed [29].

In the research of strategic interaction networks, authors examine how information about the
network should be considered for solving control problems in such models.

Network effects are examples of externalities, i.e., situations where a human’s well-being depends
on the actions of other people without mutually agreed compensation [30]. In this vein, linear best-
response games describe the influence of linear externalities in the actions of players connected
to the environment. From the perspective of game-theoretic interaction models, this means that
equilibrium is inefficient in the presence of externalities; for details, see subsection 2.1.

In economics, externalities have always been regarded as a source of inefficiency, and the classical
way to use or counteract externalities is direct intervention in the economic process (economic
interventionism). Similarly, the concept of network interventions has emerged, i.e., the process
of using social interaction network data to change the outcomes of network participants.? The
term “network interventions” gained particular popularity in the literature after the same-name
paper [31], where it was formulated rather in the context of sociological studies. There exist various
network intervention strategies, and assessing the applicability and effectiveness of these methods is
of interest. As will be shown below, equilibrium in the game-theoretic models under consideration
is always inefficient, which motivates researchers to develop control methods.

In statistical causal inference methods, the estimation of the average treatment effect tradi-
tionally assumes independent treatment effects across individuals [32]. Under network interaction,
agents can influence each other, violating this assumption. In practical situations, the interaction
outcomes of actors depend on the behavior of their network neighbors, and the presence of links
influences the average treatment effect. This is usually described by the term “network interfer-
ence”: under network interaction effects, the average effect for treated individuals and the overall
effect diverge, and ignoring these factors underestimates the final treatment effect [29].

1.3. Applications

There are many quantitative assessment examples for the influence of group behavior on indi-
vidual outcomes. Throughout this paper, the variable z; denotes the decision made by agent . In
most cases, x; is understood as the agent’s effort or action in a process of interest to researchers.
Standard examples in the literature include the following:

e educational processes, probably the most popular application area [14, 15, 33, 34]. The vari-
able x; can be the student’s average grade or the results of sociological surveys. While econo-
metric models analyze how student’s performance depends on the environment, the game-
theoretic setting formalizes the strategic nature of efforts: for example, students choose the
time spent on education or participation in additional activities, taking into account the choices
of their classmates and friends;

e social norms and deviant behavior. There are many situations in which unethical behavior
spreads in social networks. For example, some corporate cultures encourage weak ethical
norms [35], and the presence of unethical peers in an academic context increases students’
temptation to cheat [36, 37]. In this case, game-theoretic interaction models allow investigating
the role of social norms in the choice of individual efforts and their position in the network
structure. Here, the variable x; is an indicator function characterizing the performance of a
certain action;

2 Network interventions can be treated as an analog of the term “network control” used for technical systems.
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e crime networks [38]. This is historically the first example® underlying the linear quadratic
game model [39] (see subsection 2.2) and the key player problem (see subsection 3.2); here,
x; is the crime effort profile. Econometric models assess how links between agents manifest
deviant behavior [40]. Network games show how the effects of strategic complementarity (or
substitutability, see subsection 2.1) in the efforts of interacting agents propagate through the
network;

e competition and cooperation of firms [19]. Here, z; is the output (normalized sales volume).
The authors investigate the impact of collaboration in R&D work. In general, the issue of
interest is the role of interfirm relations in economic development: the effect of exogenous
expansion of business networks on firm productivity and the underlying mechanisms [41].

The main criticism of econometric models for identifying network effects is associated with the
problem of endogeneity [13, 23], namely, the correlation between the characteristics and actions of
agents, as well as between the environment and the model error. Various methods have been pro-
posed to combat endogeneity, such as two-stage least squares with instrumental variables, nonlinear
regression models, etc. (The interested reader can find the details in the surveys [24, 25].)

The purpose of this paper is to review control models and methods proposed for the case of
the linear dependence of players’ best-response functions on the actions of neighbors within the
game-theoretic interaction framework on a network. This paper is organized as follows. In the
Introduction, we briefly describe the history of network models of strategic interaction and control
problems, highlighting the significant role of identification models for network effects (peer effects).
Section 2 is devoted to linear best-response games, including their classification and analysis tools,
as well as examples of such games and control problems solved in comparative statics. In Section 3,
the Principal’s problem—change the equilibrium outcome of the game—is presented; a classification
of corresponding control methods, examples of control problems, and a description of solutions to
several control problems for strategically interacting agents are provided. In the Conclusions, we
indicate some examples from topical directions for further research.

2. LINEAR BEST-RESPONSE GAMES
2.1. Player’s Payoff and Linear Best Response

Consider a noncooperative one-stage game on a network with complete information. A set
of agents N = {1,...,n} strategically interact on the network defined by a symmetric adjacency
matrix G = {g;;} € {0,1}"*", g;; = 0 : they try to benefit as much as possible, taking into account
the actions of other players. Each participant ¢ chooses some nonnegative action x; and receives a
payoff v; from the decision. The payoff (utility) function

vi(x) = f(z4, 2(x 3, G)) (1)

depends on the player’s action z;, i.e., the benefits and costs from the chosen action, and network
effects (the actions of other players x_; = {x;};-;); the latter dependence is represented as a func-
tion of the player’s environment z(x_;, G) considering the network structure (see the details below).
In addition to these two components, the model may include the so-called pure externalities, i.e.,
the dependence of the agent’s payoff on other exogenous parameters (not associated with players’
actions).

Agents maximize their individual payoffs; for this purpose, each agent ¢ needs to best respond
to the actions of other agents x_; :

BRi(x—;, G) = Argmaxv;(z;, 2(7-i, G))- (2)

Tqz

3 https://lens.monash.edu/2019/08/06/1375976 /network-science-identifying-key-players-in-collective-dynamics
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The function BR;(x_;) is called the best-response/reply function of players: being independent of
the actions of player ¢, this function specifies the latter’s optimal response to the actions of other
participants. An outcome z* = {z };cn is called a Nash equilibrium in the class of pure strategies
of the game if, for all 7,

Each agent is subjected to direct and indirect network effects. A direct effect on agent i is exerted
by the network neighbors (the vertices adjacent to vertex ). Indirect effects arise due to the network
nature of interaction: an agent is indirectly influenced by the neighbors of neighbors (second-level
neighbors), those of neighbors (third-level neighbors), etc. Similar reasoning applies to the influence
of network links on agents’ actions: a direct effect of an edge of graph G is received by the vertices
connected by this edge, and an indirect effect is received by other vertices connected to the original
pair of vertices.

A key aspect of the game is the particular dependence of player ¢ on the actions of network
neighbors: in linear best-response games, the set of all best responses of player i is a singleton, and
the best-response function linearly depends on the player’s environment z;(x_;, G); and equilibrium
in such a game satisfies a system of linear algebraic equations, which are the best responses of players
under x > 0. Currently, the following classification of player environment functions is common:

e local aggregate functions:

2z, G) =B gijrj;
=1

each player’s payoff depends on the sum of the actions of network neighbors;

e local average functions:
n
Gii
ey, G) =B f%}
j=1 %

where d; is the degree of node i; each player’s payoff depends on the average action of network
neighbors.

The parameter 8 € R has a multiplicative effect and characterizes the strength of network inter-
action (social multiplier [42]). In the absence of the network component (g;; = 1 for all 4, j), both
classes reduce to additive aggregation games [43, 44], where each agent is affected by the same set
of other agents’ strategies; in games on networks, this set depends on the agent and the network.

The distinction between the above classes is how agent i accounts for (or observes) the activity of
network neighbors. Unlike local aggregation, where a change in the action of agent j directly affects
agent 4, in the case of averaging, agent ¢ focuses on the average characteristic of the environment
regardless of the (high or low) contribution of agent j. In other words, local aggregation models
are intended to describe the so-called spillover effects (the propagation of contributions of some
participants to others), while local averaging models reflect behavioral aspects related to the role of
the environment in the agent’s choice. As shown in [45, 46], local aggregation and averaging models*
are different both in terms of payoff function properties and in comparative statics and solutions
of control problems. In particular, the role of the parameter 8 also differs: in local aggregation
games, increasing the strength of network interaction monotonically increases the players’ marginal
payoff, which is not the case in the local averaging model (see subsection 2.2).

4 In this connection, resource network models [47] deserve attention, where both mechanisms—aggregation and
averaging—are, in essence, employed simultaneously, albeit not within a game-theoretic framework.
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Another classification basis, proposed in [48] (including for non-network models), is the sign of
the environment function. Depending on this sign, game-theoretic models receive different inter-
pretations:

e models with strategic complementarity [49] and, accordingly, positive network effect, where

the contribution of neighbor j of player i increases the marginal payoff of player i (examples
can be found in [39, 45]);
e models with strategic substitutability and, accordingly, negative network effect, where the
effort of neighbor j of player i reduces the marginal payoff of player i (examples can be found
in [50, 51]).
Formally, the matter concerns the sign of the second cross partial derivative of the player’s payoff

with respect to the individual action and the action of the neighbors: if g;; = 1, then af;;’j >0

88;;; < 0 for games with strategic substitutability.
In other words, positive (negative) local network externalities manifest in the actions of agents:
for games with strategic complementarity (substitutability), an increase in the efforts of other
players (z_;) leads to higher actions of player ¢ bringing relatively greater (smaller, respectively)
benefit compared to lower efforts of this player. Examples of models and players’ best responses

are presented in Table 1.

for games with strategic complementarity and

Table 1. Models of linear best-response games

Strategic Strategic
Complementarity Substltutablhty
_ Linear quadratic game Local public goods game
Local aggregation BR; = b+ B3 gijz; BR; =b; — 3 gijv;
J J
Social norms in networks Anticonformism
Local averagin L gi LA
BE | BR, = (1—B)bi+ 3 2G| BRi=(1-pbi— 5 Y G,
j= =1

Within any economic model, an ideal state of the system (maximum social welfare) is commonly
identified. In the case of control problems, this refers to the so-called first-best outcome/contract
(social optimum), by analogy with Principal-agent problems in contract theory [52]. In works de-
voted to control problems in linear best-response games, social welfare is almost always understood
as the total payoff of all agents:

W = Z’UZ‘
=1

(see subsection 3.1 for details); and the social optimum (i.e., the solution of the problem max, W
and the corresponding equilibrium outcomes 2@ and payoffs W) is studied in comparative statics,
assuming that agents seek to maximize not their individual payoff functions but the welfare of all
agents in aggregate. As will be demonstrated below (on examples of particular games), the Nash
equilibrium is never the social optimum: the network effect either underestimates or overestimates
the actions of agents. Therefore, it is topical to develop control methods in such games.

2.2. Mathematical Models of Network Effects:
Coordination, Competition, Cooperation, and Awareness

Coordination game

The classical model of social influence and opinion dynamics in a network [53, 54] is a spe-
cial case of the consensus problem, which has important applications in engineering control prob-
lems [8]. This model can also be treated as a microeconomic model of strategic decision-making by
agents [55].
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That is, let n agents seek to maximize their individual payoff characterized by the function
vi= = (w— ) (4)
il

In other words, it is disadvantageous for an agent to make a choice (e.g., technology or language)
differing from those of neighbors. Due to the concavity of the function v;(z), the first-order opti-
mality conditions are sufficient to calculate the system of best responses: the optimal response of
player i to the actions of network neighbors,

coincides with the opinion dynamics model. For instance, DeGroot’s model can be interpreted as a
game where participants exhibit behavior similar to that of network neighbors by best responding
to their actions.

In such a game, any action profile where all agents take the same action constitutes a Nash
equilibrium. Moreover, agents possess no individual characteristics distinguishing them from each
other. Therefore, a model reflecting the interaction of agents with individual skills under the
average behavior of their environment has become popular.

Social norms in networks

From a game-theoretic interaction standpoint, another modification of DeGroot’s model is of
interest, originally proposed in [56]. (The Friedkin—Johnsen model describes the best-response
dynamics of players; the dynamics were analyzed, e.g., in [57].) In this modification, each node 4
additionally maintains a constant internal opinion. There are several popular versions of the model
in a game-theoretic setting, particularly the one with incomplete information where agents try to
determine some state of the world [58]. In this case, the interpretation of the model is close to the
well-known beauty contest game [59].

Below, we consider the local averaging model, also known as the social-norm model [46]. Each
player receives a payoff® of the form
" 2
1/ B 9ij L o
v; = bz — 5 (m) Ti — ]E:l: dijj ~ ot (6)

where b; > 0 reflects the individual productivity of agent 7, and 8 > 0 is the taste for conformism.
Agents undertake costly actions (—x?/2), receive the marginal payoff b;x; independent of the neigh-
bors’ efforts, and compare their individual contribution z; with the average contribution of their
network neighbors, seeking to minimize the difference between their individual action and the av-
erage action of their group. In view of the significant role of the term Z?:1 %xj = T;, the authors
called it the social norm of agent ¢ in other publications in the context of sociological studies.

5 Other payoff functions can be considered, e.g.,

[ gij
Vi = bil'i — 5 Z d—:(l'l — 1']')2 —
J

v |8,

or

. 1
Uy = bil'i — 01’1 Z %1’]' — %G:E?,
j T

where 6 = % According to an observation of the authors [46], these payoff functions share the same best-response
function; however, even if the equilibrium efforts z* are identical, welfare analysis and its comparative statics may

differ since the equilibrium utilities, and hence welfare, are not the same.
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The first-order optimality conditions dv;/dx; = 0 yield the players’ best responses
z; = (1= B)bi + Bi, (7)
which can be equivalently written in the matrix form
z=(1-B)b+ Gz, (8)
where G = {gij = gij /d;}"*". For B < 1, there exists a unique Nash equilibrium in pure strategies:
z* = (1= ) - BG)~"b. (9)

First, note the effect of individual productivity. Although the influence of b; on v} is always
positive, the mutual influence of agents’ productivity can be multidirectional:
av* >

= * =k
ab;- =0 <= 7 = 7. (10)

In other words, the equilibrium utility of agent i increases (decreases) in response to a small
change in the productivity b; of agent j iff the equilibrium response of player i is greater (smaller,
respectively) than the equilibrium social norm of this player. Of main interest is the dependence
of the game outcome on the parameter 5. As shown by the authors, the dependence is generally
nonmonotonic, and they considered two extreme cases as follows:

e pure individualism (5 = 0), when each player’s equilibrium response equals the individual
productivity:

e total conformism (8 — 1), when all agents choose the same effort equal to the weighted average
of individual productivity:

where d is the vector of normalized vertex degrees, d; = d; / 2?21 dj. When will the total contribu-
tion >°; x7 be higher, under pure individualism (8 = 0) or total conformism (8 — 1)? The answer
depends on the correlation between the productivity b and the vertex degree distribution in the
graph G :

lim Zx;‘ % Zx;‘(ﬁ =0) <= Corr(d,b) % 0. (11)
j=1 j=1

If b and d are positively (negatively) correlated, i.e., the agents with higher productivity occupy
more (less) central positions in the network, total conformism will increase (decrease, respectively)
the aggregate efforts.

The social optimum in the model, i.e., the solution of the problem

1
max I §:CTH(B)SC, (12)

T ~
where H(f) :=1+ % (I — G) (I — G) , is achieved by solving the system of all best responses

xi:(1—5)bi+ﬁfi+ﬂz%(xj—@). (13)
j=1 %
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The distinction between the optimum and the Nash equilibrium in the game is the last term in this
system of the best responses of players (the influence of the agent’s individual action on the social
norm of neighbors). In the Nash equilibrium, when deciding on their individual efforts, agents
neglect this factor, creating a (positive or negative) externality: if i and j are neighbors, then

0v;
0 20 = n T (14)
J

In other words, by exerting the effort x;, agent j imposes a positive (negative) externality on the
neighbor i iff the effort of i is above (below, respectively) the social norm of agent i. The optimum
is achieved when the players’ equilibrium responses match their individual productivity:

29 =b. (15)

In this case, a class of regular networks is distinguished where the aggregate efforts are always

optimal: z* = € = b. The reason is that in regular networks, the positive and negative externalities

imposed by agents on their neighbors balance each other, so the aggregate effect becomes optimal.

Individual productivity is also crucial in the problem of adding and removing links between
agents: the Principal takes into account only the productivity of agents, while information about
the network structure does not matter:

(1) key-link adding: in any network, adding a link between two agents with high (low) pro-
ductivity increases (decreases, respectively) their efforts and, moreover, increases (decreases,
respectively) the efforts of all other agents in the network;

(2) key-link removing: regardless of the network structure, the Principal should remove the link
between the two most productive agents.

The solution of the incentive problem will be discussed below when analyzing control in the linear

quadratic game (subsection 3.2).

Linear quadratic game

The linear quadratic game on a network, proposed in [39], is a most well-known model of network
games. The payoff function of player 1,

x
2

? (16)

n
vi=mi [ bi+ B gijaj | —
j=1

includes benefit from the individual action, z;b;, and the actions of neighbors, 83 gi;z;z;, as well
as the quadratic cost of the decision, 2?/2. The parameter b; > 0 is the standalone marginal return
of player i. The parameter 3 reflects the dependence on neighbors’ actions: for 8 > 0, the actions
of players are strategic complements; for g < 0, strategic substitutes.

In the linear quadratic game, the first-order optimality conditions

lead to the following best-response functions:

n
BRZ(.%'_Z) =b;+p Z GijTj- (18)
j=1
In matrix form, the system of the best responses can be written as

(I — BG)z = b,
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where I denotes an identity matrix of appropriate dimensions. If the matrix (I — SG) is invertible
(for details, see subsection 2.3), then there exists a unique Nash equilibrium: the equilibrium
responses of players (in matrix form) are given by

z* = (I — BG)~'b. (19)

The idea of the authors [39] was to create a bridge between the concept of Nash equilibrium and
measures of centrality for network nodes. Consider a network with an adjacency matrix G and a
scalar value § > 0. Then the vector of centralities [60] of the parameter 3,

+oo
Y BFGF1L= (1 -BG)'1
k=0
reflects the total number of paths in G starting at vertex i. The parameter [ is a decay factor

reducing the relative weight of the longest paths. Thus, the Nash equilibrium in the linear quadratic
game on a graph exactly coincides with the vector of Katz—Bonacich centralities.

A more general model was considered in [61]: an arbitrary weighted network, the set of agent’s
admissible actions z; € [0, L], and the players’ best response

n
BRZ(SC,Z) =min | b; + 5 Z 9i5 5, L. (20)
j=1
For L = oo, the original model is obtained.

The comparative statics of the model were investigated in [62]: the social optimum (the solution
of max, Y v;) leads to the following system of players’ best responses:

n
bi —x; + 25 Z 9ijT; = 0. (21)
j=1
It can be equivalently written as
n
xf = BRi(z_;) + B _ gij;, (22)
j=1

i.e., the equilibrium efforts are too small since each agent ignores the positive influence (positive
externality arising from complementarity) of the individual action on the choices of neighbors. As
a result, the equilibrium in the game turns out to be inefficient. Due to this effect, agents’ actions
are always underestimated, and the Principal in the incentive problem will choose unidirectional
interventions: all agents will either receive additional subsidies or, conversely, be subjected to
fines/taxes. (For a detailed discussion of this issue, see subsection 3.2.)

Obviously, the network structure monotonically affects the social optimum as well. In the case

of symmetric matrices, the following result was established in [63]: for two matrices ¥, ¥’ such that
¥ =1+ G and X' > %, if 0}; > 0y; for all 4, j, then

() > (D). (23)

In the network formation model proposed in [64], agents choose other agents to create a link
by maximizing their individual payoff according to formula (16). Due to the indicated properties
of the function, agents with the highest centrality measure will receive the greatest benefit, and
others will seek to create links with them.
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Local public goods game

Games on networks with strategic substitutability describe situations where the action of one
agent reduces the incentives for neighbors to increase their efforts. Such games model competitive
scenarios, e.g., competition for limited resources, markets, or benefits, where players are connected
through an interaction network, and their strategies are substitutable. This effect is opposite to
strategic complementarity, where one agent’s actions stimulate neighbors to increase efforts.

In the local public goods game on a network, agents decide on their individual contributions to
the production of some non-excludable good (i.e., the agents cannot be excluded from its consump-
tion), which benefits both themselves and their network neighbors. In many studies, this model
was interpreted as a model of sectoral market theory [65], particularly an oligopoly [66]; and some
versions were further developed in the field of business games and behavioral experiments [67].
This model is closely related to oligopoly theory because both consider strategic interaction among
players with the strategic substitutability of actions.

Let firm i produce some quantity of goods z;, and let its profit be v;(x) = z;p(3; x;) — cx4,
where p(3; ;) denotes the inverse demand function, and c is the costs. In the case of linear
inverse demand, the profit of firm ¢ can be written as

n
vi=xi| b= |2+ B8> gz | | — e, (24)
j=1

where g;; = gj; = 1 means that the products of firm 7 and firm j are substitutable, 3 is the degree
of substitutability, and b is the market size. More general network models were studied in [19, 68].
Similar models were considered in [69, 70], where they were supplemented by the parameter r;
(type) of agent i (reflecting the efficiency or qualification of the latter’s activity). The payoff
function of players has the form

V; = Xy b—jzlxj —2—7;, (25)

and the best response on an arbitrary graph G can be represented as
1
(—1 4 ﬁG) z=b. (26)
r

The model formulated in [19] simultaneously accounts for the effects of strategic complementarity
and substitutability: firms compete in markets while cooperating in R&D projects (the so-called
Cournot oligopoly game with the spillover effect of R&D collaborations). The player’s best response
in this model takes the form

n n
zi=bi—pY byz;+ B g, (27)
= =1

where B = {b;;} is the competition matrix between firms (a link between firms arises only if they
compete in the same market), and G = {g;;} is the cooperation matrix in R&D. Under rather
nontrivial conditions, there exists a unique equilibrium given by

z* = (I + pB — BG)~'b. (28)

Up to this point, we have considered the case of common knowledge, i.e., a situation where each
agent has complete information about the individual characteristics of other agents, the structure
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of links, etc. Reflexive games are one approach to analyzing information asymmetry. A reflexive
game is a model of agents’ decision-making based on a hierarchy of their beliefs about opponents’
behavior [71]. If the awareness structure in such a game has finite complexity (a point-based or
pointwise information structure [50] representing a finite hierarchy of beliefs), then a reflexive game
graph G can be constructed, clearly demonstrating the relationship between the actions of agents
participating in equilibrium. In the case of the linear best response of players®, i.e.,

BRi(z—;) =bi — B> _ 72, (30)
=

the informational equilibrium can be found using the formula
x* = (I + BG)'D, (31)

where the vector b reflects the awareness of agents, and G is the reflexive game graph [72]. The
vertices of the graph G correspond to real and phantom agents participating in the reflexive game,
and the arcs of G reflect the mutual awareness of agents.

In this model, solutions of many control problems (particularly in comparative statics) are close
to those of problems in the linear quadratic game on a network. For the case of a unique equilibrium
in the model, the authors [73] considered the incentive-targeting problem; see subsection 3.2.

2.3. Equilibrium Analysis of Linear Best-Response Games

The existence and uniqueness of equilibrium in the above examples are usually established in
two ways: via existence theorems for a solution of a system of linear algebraic equations (as in [39])
or via proofs of the existence of a potential function for a game.

The concept of potential games was pioneered in [74]. The main idea is to show the existence
of a function describing the outcome of a strategic interaction of players using a scalar function.”
A function ¢ is a potential function (best-reply potential) of a game if, for any x;,z}, and x_; and
alli € N,

p(xi, v—) — plag, v—i) = vi(wi, v—;) — vilag, v—). (32)
Linear best-response games possess a potential function (generally, nonunique): for example [77],
it can be represented in the matrix form

o(z) =271 - %xT(I + 6G)z. (33)

The maximum of a potential function corresponds to a Nash equilibrium. A sufficient condition
for a unique solution is the concavity of a potential function. The matrix of second derivatives
takes the form V2p(r) = —(I &+ 8G), and ¢(x) is strictly concave iff the matrix I + 8G is positive
definite: for any y # 0,

yI'(I+ BG)y > 0. (34)

6 The original paper considered the model

n
Vi = X5 (b — Zg”m]> —
j=1

(29)

2o |§m

and g;; = 1.
" As demonstrated in [75], for some classes of games, the potential function is a Lyapunov function of the game
dynamics; hence, the Lyapunov function method can be applied for equilibrium analysis [76].
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For local aggregation games, depending on the sign of 8G, a necessary and sufficient condition for
the existence of a unique equilibrium is either S\ ax(G) < 1 in the case of strategic complementar-
ity (=), or 8| \min(G)| < 1 in the case of strategic substitutability (+), where Apax(G) and Apin(G)
are the largest and smallest eigenvalues of the matrix G, respectively. In local averaging games,
these conditions are not required: G is a row-stochastic matrix (Amax(G) = 1), and the existence
condition becomes 5 < 1.

A significant distinction of games with strategic substitutability is the existence of a corner
equilibrium [78]: the potential function ceases to be concave, and by the game’s property of non-
negative strategies =*, there arises a game situation (strategy profile) where some players—passive
agents—are inactive (x; = 0) whereas the others—active ones—choose the maximum admissible
action x; = b;. In this strategy profile, the equilibrium existence condition is related to the pres-
ence of a maximal independent set in the graph G, which, like the number of equilibria, may be
nonunique: active players must not be connected among themselves.

In the case of an asymmetric matrix G, a sufficient condition for equilibrium existence is the
o . . . T
positive definiteness of the Hermitian component of the matrix G = % and, consequently,

1+ 6Amax(min)(G+TGT) > 0. However, in the case of strategic substitutability, the analysis of best-
response dynamics is more complicated (see the discussion below).

As shown in [63, 100], an equilibrium in a linear best-response game is a solution of the linear
complementarity problem (LCP). According to [76], LCP is a subclass of variational inequality
problems®; the analysis of games in this vein (including the case of nonlinear best response) was
presented in [76, 79, 80] and the references therein. Using the formulation of Nash equilibrium
as a solution of the variational inequality problem, the authors [76] investigated the relationship
between the parameterization of the game and the matrix of partial derivatives of the best-response
operator (the Jacobian of the game), as well as the influence of the Jacobian’s properties on the
existence and uniqueness of equilibrium and the convergence of best-response dynamics in discrete
and continuous time.

2.4. Best-Response Dynamics

Above, the interaction between agents has been formulated as a one-stage noncooperative game,
but this interaction can be represented alternatively. In [81], system (18) was formulated as a linear
affine dynamic system in continuous time:

&= Ax+b, (35)
where A = BG — I. For each agent 1,
T, =b;,+p Z 9ijTj — Tj. (36)
j=1

The solution of the system, or its steady state, is

tlgglo z(t)=—A""1b
=—(BG -1 (37)
=(I-BG)""b.

8 The formulation of Nash equilibrium as a solution of a variational inequality generalizes the game’s potential
property [74].
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The difference approximation of equation (35) is also of interest’: it can be used to establish a
relationship between the discretization step ¢ and the network effect 8. The particular value of
the factor at the interaction matrix is related both to the direct influence of the environment on
the agent’s choice and to the discretization step of the model. In addition, the best responses of
players may be bounded due to the specifics of various real-life situations: in most cases (effort
level in collective behavior models, output in production models of goods or services, etc.), the
best response is nonnegative; in the popular analysis model of educational processes, agents choose
effort levels often measured in hours, and their best responses are bounded (below by zero and
above by some threshold) and are also supposed to be integer. All these aspects restrict the choice
of appropriate tools for analyzing dynamics in such games [82]. The relationship between the game-
theoretic interpretation and the theory of dynamic systems, particularly for the above model, was
discussed in the book [83].

In game-theoretic terminology, the procedure for finding equilibrium by players is called taton-
nement, e.g., Nash/Cournot tatonnement (borrowed from French). In games with strategic substi-
tutability, an equilibrium that is stable with respect to discrete Nash tatonnement implies stability
of equilibrium with respect to continuous best-response dynamics, but the converse is not true [78].
The convergence of continuous best-response dynamics to Nash equilibrium in such games was
shown in [84]; the case of farsighted agents was considered in [85].

In a game on a directed graph G, best-response dynamics can cycle. Two classes of directed
networks for which best-response dynamics converge to a unique equilibrium were introduced in [86].
One class is determined by the possibility of changing the game parameters in a special way so that
the dynamics of the new game coincide with those of the original one; the other class of networks
is closely related to the Kolmogorov criterion for reversibility of a Markov chain.!?

2.5. Relation to Other Fields

The main problems and applications in control of networks were considered in [7, 8]. In this
field, control issues in networks (in particular, collective, cooperative, and multi-agent control) are
studied. Let z;(t) € R™ be the state vector of network nodes at a time instant ¢, ¢ = 1,...,n; this
vector consists of elements g;; reflecting the link between vertices ¢ and j in a graph G. As noted
by the authors, a wide class of multi-agent networks is described by continuous-time models of the
form

n
i = Fi(t,xi,wi) + Y gi () fij (@i, ), (38)
j=1
where functions Fj(-) and fj;(-) characterize the agent’s local dynamics and interaction with other
agents, respectively. In most widespread networks, the interactions of agents depend only on their
disagreements (the divergence of their states); and linear networks with the function

fij(CCZ',CCj) = T; — .’Ej (39)

are the best studied by now. The remainder of this review is devoted precisely to such models. At
the same time, a formulation similar to (38) is valid not only for consensus models but also for game-
theoretic interaction models, while the function f;;(x;, x;) has specific features (see subsections 2.1
and 2.4 of the paper).

Input-output (interindustry) models [89, 90] are closely related to the above ones as well; similar
issues were studied in works devoted to dynamic input—output models [91-93] and optimal planning

¥ Formula (19) has at least three interpretations: it is the equilibrium of a game-theoretic model, the equilibrium of
a linear affine dynamic system, and also a centrality measure of network nodes.
19 The relationship between directed graphs and the Kolmogorov criterion was also addressed in [87, 88].
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models [94]. Let x; be the output of (economic) sector i, and let G be the direct cost matrix. Its
elements reflect the costs (input) of sector i to provide one unit of goods or services (output) of
sector j. Then the total cost matrix is

A=(I-G)"",

whose elements reflect the output of sector i required to provide one unit of the final output of
sector j. In the literature, a more general case of the matrix A, depending on a parameter (3 (the
Leontief inverse), is also considered [89]: A = (I — BG)~L.

Various ways of describing game-theoretic interaction on a network were addressed in [95, 96];
control problems in the case of strategic network formation, in [97, 98]; and in models of bounded
rationality, in [50, 71]. For details, the reader is referred to subsection 2.2. This review does not
cover cooperative games [99], although several cooperative solutions of the games described above
were proposed in [100-102].

Note separately the works devoted to control problems in social network models [12, 103] and
in models of mixed social influence (the mechanisms of assimilative/dissimilative influence and
bounded trust) [104]. As demonstrated above, such models can also be treated as models of
strategic interaction.

3. CONTROL PROBLEMS
3.1. Principal’s Objective Functions and Budget Constraints

A control authority (also called Principal or central planner in the literature) receives information
about the participants’ payoffs and can influence their actions, generally speaking, at different time
instants and in various ways. Consequently, the outcomes of agent interaction change, becoming
more desirable for the Principal. The subject of control can be various elements of the system, i.e.,
agents’ actions, their incentives, the interaction structure, and other characteristics.

In the case of linear best-response games, the control problem is posed as a general optimization
problem of the form

max W (z,u) (40)

subject to the constraints
x>0, x=DBR(z,u), K(u,uy) <C, (41)

where u is a game parameter influenced during the control process, with ug specifying its initial
value; K (u,ugp) is a cost function characterizing constraints on parameter variations relative to the
initial value; and C' is a constant. As shown above, in the analysis of comparative statics and social
optimum, the vector z (the players’ best responses) can be treated as a control action. Thus, a
two-stage game is considered: at the first stage, the Principal applies control, and at the second
stage, the agents play out an equilibrium.

Although the same best-response function may correspond to various payoff functions, the so-
lution of the control problem may differ depending on the function maximized by the Principal:

e increasing/decreasing the aggregate outcomes of players:

n
W = Z T; — max;
i=1
e increasing the total payoff of all participants, i.e., the Benthamite (utilitarian) social optimum:
n
W = Z v; — max;

i=1
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e increasing the payoffs of the least well-off participants, i.e., the Rawlsian (maximin) social
optimum:
W = minv; — max.
1

The challenge of choosing the Principal’s objective functions in such problems has received little
attention so far; for example, see [105]. And the most popular choice is the social welfare function
(the sum of agents’ payoffs).
There exist several classifications of control problems applicable to the models under consider-
ation [31, 95, 106, 107]. In [31], the following network intervention strategies were presented, each
with different tactical alternatives:
e individual (the identification of key network participants based on some network characteris-
tics, see Table 2);

e segmentation (network division into groups of nodes for further intervention);

e alteration (the change of links between participants or the entire interaction network, see
Table 2);

e induction (network excitation for activation of new interactions (cascades) between partici-
pants, which can be informational /behavioral, etc.; for example, see [108]);

Table 2. Control problems in linear best-response games

Problem Description Publications
type
Individual | Key network participants are identified based | Galeotti and Goyal, 2009 [109]; Candogan,
on some network characteristics Bimpikis, and Ozdaglar, 2012 [110]; Bloch

and Querou, 2013 [111]; Fainmesser and Ga-
leotti, 2016 [112]; Demange, 2017 [113]; Ga-
leotti, Golub, and Goyal, 2020 [73]; Kor
and Zhou, 2023 [114]; Belhaj, Deroian, and
Safi, 2023 [116]; Jeong and Shin, 2024 [115];
Dasaratha, Golub, and Shah, 2024 [117]

Alternation | Links between participants or the entire in- | Borgatti, 2006 [118]; Ballester, Calvo-Armen-
teraction network are changed gol, and Zenou, 2006 [39]; Corbo, Calvo-
Armengol, and Parkes, 2006 [119]; Corbo,
Calvo-Armengol, and Parkes, 2007 [63];
Golub and Lever, 2010 [120]; Konig, Tes-
sone, and Zenou, 2014 [64]; Belhaj, Bervoets,
and Deroian, 2016 [121]; Matveenko and
Korolev, 2016 [122]; Hiller, 2017 [123];
Harkins, 2020 [124]; Li, 2023 [125]; Sun,
Zhao, and Zhou, 2023 [126]

Several authors distinguished institutional interventions, emphasizing the specifics of changing
the rules of interaction [95, 106]. In [95], staff control (control of the composition of participants)
was singled out into a class of problems; in [31], this class was attributed to alteration problems
(control of the interaction structure, structural control).

In works devoted to control in linear best-response games, u can be the staff of players i € N,
the incentives b, or the interaction structure G. Solutions of some problems are described below;
and the table lists the related publications according to the above classification.

Control of agents’ incentives

In such control problems, the Principal changes the individual characteristics of agents’ activities.
Incentive problems in which the Principal seeks to maximize social welfare in models with strategic
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complementarity were considered in [73, 113] (including the case of the coordination game [115]).
Monopolist’s pricing problems under local consumption externalities were studied in [110, 111], par-
ticularly the relationship between consumer centrality in the network and the prices and quantities
offered by the monopolist.

Structural control

Structural control adjusts the level of activity by changing the network structure. Creating or
removing links with such control affects the centrality of agents, thereby changing the equilibrium.
Researchers investigate optimal networks from the Principal’s standpoint. According to [64], the
class of nested split graphs (NSGs) stands out among simple networks maximizing a Principal’s
concave objective function. In any network that is not an NSG, links can be created between agents
to improve welfare in the linear quadratic game on this network [121].

Control under uncertainty

Many authors resort to analyzing the stability of control methods with respect to exogenous
disturbances or probabilistic uncertainty; for example, see [73, 78, 127, 128]. Importantly, data
on the network structure are often difficult to obtain [129, 130]; this aspect has motivated the
appearance of models for both probabilistic and game-theoretic uncertainty regarding the network
structure.

For instance, in [112], the Principal chooses the optimal price level for agents, having only
information about the degree distribution of network nodes. In another case considered, the network
structure is observable, but the location or identity of agents is private information [131]. In other
words, the Principal cannot distinguish networks that are identical up to node permutation. An
essential feature of this game design is that the vector x* of equilibrium responses becomes a
contract offered by the Principal to the agents. The authors identified classes of network structures
for which the Principal’s optimal contracts are incentive-compatible for agents and their coalitions.

Network identification

One of the most important problems is network identification. There are several methods for
solving this problem based on data from a series of game outcomes, involving a statistical approach
(graph regularization) [132], optimization [133], and machine learning [134]. A separate line of
research is the solution of bilevel optimization problems!! [136], where the observed equilibrium
responses of players are supposed to arise from optimizing the interaction structure (by the agents)
in terms of the social welfare function.

Another network identification approach is based on information about the best-response dy-
namics of players and the solution of a control problem [137]. The Principal does not know the
network structure in the game but observes the players’ best responses and manipulates the actions
of some players. As demonstrated by the authors, the network structure identifiability criterion is
equivalent to the rank controllability criterion of the system reduced to a special form; and they
applied the algorithm [138], originally developed for identifying stable linear systems.

3.2. Control in the Linear Quadratic Game on a Network

Perhaps the linear quadratic game on a network is the first and most thoroughly studied game
from the perspective of control problems; for this game, there are many statements of control
problems, see [39, 118] and the references above. Several problems will be considered below to
demonstrate the features and specifics of control problems in linear best-response games. The

11 Bilevel optimization problems stem from Stackelberg games, where the outer (or inner) problem optimizes the
Leader’s (or Follower’s) actions [135].
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payoff of players in this model has the form

[\

€T
27

~

n
vi=x [ b+ B> gz | — (42)
j=1

and the equilibrium in the game is
z* = (I — BG)~'b.

Historically, the key player problem was the first. A key player is a player whose removal has
the greatest impact on the aggregate outcome. Let G be an original (symmetric) adjacency matrix
and G~' be the new matrix obtained from G by zeroing out the row and column corresponding to

(@) = 2, 23(G)] or

the ith vertex. Then the Principal’s problem takes the form max;cn { i X

equivalently,

min Y 2%(G7Y). (43)

Let M = {m;;} = (I — BG)™!, and k = {k;} = (I — BG)~'1. The authors introduced a special in-
tercentrality measure to capture both the individual centrality of players and their contribution to
the centrality of others:

k2

)
™mi;

C; =

As shown, the vertex with the largest value of ¢; solves problem (43).

The incentive-targeting problem was considered in [73]: the Principal seeks to maximize the
social welfare function in equilibrium:

1
W = Z v; = §xTx — max. (44)

Thus, the Principal changes the standalone marginal return b—bof players, which is interpreted
as a variation in players’ incentives (e.g., monetary subsidies to firms). The Principal’s budget

constraint has the form N

K(b,b) =Y "(b; —b;)* < C ~n. (45)
=1

The solution of (44) is the efficient network heuristic
gnh =b+ \/Eﬂl(n)a (46)

where f11(,) denotes the eigenvector of the matrix G corresponding to the largest (smallest) eigen-
value in the case of positive (negative, respectively) values of the coefficient f.

As indicated above, the choice of the Principal’s objective function significantly affects the
outcome. If, in this problem, we pass from maximization of the total payoff (44) to

n
W = le — ml?x
i=1

(maximization of the aggregate outcome of participants), the solution will be the budget allocation
proportional to the individual contribution of players:

Bnh =b+ \/5.%'*
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The distinction between the functions is that the sum of payoffs accounts for both the actions
and their differences: ) ,u; = %Zi 12 = 32 + 02, where # and o2 are the mean and variance,
respectively.

Due to several properties of the cost function (45), the authors extended the results to some
other functions [139]. One notable case is the Principal’s linear costs:

n
K(b,b) => |b; — bi| <C ~n.
i=1
Here, the solution is to transfer the entire budget to a single player *, bx = by + C , chosen based
on the players’ contributions to the outcome of the Principal’s intervention.
It is of interest to compare the solutions of the incentive problem for local aggregation and local

averaging models. To achieve the social optimum without budget constraints in the linear quadratic
game

Z v = Z (bi + si)xi + 8 Zgijﬂfﬂj - EZ — max, (47)
i=1 i=1 j=1

the Principal needs to choose sio =0 Zj gijrj. Due to the properties of the game, this value is
always positive, and the Principal will subsidize more central players in the network.

As shown above, in the social norms model, agents create both positive and negative externalities
for their neighbors. As a result, in an incentive problem [46] of the form

dvi=> |(bi+ si)wi — 3 | % > %xj — EZ — max, (48)

O composed of

szozﬁzgﬂ (xj—z%ka> : (49)

the Principal subsidizes (taxes) the agents whose neighbors exert efforts above (below, respectively)
their social norms. (This contrasts with the linear quadratic game, where the Principal is forced
to incentivize agents because of their positive externalities.) In other words, the Principal needs
to subsidize agents exerting efforts below the average of their neighbors and to tax those exerting
efforts above their neighbors.

the solution is the vector s

We emphasize that till recently, changing the initial vector b of individual characteristics has
been supposed to be a problem with a nonzero budget; in real applications, however, the Principal
redistributes resources among agents without additional costs. The balanced budget condition
(Pigouvian taxes) was addressed in [20].

The problem of finding the interaction structure maximizing the Principal’s objective function
was considered in [63, 119]. As (3 grows, the solutions of the two Principal’s problems—maximizing
the aggregate outcomes and the sum of payoffs—coincide, and among all networks, the maximum
is attained for those with the largest spectral radius. The case of controlling a combination of
multiple activities (when x; becomes a vector) was addressed in [114]. The cases of simultaneously
using different control strategies were studied, e.g., in [140, 141].

4. CONCLUSIONS

This paper has presented a detailed review of control problems in the strategic interaction of
agents on a network when the agent’s dependence on the actions of others is described by the
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linear best response function. The Nash equilibrium in such games is not the social optimum
due to externalities, which motivates the development of control mechanisms (e.g., identifying key
agents, incentivizing agents, and creating or removing links) to increase the efficiency of collective
interaction.

Some directions for further research are being actively developed at present and deserve special
attention.

4.1. Nonlinear Best Response

Control problems in nonlinear best-response games were considered in [142-144]. A general
model of network effects was proposed in [34]. In this model, the nonlinear best response includes
the local averaging model as a special case; the nonlinearity is implemented via a CES function
with an elasticity parameter 3 :

_ = Gij
T = Z d—jxf : (50)
j=1 %
and the player’s best response takes the form
1
BR; = (1 = Xo)b; + (A1 + A\2) Z d_‘]xj ) (51)
j=1 %

where A1 and Ay correspond to the intensity of the spillover effect and conformism, respectively.
For = 1, the LIM model arises; if 3 is very large, the model T_; = max;{x;}, where the agent
is oriented toward the network neighbor with the greatest effort; and when [ takes large negative
values, the dominating model Z_; = min;{z;}, where the agent is oriented toward the neighbor
with the smallest effort.

4.2. Games on Multiplex Networks

In many cases, the relationship among agents was considered within a single network. However,
agents often maintain multiple types of relations, such as cooperation, mutual assistance, borrowing,
etc. [145]. One way to describe such interaction is multiplex networks, i.e., multilayer networks
without links between vertices of different layers that reflect the coexistence of various relations
among agents [146]. Such games were analyzed in [147, 148|.

4.3. Large Networks and Graphons

Some networks encountered in applied research are so large that analysis becomes difficult or
even impossible [149]. A tool for analyzing large networks and the asymptotic behavior of sequences
of graphs with a growing number of vertices was proposed in [150]. A graph function (graphon)
is an object that generalizes discrete graphs to the case of large networks in the continuous-limit
representation. Centrality measures for such objects were introduced in [151]. In [127], the above
games were extended to the case of a limit object: players were represented as a population on
the interval [0, 1], and the probability of a link between them was described by a graphon W (3, j)
defined on the unit square. Dynamics in such games were investigated in [152], and control problems
were considered in [141, 153].
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