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Abstract—This paper is devoted to the kinematic problem of the optimal, in terms of energy
consumption, program angular acceleration of a spacecraft under arbitrary boundary conditions
imposed on its angular position and angular velocity. A quasi-optimal analytical solution of the
problem is obtained within the classical Poinsot concept of the angular motion of a solid body
as a generalized coning motion and Pontryagin’s maximum principle. This solution is brought
to an algorithm. Supporting analytical and numerical examples are provided to show either the
proximity of the quasi-optimal and optimal solutions or their complete coincidence, depending
on the boundary conditions.
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1. INTRODUCTION

In many spacecraft guidance and control problems, it is required to know the optimal, in
some sense, program angular acceleration of a spacecraft under arbitrary (given) boundary condi-
tions [1-5]. In the literature, as a rule, such acceleration is either numerically found or analytically
constructed (e.g., [5]) based on polynomials (splines) by representing the spacecraft attitude quater-
nion via polynomials and expressing the angular velocity vector through this quaternion. However,
no guarantees (rigorously proved theorems or considerations from theoretical mechanics) are given
that these analytical solutions will approximate the optimal angular motion trajectory of the space-
craft well enough on the entire set of its angular motions under any boundary conditions.

In this paper, we study the kinematic problem of the optimal, in terms of energy consumption,
program angular acceleration of a spacecraft under arbitrary boundary conditions for its angular
position and angular velocity. It is difficult to obtain the optimal analytical solution of this problem
under arbitrary boundary conditions: in the general case, the exact solution of the attitude prob-
lem of a solid body by its known angular velocity (the Darboux problem) remains unknown [6, 7].
Following the classical Poinsot concept of the angular motion of a solid body as a generalized con-
ing motion, we reformulate the optimal angular acceleration problem of a spacecraft in this class
of motions. The spacecraft trajectory is given by explicit expressions containing arbitrary quater-
nionic and scalar constants and two arbitrary scalar functions (the parameters of the generalized
coning motion). These parameters and their derivatives are employed as variables to pose and solve
an optimization problem in which the second derivatives of the parameters act as controls. Note
that the generality of the original problem is almost not violated: the known exact solution of the
classical optimal angular acceleration problem in the planar rotation case [4] or in the new special
case of regular precession (considered below) and the similar solutions of the problem within the
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above concept completely coincide; in other cases, in numerical calculations of the solution of the
original problem and the analytical solution proposed, the relative error between the values of an
optimization criterion (the determinative characteristic of the problem) constitutes at most 1%,
including spacecraft rotations to large angles. Therefore, the analytical solution proposed in this
paper can be treated as quasi-optimal with respect to that of the classical optimal angular accel-
eration problem of a spacecraft. Explicit expressions for the attitude quaternion and the angular
velocity vector of a spacecraft are derived. An explicit formula for the angular acceleration of a
spacecraft is obtained by differentiating the expression for the angular velocity vector. Finally, an
analytical algorithm for solving the problem is presented, which can be used aboard the spacecraft.

The analytical solution method proposed below has previously been successfully applied to dy-
namic optimal rotation problems for spacecraft of various configurations with different optimization
criteria [8, 9], as well as as to the design of quasi-optimal (in terms of time) angular acceleration
of a spacecraft under arbitrary boundary conditions [10].

2. CLASSICAL PROBLEM FORMULATION

The angular motion of a spacecraft as a solid body around its center of gravity is described by
a system of differential equations in vector-matrix form:

Ao —A A Ay |

A Ao A3 Ao !
21 = = 2.1
X N do <A | |2 2.1)

A3 X2 M —XNo 3

. . . T T
[ w1 W2 W3 } = [ €1 €2 &3 s (2.2)

which is equivalent to the short representation [4]

2A =Aow, (2.3)
w =g, (2.4)

where A(t) = [)\0(75), A (t), )\Q(t), Ag(t)]T or A(t) = )\0(75) + Al(t)il + )\Q(t)iz + )\3(75)1'3 is the nor-
malized quaternion that describes the angular position of the spacecraft (||A]| = A3+ A3+
M+ A =1); w=[w(t), wa(t), w3(t)]T or w(t) = wi(t)i; +wa(t)iz + ws(t)iz is the angular ve-
locity vector of the spacecraft, which can be treated as a quaternion with the zero scalar part
w(t) = [0, wi(t), wa(t), wa(t)]™; € = [e1(t), e2(t), e3(t)]T is the angular acceleration vector of the
spacecraft; the imaginary units i1, 49, and i3 of the Hamiltonian correspond to the orthonormal
basis vectors iy, i, and i3, respectively, of the three-dimensional vector space; o indicates the
quaternion product; finally, T means the vector transpose. The phase coordinates A and w are
assumed to be continuous functions, and the angular acceleration e (control) is assumed to be a
piecewise continuous [11].

The boundary conditions imposed on the attitude and angular velocity of the spacecraft are
arbitrary:

A(0) = Ay, A(T) = Ar, (2.5)
w(0) =wp, w(T)=wr. (2.6)

It is required to find the optimal control €°P!(¢) that minimizes the energy consumption func-
tional

T
7= [ et 27)
0
where the time 7' is arbitrary and fixed.

AUTOMATION AND REMOTE CONTROL Vol. 87 No. 6 2026



496 SAPUNKOV, MOLODENKOV

The problem formulation (2.1)—(2.7) is kinematic since it neglects the dynamic configuration
of the spacecraft. Note that the optimal angular acceleration of the spacecraft can be found as
the derivative of its optimal angular velocity in the full dynamic optimal attitude problem of a
spacecraft, where the Euler dynamic equations are used instead of the vector equation (2.4) and
the control function is the vector of the external control moment applied to the spacecraft [8, 9].

3. DIMENSIONLESS VARIABLES

We reformulate the problem by replacing the original dimensional variables with dimensionless
ones:

tdlmless — tdlm/T, wdlmless — wdlmT, Edlmless — EdlmTQ’ Jdlmless — JdlmT3.

In this case, all the expressions will not change, except for the optimization functional

J:/HeHdt. (3.1)
0

Below we will solve problem (2.3)—(2.6), (3.1) in the dimensionless variables for T'= 1, with the
removed superscripts in the problem formulation.

4. REDUCTION TO A BOUNDARY VALUE OPTIMIZATION PROBLEM

Following Pontryagin’s maximum principle [4, 11], we introduce a quaternion ¥(t¢), conjugate
to the spacecraft attitude quaternion A(t), and a vector ¢(t), conjugate to the spacecraft angular
velocity vector w(t). The Hamilton—Pontryagin function is given by

H=—(e,e)+ (¥, Aow)/2+ (p, €), (4.1)

where (., .) means the inner product of vectors.

The conjugate system of equations has the form
20 = Wow 19
Lp:—vect(]&o\Il)/Z (4.2)

where vect(.) and ~ are the vector part and conjugation of the quaternion, respectively. The linear
differential systems of equations for the variables ¥ and A coincide, hence their solutions differ by
a quaternion constant C :

¥ =CoA. (4.3)
Therefore, in view of the notation adopted in [4]:
p = vect (]&o\Il) =Aoc,0A, (4.4)
where ¢, is the vector part of the quaternion C, the expressions (4.2) become
{p:KocvoA (4.5)
¢ =-p/2

Thus, due to the self-conjugation of the linear differential system of equations (2.1) (or (2.3)),
the dimension of the boundary value problem of the maximum principle is reduced by four [4]. The
maximum condition (3.1) yields the following continuous structure of optimal control:

et = /2. (4.6)
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From (2.3), (2.4), (4.4), and (4.5) it follows that w = ¢ /2, & = —p/4, and W = —p/4 = & X w,
where the symbol x means the vector product. Written as a single equation, they become

W=0wXuw. (4.7)
As a result, the optimal angular acceleration of the spacecraft is found by solving the boundary

value problem (2.3), (4.7), (2.5), (2.6).
Using the expression (4.4), we write the Hamilton-Pontryagin function (4.1) as

H=—(g,e)+(p,w) /24 (g, €). (4.8)

Based on formulas (2.3), (2.4), and (4.5), we also indicate the vector first integral [12] relating
the phase and conjugate variables of the problem: p/4 + ¢ X w = const V ¢t € [0,T].

Despite that this paper considers the problem without control constraints (the constraint on
the magnitude of the angular acceleration is indirectly realized here by minimizing the integral
control-quadratic functional), the expressions (4.4)—(4.6) can be used to estimate the magnitude of
the optimal angular acceleration vector. For a continuously differentiable vector function Pt of
the optimal control, we have

P (2) | =

t
/ €P (1) dr + €P(0)
0

t
< [1ew @) | dre | 7(0) |
0

= / | p(7) | dr/4+ ] €(0) [=| ey | /44 [ €P*(0) | .
0

In other words, at any time instant ¢ € [0, 1], the magnitude of the vector function °P*(¢) must lie
inside a sphere of variable radius

[P (B)]] < (| e | £/4+ ] €%P5(0) |)* ¥ £ € [0,1]. (4.9)
Similarly, on the other side, we obtain
e @] < (e | (1= 1)/4+ ] (1) )* ¥ £ € [0,1]. (4.10)

Consequently, the magnitude of the optimal angular acceleration vector must belong to the inter-
section of the sets defined by inequalities (4.9), (4.10), i.e.,

[P ()| < 42(8) ¥ ¢ € [0,1],
2 . " 2 ¢ 2 (411)
v <t>=mtm{(| co | t/4+ e (0) )7, (lew | (1 —1)/4+ | €PH(1) |) }

where the vector constant c, is determined from the given constants of the problem statement.

Note that in the special case of the boundary conditions on the angular velocity (2.6) correspond-
ing to a planar Euler rotation, when the exact solution of the problem is known, | ¢, | in (4.11) is
explicitly expressed through the given boundary conditions on the spacecraft angular position (2.5):

| ¢y |=| vect(Ar o Ag)/ sin(arccos(scal(Ar o Ag))) |, (4.12)

where scal(.) means the scalar part of the quaternion, and the magnitude of the vector function
€°Pt(t) can reach the boundary of the region (4.11), (4.12).

5. PARTIAL SOLUTION OF THE PROBLEM IN ELEMENTARY FUNCTIONS

In the class of regular coning motions, we obtain a new analytical partial solution of the optimal
angular acceleration problem of a spacecraft, expressed in elementary functions. In this class of
motions, the optimal angular velocity of the spacecraft has the form

w(t) = Qo (i1 Bsinyt + i2B cosyt + izy) o Q, (5.1)
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498 SAPUNKOV, MOLODENKOV
where Q (quaternion), f, and «y are arbitrary constants; in addition,

IK|| = daf +ai + a3 +a5=1. (5.2)

The quaternion Q defines the rotation of the vector i;3sin~t + i3 cosyt + i3y about some
constant axis passing through a fixed point of the spacecraft. Let us show that the angular ve-
locity (5.1) satisfies equation (4.7). Differentiating the expression (5.1) three times with respect
to t yields w(t) = BvQ o (i cosyt —igsinyt) o Q, &(t) = —B872Qo (iy sinyt 4 ip cosyt) o Q, and
W(t) = By3Q o (—ij cost 4 iz sinyt) o Q. By substituting (5.1) and the above derivatives into (4.7),
we verify the desired equality with W =& X w = (Wow —wo &) /2.

Based on (2.3) and (5.1), the spacecraft trajectory can be explicitly written in the form of a
regular precession:

A(t) = Ag o Q o exp{izfft/2} o exp{isyt/2} o Q, (5.3)

where exp{.} denotes the quaternion exponential [4].

The expressions (5.1)—(5.3) contain five arbitrary constants /3, v, and ¢;, ¢ = 0,1,2. (The con-
stant g3 is related to condition (5.2).) Let us satisfy the boundary conditions (2.5), (2.6). Due to
the insufficient number of arbitrary constants in (5.1), we impose requirements on |wg| and wr in
the course of solving the problem, while the unit vector w§ = wp/ |wp| is arbitrary and given. At
the point ¢ = 0, by formula (5.1),

wo = |wo| w§ = Qo (26 +i37) 0 Q, (5.4)

Jwoll = [|@ o (128 +i57) 0 Q|| = | Q| 128 + 1371l 1QI = 57+ (5.5)
at the right end of the spacecraft trajectory for t =T = 1, from (5.3) we have
Az = Ago Qo exp{izB/2} o expfisy/2} 0 Q, (5.6)
with
scal(Ag o A7) = scal(exp{iz3/2} o exp{izy/2}), (5.7)

where scal(.) means the scalar part of the quaternion. Based on (5.2) and (5.4)—(5.6), we find |wy| ,

B, 7, and Q.
Let us represent (5.4) and (5.6) in the form

(128 +i37) 0o Q — Qo =0,
exp{i23/2} o exp{iz7/2} 0Q — Qo Ago Ay =0.

Equivalently, involving the m- and n-matrices isomorphic to quaternions [13], we have

[0 0 -8 — 0 —wo1 —wo2 —wo3 q0 0

0 0 — B8 | |wan 0 w3 —wo q 0 (5.8)
g v 0 0 w2 —wo3 0 wor 72 0 '
v -8 0 0 | wo3  wo2 —wor 0 | q3 0

Ho —H1 —p2 —H3 v —v1 —V2 —U3 ) 0

H1o fo —p3 M2 | |1 v V3~ Q 0 (5.9)
K2 H3 po  —f vo —V3 vy Vi q2 0 '
| M3 —H2 P oo | vs ve —uv1 Vo | q3 0
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where the coefficient matrix of the linear algebraic system (5.9) is determined by the components
of the quaternions p and v :

p = exp{izf3/2} o exp{iz7/2}

po = cos(B/2) cos(v/2), p1 =sin(B/2)sin(vy/2) (5.10)
p2 = sin(3/2) cos(v/2), p3 = cos(5/2)sin(v/2),
v=~AyoAr. (5.11)
Their norms are ||p|| =1 and ||v|| =1, and the coefficient matrices of systems (5.8), (5.9) have

rank 2. By choosing two linearly independent equations in (5.8) and in (5.9), we obtain a homoge-
neous system of the form

0 wo1 wo2 — B woz — 7 Ky 0
—wo1 0 —(wo3 +7) wo2 + 8 Ki| _ 10 (5.12)
p1— vq 0 —(pus+v3) po+un K 0 '
0 vi— 1 Vo — 2 V3 — 3 K3 0

A nontrivial solution of the system of equations (5.12) is due to the zero determinant of its coefficient
matrix. Using this fact and formulas (5.4), (5.5), (5.10), and (5.11), we get

lwo| = (p2B + u37y)/ (V1w + vawgy + v3wWes)- (5.13)

Based on (5.5), (5.7), (5.10), and (5.13), we compile a system of two nonlinear equations to
determine the constants 8 and -y :

(82 +9%) (1 + vawliy + vawfs)” — (426 + p37)" = 0 (5.14)
scal(Ag o Ar) — cos(8/2) cos(v/2) = 0. .
The value of |wp| is found from (5.3) using the solution of system (5.4).
The components of the quaternion Q are given by
2 2 2]1~1/2
gs =+ [1+ (Bo/G) + (B1/G)’ + (B2/G)’| ", a0 = Boas/G, (5.15)
1 = Bi1g3/G, q2 = Bagq3 /G,
where
By = —(p2 + v2)(wos + ) + (3 + v3)(woz2 + B)
Bi = (1 — vi)wor + (s + v3)(v — wos) + (12 + v2)(8 — wo2) (5.16)
By = (1 — v1)(wo2 + B) + (p2 + v2)wor .
G = (1 —v1)(wo3 +7) + (13 + v3)wor -
The boundary condition on the spacecraft angular velocity for ¢t =T = 1 shall be
Ww(T) = wr = Qo (iyfsin~y + izfB cosy +izy) o Q. (5.17)

Finally, if the boundary conditions on the spacecraft angular velocity w satisfy the require-
ments (5.13) and (5.17), the spacecraft angular motion trajectory will lie in the class of regular
coning motions and will be determined by the explicit expressions (5.1) and (5.2). (For all ¢ € [0, T,
w(t) will belong to a coning surface determined in space by arbitrary given boundary conditions
on the position, Ag and A7, and the arbitrary given direction of its initial value vector wy.)

The optimal angular acceleration from (2.4), (5.1) is

e=w=pvQo (i1 cosyt — igsinyt) o Q, (5.18)
lle|| = B*4* = const. (5.19)

AUTOMATION AND REMOTE CONTROL Vol. 87 No. 6 2026
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The dimensionless optimization functional (3.1) takes the optimal value
1
J= / lell dt = 8242, (5.20)
0

The conjugate variables ¢ and p are determined using formulas (5.18) and (4.5). The problem
with the above restrictions has been completely solved.

Now we present an algorithm for constructing the minimum-energy angular acceleration of a
spacecraft in the class of regular coning motions:

1) Use the given constant conditions T = 1, Ag, A7 (2.5), and w§ = wp/ |wp| and formulas (2.6),
(5.10), (5.11), (5.15), and (5.16) to determine the unknowns 3, v, and |wy| .

2) Use Ag, A7, B, v, T =1, and |wp| and formulas (5.15) and (5.16) to find the quaternion Q.

3) Use the expressions w§® = |wp|w§ and wsl® = Qo (iyBsiny + izBcosy +i302) o Q to find
the conditions wgalc and w%alc at the ends of the trajectory.

4) Compare the values of w§'® and w$° with the given ones (2.6).

5) If equality holds in item 4), then the optimal solution of the problem is in the class of regular
coning motions; use formulas (5.1), (5.3), and (5.18) and item 1) to calculate the angular velocity,
trajectory, and angular acceleration vector of the spacecraft; determine the optimal value of the
functional based on (5.10).

6) Calculate the conjugate variables ¢ and p by formulas (4.4), (4.5), (5.18).

This optimal solution of the problem in the class of regular coning motions and the previ-
ously known exact solution [4] in the class of planar Euler rotations (under the condition wy wp
||vect(Ag o Ar)) for the special cases of boundary conditions on the spacecraft angular velocity will
be used as analytical confirmations when constructing a quasi-optimal solution of the spacecraft
angular acceleration problem in the class of generalized coning motions. Also, we will provide
some suggestive considerations based on the numerical solution of the optimal angular acceleration
problem of a spacecraft with arbitrary boundary conditions.

6. JUSTIFICATION OF THE APPROACH BASED ON NUMERICAL SOLUTIONS
OF THE PROBLEM

Let us numerically solve the boundary value problem of the maximum principle (Section 4) for
the original kinematic optimal acceleration problem (2.3)—(2.6), (3.1) of a spacecraft:

JA=Aow
:’; - €—~P/2 (61)
p=Aoc,oA, ¢, =const,
A(0) = Ay, w(0) = wy, (6.2)
AT)=Ar, w(T)=wr, (6.3)
et = /2. (6.4)

It is required to find e°Pt, T°Pt APt ,°P' and c,. The terminal conditions (6.3) are conveniently
written in the phase space A X w of dimension 7 as

vect (A(T) o Ar) =0, w(T) = wr. (6.5)
(For details, see [8, 9].)

A numerical solution method for such problems was described in [8, 9]. Also, for comparison,
we provide kinematic characteristics based on the calculation results in the full dynamic optimal
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rotation problem of a spacecraft (in the sense of minimizing energy consumption) as a solid body
of various dynamic configurations [9] in dimensionless variables (7' = 1) under the same boundary
conditions:

Ao = (0.7951, 0.2981, —0.3975, 0.3478), wy = (0.2739, —0.2388, —0.3), (6.6)
Ar = (0.8443, 0.3984, —0.3260, 0.1485), wr = (0.0, 0.0, —0.59). (6.7)

Spacecraft 1. An arbitrary spacecraft, I; = 0.9869, Is = 1.1843, and I3 = 0.7895.

Spacecraft 2. An arbitrary spacecraft, I; = 0.9506, Is = 1.3308, and I3 = 0.5704.

Spacecraft 3. The International Space Station (ISS) in its early version [14], I; = 4853 000 kg x m?,
I, = 23601000 kg x m?, and I3 = 26278000 kg x m?, or the dimensionless variables I; = 0.2358,
I = 1.1466, and I3 = 1.2766.

Spacecraft 4. Space Shuttle, which has characteristics almost like a dynamically symmetric solid
body: I} = 3400648 kg x m?, Iy = 21041672 kg x m? or I} = 0.1967, Iy = 1.2168, and I3 ~ I5.

Spacecraft 5. An arbitrary spacecraft, I; = 0.9116, Is = 1.3674, and I3 = 0.5470.

Table 1 shows the values of the attitude quaternion and angular velocity vector of the spacecraft
obtained by solving the optimal angular acceleration problem (6.1)—(6.5) and the dynamic optimal
rotation problem [9] for spacecraft 1-4 at the intermediate point ¢ = 0.5 of the time interval. For
comparison, the last line of Table 1 contains the data obtained by solving the quasi-optimal angular
acceleration problem of a spacecraft considered in Sections 6 and 7 of the paper.

Table 1. Values of the attitude quaternion and angular velocity vector

Spacecraft Ao A1 A9 A3 w1 wa w3
1 0.8095 | 0.3628 | —0.3766 | 0.2670 | —0.0499 | —0.0115 | —0.4941
2 0.8093 | 0.3631 | —0.3765 | 0.2674 | —0.0496 | —0.0116 | —0.4949
3 0.8077 | 0.3654 | —0.3773 | 0.2678 | —0.0506 | —0.0159 | —0.4949
1 0.5086 | 0.3634 | —0.3780 | 0.2668 | —0.0519 | —0.0137 | —0.4948
Bou“dazgylgfl(‘ée;;mblem 0.8096 | 0.3625 | —0.3768 | 0.2668 | 0.0502 | —0.0114 | —0.4937
Modified problem | 0.8099 | 0.3627 | —0.3756 | 0.2673 | —0.0488 | —0.0098 | —0.4938

For the spacecraft under consideration, Table 2 presents the components of the angular accel-
eration vectors € = [g1(t), e2(t), e3(t)]T at the points t =0, ¢t = 0.5, and t = T = 1 of the optimal
control process.

Table 2. Values of the angular acceleration

Spacecraft €1(0) | e2(0) | e3(0) | 1(0.5) |e2(0.5) | e35(0.5) | e1(1) | e2(1) e3(1)
2 —0.9649 | 0.7262 | —0.4736 | —0.3051 | 0.2053 | —0.2902 | 0.5357 | —0.1154 | —0.0965
3 —0.9399 | 0.7235 | —0.4449 | —0.3207 | 0.2039 | —0.2942 | 0.5681 | —0.1076 | —0.0940
4 —0.9262 | 0.6536 | —0.4422 | —0.3182 | 0.2586 | —0.2978 | 0.5591 | —0.2446 | —0.0886
) —0.7914 | 0.6537 | —0.4345 | —0.3968 | 0.2549 | —0.3002 | 0.7341 | —0.2381 | —0.0875
Boundary
value problem | —0.9854 | 0.7259 | —0.4892| —0.2917 | 0.2087 | —0.2878 | 0.5077 | —0.1272 | —0.0985
(6.1)-(6.5)
Modified problem | —0.9647 | 0.7634 | —0.4932 | —0.3103 | 0.1687 | —0.2847 | 0.5350 | —0.0220 | 0.1024

We also describe the kinematic characteristics of the optimal motion when the initial and ter-
minal states of the spacecraft are determined by the relations (6.6) and

A7 = (0.79368, 0.49375, —0.26823, 0.23309), wy = (0.2, 0.3, —0.2), (6.8)

respectively.
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Table 3, with reference to problem (6.1)—(6.5) and the solution of the dynamic optimal rotation
problem [9] for spacecraft 3-5, shows the components of the attitude quaternion and the angular
velocity vector at £ = 0.5; Table 4, the components of the angular acceleration vectors at ¢ = 0,
t=05andt=T=1.

Table 3. Orientation quaternion and angular velocity vector

Spacecraft Ao A1 Ao A3 w1 wo w3
3 0.79080 | 0.41371 | —0.35618 | 0.27679 | 0.31768 | —0.01578 | —0.52304
4 0.79103 | 0.41317 | —0.35664 | 0.27635 | 0.31932 | —0.01491 | —0.52314
5 0.78999 | 0.41442 | —0.35860 | 0.27492 | 0.32414 | —0.01453 | —0.52402
Boundary
value problem | 0.78995 | 0.41434 | —0.35808 | 0.28583 | 0.32168 | —0.01522 | —0.52451
(6.1)-(6.5)

Table 4. Angular acceleration
Spacecraft 51(0) 62(0) 55(0) 51(05) 52(05) 55(05) 51(1) 52(1) 55(1)

3 0.36496 | 0.53821 | —1.00244 | —0.07017 | 0.44837 | 0.10585 | —0.54722 | 0.88317 | 1.18497

4 0.28551 | 0.51819 | —1.00680 | —0.04259 | 0.45769 | 0.10771 | —0.55803 | 0.86381 | 1.18517

5 0.19271 | 0.34271 | —1.05149 | —0.05270 | 0.54857 | 0.12304 | —0.41047 | 0.70409 | 1.16712
Boundary

value problem | 0.26547 | 0.38677 | —1.00250 | —0.06733 | 0.52385 | 0.10458 | —0.43888 | 0.74958 | 1.18404
(6.1)-(6.5)

The same calculations were carried out for other boundary conditions. According to Tables 1-4
and other calculations, in the dynamic optimal rotation problem, the kinematic characteristics of the
optimal motion depend significantly on the initial and terminal states, less significantly on its con-
figuration, and are close enough to the results of the kinematic optimal angular acceleration problem
of the spacecraft. Therefore, the kinematic optimal angular acceleration problem (2.3)—(2.7) has a
general nature for spacecraft of arbitrary configurations. In this case, expressions for the attitude
quaternion and angular velocity vector in the kinematic problem can be derived analytically in
explicit form based on the solution of the so-called modified optimal reorientation problem of the
spacecraft in the class of generalized coning motions. And the control angular acceleration of the
spacecraft can be determined by differentiating its angular velocity vector. We consider this in
more detail.

7. THE MODIFIED OPTIMAL ANGULAR ACCELERATION PROBLEM
OF A SPACECRAFT

The general solution of the fundamental attitude problem of a solid body by its known angular
velocity (2.1), (2.3), called the Darboux problem, is unknown. Therefore, we obtain a solution in
the class of generalized coning motions. For this purpose, let the angular velocity vector w(t) be
defined as

w(t) = Qo (iyB(t)sin(t) + igB(¢) cos T'(t) + is['(t)) o Q, (7.1)

where the functions B(¢) and I'(¢) (the parameters of the generalized coning motion) are arbitrary.
In this case, equation (2.3) has an exact solution [8, 9] satisfying the initial condition (2.5):

A = Ag o Qoexp{—is['(0)/2} o exp{iz(B(t) — B(0))/2} o exp{is['(t)/2} o Q. (7.2)
Clearly, formulas (7.1) and (7.2) include expressions for the angular velocity and spacecraft trajec-

tory in the known exact solutions of the optimal angular acceleration problem when the angular
velocity vector keeps a constant direction on the entire time interval of spacecraft motion (a planar
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Euler rotation of a spacecraft [4]) or makes a regular precession (see Section 5 of this paper). More-
over, formulas (7.1) and (7.2) with arbitrary functions B(¢) and I'(t) are a direct generalization
of (5.1) and (5.3) with the linear functions 5t and ¢, respectively. The Darboux problem can gen-
erally be reduced, using bijective changes of variables [8, 9], to an equation of the form (2.3), where
the angular velocity takes the form w*(t) = —w(t) and belongs to the class of similar motions.
(The quaternionic differential equation (2.3) with the angular velocity w*(¢) still has no explicit
solution.) Thus, the form of the angular velocity vector (7.1) corresponds to the classical Poinsot
concept (kinematic interpretation) of the angular motion of a solid body as a generalized coning
motion [7].

Let the second derivatives of the functions B and I" be treated as controls. With the designations
B=DB,, I'=Ty, (7.3)

we compile the controlled system:
B:Bl, szl, B1 = Ui, Fl = Uy, (74)

where B, B1, I', and I'; are the phase coordinates of this problem, and u1, uo are the controls. The
quaternion Q is defined as

Q=Q20Q1, Qi =exp{i1a1/2}, Q2= exp{izaz/2}, (7.5)
where a1 and ay are arbitrary constants. Note that the quaternions Q; and Qo rotate the angular
velocity vector w (7.1) about the axes i; and iz, respectively. Due to the additive constant included
in the function I'(¢), the rotation about the axis i3 is already incorporated in the expression (7.1).
The conjugation of the quaternion Q has the form

Q=Qi0Q2, Qi =exp{-iia1/2}, Q= exp{-iras/2}. (7.6)

In view of (7.5) and (7.6), the functions w (7.1) and A (7.2) will satisfy the boundary condi-
tions (2.5) and (2.6) if

Q1 0 Q2 o (i1B1(0) sin T(0) + i2B1(0) cos T(0) + i5I'1 (0)) 0 Q2 0 Q1 = wy, (7.7)
Q10 Qyo (i1B1(T) sin[(T) + ioB1 (T) cos T(T) + i3 (T)) 0 Q2 0 Q1 = wr, (7.8)
Ago Qi 0Qyoexp{—is[(0)/2} o exp{iz(B(T) —B(0))/2} o exp{isI(T)/2} 0 Qa0 Q1 = Ap. (7.9)

For the controlled system (7.4), the optimization problem is posed as follows: find optimal
controls u; (t) and ua(t) transferring system (7.4) from the state

B =B(0), B; =B;(0), I'=TI(0), I'; =T4(0) (7.10)
to the state
B=B(T), I =Ty(T), T'=1(T), I'h =T1(T) (7.11)

that satisfy the relations (7.7)—(7.9), where the parameters o; and ag are to be determined, and
implement the optimality criterion

T
J=[(u}+ud)d (7.12)
/
We write the expressions (7.7)—(7.9) as
(11B1(0) sin T'(0) + ipB1(0) cos T(0) + i3 (0)) = Q2 0 Q1 0 wp 0 Qy 0 Qo, (7.13)
(11B1(T) sin T(T) +isB1 (T) cos T(T) 41301 (T)) = Q2 0 Q) 0 wr 0 Q1 0 Qa, (7.14)

exp{—i3l'(0)/2} o exp{iz(B(T) — B(0))/2} o exp{is'(T")/2}
=Q20Qi0Ag0A70Q;0Qo.
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The control angular acceleration of a spacecraft is determined from equation (2.4) by differen-
tiation:

w=g¢. (7.16)
This problem will be called the modified optimal angular acceleration problem of a spacecraft;

its exact solution is acceptable as an approximate or quasi-optimal solution of the classical optimal
problem (2.3)—(2.6), (3.1).

8. SOLUTION OF THE MODIFIED OPTIMAL ANGULAR ACCELERATION PROBLEM
OF SPACECRAFT

The Hamilton—Pontryagin function of problem (7.4)—(7.12) is given by

H = —(u + u3) + 1By + o1 + thgur + aua, (8.1)
where the conjugate variables satisfy the differential system
1 =0, Pp=0, Y3=—11, ty=—y. (8:2)
The general solution of system (8.2) has the form
Y1 =c1, Yo =co, PY3=—cit+c3, Py = —cot+ cy, (8.3)
where cq,..., ¢4 are arbitrary constants.

The maximum condition for the Hamilton—Pontryagin function (8.2) yields the following expres-
sions for the optimal controls:

Uy = ¢3/2 = (—Clt + 03)/2, U9 = 'Lﬂ4/2 = (—Cgt + C4)/2. (8.4)

By substituting formulas (8.4) into equations (7.4), we find their general solution containing eight
unknown constants ci,...,cs :

B=—c1t3/12 + c3t? /4 + cs5t + cg, T = —cot3/12 + c4t? /4 + crt + cs,

8.5
B = —Clt2/4 —i—Cgt/Q + cs5, Iy = —Cgt2/4 +C4t/2 + cr. ( )

Based on (8.4), let ¢¢ = 0 in the expression for the function B (8.5). The nine unknown con-
stants of the problem, ci,...,c5, ¢7, cg, a1, and as are determined from the nine equations of sys-
tem (7.13)—(7.15). (Due to the requirement ||A|| = 1, three scalar equations are independent in the
quaternionic representation (7.15).) Note that these equations can be solved by the modified New-
ton method, where the initial approximations will be the values of the constants ci,...,cs, c7, cs,
a1, and ay from the exact solution of the problem in the special case (see Section 5 of the paper).

By using (7.1), (7.2), and (8.5), we obtain explicit dependencies determining the laws of change
of the angular velocity and trajectory of the spacecraft in the optimal angular acceleration problem
in the class of generalized coning motions. In view of (7.1), (8.4), and (8.5), formula (7.16) gives
an analytical expression for the angular acceleration vector € :

E=w= Q o (ip(ug sinT" 4+ BT’y cosT') + ia(ug cosT' — B1I'y sinT') + izug) o Q. (8.6)

Due to (7.3), (7.5), and (7.6), the components of the vectors w (7.1) and € (8.6) can be explicitly
written as
w1 = BisinT' cosas — I' sin as,
we = By (sin'sin oy sin ag — cos T cos a1 ) + 'y sin oy cos g,
wsg = Bi(sinT cos ay sin g — cos'sin avy ) + I'1 cos oy cos g,
g1 =ui(sinl’ + B1T'y cosT') cos aig — g sin g,
g9 = up(sin T sin aq sin g + cos ' cos ag)
+ B1I'1(cosT'sin aq sin ag — sin g cos a1 ) + +ug sin aq cos ag,
ez = u1(sinI" cos oy sinag — cosI'sin ag)
+ fiT'1(cos T cos o sin ag + sin I'sin vy ) + ug cos o cos as.
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The norm of the control angular acceleration vector of a spacecraft, appearing in the func-
tional (2.7) (or (3.1)) of the original problem, is expressed in terms of the elements of the modified
problem as follows:

llel] = uf + B3TS + u3. (8.7)

Thus, the modified optimal angular acceleration problem of a spacecraft has been completely solved.

If the boundary conditions on the angular velocity of a spacecraft are specified as described in
Section 5, the solutions of the classical and modified optimal angular acceleration problems will co-
incide. The same is true when wg wy |[vect(AgoAr) (a planar Euler rotation of a spacecraft [4]); in
this case, B2T'? = 0 in (8.7), and the criterion (7.12) corresponds to the optimization criterion (2.7)
(or (3.1)) of the classical problem. For arbitrary boundary conditions, assuming that fol B2T2 dt
is small compared to [, |[e||dt in (8.7), the last term can be omitted. Then the modified optimal
control problem of a spacecraft in the variables B, T', By, I'1, w1, and ug with the functional (7.12)
and the expressions (7.1), (7.2), (7.13)—(7.15), and (8.4)—(8.6) corresponds to the classical optimal
angular acceleration problem in the class of generalized coning motions. Based on the consider-
ations of Sections 5 and 6 of this paper, the modified problem can be treated as a quasi-optimal
angular acceleration problem of a spacecraft under arbitrary boundary conditions.

Similar to the classical problem (see formulas (4.11) and (4.12)), at any time instant, the magni-
tude ||e|| in the modified problem lies inside a variable bounded domain determined by the constants
of the problem conditions. Due to (8.4), (8.7), and the above assumptions, we obtain

@)l < (¢} + B +2 | eres + caca | £+ ed) /A ¥ € [0,1]. (8.8)

Here is a quasi-optimal algorithm for finding the minimum-energy angular acceleration of a
spacecraft.

1. In view of (8.3)—(8.5), use the boundary conditions Ay, Ar (2.5), wo, wr (2.6), T =1, formu-
las (7.5), (7.6), and the nine scalar equations from (7.13)—(7.15) to find the nine arbitrary constants
Cl,...,C5, C7, C8, a1, and ag; then determine the functions B(t), By (t), I'(¢), and T'1(¢).

2. Calculate the quaternion Q by formula (7.5).

3. Find the law of change of the angular velocity of the spacecraft by (7.1):

w(t) = Qo (WB(t)sin[ (1) + 1bB(t) cos T(t) +isT(1)) 0 Q.
4. Find the law of change of the angular motion trajectory of the spacecraft by (7.2):
A(t) = Ag o Qo exp{—isT(0)/2} o expis(B(t) — B(0))/2} o exp{isl'(t)/2} 0 Q;
5. Construct the angular acceleration vector of the spacecraft by formula (8.6):

e = Qo (iy(uysinT + By cosT) + ig(ug cos ' — BiTy sinT) + izusg) o Q.

9. NUMERICAL EXAMPLES

In this section, we compare the numerical solution results of the original (classical) optimal
angular acceleration problem of a spacecraft and the quasi-optimal solution of this problem using
the analytical algorithm from Section 8. The values of a1, as, ¢1,...,c5, ¢7, cg in the quasi-optimal
solution of the spacecraft rotation problem with the boundary conditions (6.6), (6.7) are given by

a1 = —0.0421, as = —0.2226, ¢ = 3.2902, cs = —1.4885, c3 = 2.2113,
c1=—145, 5= —04156, c5=0, c7 = —0.2221, cg = —0.9216.

As it turned out, the solutions of the two problems are close enough. In this example, the values
of the functional (3.1) of the original and modified problems are 0.4782 and 0.4797, respectively;
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Fig. 1. The solution of the classical problem under arbitrary boundary conditions.

thus, the relative error between the values of (3.1) in the classical and modified problems is 0.3%.
Figures 1 and 2 show the graphs of the projections of the spacecraft angular velocity vector w;(t),
the components of the spacecraft attitude quaternion A;(t), and the projections of the spacecraft
angular acceleration vector €;(t), ¢ = 1,2, 3, depending on the time variable ¢; the graphs are quite
similar for the two problems.
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Fig. 2. The solution of the modified problem under arbitrary boundary conditions.

The energy-optimal angular acceleration problem of a spacecraft was also solved numerically
in the following cases: the initial state is determined by (6.6), and the terminal position is set by
rotating the spacecraft from the initial position to a certain angle about the Euler axis with the
unit vector

(0.04500, —0.07519, —0.99615) . (9.1
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Table 5 provides the components of the quaternions of the spacecraft terminal position for
rotations to various Euler angles ¢ (deg) about the vector (9.1).

Table 5. Formation of terminal orientation quaternions

©° Ao(T) M(T) A2 (T) As(T)
30.0 0.84643 0.40650 —0.31853 0.12982
60.0 0.84013 0.48716 —0.21783 —0.09703
90.0 0.77657 0.53461 —0.10229 —0.31727
120.0 0.66009 0.54564 0.02023 —0.51589
150.0 0.49863 0.51948 0.14136 —0.67935
180.0 0.30318 0.45792 0.25286 —0.79652

Next, Table 6 shows the values of the functional (3.1) in the classical and modified optimal
angular acceleration problems when transferring the spacecraft from the initial (6.6) to terminal
state A according to Table 5, with wr = (0.0, 0.0, —0.59), also indicating the absolute and relative

differences between them, AJ = Jjmodif _ jelassic 45 (AJ / JdaSSiC) x 100%.

Table 6. Values of the functionals and their differences

Functionals
and differences | ¢ = 30.0° | ¢ = 60.0° | ¢ =90.0° | p = 150.0° | = 180.0°
of their values

Jelassic 0.52385 | 4.63277 | 15.31437 | 56.39081 | 86.78094

Jmodif 0.52510 | 4.63724 | 15.32882 | 56.52086 | 87.51533
AJ 0.00125 | 0.00447 | 0.01445 0.13005 0.73439
% 0.24 0.10 0.09 0.23 0.85

Finally, Table 7 provides the same data for the cases where the terminal angular velocity of the
spacecraft is given by the vector wp = (0,0, 0,0, 0,0), i.e., when transferring the spacecraft to a
state of rest.

Table 7. Values of the functionals and their differences

Functionals
and differences o =90.0° p =120.0° o = 150.0° @ = 180.0°
of their values

Jelassic 24.25074 45.17597 72.66431 106.71186
Jmodif 24.28745 45.19513 72.77169 107.40843
AJ 0.03672 0.01916 0.10738 0.69657
% 0.15 0.04 0.15 0.65

The calculations for various boundary conditions show the closeness of the solutions of the
classical and modified angular acceleration problems of a spacecraft. Therefore, the solution of
the modified problem can be treated as a quasi-optimal solution of the classical optimal angular
acceleration problem of a spacecraft.
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10. CONCLUSIONS

The analytical quasi-optimal algorithm for solving the kinematic optimal, in terms of energy
consumption, program angular acceleration problem of a spacecraft under arbitrary boundary con-
ditions is theoretically justified and yields the optimal angular acceleration of a spacecraft with
acceptable accuracy. This algorithm does not require a numerical solution of the boundary value
problem of the maximum principle or any complex numerical solution; it provides ready-made
analytical laws of quasi-optimal program control and program trajectory change that can be in-
stalled aboard a spacecraft. In this regard, the above results can be applied to nanoclass spacecraft
with limited computing power. Recall that the Kotelnikov—Study transference principle [13] allows
extending quaternionic formulas describing the control of angular motion to biquaternionic ones
describing the control of the general spatial motion of a solid body. Based on the above results,
this principle can be used to obtain an analytical quasi-optimal, in terms of energy consumption,
program control algorithm for the spatial motion (maneuvering) of a spacecraft.
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